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Summary - During the stock market “boom” in 1999-2000 substantial sums were
made by investors who were able to obtain shares in “high tech” companies at their
initial public offering (IPO) price and then sold the shares when they began trading on
the stock exchanges. Some investment firms established profit sharing arrangements
with a group of customers who promised to return a portion, e.g. one-third, of
their profits from those shares in increased commission business with the investment
firm. A regulatory body accused one firm of such an arrangement with a group of
customers whose commission business increased on days they received IPO shares.
As commissions from other customers also increased on those days, it is appropriate to
consider the ratio of the commissions to the customers profit on IPO days. If a ‘profit
sharing’ agreement was operating one would expect those ratios to be concentrated
about the agreed upon share. The use of measures of relative variability; especially
the Gini Index, Lorenz curve and Coefficient of Dispersion to analyze such data are
described. The values of the Gini Index and Coefficient of Dispersion on nearly all
the data in the case showed substantial inequality or non-uniformity contrary to what
one would expect if a ‘profit sharing’ system were in effect. Because these measures
are typically used on much larger data sets, e.g. household surveys, the applicability
of both large sample theory and the percentile bootstrap to the data was explored
subsequently. Formal statistical inference, however, from the available sample sizes
is questionable as neither asymptotic theory nor the percentile bootstrap confidence
intervals were sufficiently reliable for a variety of important distributions, e.g. the
Pareto.

Key Words - Gini Index; Coefficient of Dispersion; Lorenz Curve; Securities Law;
Percentile Bootstrap.

1. Introduction

During the stock market “boom” in the late 1990’s a substantial amount of
money was made from the initial public offering (IPO) of shares in companies;
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especially those involved in the high-tech sector of the U.S. economy. Several
major investment firms were accused of allocating IPO shares primarily to
“favored customers” who “shared their profit” from those IPO shares with
them by giving a substantial fraction of their profit to the firm in the form of
increased commission business. As several investment firms let major investors
decide the commission they paid on trades made on the stock exchanges, some
firms were alleged to have encouraged investors to return a “share of their
profits” by increasing the volume of shares they traded through the investment
firm and/or increasing the commission they placed on the trades made at the
investment firm. During this same time period, commissions were considered
“soft” in the sense that in addition to the pure service provided by a broker who
carried out the buy or sell order, a portion of the commission could represent
the customerís assessment of the worth of research or advice the investment
firm or broker provided. The only existing published regulation was a guideline
indicating that the maximum commission that a brokerage house should charge
a customer (retail or institutional) was five percent.(1)

In several cases a regulatory body, either the Securities and Exchange
Commission (SEC) or the oversight group of a stock exchange, alleged that a
set of “favored” customers of an investment firm gave these “profit sharing”
commissions either on the day they received shares in an IPO or on the day
after. The authors were contacted by a law firm representing an investment
firm accused of taking “excessive commissions” in return for allocating shares
of profitable IPO deals to a “favored” group of customers. In the complaint
in this case as well as in similar cases, it was alleged that customers would
promise to give the investment firm allocating them IPO shares a significant
portion of their profit in commission business very soon after they received the
IPO shares. A ballpark amount of 30% to 40% of profit was explicitly stated
in a consent decree in a related case as a benchmark share in Wall Street at
the time related to the complaint. This paper describes how the Lorenz curve,
Gini Index (GI) and a related measure of relative inequality, the coefficient of
dispersion (CD) can be used to examine and summarize commission and profit
data to check whether it is consistent with a pre-set profit sharing system of the
type alleged by the regulators. This application motivated us to further explore
issues related to formal statistical inference for the GI and CD from samples
of much smaller size than are typical in income distribution studies.

In the complaints filed by the SEC and the regulatory bodies of the stock
exchanges, profit was estimated by using the difference between the offering
price of the IPO stock and its price at either the opening or closing on the
first day it traded in the public markets. It turned out that for the available
data on the actual profits customers made when they sold their IPO shares

(1) Rule NASD IM-2440 states the five percent guideline.



