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Line Tension

1 Total Energy

We minimize the energy

1
(co + e, C)H2AT + a/ v+ e —aplar
r L2 48
where ¢y, c1, 0, are constants. The mean curvature stiffness on upper and lower com-
ponents of the membrane are ¢y + ¢; and ¢y — ¢;, respectively; o is the line tension
constant; £ represents the width of the phase field function.

E(w.y.C) = |

r

For the axisymmetric case, the energy (1) is written as

B €)= [t aOta/ETR o [ 500+ (€ -1 ]o/EF a
0 0

48
(2)
where X
o-_ ¢
Vit R
So the problem is converted into
min E(z,y,C) (3)
z,y,C

subject to
x\/ &% 4+ y? =sint

/ ?ydt=V

0
/ Ca/i2+ 2 dt =0
0

2 FEuler-Lagrange Equations

Do the variation for (2), we can derive the Euler-Lagrange equations for the total
energy.
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2.1 Variation along Tangent Direction

First, we do the variation along the tangent direction, where the total energy E(z,y, C)
is supposed to be invariant. Similarly as we derive the variation along tangential di-

rection for [ H?w+/4? + j2dt, we get
5/7r(co + ¢,C)H?x\/i? + 2dt
0
= /07r §(co + c1C)H?*w\/ 32 + 92 + (co + ch)é(Hzx\/m>dt
- /0 " el (Cuda + Cyby) H2an /T 3 + (co + ch)5<H2x\/W) dt
= /07r c1CH?vu + (o + c1C)uH [kve + 2 (ky — k2)| + (co + e1C)H? (uz) dt
= /07r o CH?*vu+ (co 4+ ¢C)uH [l%lzx + a(ky — k) — Q:BH} — (co + ,C) H*uzxdt

0

For the line tension part,

TP —
5/0 [502%—4—5(02—1)2}9:\/:1:24—342 dt
50/2+i(02 — 1)2} (uz) dt

:/7r [50/50’ 4 %(02 — 1)O50}x 2+ 92+ [5 A€
0

_ /O eyt Lot - neCm] + [S07 4 et - 1]y v =0
where
5C = C, cos pu + Cyysin pu = C'u
and

6C" =6(C, cos ¢ + Cyysin )
=(Chz co8 ¢ + Cpy sin @)u cos ¢ + Cy(— sin ¢p¢)
+ (Cyy cos ¢ + Cyy sin @)usin ¢ + Cy(u cos ¢¢')
— (O )u — C/Iu

Since the tangent variations for the area and volume constraints are the same as the
homogeneous energy case, we obtain

Wy
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2.2 Variation along Normal Direction

We do the variation along the normal direction now. If we naturally extend C(x,y)
off the membrane such that i

dn
everywhere along the membrane. Then the variations of C' and V||C along the normal
direction are both 0, namely,

=0

c _, dve

dn dn =0
Then
5/ (co + c1C)H?x\/ 32 + 92 dt
—/ §(co + c1C)H?x JU2+3J2—|—(Co+ch)5<H2$\/i‘2+?)2> dt
0
ux '
= [ (co+cO)H| ——=) +2u(co + ,C)H(H* — K)x\/% + 32 dt
/0 0 1 (\/m) (0 1 ) ( ) )
:/ ( ) —|—2u(00+610 wvw2+y dt
0 I2—|—y
where

f:’VI = (CO + ch)H.

For the line tension part,
T 1
5/ [30’2 + E(CQ - 1)2]:13\/9&2 T dt
0

_ /7r [50’50’ + %(02 . 1)050}:5 P42+ [50’2 1§(02 - 1)2} (—2uHz\/72 + §?) dt
0

i(C’2 — 1)2} (—QUHx\/W) dt

— " 12 11 ) ) §/2
/Ogom 2ty +[20 + i

where the first part of the integrand varnishes due to the fact that

0C = Cy(—usin @) + Cy(ucos ) =0
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and

6C" =0(Cy cos ¢ + Cysin @)
=(Cru(—sin @) + Cyy cos P)u cos ¢ + Cyp(— sin gu’)
+ (Cyy(—sin @) + Cy, cos @)usin ¢ + Cy(cos pu’)

:(Cx cos ¢ + Cysin )¢ _ o'

By combining the normal variations for the area and volume constraints, and taking

SL’Q

Q:=

sin®t

the variation of total energy along the normal direction is

Semy i((]2 —1)?| —2M\CH =0

[Q + cot tQ + 2H (H? — K)| — (2uH + 2p) + 0£C*¢' — 20H 5 v

2.3 Variation for C

One can continue with the variation with respect to C, and obtain

1
el H? w32 + g% + 0[ —&(C'x) + g<02 —1)Ca/i? + y‘2] F Az + 52 =0

2.4 Euler-Lagrange Equations

We finally end up with Euler-Lagrange equations as follows:

