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Isotropic Willmore

Consider the isotropic Willmore problem:

Min 4 / H?dA
r

with area and volume constraints.
For the axis-symmetric case, we can simplify above problem into:

MinA/ H?x\/32 + j2dt
0



subject to

xy\/42 + §? = sint,

71'/ z2ydt = V.
0

with A given as the following;:

A= { (@) € C4[0,7]|2(0) = y(0) = §(0) = (x) = (r) = 0,(t) > 0} (1)

This problem is the same as the following non-constraint problem:

MinA/ H?2\/32 4+ 92 +p(x\/22 4 92 — sint) + p( 2?5 )dt (2)
0 —~

f g h

where u,p are Lagrange multipliers. p is constant, and u = p(¢). In order to
obtain the Euler-Lagrange equation of (2), let us do the following variations.

1.1 Euler-Lagrange equation along the normal direction

First of all, we do the variation for

/ fdt, / gdt, / hdt,
0 0 0

along the normal direction. for the part of f, note that

§(z\/i2 + 12) = 26(\/i% + §2) + 6x(\/32 + 32)

-y KAL)

_ Yy + (—usin ¢\/32 + 32)
v a2 +y2 e=0

= —umé—uy

= —2uHuz\/i? + 2



5/ fdt
0
:5/ H?x\/32 4 92dt
0
:/ QHSHar/i% + 32 + H26(x\/32 + §2)dt

0
:/ <_a(?_/y+?m 4B tcosd +uk§+uk§—2uH2)H:m/5c2+y2dt
0

2 2)\2 2 2 .
x+y) ety LE/:E2+3)2
:/ (“x) H + 2uH(H? — K)a\/i2 + g2dt
0

e H
-4 / +2uH(H” — K)z+\/22 4 y2dt
Viz+ g2, \/x2+y
urH " uxH

" T zH -
= - + — | +2uH(H Jxy/ &2 + g2dt.

For the boundary terms,

s s

2 | 2 2 | 2
VT 4y o VT 4y 0

to varnish them, we apply the essential boundary condition where

However, we need H bounded at the two ending points. Let us set the following
boundary conditions on H:

For the part of g,

/ ,ugdt—d/ Vi + 9% —sint)dt
0
:/ pd (z/@2 + g?)dt
0

= / u(—2uHzA/22 + §2)dt
0



For the part of h,
5/ phdt
0
—» [ s
0
= p/ 2xydx + x257dt
0
= p/ 225 (—usin ¢) + 2 (1 cos ¢ — usin ¢ - qﬁ)dt
0
Z —|—p/ u(—2xy sin ¢ — 2z cos ¢ +g2/si11/¢7¢-)—$2/si‘rﬁﬁﬁ)dt
0
:/ u(—2pz/ 22 + y?)dt
0

= upz? cos ¢

Finally, we combine all three parts together. It turns out that the Euler-
Lagrange equation along the normal direction will be:

/122 + 92 =0

L\/f'ﬂiJrz)Q <\/xx2ﬁw> +2H(H? = K) — (2uH + 2p)

1.2 Euler-Lagrange Equation along the Tangential Direc-
tion

In this subsection, we do the variation for

/ fdt, / gdt, / hdt,
0 0 0

along the tangential direction. for the part of f, note that

5(a\/3 + 32) = 28(V/F + 32) + 62 (V& + 7

x oy Ly}
_ Yy + (wcos $v/3% + §2)
VA :
e=0
= ux + ux
= (ux)



5/ fdt
0
:5/ H?z\/32 4 92dt
0
:/ QHSHar/i% + 32 + H26(x\/32 + §2)dt

0

T Ky cos¢, —— ) ,
_/O (u\/m—i—u 0 (ks — ha)) Ho/a2 + 52 + H2(uz) dt

0 0
0
=0

For the part of g,

5/ ,ugdtzé/ p(zy/@% + g2 — sint)dt
0 0
:/ pd(z/ @2 + y?)dt

0

= /07T p(uz) dt

For the part of h,
5/ phdt

0

:p/ §(z2y)dt
0

= p/ 2xydx + x26ydt
0

= p/ 225 (u cos ¢) + x2 (tsin ¢ 4 u cos ¢ - gf))dt

0
:M+p/ﬂu(2xycos¢—st'csinqﬁf/ﬂcieﬁs/&j@rﬁecs/rp@)dt
0

:/ u - 0dt
0

=0

Finally, we combine all three parts together. If we want to make the tan-
gential variation equal 0, we need

/ plux) dt :Mf /ﬂu:c;ldt =0
0 0 0

which implies u(t) = constant.