The use of the Lorenz curve, Gini index and related measures . . . 453

were accurately approximated by either difference. The regulatory body used
the difference between the opening price and the offering price, a hypothetical
profit (HP), as a proxy for a customer’s actual profit. For customers alleged to
have returned a “share” of their profit on the day of the IPO we consider the
ratio of those commissions (C) to their hypothetical profit, i.e. the C/HP ratio
as an estimate of the agreed upon or understood “share”. If there were a “profit
sharing” system in operation these ratios should not vary very much about their
central value. We consider two estimators of center, the mean and the more
robust, median. A well established measure of relative variation about the mean
is the GI and a similar measure of relative variation about the median is the
coefficient of dispersion (CD). Because these measures have long been used
in studies of income and wealth inequality or the fairness of tax assessments,
statisticians know that values of the GI exceeding .40 tend to correspond with
“unequal” distributions of income and values of the CD that are less than .20
are considered reasonably uniform in the real estate assessment literature.

Thus, one can calculate these measures for a group of customers or a
particular customer identified from other information to examine whether the
C/HP ratios are consistent with a pattern of “profit sharing.” Formal statis-
tical tests for both measures are only available for large sample sizes. In
this case none of the data sets exceeded forty four observations and courts
require experts to use well-established methods rather than “new” or “spe-
cial” techniques; hence, the use of either standard large sample methods or
the bootstrap approximation would be inappropriate. Nevertheless, since both
GI and CD benchmarks indicating “equality” or “uniformity” do not assume
any particular underlying distribution, and since almost all the GI and CD val-
ues clearly, and in some cases overwhelmingly, exceeded these benchmarks,
this evidence strongly contradict uniformity even without formal statistical
testing.

The bootstrap approach is explored in the appendix to study its prop-
erties in smaller sample sizes. In simulations from the exponential distri-
bution confidence intervals for both the percentile bootstrap and large sam-
ple normal approximation were reliable in samples of 30 or more. This
was not surprising in view of previous research using the Gini Index as a
test for exponentiality (Gastwirth and Gail, 1978; Fortiana and Grane, 2002).
We also examined simulated data from a Pareto distribution. Pareto (1897)
recognized that the number of individuals in a population with incomes above
a value y is often well approximated by the law ay− for some constants a,
λ. The Pareto law is now used extensively in studies of income distribution
(Arnold, 1983, chapter 2). Histograms of the distribution of C/HP ratios are
right skewed. The BestFit (2005) distribution fitting software and both the
Kolmogorov-Smirnov and Anderson-Darling test statistics identified the Pareto
distribution as providing the best fit to the data.
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Two parameter values for the Pareto were considered. The Pareto-3 was
chosen as it has only two moments and the Pareto-5 was chosen so our results
could be compared with those in Modarres and Gastwirth (2005) who study the
bootstrap distribution of the GI for Pareto-5. The estimate of the asymptotic
mean and standard deviations of GI or CD, for a sample of a given size is
expected to be more reliable for Pareto(5) than Pareto(3) as the former is less
skewed. This expectation is borne out by simulation results (see the appendix).
However, for data from either Pareto distributions, the coverage probability of
a percentile bootstrap-95% confidence interval is no more than 90% for sample
sizes under 100 and becomes reliable only when the sample size reached 500.
Thus, the confidence intervals reported in the present paper should be regarded
as a rough approximation. Further research on the “bootstrap” technique is
needed to obtain reliable confidence intervals for the Gini Index and Coefficient
of Dispersion for the sample sizes that typically arise in securities law.

The measures are described in Section 2 and applied to three data sets in
Section 3. An additional study based on the Spearman rank correlation and
a related rank-rank plot is also presented in Section 3.3. It confirms that the
C/HP ratios in our examples are not consistent with random fluctuations about
a central value but rather declined as HP increased.

2. Review of the measures of relative inequality

Let be y1, . . . , yn independently and identically distributed random variables
from a distribution with cdf F(y). Gini’s mean difference is defined to be
� = E(|y1 − y2|) and the Gini Index of concentration is defined as γ = �/2µ

where µ is the mean F . Then the statistic MD = 1

n(n − 1)

n∑
i, j=1

|yi − yj | is

an unbiased estimator of Gini’s mean difference. In practice, it is easier to
estimate γ using,

GI = 1

n(n − 1)ȳ

n−1∑
i=1

i(n − 1)[y(i+1) − y(i)] (1)

where ȳ is the sample mean and y(1) ≤ . . . ≤ y(n) are the order statistics of the
sample.

