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Overview

The Reshetikhin-Turaev s[(N) polynomial of links colored by
wedge powers of the defining representation has been categorified
via several different approaches.

I'll talk about the categorification using matrix factorizations,
which is a direct generalization of the Khovanov-Rozansky
homology.

I'll also also review deformations and applications of this
categorification.



Abstract MOY graphs

An abstract MOY graph is an oriented graph with each edge
colored by a non-negative integer such that, for every vertex v with
valence at least 2, the sum of the colors of the edges entering v is
equal to the sum of the colors of the edges leaving v.
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Abstract MOY graphs

An abstract MOY graph is an oriented graph with each edge
colored by a non-negative integer such that, for every vertex v with
valence at least 2, the sum of the colors of the edges entering v is
equal to the sum of the colors of the edges leaving v.

A vertex of valence 1 in an abstract MOY graph is called an end
point.

A vertex of valence greater than 1 is called an internal vertex.

An abstract MOY graph I is said to be closed if it has no end
points.

An abstract MOY graph is called trivalent is all of its internal
vertices have valence 3.



Embedded MQOY graphs

An embedded MOY graph, or simply a MOY graph, I is an
embedding of an abstract MOY graph into R? such that, through
each vertex v of I, there is a straight line L, so that all the edges
entering v enter through one side of L, and all edges leaving v
leave through the other side of L, .

i+ ti=ap+ip+--+i

Figure: An internal vertex of a MOY graph



Trivalent MOY graphs and their states

or

Let I' be a closed trivalent MOY graph, and E(I") the set of edges
of I'. Denote by ¢ : E(I') — N the color function of . That is, for
every edge e of I', ¢(e) € N is the color of e.
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Trivalent MOY graphs and their states

or

Let I' be a closed trivalent MOY graph, and E(I") the set of edges
of I'. Denote by ¢ : E(I') — N the color function of . That is, for
every edge e of I', ¢(e) € N is the color of e.

Define N ={-N+1,-N+3,--- ,N—3,N—1} and P(N) to be
the set of subsets of \V.
A state of I is a function o : E(I') — P(N) such that
(i) For every edge e of I', #0(e) = c(e).
(ii) For every vertex v of I', as depicted above, we have
o(e) = o(e1)Uo(e). (In particular, this implies that
o(er) No(e2) =0.)



Weight

or

For a state o of [ and a vertex v of I as depicted above, the
weight of v with respect to o is defined to be

wi(v;o) = g5 P onlo(e) o)

)

where 7 : P(N) x P(N') — Z>g is define by

7T(A1,A2) = #{(31,32) c Al X A2 | a > 32} for Al, A2 c P(N)



Rotation number
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» replace each edge e of I' by c(e) parallel edges, assign to each
of these new edges a different element of o(e),
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Rotation number

Given a state o of I,

» replace each edge e of I' by c(e) parallel edges, assign to each
of these new edges a different element of o(e),

> at every vertex, connect each pair of new edges assigned the
same element of V.

This changes I into a collection {Cy, ..., Cx} of embedded
oriented circles, each of which is assigned an element o(C;) of NV.

The rotation number rot(o) of o is then defined to be

k
rot Z o rot
i=1



The sl(N) MOY graph polynomial

The sI(N) MOY polynomial of I is defined to be
(N =Y ([T wt(via))g ),

where o runs through all states of [ and v runs through all vertices
of I.



MOY relations (1-4)

L AOm)y = [,’Y,] where O, is a circle colored by m.




MOY relations (5-7)
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MOY relations (5-7)
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The above MOY relations uniquely determine the sl{(N) MOY
graph polynomial.



Unnormalized colored Reshetikhin-Turaev s[(/N) polynomial

For a link diagram D colored by non-negative integers, define (D)
by applying the following at every crossing of D.

m ntk—m n
= Z (_1)m—qu—m< n+k m—k > s
N

k=max{0,m—n}

m ntk—m n
= Z (_l)k—mqm—k< ntk m—k > .
N




Normalized colored Reshetikhin-Turaev s[(/) polynomial
For each crossing ¢ of D, define the shifting factor s(c) of ¢ by

_mqm(N+1—m) if m=n,

s
if m# n,
(—1)mg=mN+L=m) if m = p,

s
if m#n.