1
é0’2 + —(C? - 1)2] —2XCH =0

[Q + cot tQ + 2H (H? — K)| — (2uH + 2p) + 0£C?¢' — 20H 5 v

1
o H?z + a[ —E(C'a) + (€7 - 1)095] FAr=0
For the limiting behavior when ¢ approaches boundaries, we have

Q = (uH +p) + aH[%(CQ — 1)2] + \CH

=20
1

D:— 01H2+)\
282

(C* —1)C + 20E
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Therefore, we end up with the following self-closed system:

. ~ 1
Q= —cottQ —2H(H? — K) + 2(uH + p) — 0€C”¢' + 20H §D2 + E(CQ — 1)2] +2\CH
ﬁ:sinth
x
¢ = <2H—Sm¢)ﬂ
x x
x':cosgbLnt
x
int
y:simbSli
V:Wxsinqbsint
pp=0
. 01H2+)\ 1 2
D:_COttD+U—£+§(C —1)C
sin’ ¢
= = D
V.= Csint

3 Numerical Experiment

3.1 Homogeneous Case Where ¢; =0

For the homogeneous case where ¢; = 0, we can make ¢y dimensionlessly to be 1,
then the equations reduce into

1
5(1’2 + —(C?* - 1)2] —2)\CH =0

[Q + cot tQ + 2H (H? — K)| — (2uH + 2p) + 0£C¢' — 20H 5 :

1
a[ (0 + (€ - 1)04 Yz =0
To see if our diffuse interface model match up with the sharp interface model, let us

first check if the condition

Q0) = Q) = #(0) = 0 = a(m) = 0

still holds for the diffuse interface model.
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The technique is similar as what we did for the sharp interface model. Multiplying
both sides of the two equations by sintcos ¢ and C'sin ¢ yields

(Qsint cos ¢ — H sin® ¢ + xH?sin ¢ — pa?)

— p(xsing) — AC(zsin¢) — o(xsin @) [60’2 + i(C’2 — 1)2] + 0€C™(sing)w =0

2 4¢
o|—&(C'x) C'sing + %(02 —1)CCzsin ¢] + ACxsing =0
Notice that
C”(sing)z + (C'x) C'sin ¢ — %(x sin ¢) C"

=(C'zsing)C" — %(x sin ¢) C"
=(C")C'(zsin ¢) + %(az sin ¢) C"
:%(C'QI sin )’

Substitute the second equality into the first one, we have the total integral

(Qsint cos ¢ — Hsin? ¢ + xH?sin ¢ — pr?) — (uwsin @) — A\(zsin ¢pO) —

(msingb[— gc’%r 4—15(02 - 1)2}) =0

Integrating from 0 to 7 implies that x(7) = 0.

3.2 Nonhomogeneous Case Where ¢; # 0

For the nonhomogeneous case where ¢; # 0, we can make ¢y dimensionlessly to be
1, then the equations reduce into

[Q + cot tQ + 2H(H? — K)| — (2uH + 2p) + 0€C"¢ — 20 H EC'Q + 4—15(02 — 1)2] —2)\CH

Lo (ﬁ(cm-

sint sint

) +2ciCH(H*> - K)=0

ciH%x —1—0[ —&(C'x) + %(02 — 1)C’x] + A =0
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Multiplying both sides of the two equations by sint cos ¢ and sin ¢ yields (we here only
need consider the extra terms, and ignore the common factor ¢;),

(sintcos pP) + Psintsin ¢é + 20H(H? — K)sint cos ¢
2 2

:102 (CH)sintsin ¢¢ + C w2
t sin

=(sint cospP) +

tHsintsirlgzﬁqf)—I—2C’H(H2 — K)sintcos ¢

2

=(sintcos pP) + th(C‘H) sintsin ¢ + C(xH?sin ¢)" — C(H sin® ¢)

where
= 2?(CH) /sin®t
and ‘
—xH?sin ¢C.
Put them together, one has

1‘2

(sintcos pP) +

— t(CH) sint sin ¢¢ + C(xH?sin ) — C(H sin® ¢) — xH?sin ¢C'
2

th(CH) sintsin¢<2H —

sin¢>ﬂ

x x
+ C(zH?sin¢) — C(Hsin? ¢) — xH?sin ¢C

—(sint cos pP) + 22 H?sin ¢C' — H sin® ¢C + C(zH?sin ) — C(H sin® ¢) — 2 H? sin ¢C

—(sint cos P) + xH?sin ¢C — H sin? ¢C + C(zH?sin ¢)' — C(H sin® ¢)

=(sint cos P + CxH?sin ¢ — C'H sin” ¢)’

=(sintcos pP) + —
sin

Obviously, by integrating the total derivative one can derive that z(m) = 0.