1.3 Euler-Lagrange Equation with Boundary Conditions

Combining the derivation along the normal and tangential direction, we get the
Euler-Lagrange equation for the isotropic Willmore problem:

[ ! ( o >+2H(H2—K)—(2uH+2p) i+ 2 =0

z/i% + 92 \ /a2 + 92

or if we ignore the degenerated case, it will be simplified as

1 zH '
x\/jc2+y'2<\/¢2+92> +2H(H? — K) — (2uH + 2p) = 0.

Coupling it with the local area constraint x1/22 + 2 = sint, and let

$2

Q=

sin? ¢

then we obtain the following ODE system

. cost sin ¢ 2
O=-Z Q72H(Hf ¢) + (2uH + 2p)
sint
x
b= (QH_sin(b)sint
x x
int
a'c:coquJSIi
x
int
j = sin S0t
x

V= mxsin ¢sint

pp=0
with boundary conditions

Q(0) = 0,¢(0) = 0,2(0) = 0,y(0) =0,V (0) = 0,
Q(m) =0,¢(m) =, V(7) = Volume.

Here we have 7 ODEs with one unknown parameter p, that is why we impose 8
boundary conditions.



2 Anisotropic Willmore

We focus on the anisotropic Willmore problem:
MinA/(alkmaX + a2kmin)2dA
r

with area and volume constraint.
For the axis-symmetric case, we can simplify above problem into:

MinA/ (Oélk'max + Oég]fmin)Q.’L‘\/ T2 4 Qth
0
subject to

x\/ &% 4+ % = sint

/ 2ydt =V
0

where the admissible set A is given by

ki <ky if € [O,t1] U [tg,ﬂ']
]{1 Z kg if xe€ [tl,tg}

#(0) = 3(0) = 9(0) = x(x) = §(m) = 0
A= {(m,y) € C*0, 7] }

Assume the (z(t),y(t)) € A is a minimizer, then we take any perturbed
curve (Z,7) € A as the following:

z(t) = xz(t) + (—eusin®) + (nucos ¢),
y(t) = y(t)+ (+eucosP) + (nusin ). (3)

However, we cannot pick u,v as arbitrary smooth functions, instead, we have
several restrictions on them. Note that

Z(0) = z(0) + nv(0) = v(0) = 0,
7(0) = 2(0) + eu(0) = u(0) =0,
Z(m) = z(w) — nuv(r) = v(r) = 0.
Since ) '
y(t) = y(t) + (eticos ¢ — eusin gpp) + (nv sin ¢ + nv cos P¢),
we have
7(0) = 9(0) + €(0) + nv(0)$(0) = (0) = 0,
y(m) = §(m) — ei(m) + nu(m)p(r) = i(r) = 0.



From the area constraint x+/i2 + 2 = sint, we obtain

int ¢
at t =0,/ + g2 = ot = CB0 o h(0) = 1;

T x

int t
att:W,\/fEZerZ:%:%éi(w):—l;

combining
Z(t) = &(t) + (—etsin ¢ — eu cos ) + (9 cos ¢ — nusin ¢¢),

we have

z(0) = #(0) — eu(0)¢(0) + nv(0) = v(0) = 0,
i(m) = i(n) + eu(n)p(m) + ni(r) = o(x) =0 + {ZEZ)(:)O: 0

One more important constraint on u, v is from role-exchanging condition

{ ki <ky if x€[0,t1]U [ta, 7], @

k1 > ko if x € [ty,ta].
A necessary condition for (4) is that
ki = ko, ift=ty,t,
which implies
yr—2Iy vy

jﬁ+§2—5¢¢MM7iMﬁ:ﬁy+yg (5)

s=Yo

X

To make sure that (Z,§y) € A, the condition (5) should hold for (Z, %), which

means
YIT — iyr = 25+ 4°

Notice that for the anisotropic bending energy,

jﬁ(alkmax+-a2kmhﬂ2dA
= /F(Oél(kmax + Emin) + (a2 — 1) kmin)*dA
= /F <a%(kmax + kmin)? + 201 (a2 — 1) (kmaxkmin + ko) + (a2 — a1)2k12nin> dA
= 4a%/FH2dA + 207 (g — al)/rKdA + (a3 — a?) /F k2. dA