The normalized Reshetikhin-Turaev sl(/N)-polynomial RTp(q) of
D is
RTp(q Hs

where ¢ runs through all crossings of D.
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C-algebra, and w a homogeneous element of R with
degw = 2N + 2.



Graded matrix factorizations

Fix an integer N > 0. Let R be a graded commutative unital
C-algebra, and w a homogeneous element of R with
degw = 2N + 2.

A graded matrix factorization M over R with potential w is a
collection of two graded free R-modules My, M; and two
homogeneous R-module homomorphisms dy : My — My,

di : My — My of degree N + 1, called differential maps, s.t.

d10d0:W~idM0, doOdlzw'idMl.
We usually write M as

d d;
Mo = My — M.



Koszul Matrix Factorizations

If ag, a1 € R are homogeneous s.t. deg ag + dega; = 2N + 2, then
denote by (ap, a1)r the graded matrix factorization

R 3_0> R{qN-‘rl—degao} 3_1> R,

which has potential aga;.



Koszul Matrix Factorizations

If ag, a1 € R are homogeneous s.t. deg ag + dega; = 2N + 2, then
denote by (ap, a1)r the graded matrix factorization

R 3_0> R{qN-l-l—degaO} 3_1> R,

which has potential aga;.
If a10,a1,1,--.,ak0,3ak1 € R are homogeneous with
deg ajo +dega;1 = 2N + 2, then define

41,0, 41,1
ao, a1
k0, k1l / p
to be the tenser product
(a1,0,31,1)r ®r (32,0, 22,1)R DR - - @R (ak,0, 3k,1)R>

which is a graded matrix factorization with potential
k
> =130 aj1-
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Symmetric polynomials

An alphabet is a set X = {xq,...,xn} of finitely many
indeterminates.

Sym(X) is the ring of symmetric polynomials in X with complex
coefficients.

The grading on Sym(X) is given by deg x; = 2.

elementary: Xk = E Xip Xiy *** Xiy
1<i<ip<-<ix<m

complete: he(X) := Z Xiy Xiy X

m
power sum: pr(X) = Zx,-k.
i=1

Sym(X) = C[X,. ., Xm] = C[M(X),. .., hm(X)]
= C[pl(X),...,pm(X)]



Symmetric polynomials (cont'd)

Let Xi,...,X, be a collection of pairwise disjoint alphabets.
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Symmetric polynomials (cont'd)

Let Xi,...,X, be a collection of pairwise disjoint alphabets.

Denote by Sym(Xj|---|X;) the ring of polynomials in
X1 U---UX| over C that are symmetric in each X.

Sym(Xj]|---|X)) is naturally a Sym(X; U - -- U X;)-module.

This is a graded-free module whose structure is known.



Markings of MOY graphs

A marking of an MQOY graph I' consists the following:
1. A finite collection of marked points on I such that
> every edge of I has at least one marked point;
» all the end points (vertices of valence 1) are marked;

» none of the internal vertices (vertices of valence at least 2) is
marked.



Markings of MOY graphs

A marking of an MQOY graph I' consists the following:
1. A finite collection of marked points on I such that
> every edge of I has at least one marked point;
» all the end points (vertices of valence 1) are marked;
» none of the internal vertices (vertices of valence at least 2) is
marked.
2. An assignment of pairwise disjoint alphabets to the marked
points such that the alphabet associated to a marked point on
an edge of color m has m independent indeterminates.



Matrix factorization associated to a vertex
X1 Xp Xy

n

L, N\ ___ W4 =t



Matrix factorization associated to a vertex

=ity

Define R = Sym(Xl\ ... ‘Xk|Y1| S |Y/) Write X = X; U - - - UX,
Y =Y¥Y;U---UY,. Denote by X; and Y; the j-th elementary
symmetric polynomial in X and Y.



Matrix factorization associated to a vertex

=ity

Define R = Sym(Xl\ ... ‘Xk|Y1| S |Y/) Write X = X; U - - - UX,
Y =Y¥Y;U---UY,. Denote by X; and Y; the j-th elementary
symmetric polynomial in X and Y.

Ui Xi1—"
| U5 | s,
Um Xm - Ym

R

where U; is homogeneous of degree 2N + 2 — 2/ and the potential
is jn;l(X.i = YU = pn+1(X) — pru4a(Y).
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More precisely, for two sub-MQY graphs '; and 'y of [
intersecting only at (some of) their open end points, let
Wiy,...,W, be the alphabets associated to these common end
points. Then, in the above tensor product, Cy(I'1) ® Cn(I2) is the
tensor product Cy(1) ®sym(w|...;w,) Cn(I2).



