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Model theory provides a rigorous mathematical framework for the notions of language, 
provability, model, and truth. It emerged as a distinct field in the 1940’s through the 
works of Gödel, Löwenheim, Malcev, Skolem, and Tarski. One of the fundamental 
results in model theory is the Gödel completeness theorem, which establishes the 
correspondence between syntactic provability (derivability) and semantic truth using 
first-order logic. Syntactic provability is based on the notion of a formal system given by 
a set of axioms and a set of logical rules of inference allowing consequences to be 
derived from axioms in a finite number of steps. A theory is consistent if no contradiction 
can be derived from it. The Gödel completeness theorem establishes that a theory is 
consistent if and only if it has a model. We will prove the completeness theorem. 
One of the consequences of the completeness theorem is the compactness theorem, which 
says that an infinite theory has a model if and only if every finite subtheory has a model. 
We will use the compactness theorem to show that there are nonstandard models of 
arithmetic, that is, models that satisfy the same sentences as the standard model of 
arithmetic, but also have infinitely large numbers. 
Computability theory explores the power and limits of computation. In the 1930’s, 
Church, Turing, Gödel, Kleene, and Post developed computability theory as a precise 
mathematical theory of algorithms. The interaction of computability theory with model 
theory resulted in computable model theory. The Gödel incompleteness theorem is a 
striking early result in computable model theory, which strongly influenced all further 
thought about the foundations of mathematics.  
One of the consequences of the Gödel incompleteness theorem is that there is no formal 
system with computable set of axioms that can capture all statements true in the standard 
model of arithmetic. For example, Peano developed a formal system with an infinite but 
computable set of axioms from which many true statements can be derived (proved), but 
Gödel showed that there are also statements that are neither provable nor refutable. In this 
sense, Peano’s system is incomplete. Moreover, Gödel established that every such 
consistent formal system is intrinsically incomplete. Hence there are continuum many 
completions of Peano arithmetic, one of which is the standard theory of arithmetic. We 
will discuss various ramifications of the Gödel incompleteness theorem and how it shows 
that Hilbert’s dream of establishing consistency of mathematics is impossible. 

Textbook	  
Propositional and Predicate Calculus: a Model of Argument, Derek Goldrei, Springer. 
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Math 2971 or an equivalent, or permission of instructor.      
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