We are interested in making inference about the Gini index, e.g. testing
the null hypothesis γ = γ0 against γ > γ0 where γ0 is a pre-specified threshold
of maximum acceptable inequality. The choice of γ0 depends on the applica-
tion; for references to the income distribution literature see Gastwirth (1972),
Atkinson (1993) and Cowell (1995).
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Hoeffding (1948) showed that z = (GI − γ )/
√

var(GI) is asymptotically
standard normal provided F has finite second moment. In general for finite
sample sizes, the sampling distribution of the GI of concentration depends on the
underlying distribution of the observations. Gail and Gastwirth (1978) obtained
the exact distribution of GI under an exponential distribution and showed that
the normal approximation to z is accurate even for n ≤ 10. Under a Pareto
law with parameter λ the asymptotic distribution of GI is normal with mean
1/2λ − 1 and variance

4λ(λ − 1)/[n(λ − 2)(2λ − 1)2(3λ − 2)].

A second measure of relative inequality or uniformity is the coefficient of dis-
persion, which is used to assess the variability of assessment-sales ratios when
evaluating whether real estate tax assessments are uniform or fair (Behrens,
1977; Gastwirth, 1988). A fair tax system would have every home assessed
at the same fraction of its market value so the ratios of a sample of assess-
ments to sales prices provide data from which to estimate the target ratio the
locality is using to make assessments and the variability about this target ratio.
The variability of the assessment ratios is measured by the average absolute
deviation from the median assessment-sales ratio of the sample. The ratio of
this measure of variability to the median is called the coefficient of dispersion
(CD) and it measures the variation in assessment-sales ratios to their median
value.

Assume that F(y) has density f (y) with mean µ, variance σ 2, and coeffi-
cient of dispersion θ . Let denote the sample median, then the sample coefficient
of dispersion is defined by

CD = 1

n

∑ |yi − y(m)|
y(m)

(2)

Gastwirth (1982) showed that the asymptotic distribution of the CD is normal.
Specifically, the CD is normal with mean τ/ν and

Var(CD) = n−1

(
σ 2 + (ν − µ)2 − τ 2

ν2
+ τ 2

4ν4

1

f 2(ν)
+ τ(ν − µ)

ν3 f (ν)

)
.

whereτ = E(D) and ν = E(y(m)). To evaluate the asymptotic variance
one needs an estimate for f (ν). In the simulation study carried out in the
appendix, we use a normal kernel density estimator of the form f̂ (y) =
1

nh

n∑
i=1

K
(

y − yi

h

)
where K (t) = 1√

2π
exp(−t2) and use f̂ (y(m)) to esti-

mate f (ν).
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3. Data analysis

In this section, we assess the variability of the fraction (C/HP) of their
hypothetical profit (HP) particular customers or groups of customers gave in
commissions for agency trades on (profitable) IPO days relative to a typical
or central value. If the data for an individual customer or customer group is
concentrated about a meaningful share, say 35%, then it would be consistent
with a system of profit sharing. In contrast, if the C/HP ratios of a customer or
group are quite variable they would not appear to be consistent with a formal
or informal system of “profit sharing.”

We illustrate the methodology by computing point estimates for the GI and
CD of these C/HP ratios for three data sets:

a. ALL (with 44 observations): It totals the commissions on days the firm had
IPO shares to allocate and totals the hypothetical profits from the shares
it allocated that day to obtain daily C/HP ratios. The data set is referred
to as ALL as it is based on the daily C/HP ratios of all customers. It was
used by the regulator.

b. ALL-POS (with 43 observations): a subset of ALL. It contains only positive
C/HP ratios, i.e. the C/HP ratios only for days when profitable IPO shares
were allocated. It is included in our analysis as one might not see “profit
sharing” on days when customers lost money.

c. ALL-01 (with 34 observations): a subset of ALL containing only the days
when the C/HP ratio is between 0 and 1.

One reason we consider the ALL group is that the expert for the regulator
pointed out that the total of commissions received by the firm from all its
customers was higher on IPO days than on other days. Of course, companies
do not choose the day to offer their shares to the public at random. Since they
desire the offering to be successful and sell out, far more IPO deals occur when
the market is increasing than when it is declining. Thus, it is not surprising
that more business occurred on days when IPO shares were offered. It is
also expected that when customers are in contact with a broker on days they
make substantial profits they will likely reinvest some of their profits. Another
reason for focusing attention to the days when the C/HP ratios are positive
(ALL-POS) is that in Section 3.2 we consider the coefficient of dispersion,
which is used to evaluate the uniformity or fairness of real-estate assessments
and property cannot have a negative value. As the values of the GI and CD for
this data were quite high we also restrict the data to the days when the C/HP
ratio is between 0 and 1. Such a restriction would not be relevant to the legal
case since the excluded ratios, especially for the data of a specific customer or
group of customers, would be evidence against “profit sharing” as no customer
would agree to share more than they made. Furthermore, when the C/HP ratio
for the IPO day or pre-specified window about that day is negative it means
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that the customer gave commission business even when they lost money. Such
business is not consistent with a “profit sharing” system as presumably those
commissions would only be given in return for profitable IPO allocations. The
restricted data is useful, however, for purposes of exploring the performance of
the statistical methodology on a data set having a smaller degree of inequality.
In the next two sub-sections we describe the inferences that can be drawn from
the data using the GI and CD.