4 Adhesion of Multi-component membrane

If we take the adhesion effect into the consideration, the axisymmetric membrane
has the total energy written as

E(z,y,C) ::/ (co + c1C)H?x\/ 32 + 92 dt—l—a/ [60’2 5C’2—1 }I\/[L'Q—}—y dt
0
—w/ (co + c2C)e V% 2/ + 2 dt
0

subject to

x\/ 2% + % = sint

/ 2y dt=V
0

/ Cry/i?2+ 92> dt =0

0
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4.1 FEuler-Lagrange Equation

One can obtain Euler-Lagrange equations as follows:

£ =17]

[Q+cottQ+2f—](H2—K)] — (2uH + 2p) + c€C™*¢ — 20 [50’2 I

— 2ACH + 2w(1 + ¢,C)e ¥ /% (6
=0

2 /,.0\! 1 2
cle—}-a[—f(C’x) +glc —1)C'x]+/\:v:0

5 Coarsening

To view the coarsening process, or phase separation process, of the membrane with
different components (red and blue) mixing up together, we apply a gradient flow

approach, namely,
oF

E.
By discretizing the time derivative on the left hand, we get
Coy1—Cn _5E(

At - 6C

Ct:—

Cn+1>

which is a implicit Euler method, or one can think of the solution C,; is a minimizer

of the energy -
E(x,y,0)+/ €= x\/xQ—l—y dt

0

5.1 Euler-Lagrange Equation

One can obtain Euler-Lagrange equations as follows:

2008¢+H) 0

. _ o 1
[Q + cot tQ + 2H(H? — K)] — (2uH + 2p) + 0€C2%¢ — 20 H [302 + 3@ - 1)2}
I _y2/62 E _7‘0 — Cnlz g
ACH + 2L+ e,0)e ™/ (Lcos g+ H )~ " H = 0
lil/ pu—
2 o ! N\ 1 2 C - Cn/. o
o H a:+a[ ¢(C'x) +§(C 1)Cx]—|—)\a:+ A7 r=0
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6 Leonard-Jones Potential

Another way to eliminate the protrusion of the membrane shapes is to use some
other adhesion potentials. One typical choice is Leonard-Jones potential

vl (@) o

The key difference between the exponential potential and Leonard-Jones potential is
that exponential potential is globally attractive, while there is a narrow region d(x) €
(0, B) where Leonard-Jones potential is repulsive. Such a repulsive region can prevent
the cell membrane to protrude into the substrate.

Total energy with Leonard-Jones potential is:

E(z,y,n) 22/ (1+ cin) H?z/ 02 4 42 dt+a/ [5 ’2+4§n -1) }x\/x2+y dt
0

2

T ¢ g v
_|_/0 71}(1+0277)'4C{<§> B <1> } &

With the Leonard-Jones potential, we have the following Euler-Lagrange equation:

[Q + cot tQ + 2H(H? — K)| — (2uH + 2p) + o&n®¢' — ZUH[SU'Z + 45(77 — 1)2}

oApH (1 + C271){ﬁ3 (YT () eoso v sc[(2) - (2)] } =0
=0

] et ] s sesom () ()] o
1 n ¢ n n SoW 1) i _

7 Double Obstacle Potential In Interfacial Energy

Since the double well potential

P = 5¢

can not fix n at &1 very well. Here we can consider another potential, which is so
called double obstacle potential which is given by

P(n) = a(l —n?) + (14 n)n(1 + 1) + (1 — ) In(1 — ) — 21In2

(n* —1)?

where P(£1) = 0 and P(n) attains the minimum at 7,7, which satisfy

1
P’(n):ln1+n—2an20.
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For the double obstacle potential, we first need to figure out the equilibrium solution
of the equation

1
£n”+ln1J_rZ—2om:0

The Euler-Lagrange equations for the double well potential combined with Leonard-
Jones is derived from minimizing the following energy

E(z,y,n) ::/ (14 1) H?x/32 + 52 dt
0
+0/ [gn'2~|—a(1 n)+(1+n)1n(1+n)+(1—77)ln(1—77)—21n2]a:\/:t2+?)2dt
0

[osem () -

[Q + cot tQ + 2H(H? — K)] — (2uH + 2p + 2\nH) + o&n/>¢)

— 20H[§77’2+a<1 — )+ (1 +n)In(1+n)+ (1 —n)Inl —n) —2In 2]

—w(1 +c2n){4£23 [Q@)a—l - 3(5)«1/2_1} . SCH[@)a B (f)m}} »

R (ORI NE

Actually we have

10
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8 Anisotropic Energy

Consider the anisotropic energy

E(z,y,m) ::/0 (H + an(k — k2))*a/32 + §2 dt+a/ [én’2+ (n® —1) }:m/xZ—l—y dt

2 A€

The Euler-Lagrange equation is

[Q + cottQ + 2H(H? — K)| — (2uH + 2p + 2\nH) + 0én?¢’ — 20H [gnQ + i(n? — 1)2}

4g
(ko cos @)

. 1 .
+4oz77[Q+cottQ+ S 5(l~s2+k2)(k1 H)]+4a2n2[Q+cottQ+2H(H2—K)]:0

and

2(H + anky — k) - ok — k) + a[ —£(C) + %(02 - 1)093] YAz =0

11



