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My primary areas of research are mathematical modeling with applications in biological chemistry and
biological physics, and computational mathematics. During my graduate study, I have been working on
the phase field or diffuse interface approach (I will use the two terms interchangeably) for the modeling
and computations of some interfacial problems, in particular, those related to fluid lipid bilayer vesicle
membranes [24–26]. The specific issues I have studied include the adhesion of multi-component vesicle
membranes onto both flat and curved substrates [24] and the fusion process occurring between two lipid
bilayer membranes [25]. In my postdoctoral research, I extended the phase field model to other applica-
tions. For instance, I contributed to the development of a phase field variational implicit-solvent model
(P-VISM) for the solvation of charged molecules, and the relevant mathematical theory (Γ-convergence
of P-VISM to the sharp interface analog) [27, 28]. Recently, my collaborators and I have successfully ap-
plied the phase field approach to cell migration on micropatterns and discovered a series of interesting
phenomena [29]. My research on phase field modeling and computations not only provides a better un-
derstanding of these phenomena, which are of fundamental biological importance, but also prepared me
well for future interdisciplinary research.

1 My thesis research

Cellular adhesion is the binding of a cell/vesicle to a surface (such as an extracellular matrix), or another
cell/vesicle by using cell adhesion molecules like selectins, integrins or cadherins. It is a fundamental step
for many biological processes such as exocytosis, endocytosis, and is a key mechanism for the survival
of cells and organisms [1]. Adhesion also plays important roles in cell signaling, wound healing as well
as many biosensor applications [9, 15]. My coworkers and I developed a phase field model to study the
adhesion of multi-component vesicle membranes onto substrates. Our phase field model is able to predict
that adhesion promotes phase separation for multi-component membranes, which has also been observed
in experiments [10].

Lipid bilayer fusion, induced by vesicle-vesicle adhesion, is another biological process that I have worked
on. Fusion is an important mechanism for transport of lipids from their site of synthesis to the membrane
where they are needed. The entry of pathogens is also governed by fusion, as many bilayer-coated viruses
have dedicated fusion proteins to gain entry into the host cell [2, 3]. There are three fundamental states
in the fusion process: prefusion, hemifusion, and postfusion [23]. In my thesis work, my coworkers and
I focus on the prefusion and postfusion states where adhesion may play an important role in facilitating
the completion of membrane fusion. The adhesion effect is incorporated into the continuum phase field
model and numerically reveals a variety of possible configurations of membrane fusion.

1.1 Adhesion of multi-component vesicle membranes to substrates

Equilibrium shapes of an adhered two-component vesicle are often described by minimizing an energy
that includes elastic bending energy of the membrane, line tension energy at the interface between the
components, and adhesion energy between the vesicle and the substrate. We treat vesicle membrane as
a thin surface Γ which has two phases Γo(liquid-ordered phase) and Γd (liquid-disordered phase). These
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two phases are distinguished by a phase field function η. A phase field formulation on total energy reads

E(η) =

∫

Γ
λ(η)[H − a(η)]2 dx+σ

∫

Γ

�

ξ

2
|∇Γη|2+Φ(η)

�

dx−
∫

Γ
w(η)P[d(x)] dx (1)

where λ, a, w are bending modulus, spontaneous curvature and adhesion strength, all of which depend
on η; H is the mean curvature; σ is the line tension constant; ξ controls the interfacial width between
different components; P is the adhesion potential depending on the distance of a point x ∈ Γ from the
substrate; Φ is a double well potential function. In the limit as ξ→ 0, η ≈ ±1 in the two phases, and the
phase field formulation (1) consistently matches with the sharp interface analog [24].

Figure 1: Top row: Adhesion to a flat substrate induces
phase separation. Bottom row: Adhesion to a stair-like
substrate induces phase separation at the domains of high
curvature. In both cases, an almost homogeneous free
oblate vesicle is phase-separated by Lennard-Jones adhe-
sion potential.

In the axisymmetric case, we derive the equilibrium
equations, which determine the shapes of the mem-
branes, by minimizing the total energy (1), subject to
constraints on total surface area, enclosed volume, and
total amount of lipids on surface. By numerically solv-
ing the equilibrium equations coupled with boundary
conditions, we find a variety of typical equilibrium two-
component axisymmetric vesicle profiles undergoing ad-
hesion with different types of adhesion potentials [24].

More interestingly, we reveal numerically that adhesion
can promote phase separation if different phases have
different adhesion strength or preferred curvatures. Two
numerical experiments are shown in Figure 1, where we
demonstrate that for an equilibrium free oblate vesicle
with associated η almost homogeneous, after adding the
adhesive interaction of the free vesicle with a flat sub-
strate (left subfigure) or a stair-like substrate (right sub-
figure), it displays the phase separation behaviors with the liquid-ordered phase observed in the lower
curvature region and the liquid-disordered phase in the higher curvature region.
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Figure 2: Left: The prefusion and postfusion equilibrium states between two almost round vesicles. Middle: The prefusion and
postfusion equilibrium states between two oblate vesicle membranes. Right: The prefusion and postfusion equilibrium states of
the wrapping.
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1.2 Vesicle-vesicle adhesion in membrane fusion

In [25], we study the vesicle-vesicle adhesion which plays a critical role in triggering the membrane fusion.
Our initial focus is mainly on the prefusion and postfusion states. Additionally, the total area and volume
conservations are taken into consideration. Our approach overcomes the drawback of the popular stalk
model in which the main focus is confined in the localized close-contact region of the two closely apposed
vesicle membranes.