3.1. Lorenz curve and Gini index

To examine the variability of the daily C/HP ratios one can plot their
Lorenz curve and compute the corresponding GI. The GI is a standard measure
of income inequality used by governments worldwide, including the U.S. Census
Bureau. Currently the GI of household income in the U.S., which is generally
considered to be quite unequal, is about .45.

Table 1 reports the GI of the C/HP ratios. The data we consider in the
first row of Table 1 is the set ALL with 44 days, one of which has HP < 0.
When the data is restricted to those IPO days when HP > 0 (set ALL-POS
with 43 days) we obtain a Gini estimate of 0.919 whereas GI calculated from
the ALL data is 0.923. The estimated GI for ALL-01 (second row of Table 1)
is 0.529. It has the same value in both columns as the data is already restricted
to days with a positive C/HP ratio.

Table 1 – The Gini Index of the Commissions as a Percent of Hypothetical Profit on IPO days:

All days and Profitable Days.

Customer Group Gini (All IPO days) Gini (HP > 0)

ALL 0.923 0.919

ALL-01 0.529 0.529

For the commissions from all customers of the firm, the GI for either all
IPO days or profitable IPO days exceeded 0.91. The fact that the GI (.91) is
about twice that of the U.S. income distribution (GI near .45), indicates that
the C/HP ratios are quite variable and are not concentrated about their average
value. It should be noted that even the GI (0.53) for the restricted data set,
ALL-01, exceeds that of the U.S. income distribution. Thus, even if some
IPO days with C/HP ratios below 0 or above 1 were “unusual” and might be
considered “outliers” the GI on the remaining C/HP ratio data still indicates
substantial variation about the average.

An alternative way of presenting the substantial variability in the data is
to use the Lorenz Curve. The Lorenz Curves of the ALL-POS and ALL-01
C/HP ratios are given in Figures 1 and 2. If the ratios were equal the Lorenz
curve would coincide with the 45 degree line. The greater the deviation of the
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Lorenz curves from this line, the greater the degree of inequality. The GI is
twice the area between the Lorenz curve and the 45 degree line of equality.
The deeply bending Lorenz curve in Figure 1 reflects the very high degree of
variability of the C/HP ratios about their average. The Lorenz curve for the
“truncated” data set, ALL-01, consisting of IPO days when the C/HP ratios
were between 0 and 1 still has a substantial bend.

Figure 1. Lorenz curve of the Commissions as a Percent of Hypothetical Profit for the ALL-POS data on
C/HP ratios on Days the IPO Shares Allocated Were Profitable.

Figure 2. Lorenz curve of the Commissions as a Percent of Hypothetical Profit for the ALL-01 data.
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3.2. Coefficient of dispersion

The assessment literature considers a coefficient of dispersion of .10 as a
goal but a Congressional report indicates that values less than .20 are acceptable
(Behrens, 1977). Roughly speaking, this value means that the typical home
owner is paying between 80% and 120% of what they should be. Values of the
CD greater than .40 indicate that the assessment-sales are not uniform. Thus,
we will consider values of the CD of the daily C/HP ratios exceeding .40 to
indicate that they are not concentrated about a central value (their median).
Because the CD is primarily used to analyze values of property, it is calculated
only for those daily C/HP ratios which are positive.

Table 2 presents the CD of the C/HP ratios for all customers on days the
firm had shares in profitable IPO deals to allocate (the ALL-POS data set)
and for the subset of days when the C/HP ratio was between 0 and 1. For all
customers, the CD (19.8) of the C/HP ratios on profitable IPO days is unusually
large and indicates substantial large relative inequality or variation in the data.
Even, the CD (1.43) for the “truncated” data is much larger than typical in A/S
ratio studies. Hence, the results in Table 2 would not be expected if the firm’s
customers had a common “profit sharing” system that generated the observed
C/HP ratio.

Table 2 – The Coefficient of Dispersion of the Ratios of Commissions to Hypothetical profit on

Profitable IPO days.

