Mathematical Methods of Theoretical Physics, GWU Autumn 2010 H.W. GRIESSHAMMER

Additional Practise Sheet: Tensor Analysis Completely voluntary.

If you want, we can discuss your solutions in the Final Question Time of the semster.
No extra points are awarded — the values are only meant as grade of difficulty here.

1. (2P) Let U, V arbitrary vector fields without source and curl. Which sources and curls has U x V?

2. INTEGRATION THEOREMS (6P): The following problems are independent of each other.

a) (2P) Calculate the surface integral over a cube, sphere and torus, each with volume V, in the
field A(7) = 7. Sketch A.

Hint: Gauss’ theorem allows you to avoid to actually calculate the surface integral.
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b) (2P) Determine all exponents o for which the spherically symmetric vector field A(7) = |7]* &,
is source-free everywhere.

¢) INTEGRAL THEOREMS: Verify Stokes’ theorem by explicit calculation in the field A= (zy,4yz, 3x2).
Pick as surface of integration a square with sides L, centred at the origin in the zy-plane.

d) (2P) Prove GREEN’S THEOREMS for arbitrary scalar fields ®, ¥ (corollaries of Gauss’ theorem):
/ & ((92) - (F0) + AT = ]{ &5 - (V0 D

/d% (PAY — UAD) = fd%s A(DPVE — UVD)

3. VECTOR POTENTIAL (4P): Given the vector potential in spherical coordinates:

1—-cosf _

E(T, 97 ¢) = g™ €

rsin @

Determine its magnetic field B=Vx ff, and show that A has no sources anywhere.

4. VECTOR POTENTIAL (4P): Given the vector potential in cylindrical coordinates:

ff(p, ¢,z)=—1¢€, 2 with 1, py constants.
Po

Find its magnetic field B=V x ff, and carefully show that A has no sources anywhere.

5. COVARIANT e-TENSOR (4P):

a) (2P) Show é7F,/det § = €”*,/det g under a change of basis for the contravariant components in
3 dimensions.

b) (2P) Determine now the transformation of the covariant components €;j;. You may use that
e”keijk = 6, after you have proven it.

Hint: Sub-section a) was not in vain.

Please turn over.
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6. PROPER AND PSEUDO-TENSORS (1P) Convince yourself that the following matrix describes a rotation
about the z-axis by an angle ¢ and a reflection at the xy-plane:

cosp sing 0
ia'=| —sing cosp 0 a
0 0o -1

Compare the transformation property of the two vectors a, b with the one of @ x b. Why is @ x b also
called a “pseudo- or axial-vector” and 7% a “pseudo-tensor”?

7. VOLUME ELEMENT AS TENSOR (5P): Consider two sets of coordinates (¢!,...,9") and (v!,...,0")

of an n-dimensional vector space.

a) (P) Show that the volume element dV = do' dg?---do™ transforms under transformations from
one set of coordinates (o', ...,7") of an n-dimensional vector space to another set (v',...,v") as

8. PARABOLIC-CYLINDRICAL COORDINATES (9P) (u, v, 2) are defined in three-dimensional Euclidean
space as
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a) (2P) Derive the transformation matrix for the change of basis.

b) (3P) Calculate the metric tensor to verify that these are orthogonal curvilinear coordinates. Show
that the scale factors are h(,y = h(y) = Vu?2 + 02, hyy = 1.

c) (4P) Sketch the “coordinate grid”. If they exist, identify coordinate singularities.
d) (2P) Calculate the volume of the parameter region u € [0;1], v € [0;1], z € [0;1].