:4a%/H2dA—|—2a1(a2—al)/KdA+(Oé2—al)/k?nindA
r r r



then if we do the variation for the axis-symmetric case, we have
™
6/ (alkmax + OZkain)2z V @2 + yzdt
0
s
= 40426/ H?2\/#2 4 92dt + (g — ay)-
0

t1 to g
5(/ kfx\/de/ k3 :'c2+y'2+/ k:fx\/:'v?-i-z)Q)
0

t1 to

2.1 Euler-Lagrange Equation along Normal Direction

First of all, let us do the variation along normal direction. Since
5/ (alkmax + a2kmin)2x V jj2 + det
0
= 4a26/ H?2/32 4+ 92dt +(a — )
0

I

t1 ta T
5(/ kfx\/x'2+y2dt+/ kgm\/j:2+y2dt+/ k%x\/mdt>

0 t1 ty

II 111 v

and from section 1.2 we have known that the variation of I is

N
~ ) foHH? - K/ 2 =0,
Vi + 2

so now we focus on the variation of II, III, and IV.
For II, we refer to the appendix II,

t1
5/ kizy/d2 + g2dt
0
th .
=/ 2k1(—u(yy+m g+ ukd o3+ P+ R (—2uHe/E + §P)dt
0

1':2 _|_y’2)2 1':2 _|_y2

t1 . '
u .
= 2k | ——m——— | + w2k} — 2k2H)z /2 + g2dt
A 1 (m) ( 1 1 )

kx| (2kia)

t1 t ) ’

! klaj 2 . 5
—|—/ 2] — | u+u-2k{(k1 — H)x /22 + 42dt
o Jo < ¢2+y2> ! )



which implies

ty
5/ kfx\/:t2+y2dt/6l
0

B (2kx)u

normal

t1 t :

! k‘ll‘

—|—/ 2< w2k (ky — H)zn/d2 + 2dt
0 0 \/:'r2+y2>

2](5137’11

VP

For III, we have
ta
5/ k3x\/#2 + g2dt
ty

to
:/ 2k2( dcos ¢ —|—uk2>x\/x2+y + k2 (—2uHz\/32 + §%)dt
t ay/ @2 + 42

ta
:/ 2k cos ¢ + u(2k3 — 2k3 H )/ 22 + ¢2dt
ty
to
—|—/ 2(ko cos ¢) u + u - 2k2(ky — H)x\/22 + 52dt

t1 t1

ta
=2ks cos ¢pu

If we pay more attention to the boundary terms,

uxH urH
U b ) T

kyza ™ kiz)u |™ t2 kizu kix)u |”
hod T o [ cosgu| 4 | (i)
Vi2+gtlo VER+ 9o 0o V2P, ViR +gt

we can find out that in order to varnish all the boundary terms, we just need
play with

t1
~+ ko cos ¢ou
0

koo |9 (k1) u t2+ kizu

/3';.2_;'_2'/2 0 B /.CI'TQ—I—y.Q t /i.2+92 t

Now let us combine II, III and IV. The Euler-Lagrange equation is

4a2{ <\/%> +2H(H? - K)x\/m}+

T _ (kz)u
Cb2+2)2

10



2.2 Asymptotic Analysis for the Extreme Case: k; < ko

for ¢t € [0, 7]

One extreme case actually is that k1 < ko globally. For this case, the Euler-

Lagrange equation will be:

. cost
Q+ mQ +2H(H? - K) + (2uH + 2p)

*46[@4* Z.()StQ+ (ko cos @)

int sint

1
— 5k + k) (ke — H)
e [Q + —Z::Q +2H(H? — K)] -0

or equivalently it yields the ODE system:

cost (H 3 sinc;ﬁ)2 2uH +2p  de |:(]€2 cos @)’

)=——-Q—2H
@ SintQ (1—26)2 (1—2¢)? sint
x
<i): (2H_sin¢)sint
x x
<1 t
a'UZCOS(bﬂ
x
int
y:sinqbSli
x
V =nmzsingsint
fi=0
p=0

with boundary conditions

Q(m) =0,¢(m) =, V(7) = Volume.
Since
(kycos gy = (TRLB0) 1 (S20y
T 2 x
cos2¢ sint sin ¢ sinpcos® ¢ sint
= 2 (o - T2) PREOREL B
x x x x x
cos2psint cos2¢singsint  sin¢cos? gpsint
=2H 2 - 3 - 3
x x x
we have

(k2 cos ¢) cos2¢ cos2¢sing  sin¢cos? ¢
g T 2H— 3 - 3
x x

sint T

1
- i(k% + k3) (ko — H)

To do the asymptotic analysis, let us asymptotically expand all variables as

the following( ):
F() = fot) + cf1(t) + € fo(t) + o(¢?)