Dataset Coefficient of Dispersion

ALL-POS 19.76

ALL-01 1.43

The application of the GI and CD, two well established measures of in-
equality or uniformity to the data on all customers indicated very substantial
variation relative to the average or median C/HP ratio. This was relevant to
the law case as the regulator alleged that the system was “obvious” so the
investment firm should have realized that some of the customers were ”profit
sharing”. The GI and CD were calculated on data for individual customers
and several groups of customers who were alleged to be “profit sharing.” For
the vast majority of those individual customers or groups the measures were
quite high, e.g. most of Gini indices were greater than .60. Interestingly, the
CD was greater than .50 for every individual customer alleged to be “profit
sharing” as well as for all groups of customers examined. In general, these
values indicate that the C/HP data for either individual customers or groups
of customers on days they received profitable IPO shares was not concentrated
about a central value.
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3.3. A rank based method

Another approach to assessing variability is to determine whether there is
a consistent value for the C/HP data. It is based on examining the relationship
between the C/HP and HP for each IPO day. If this relationship is constant
or “flat” then it would be consistent with a “pre-set” share. Alternatively, if
it is highly variable or declines noticeably, it would not be consistent with a
system of “profit sharing.” Figures 3 and 4 present plots of the rank of the
C/HP against the rank of the hypothetical profit. If there were no relationship
the ranks would fluctuate around their average rank (one half of one plus the
number of IPO days in the data set).

0 10 20 30
0

10

20

30

40

50 Rank Plot for ALL-POSRank(CH/P)

Rank(Profil)

Figure 3. Plot of the rank of the C/HP against the rank of the hypothetical profits for ALL-POS group. The
Spearman correlation between the profit and C/HP is -0.94, which is statistically significantly
different from zero.

The graphs show a clear negative relationship for both groups of cus-
tomers. This is consistent with the finding that for the ALL-POS dataset the
Spearman correlation of -0.94 between the profit and fraction of it formed by
their commissions on those IPO days was statistically significantly different
from zero with a p-value < 0.0001. The Spearman correlation of -0.89 for
the ALL-01 dataset is statistically significant with a p-value < 0.0001. The
Spearman rank correlation is used because the underlying data do not follow a
normal distribution. The non-normality of the commissions, hypothetical profit
and the corresponding C/HP ratio data is demonstrated elsewhere (Gel, Miao
and Gastwirth, 2005).
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Figure 4. Plot of the rank of the C/HP against the rank of the hypothetical profits for ALL-01 group. The
Spearman correlation between the profit and C/HP is -.89, which is statistically significantly
different from zero.

It should be noted that a system of “profit sharing” that returned a slightly
smaller percentage of larger profits could “pass” the rank-based analysis as the
C/HP ratios would decline with HP. Since these C/HP ratios would still be in
a narrow range, their GI and CD would be low. Thus, one cannot use the
rank-based approach in lieu of the analysis of C/HP ratios with the GI or CD
but rather as a useful auxiliary analysis.

4. Conclusion

In this paper we describe how the Gini Index and Coefficient of Dispersion
can be used in legal cases concerning an allegation of “profit sharing” to assess
whether commissions given by a suspected individual customer or group of
customers are consistent with a system of being centered about a pre-set share
of their actual or hypothetical profit. In the legal case that motivated this work,
the GI and CD were calculated on data for individual customers and several
groups of customers, including all customers, on days when the firm allocated
shares in profitable IPO deals. The results showed the C/HP data for either
individual customers or groups of customers alleged to be “sharing profit” with
the investment firm were not concentrated about a central value.
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In the legal proceedings it was not feasible to conduct formal statistical
tests since there was no statistical literature justifying either the applicability
of the asymptotic normality of the usual estimators of GI or CD or a bootstrap
method of constructing confidence intervals for them from samples of size in
the range 20 to 50. As the indices were calculated for over 25 individual
customers and at least five groups with overlapping membership, adjusting for
these multiple comparisons would have been an additional problem. Further-
more, the customers and groups of customers were chosen after the regulators
examined the data and the set of “profit sharers” changed on several occasions
during the proceedings. The regulators relied on the same data both to form
their hypothesis and then test that hypothesis. This procedure is well-known
to be scientifically questionable (Kaye and Freedman, 2000; Good and Hardin,
2003).