More precisely, prefusion is a state where two apposed vesicle membranes closely contact each other
by adhesive interaction. The equilibrium shapes of the two pre-fused vesicle membranes are usually
determined by minimizing an total energy comprising the elastic bending energy of the membranes and
the adhesive interaction between them.

In the postfusion state, the fused vesicle membrane can be viewed as a two-component membrane whose
two components originate from the two vesicle membranes in the prefusion state. A phase field labeling
function η = η(x) is introduced over the fused membrane as in section 1.1, and the total energy of the
postfusion state in terms of the phase field function η includes the elastic bending energy, the line tension
energy and the adhesive interaction between the liquid-ordered and liquid-disordered phases.

In the axisymmetric case, we derive the Euler-Lagrange equations coupled with boundary conditions. By
numerically solving these equations, we find various prefusion and postfusion equilibrium states between
two vesicle membranes. Figure 2 shows the prefusion and postfusion equilibrium states of three cases all
of which have the same adhesion strength and the same line tension of postfusion. More discussion on the
phase transition between prefusion and postfusion can be found in [25].

2 Postdoctoral research

2.1 Phase field variational implicit-solvent model (P-VISM) of biomolecules

Γ

implicit solvent

Figure 3: Schematic descriptions of a solvation system. Left: In a fully
atomistic model, both the solute atoms (small and dark dots) and solvent
molecules (large and grey dots) are degrees of freedom of the system.
Right: In an implicit-solvent model, the solvent molecules are coarse-
grained and the solvent is treated as a continuum. The solvent region Ωw,
inside of Γ, and the solute region Ωm, outside of Γ, are separated by the
solute-solvent interface (i.e., the dielectric boundary) Γ. The solute atoms
are located at x1, . . . , xN inside Ωm.

The interaction between biomolecules (such
as proteins, nucleic acids, and lipids) and
their surrounding aqueous solvent (such
as water or salted water) contributes sig-
nificantly to the structure, dynamics, and
functions of biomolecular systems. Such
interactions can be described efficiently
by implicit-solvent (or continuum-solvent)
models [34]. In such a model (see Fig-
ure 3), the solvent molecules and ions
are treated implicitly and their effects are
coarse-grained. The description of the sol-
vent is thus reduced to that of the solute-
solvent interface (i.e., the dielectric bound-
ary) and the related macroscopic quantities, such as the surface tension, dielectric coefficients, and bulk
solvent density.

With an implicit solvent, the conformation of a biomolecular system in equilibrium is described by the

3

y1zhao@ucsd.edu
http://www.math.ucsd.edu/~ y1zhao/


Yanxiang Zhao
y1zhao@ucsd.edu

Research Statement
http://www.math.ucsd.edu/~y1zhao/

atomic positions of solute molecules X = (x1, · · · , xN ) together with the solute-solvent interface Γ. In the
recently developed variational implicit-solvent model, such equilibrium solute atomic positions and solute-
solvent interfaces are defined to minimize an effective free-energy functional [35]. Our diffuse interface
model of variational implicit solvation is governed by the effective free-energy functional

Fε[X ,φ] = E[X ] + γ

∫

Ω

�

ε

2
|∇φ(x)|2+

1

ε
W (φ)

�

dx+

∫

Ωw

[φ(x)− 1]2U(X , x) dx. (2)

which includes the potential energy of molecular mechanical interactions of solute atoms, the surface
tension energy, and solute-solvent interactions by a potential U .

In [27], we prove the existence of the free-energy minimizers of both the diffuse-interface free-energy
functional Fε in (2) and its sharp interface analog, and the convergence of the minimum free energies
and the free-energy minimizers of Fε to the minimum free energies and the free-energy minimizers of the
sharp interface analog.

To validate the functionality of P-VISM, we particularly consider the implicit solvation model with the
Coulomb-field approximation. We solve numerically for a steady-state solution of the partial differential
equation of the gradient flow (i.e., the steepest descent) of the free energy functional: ∂tφ = −δφFε[φ],
together with some initial condition φ(x, 0) = φ0(x) for some given φ0(x) and the periodical boundary
condition. This give us the phase field φ which minimizes the free energy functional, and the 0.5-level set
of φ is treated as the solute-solvent interface.

Figure 4: The P-VISM calculations of the BphC.
From the left to right, the protein-protein separa-
tion is d = 8,14, 16 angstroms.