11



where f = Q, H,$,x,y,V,u,p . Then the O(1) ODE system is

. cost sin 2
Qo = — sintQO —2H, (Ho - ¢0) + (2u0Ho + 2po)
.2
. sin“t
Ho=—7%5-Qo
Lo
. . it
bo = (ZHO B smgbo)sm
Zo Zo
int
Ty = cos gzﬁoﬂ
o
sint

Yo ZSiIld)o?
VO = X sin ¢g sint
o =0
po=0

with boundary conditions

QO(O) = 07¢)0(0) = OaxO(O) = anO(O) = 07%(0) = Oa
Qo(m) = 0, do(m) =, Vo(m) = Volume.

This ODE system provide us a typical solution for the isotropic case which

satisfies k1 < ko globally.
The O(e) ODE system is:

. . . 5 . .
G, = Cf)S 0, —2H1<H0 B smgbo) —4H0(H0 B s1n¢0)(H1 B 1 COS g n xlsn;qﬁ())
sint To ) ) i
. cost (ka,ocosgo) 1, ., 9
= : = S (B + K3 0) (ka0 = Ho)| = (20H + 24 H
Qo + SintQ0+ i 2( 10T k30) (ka0 0)| = (2uoHy + 2p1 Ho + p1)
. 2
Hy = sin%(%l - x{?o)
Lo Zo
. int int
¢1 = (QHl — 2Hoﬁ)ﬂ — (gf)l COSqf)O — QESIHQﬁo)%
xro/ Xg ) Lo
int int
T = fsinqﬁogbl St — cos ¢0$1 s;n
i) n)
sint Ty sint
Y1 :Jrcosgbo(’bl — sin ¢g L 5
i) n)

V1 = mx1 Sin ¢@g sint + mxgp1 cos ¢gsint
pr =0
p1 =10

12



2.3 Extreme Case: k; > ky for t € [0, 7]
One extreme case actually is that k1 > ko globally. For this case, the Euler-
Lagrange equation will be:

. 5t
Q+ == Q+2H(H? — K) + (2uH +2)
. cost (kacosg) 1,5
e — 5 (8 + K3) (ks — H)|
+€Q+sintQ+ sint 2( 1) (ke )
4e2 [Q + 8 oH(H? - K)} —0
sint
or equivalently it yields the ODE system:

. cost
Q —

2 : 2
_« C2(1+4e )H(H—Sln¢) +2/¢H+2p7 4e (k2 cos ¢)
sint (14 2¢)? T (14 2¢)? (14 2¢)?
a2
- bln2 tQ
T

: 1
st i(k% +k3) (ke — H)

i (o

. sint
T = cosp—
x

xT

sint
1y = sinp——
T

V= mxsin ¢sint

=0

with boundary conditions

= O7y(0) =0, V(O) =0,
,QS(T(') =m,

V(m) = Volume.

A Appendix I: Principal Curvatures for Axis-
symmetric surfaces

Let us consider surface

7(0,t) = (x(t) cos 0, z(t) sin b, y(t)).

13



Calculate the first and second fundamental forms g and h. Obviously,

79 = (—xsinf, z cos 0, 0);

7 = (2 cos @, sin b, g);

Tt = (—&sinb, & cos b, 0);
Tyt = (& cos b, Zsin b, §);

il = (ycosB,ysin b, —i)/\/i2 + 4

g= goo ot \ _ 22 0
gt it 0 ¢2+92

ho( e e\ _ L [ —ay 0
ht0 htt /i.Q + y2 0 .’L'y - yil'
If we assume the angle between the tangential direction and z direction is ¢,
sometimes we call ¢ the inclination angle, then we can get

Then

and

[ 22 0 e [ 7% sin ¢ 0
g= 0 i,Q + y2 s 16— 0 _d) /.’t2 +7y2

Since

1 g 1 /sing b
H=_- Uh ==

229 J 2( T + /x'2+92)
Il _ sing-d

VN

We obtain that

L k2:_sin¢
/i.2_|_y'27 T

&= cos p\/i2 + 2,7 = sin p\/32 + 92, ¢ = yr—yr

i? + 2

ki=—

and

B Appendix II: Variation of ki, ks along Normal
Direction
Assume (z,y) is a minimizer and (Z,§) is arbitrary perturbed curve

Z(t) = x(t) + (—eusin @) + (nv cos ¢),
y(t) = y(t) + (+eucos @) + (nusin g). (6)

14



First of all, let us compute the variation of k1, ko along the normal direction
which means in (6) we set n = 0. In this case the perturbed curve degenerates
as:

Z(t) = z(t) + (—eusin @),
y(t) = y(t) + (+eucos @). (7)

Let A= —usin¢, B = ucos ¢, then
T=x+ed, |i=d+cA [F=i+¢A,
j=y+eB, |y=v+eB. |§=1+eB.