In order to enhance the applicability of the methodology in future cases,
we carry out a simulation study on evaluating the usefulness of the percentile
bootstrap in forming confidence intervals for the Gini Index and Coefficient of
Dispersion for small samples in the appendix. Unless the data is exponentially
distributed, moderately large sample sizes, e.g. 500 or more, are required for the
confidence intervals to be reliable. Hopefully new developments in bootstrap
and related re-sampling techniques will enable researchers to obtain reliable
confidence intervals for the Gini Index and Coefficient of Dispersion in samples
of size 25 to 50 that occurred in the motivating case.

As far as the authors know this was the first time the GI and CD were
used in a securities law case concerning “profit sharing.” Thus, we needed to
adapt the criteria for a uniform or equal or concentrated distribution of the
C/HP ratios to this setting. In the future it would be helpful if the SEC or
stock exchanges indicated the appropriate time frame about the day a customer
receives IPO shares for the C/HP ratios to be calculated and provided guidance
as to the criteria or cut-off points that should be used by an investment firm
that is monitoring its data to detect a customer who is profit sharing with a
broker or other employee of the firm. In this paper and in the motivating case,
criteria from similar application areas were adopted but it would be preferable
for the securities industry and/or the SEC to establish and publicize the criteria.

Appendix:

Since the number of days when IPO shares were allocated by the com-
pany during the time period relevant to the law case was smaller than fifty,
the applicability of the usual large sample approximations to the sampling dis-
tributions of the empiric GI and CD is questionable. Hence, the properties of
the bootstrap approach are described here.
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Given a random sample y1, . . . , yn from an unknown distribution function
F , an interval estimate of the parameter θ(F) either on the based on GI or
CD is to be computed. We calculate B values of GI or CD from B bootstrap
resamples from the data. The bootstrap percentile confidence interval of size
(1−α)100% is (t∗

α/2, t∗
1−α/2) where t∗

p is the [pB]th order statistic of the bootstrap
distribution of the GI or CD. In this appendix we examine the applicability of
the bootstrap percentile method to construct confidence intervals for Gini Index
and Coefficient of Dispersion when the underlying random variable is positive
with a parent distribution that is right-skewed. The exponential, Pareto and
log-normal distributions are used for data generation in a Monte Carlo study.
The sampling distribution of the GI depends on the underlying distribution of
the observations. The sampling distribution of GI on data from the exponential
distribution has been studied by Giorgi (1990, 1993) and Gail and Gastwirth
(1978) and converges rapidly to its asymptotic normal approximation. However,
the result is not true in general. The Pareto distribution is commonly used to
model income data and provides a good fit to ALL-POS dataset. We also
studied the log-normal distribution since it also provided a good fit to the data
and possesses a finite second moment.

It is also important to obtain confidence intervals for the parameter θ = τ/ν

the population coefficient of dispersion as one is interested in testing the null
hypothesis θ = θ0 (Gastwirth, 1982). Tables 3 and 4 present a numerical
investigation of the accuracy of the bootstrap for the CD in the case of ex-
ponential and Pareto distributions. Note first that the asymptotic mean and
variance of the coefficient of dispersion under Exp(1) distribution are 1 and
(ln 2)−2 = 2.081, respectively. Similarly, under a Pareto distribution with pa-
rameter λ, the mean of the asymptotic distribution of the CD is obtained from
ν = 21/λ and τ = λ

λ−1(2
1/λ − 1). The asymptotic variance of CD under a

Pareto distribution is a complicated function of λ. When λ = 3 and λ = 5
we obtain 0.3848/n and 0.0558/n, respectively, for the variance of the CD.
Table 3 shows the theoretical (asymptotic) mean and standard deviation of the
coefficient of dispersion (CD) from EXP(1), Pareto(3) and Pareto(5). Table 4
lists the sample average and standard deviation of 1000 bootstrap resamples
from samples of size n from these distributions.

Comparing the theoretical values of Table 3 to those obtained from boot-
strap in Table 4 shows that for the samples from an exponential distribution
the estimated values of the mean are reliable for n of about 20-30. On the
other hand, for the Pareto distribution they require sample sizes greater than
500, especially for the standard deviation of the CD to be reliable.

How well do the bootstrap estimates of the GI and the CD perform in terms
of coverage probabilities? These coverage probabilities are estimated by the
fraction of the percentile bootstrap confidence intervals in 1000 Monte Carlo
simulations that contain the true parameter GI or CD. Estimates of γ = �/2µ
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were obtained from bootstrap replicates using formula (1). We obtain estimates
of θ using (2) for CD. Note that for the unit exponential distribution, γ is 1/2
and θ is 1 as τ = E(|y −η|) = ln(2) and η = ln(2). For the Pareto distribution
and the corresponding values of θ for λ = 3 and 5 are 0.1611 and 0.3094,
respectively.