We solve the gradient flow equation for a single-particle sys-
tem and verify numerically the consistency between the sharp
interface VISM and P-VISM. Furthermore, we apply the P-
VISM to two parallel molecular plates and BphC system (see
[28] and the references therein). Our calculation can pre-
dict qualitatively well the solvation free energies for these
systems as compared with the Molecular Dynamics (MD) sim-
ulation and the sharp interface VISM calculation. Moreover,
we have been able to capture multiple equilibrium states for
the two-plate system and the protein BphC (see Figure 4). Such multiple states exist generally in other
biomolecules in solution. This work, recently published in Journal of Chemical Physics, has been selected
by the journal for press interest.

2.2 Periodic migration in a physical model of cells on micropatterns
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Figure 5: Cell shape (left), actin promoter (middle), and myosin (right)
distribution during a reversal event in periodic migration. Cell velocity is
indicated by an arrow. Total width of stripe is w = 6µm (dashed lines).

Cultured cells on two-dimensional sub-
strates are often used as a convenient proxy
for more biologically relevant situations,
such as cells within three-dimensional ex-
tracellular matrix. Interestingly, features
of cell morphology and dynamics in matrix
are recapitulated in cells on micropatterned
adhesive substrates, including cell speed
and shape and dependence on myosin as
well as periodic migration. In [29], my
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coworkers and I study the influence of micropatterns on cell motility using an extension of a computa-
tional model of eukaryotic cell crawling [30,31] and observe a wide range of dynamic behaviors including
periodic migration.

Our model describes the cell’s cytoskeleton as a viscous, compressible fluid with surface tension and bend-
ing energy, driven by active stresses from actin polymerization and myosin contraction. Our model of cell
migration on micropatterns has four modules: (1) cell shape, tracked by a phase field φ(r, t) ; (2) the cy-
toskeleton as an active viscous compressible fluid; (3) actin promoter and myosin concentrations obeying
reaction-diffusion-advection equations; (4) adhesions between the cell and substrate, tracked individually.
We introduce the micropattern with the central hypothesis that protrusive stress from actin polymerization
is only generated where the cell contacts the micropattern.

Our numerical simulation shows spontaneous emergence of periodic motion. An initially circular cell
contracts to the stripe, polarizes, migrates one way, then reverses and migrates in the other direction. We
present one reversal in Fig. 5. When the cell is polarized (actin promoter is segregated on one side), the
cell contracts while crawling in the direction of its polarization (point a in Fig. 5). As the cell contracts,
it depolarizes (b). The unpolarized cell expands quickly, but does not crawl significantly. As the cell
grows, it suddenly re-polarizes (c) and begins to travel in the direction opposite to its initial direction. As
the cell moves, myosin localizes to the cell rear, and the cell begins to contract again (d). Each reversal
corresponds to one peak in cell area.

We use sharp interface theory to reduce our complex two-dimensional model to a one-dimensional model,
which includes only a reaction-diffusion mechanism for cell polarization, protrusion and retraction of the
cell edges, and myosin leading to cell contraction. This one-dimensional model captures the essential
behavior of the full simulation, but can be understood analytically.

3 Ongoing and Future Works

I am currently studying various other issues related to my thesis work and postdoctoral work:

• A more accurate description of the electrostatic interaction in a charged molecular system is to use
the Poisson-Boltzmann equation for the electrostatic potential. We are currently working to incorpo-
rate the Poisson-Boltzmann equation into our P-VISM to better describe the electrostatic interaction.

• In [24], we investigate the phenomenon of equilibrium phase separation due to adhesive effects
without incorporating the dynamics of phase separation. These dynamics can also be modeled
within the phase field framework. For an adhesive vesicle or vesicle fusion with topological changes,
we will add an extra phase field function to effectively describe the vesicle itself with the phase
field bending energy as formulated in [7, 8]. This approach can be particularly useful in dynamic
simulations of vesicle fusion and adhesion. Gordon and co-workers observed [10] that when a
multi-component vesicle is adhered into substrates, thermal fluctuations are another factor inducing
phase separation. This leads to additional direction for future research, namely the introduction of
thermal fluctuations into phase field models.

• Our physical model of cell migration can be extended in a number of directions. (1) We can study
the cell migration on some more complex micropatterns; (2) Understanding how cells respond to
force and exert force on their surroundings is also an important problem that our model can address;
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Traversing and deforming complex environments is another hallmark of cellular behavior, including
fibrolast reorganization of collagen fibers and tumor cell intravasation and extravasation, in which
cells push through blood vessel walls. In these cases, the shape of the cell, its modes of migration,
and its ability to generate and withstand force are all involved.

While my past works focused on some problems in mathematical and computational biology and the
applications of phase field models, I am also open to the possibility of exploring exciting interdisciplinary
research topics in other areas such as Monte Carlo methods in scientific computing and computational
materials science. After years of rigorous training in mathematics and computation, especially in numerical
ODE & PDE, optimization, deterministic and stochastic modeling and the numerical simulations of various
problems in science and engineering, I am confident in my ability to learn and study new subjects of
applied mathematics and in my capacity to work with scientists in different fields.
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