Matrix factorization associated to a MOY graph

Cn() =) Cu(v),

where v runs through all the interior vertices of I (including those
additional 2-valent vertices.)

Here, the tensor product is done over the common end points.

More precisely, for two sub-MQY graphs '; and 'y of [
intersecting only at (some of) their open end points, let
Wiy,...,W, be the alphabets associated to these common end
points. Then, in the above tensor product, Cy(I'1) ® Cn(I2) is the
tensor product Cy(1) ®sym(w|...;w,) Cn(I2).

Cn(T) has a Zy-grading and a quantum grading.



Homological MOY relations (1-4)

1. Cv(Om) = ¢{ [,’X]} where Op, is a circle colored by m.

i J k i j k
2. CN(% )~ CN(;></ ).
i+j+k i+j+k

m—+n

W™




Homological MOY relations (5-7)
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Homological MOY relations (5-7)
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The above imply that the graded dimension of Cy(I) is the sl(N)
MOQOY graph polynomial of T.



The chain complex of a colored crossing

Assume n > m and temporarily forget the quantum grading shifts.
CN(\ )
AN

m n m on
NS d 4 d d
0— Cn( Angm) = -+ —— Cn( nyk m—k) — -+ — Cy(r=my)) — 0,
n, m k
n m n o m

where d,:r is homogeneous of quantum degree 1.

should be a chain complex of the form



The chain complex of a colored crossing (cont’d)

The lowest quantum grading of

Hompwmr (Cp( n+kﬁmk)u CN(H“ﬁmHJ)
k —1,

is 1 and the space of homogeneous elements of quantum degree 1
is 1-dimensional. So d;r exists and is unique up to homotopy and
scaling.
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The chain complex of a colored crossing (cont’d)

The lowest quantum grading of

Hompwmr (Cp( n+kﬁmk)7 CN(MHﬁmHJ)
k —1,

is 1 and the space of homogeneous elements of quantum degree 1
is 1-dimensional. So d;r exists and is unique up to homotopy and
scaling.

The lowest quantum grading of

HOIHHMF(CN( n+kﬁm—k)a Cn (n+k—2ﬁm—k+2))

is4. Sod,” od ~0.

Thus, the chain complex CN(\ ) exists and is unique up to

N

chain isomorphism (if we require d,j #0.)



Invariance: fork sliding

Lemma

CN(V) =~ CN(V)-

_
| m+/



Invariance: Reidemeister moves



Invariance: Reidemeister moves

11



Invariance: Reidemeister moves

The invariance under Reidemeister moves |l and Il follows
similarly. Reidemeister move | requires an extra lemma.



Equivariant homology

Consider the polynomial

N+1
N+1 k B X/V-l-l—k
F(X) =X +Z -1) T — :

where By is a homogeneous indeterminate of degree 2k.

For an alphabet X = {x, ..., xn}, define

U N+ 1
f(X) = Z f(xi) = pna(X) + Z (—1)f N1l kPN+1—k(X)-
i=1

We can repeat the above construction using f(X) instead of
pn+1(X) and get an equivariant colored s[(N) link homology.



Equivariant homology (cont'd)

etk =qiti2+ o+

Uy Xi—Y"
G=| R (™ Drzvezs i,
Un Xm—Ym

R[Blv"'vBN]

where U; is homogeneous of degree 2N + 2 — 2/ and the potential
is D21 (X = YUy = £(X) — £(Y).



Equivariant homology (cont'd)

The quotient map mg : C[By, ..., By] — C given by mo(Bx) =0
induces a functor

hmfegp, . Bylesym(x/Y),F()—F(¥) ——= NSy (sv) pu s () prsa (1)
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Equivariant homology (cont'd)

The quotient map mg : C[By, ..., By] — C given by mo(Bx) =0
induces a functor

hmfegp, . Bylesym(x/Y),F()—F(¥) ——= NSy (sv) pu s () prsa (1)

Krasner made the observation that, for any morphism %) in

hmfcp, ... By@Sym(X|Y),F(X)—F(Y), ¥ is @ homotopy equivalence if
and only if wg(v) is a homotopy equivalence.