A = —usin ¢,

B = ucos ¢,

A= —usingb—ucosd)gb,

B= ﬂCOS(f)*USin(bd.),

A= —iising — 211cos¢<f5—|—usin¢qi>2 —ucos¢{i§,

B =1icos¢ — 2usin¢¢—ucos¢¢2 —usinc{)(i,

Aj - Bi = —ug? /i 1 g7 — a2

/:'62 +y2
Bi — Ay = iin/i% + 92 — ug? /42 + 52
Ai + By = —udr\/i2? + 92,

A% 4+ B? = 0% + 024

with

B.1 Variation of k; along Normal Direction

Since ) 5(si )
5k2:5(sm¢): (Sln¢)+sin¢~5(*)7
x x x
and
9 - y
d(sing) = — sing = —| ————
(sin¢) Oe o ¢ Oe e /72 + 2
L E
T Vet @ERrE|
_ _ucos¢  wusin b uye
Vi +g? a2y 24P
U COS ¢

TVERE

15



plus

u sin ¢

1_
==

(x — eusin ¢)?
e=0

hence

Sky = 5(“?) __Ueosd L2,

m\/x'Q—i-;l)Q

B.2 Variation of k; along Normal Direction

Since . .
¢ 6 ; 1
ks = 6 )= +6-0(———),
and
.9 -9 T — T
5 = —_— = — P e
¢ Oe Oe 72 + 2
e=0 e=0
o (H+ €B) (i@ + €A) — (Z + eA)(y + eB)
de| _, (i + €A)? + (i + eB)?
JA+iB—gA—iB _(ji — iy) (A + 9B)
= 5 3 -2 P2 1 92)2
2+ (2 +9?)
jA+iB—gA—-iB _iA+9B .
= - -2
v +y T +y
b2 2 L g2 g HYEEE s /2T 0 .
- 2up\/2? +y uw—i—u\/x +ty +2“¢\/Wq‘5
B @2 + 2 2 4 g
SO .
6¢ Y+ dd i
— = U . + - o
\/W (1‘2+y2)2 l‘2+y2
Plus,
s L 0 1 _ai gy :uq.S\/:'vz—i—yQ: ug
VEIR k| JEip @ et @il B
SO 19
, 1
66 = .;“b 5 = ukj.
/$2+y2 €T —|—y
Finally,
s = o ¢ )i DI
FO\az ) T @) a2 g v

16



C Appendix III: Variation of ki, ks along Tan-
gential Direction

Assume (z,y) is a minimizer and (Z,y) is arbitrary perturbed curve
(t)
y(t)

Now we compute the variation of ki, ks along the tangential direction which
means in (8) we set e = 0. In this case the perturbed curve degenerates as:

(t) = z(t) + (nvcos @),
y(t) = y(t) + (nusin ). (9)

Let A =wvcos¢, B =wvsin¢, then

z(t) + (—eusin @) + (nv cos @),
y(t) + (+eucos @) + (nusin ). (8)

8l

I

with

A = vcos ¢,

B =wvsing

A :®COS¢—vsin¢é,

B :1'Jsin¢—&—ucosq5g257

A :i}cosqﬁf21'1sinq$¢')fvcosgzbcz.ﬁ2 fvsingﬁz,%,

B = i}singb+21}cos¢gf)—vsin¢q52 +vcos¢>é,

dj — Bit = oo /F 1 P — wp I

Vi + g2
Bi — Ay = 20/ + 92 + vp /02 + o2
Ai 4 By = 0\/i? + 2,

A? 4 B? = 0® + 0%

C.1 Variation of k; along Tangential Direction

Since ) )
sm¢> _ d(sin @) +sin¢-5(l),
x x

Ska = 6(

17



and

9 . y
) Sin¢ = = Sin(b = = —F
( ) e o Oe 0 72 +g2
R
= = - Y= =
VarE @
1 sin ¢ U COS qb(,z.ﬁ wy