Table 3 – The theoretical mean and standard deviation of the asymptotic distribution of the

sample coefficient of dispersion (CD) from EXP(1), Pareto(3) and Pareto(5) distributions.

For CD Theoretical EXP(1) Theoretical Pareto(3) Theoretical Pareto(5)

n E(CD) STD E(CD) STD E(CD) STD

10 1.00 0.456 0.309 0.196 0.161 0.074

20 1.00 0.322 0.309 0.138 0.161 0.052

30 1.00 0.263 0.309 0.113 0.161 0.043

50 1.00 0.204 0.309 0.087 0.161 0.033

100 1.00 0.144 0.309 0.062 0.161 0.023

500 1.00 0.064 0.309 0.027 0.161 0.010

Table 4 – The sample average and standard deviation of 1000 bootstrap resamples of CD from

EXP(1), Pareto(3) and Pareto(5) distributions.

For CD Bootstrap EXP(1) Bootstrap Pareto(3) Bootstrap Pareto(5)

n Avg(CD) STD(CD) Avg(CD) STD(CD) Avg(CD) STD(CD)

10 0.470 0.238 0.148 0.040 0.085 0.023

20 1.002 0.359 0.200 0.034 0.117 0.018

30 1.184 0.414 0.361 0.109 0.185 0.048

50 0.928 0.157 0.325 0.091 0.166 0.038

100 1.009 0.198 0.282 0.030 0.154 0.015

500 1.035 0.069 0.295 0.017 0.159 0.008

The values in Tables 5-7 are obtained from 1000 Monte Carlo simulations.
In each simulation, a sample of size n is generated (and fixed) from EXP(1),
Pareto(3) or Pareto(5) distributions. The estimates in the tables are based on
1000 resamples from this generated (and fixed) sample. Table 5 shows that
with moderate sample sizes, the 95% coverage for the GI using the percentile
bootstrap procedure is somewhat below the nominal value. This is more pro-
nounced for the Pareto distributions as can be seen in Tables 6 and 7. The
coverage improves with increasing sample size. The coverage for the asymp-
totic method of constructing a confidence interval for the Gini Index using the
Jackknife estimate of the standard error of Gini (Ogwang, 2000) is close to
the nominal value for the EXP(1) distribution.
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Table 5 – A comparison of the 95% coverage probabilities for percentile bootstrap and the

asymptotic method for the Gini index of samples from EXP(1).

GI and CD 95% Coverage for GI of EXP(1) 95% Coverage for CD of EXP(1)

n Percentile Bootstrap Asymptotic Percentile Bootstrap Asymptotic

10 0.885 0.888 0.918 0.856

20 0.913 0.927 0.937 0.858

30 0.918 0.928 0.943 0.889

50 0.939 0.945 0.961 0.913

100 0.922 0.934 0.963 0.920

500 0.953 0.955 0.961 0.946

In terms of coverage, the asymptotic method performs better than the
percentile bootstrap method in Tables 6 and 7 under both Pareto distributions.
The coverage property of the bias-corrected confidence interval (Efron and
Tibshirani, 1993) for the Gini index was very similar to the percentile method
and is not reported here.

Table 6 – A comparison of the 95% coverage probabilities for parametric percentile bootstrap

and the asymptotic method for the Gini index of samples from a Pareto(3) distribution.

GI and CD 95% Coverage for GI Pareto(3) 95% Coverage for CD Pareto(3)

n Percentile Bootstrap Asymptotic Percentile Bootstrap Asymptotic

10 0.548 0.676 0.676 0.698

20 0.681 0.757 0.748 0.772

30 0.722 0.7790.778 0.782

50 0.798 0.824 0.835 0.842

100 0.836 0.852 0.871 0.859

500 0.907 0.914 0.929 0.928

Table 7 – A comparison of the 95% coverage probabilities for Percentile bootstrap and the

asymptotic method for the Gini index of samples from a Pareto(5) distribution.