This observation allows one to easily prove the invariance of the
equivariant colored s[(N) link homology using the proof of the
invariance of the colored sI(/N) link homology.
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The quotient map 7 : C[By, ..., By] — C given by
m(Bk) = by € C induces a functor
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where P(X) = XNHL 4 ZLV:1(_1)I< N,J\i-:Ek by XN+1-k,
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Deformed homology

The quotient map 7 : C[By, ..., By] — C given by
m(Bk) = by € C induces a functor

hmfeg, | ByleSym(x|Y),F(x)—F(v) —— hmfs x vy, p(x)—P(v)

where P(X) = XNHL 4 ZLV:1(_1)I< N,J\Srik by XN+1-k,

w(1) is a homotopy equivalence for any homotopy equivalence
in hifeps, . Bylesym(x/y),F(x)~F(¥)-

This allows one to define a deformed colored s[(N) link homology
Hp.

Hp comes with a homological grading and a quantum filtration.
This quantum filtration induces a spectral sequence converging to

Hp with E>-page isomorphic to the (undeformed) colored sI(/N)
link homology.
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such that #¢(K) = the color of K.



Generic deformed homology
We say that P(X) is generic if

P'(X) = (N + 1)( XN+Z b XNF)
k=1

has N distinct roots in C.

For a generic P, denote by ¥ the set of roots of P’. For a colored
link L, a state of L is a function

¥ : {components of L} — P(X),
such that #¢(K) = the color of K.

Theorem

where v,;, # 0 and the decomposition preserves the homological
grading.



Colored sl(/N) Rasmussen invariants

Let P be generic. For a knot K, the m-colored sl(/N) Rasmussen
invariant of K is

sI(Dm)(K) = %(maxdegq HP(K(m)) + min deg, Hp(K(’"))),

where K(™ is K colored by m.



Colored sl(/N) Rasmussen invariants

Let P be generic. For a knot K, the m-colored sl(/N) Rasmussen
invariant of K is

m 1 _
sp”) (K) = 5(maxdegg Hp(K(™) + min deg Hp(K(™),
where K(M) is K colored by m.
Theorem

> \sl(pm)(K)| < 2m(N — m)g.(K), where g.(K) is the smooth
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Colored sl(/N) Rasmussen invariants
Let P be generic. For a knot K, the m-colored sl(/N) Rasmussen
invariant of K is

m 1 _
1(3 )(K) = E(maxdegq Hp(K(m)) + min deg, Hp(K(’"))),

where K(™ is K colored by m.
Theorem

> \sl(pm)(K)| < 2m(N — m)g.(K), where g.(K) is the smooth
s/ice genus of K.

> sP (K) > m(N — m)(SL(K) + 1), where SL(K) is the
maXIma/ self linking number of K.

> Sp (K) = 0 if K is amphicheiral.

Corollary

» A knot K is chiral if SL(K) > 0.
» Quasipositive amphicheiral knots are smoothly slice.
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A composition product — labellings

Let I be an MOY graph. Denote by c its color function. That is,
for every edge e of I, the color of e is c(e).

A labeling f of I is an MQY coloring of the underlying oriented
trivalent graph of I such that f(e) < c(e) for every edge e of I'.

Denote by £(I") the set of all labellings of I'. For every f € £(I),
denote by ' the MOY graph obtained by re-coloring the
underlying oriented trivalent graph of I using f.

For every f € £(I'), define a function f on E(I') by
f(e) = c(e) —f(e) for every edge e of I'. It is easy to see that
ferl().
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A composition product

Let ' be an MOY graph. For any positive integers M and N,

(Dvpn = Z ng’N(r’f) U IEREINE
feL(r)

This composition product is equivalent to the state sum formula of
the sI(N) MOY graph polynomial.
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Colored homological MFW inequalities

For a closed braid B with writhe w and b strands,

indeg_ Hy(B(™ axdeg, Hy(B(™
w—b < liminf Min °C8q w( ) < limsup Maxde8q w( )
N—o00 m(N — m) N oo m(N — m)

< w+b,

where B(™ is B colored by m.

More generally, for any two sequences {my} and {Nj} of positive
integers satisfying limg_, oo Nik =limg_0o %—: =0,

web < liminf min deg,, Hy, (B(™)) min deg, Hy, (B(™)

< w+b.
k—+o00 mk(Nk — mk) k—+00 mk(Nk — mk)

< limsup

When m = 1, the above inequalities imply the original MFW
inequality.