ViRt iRt Pt

_ ucosqﬁ(i)
Vi g2
plus
6(1)_2 1 U COS ¢ __ucos¢g
v/ Oe 7  (z — eucos ¢)? _0 x?
hence
5y = 6(‘“2) e T )

C.2 Variation of k; along Tangential Direction

Since ] .
¢ Y0) . 1
and
S S
=% °Ta T+
e=0 e=0
9| (+eB)(i+eA) — (i + eAd)(j + eB)
9| _, (i + €A)? + ( + eB)?
jA+iB—yA—iB _(j — iy)(#A + yB)
= . - -2 . .
2 + g2 (22 + 2)2
jA+ @B —gA - 3B _iA+9B .
= S —2 Tt
$2+y2 $2+y2
o721+ 12 — o duLEd s /72 4 02 SN R
2GR v¢w+zv¢m+v¢m_2@m
B 9.5'24*:()2 $2+y2
SO M . ..
b yytdE | ud+ug
VEre e i

18
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Plus,

5oL _ 9 1 _ @i+ gy _ a2
VERHE Oe| VR (@49 @) a4
SO .
. 1 !
b5 S
Vittg2 iy
Finally,
¢ gytic ug Fy
o = (s ) = v s — e
1 /jj2 _|_y2 ¢($2+y2)2 $2+y2 J}2+y2

D Appendix IV: Calculation of the Equivalence
between x(7) =0 and H(w) =0

The Euler-Lagrange Equation we derive is:

l ! < o >+2H(H2—K)—(2,uH+2p) Va2 +y2=0

z/i% + 2 \ Va2 + 92

or if we ignore the degenerated case, it will be simplified as

l.\/ia2+y'2 \/3'32_’_:()2

Coupling it with the local area constraint x1/22 + 2 = sint, and let

L ( il ) Y2H(H? — K) — (2uH +2p) =0.  (10)

2

X
sin? ¢
then we have
. cost 9
Q+@Q+2H(H — K)— (2uH + 2p) = 0. (11)

Our goal here is to prove that

£(0) = 0, H(0) = 0, H(r) = 0| = x(m) = 0.

We can rewrite (11) into a form of total derivative. Actually,

. cost
Q+mQ+2H(H2—K) — (2pH +2p) =0

. 4
é[Q+ %Q+2H(H2 - K)— (2uH+2p)} sintcos¢ =0

:>Qsintcos¢>—|—Qcostcos¢+2H3sintcos¢—ZHKsintcosgb—ZuHsintcosqS—2psintcos¢ =0

I II II1 v \
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After simple calculation, it yields

1= (@sintcos @) +Qsintsing - ¢
| A—

VI
M =202 9% Gpeos g = 2022 300 Gt cos = H(sin? 6)
\/m €T sint =z
i i in¢ : -
VI = ‘,x2 Hsintsin¢(2H — Sm¢)& = zH sin¢(2H — Sln¢)
sin“t T = -

IV = u(ﬁ + sin )sintcos¢ = p(zcos ¢ - ¢+ isin¢) = (pxsin @)

sint x
V = 2pxi = (pa?).

Then (11) turns into

sin ¢

(Qsint cos ¢ — pasin ¢ — pr?) + stin(b(ZH — )+ 2H3sint cos ¢ — H(sin? ¢)" = 0

=(Qsintcos ¢ — pxsin ¢ — pr?) + 22 HH sin ¢ —H sin® ¢ + 2H3 sint cos ¢ —H (sin )" = 0
—_—— —_———

VII 11
=(Qsintcos ¢ — pxsing — pr? — Hsin? @) +2¢HH sin ¢+ 2H?sint cos ¢ = 0
VII 11

In addition,

. . 1 s t
VI = (2 sin g)' — & H? sin ¢ — pHcos 66 + H? cos 6 (36 + w)
x
. it
= (eH? sing)" — #H?sin 6 + H? cos 601
= (zH?sin ¢)
Finally, from (11) we obtain the following total derivative

(Qsint cos ¢ — pasin ¢ — pr? — Hsin? ¢ + xH? sin )" = 0. (12)

If we take integral from 0 to 7 on both sides of (12), it gives us

(Qsint cos ¢ — pasin ¢ — pr? — Hsin? ¢ + xH? sin p) =0.

iy
t=0

Since

z(0)=0,H(0)=0,H(r) =0|= Q(0) = 0,Q(x) =0,

then we end up with:
—plz(m)]? =0 = z(r) = 0.
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