GI and CD 95% Coverage for GI Pareto(5) 95% Coverage for CD Pareto(5)

n Percentile Bootstrap Asymptotic Percentile Bootstrap Asymptotic

10 0.622 0.714 0.689 0.730

20 0.744 0.803 0.790 0.815

30 0.779 0.826 0.824 0.838

50 0.841 0.862 0.871 0.870

100 0.879 0.894 0.900 0.897

500 0.938 0.941 0.946 0.944
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We also investigated distributions that “fit” the C/HP data to study the
coverage of percentile bootstrap confidence intervals for both GI and CD. The
Pareto distribution (λ = 0.41) provides a good fit for the ALL-POS data set
based on the Kolmogorov-Smirnov and Anderson-Dalrling test statistics (Best-
Fit, 2005).

Since λ is not greater than 2 in this case, the distribution does not have a fi-
nite variance and the asymptotic distribution of the GI is not normal (Hoeffding,
1948). A distribution with finite variance that provides a reasonably good fit
to this data set is the log-normal with mean -0.96 and standard deviation 1.96.
To study the coverage of confidence intervals for the log-normal distribution
we have generated n observations from the best fitting log-normal distribution
with mean -0.96 and standard deviation 1.95. The value of GI for the log-

normal distribution is obtained from γ = 2�

(
σ√

2

)
where � is the standard

normal distribution function. The theoretical value of the GI for a log-normal
distribution with mean -0.96 and standard deviation 1.95 is 0.832. The theo-
retical value of 6.349 for θ is obtained from a sample of size 20,000,000 from
this distribution. Table 8 provides 95% coverage of the confidence intervals
obtained by the percentile bootstrap and the asymptotic methods.

Table 8 – Comparison of the 95% coverage probabilities for Gini index and CD on samples

from a log-normal distribution.

GI and CD 95% Coverage for GI log-normal 95% Coverage for CD log-normal

Percentile Bootstrap Asymptotic Percentile Bootstrap Asymptotic

n CI CI CI CI

10 0.571 0.759 0.721 0.590

20 0.549 0.741 0.750 0.633

30 0.559 0.771 0.800 0.675

50 0.581 0.754 0.794 0.692

100 0.683 0.799 0.830 0.754

500 0.781 0.833 0.862 0.837

The results in Table 8 show that both methods do not provide adequate
coverages even in samples of size 500. This result is due to the “heavy-tailed”
nature of the underlying data. Thus, the construction of confidence intervals for
Gini Index, Coefficient of Dispersion or other measures of relative inequality
calculated on data from heavy-tailed distributions deserves further research.

Table 9 shows the results for the Gini index for the ALL-POS and
ALL-01 data. The percentile bootstrap with 1000 resamples of the same size
as the dataset is used to obtain confidence intervals for both Gini Index and
Coefficient of Dispersion. The asymptotic results for Gini are based on the
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asymptotic normality of the GI with a Jackknife estimate of the standard error
(Ogwang, 2000; see also Yitzhaki, 1991). The asymptotic confidence interval
for the coefficient of dispersion is based on a theorem in Gastwirth (1982)
summarized in Section 2.

For both groups, the asymptotic and percentile bootstrap confidence in-
tervals for the Gini Index of the C/HP data do not include 0.45. The lower
end of all the bootstrap confidence intervals for the Coefficient of Dispersion
exceed the value of 0.40, which is twice the value (0.2) considered to indicate
acceptable uniformity. The same is true of the asymptotic confidence intervals
for the Gini Index. While only the C/HP ratios for the days the firm allocated
shares in profitable IPO deals (ALL-POS dataset), is pertinent to the motivating
legal case, it is interesting to note that even for the data for the “truncated”
data set, ALL-01, the values of lower ends of the confidence intervals for both
the GI and CD are associated with non-uniformity or a comparatively high
degree of relative inequality.

Table 9 – A Comparison of the 95% Confidence Intervals for Gini and CD based on percentile

bootstrap and asymptotic normality.

Customer Percentile Bootstrap Percentile Bootstrap Asymptotic Asymptotic
CI for Gini CI for CDi CI for Gini CI for CD

ALL-POS 0.81-0.93 4.9-49.7 0.88-0.95 1.56-37.9

ALL-01 0.46-0.57 0.81-2.07 0.48-0.58 0.91-1.96

Other more recent computer intensive, iterated-bootstrap methods might be
used to improve the coverage of the percentile bootstrap method. Xu (2000)
discussed inference for the GI using the iterated-bootstrap method. More re-
cently, Giorgi, Palmitesta, and Provasi (2005) have proposed obtaining confi-
dence intervals for the Gini Index using the bootstrap-t resampling method.
Their applicability to heavy tailed skewed data will be explored in the future.
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