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1. Two common methods for  
         constructing fractals 

I. L-systems  
  (Lindenmayer 1968, Dekking, 1982)  

II. Iterated function systems 
  (Hutchenson 1981, Barnsley 1988) 



•  L-systems  
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Substitution 
1

η(1)=1261 

η2(1)=12612312615612 

η3(1)= 1261231261561261231... 

η4(1) 



Great Wave off Kangawa  
from Thirty-six views of Mt. Fuji  

by Hokusai circa 1800 



II. Iterated function systems Uniform 
contractions of a 
complete metric 

space. 



Hutchenson's Theorem: For any compact Ψ 

exists and is the unique fixed point  

MCRM algorithm: 



2. Fractals in number theory  
0,1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144... 

Define: 



 Binet's formula: 



An easy version of Binet's formula: 

The "Pisot 
Property" 

Charles Pisot, c 1938 





2. Pisot numbers Charles Pisot, c 1938 



This means                          for n large.            

Note: γ is a Pisot number since it satisfies  
                        and its conjugate satisfies | γ |<1. 

• Recall that an algebraic integer is a root of  a 
monic irreducible integer polynomial. 

• Its Galois conjugates are the other roots of the 
polynomal. 



3. Fibonacci sequence on a free 
group 

•  The non-abelian Fibonacci sequence: 



•  Iterate to obtain an infinite sequence.. 



•  What is σ ? 

•  But... 



is the abelianization of σ.  

Abelianize (i.e., linearize): 

•  How does F act (on      )?  



Eu Es 
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The Pisot property. 
Same as projection 

of unit square. 

Projection to Es 

called an  
atomic surface 

Video
! 

4. Atomic surfaces and quasicrystals 
Plot u = 010010100100... 
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Project to stable direction: 

Called an  
"atomic surface" 



•  How about σ?  

Dynamical systems in I 



Iterated Function System (IFS): 
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MCRM Algorithm:  
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The Fibonacci quasicrystal 

0 1  0 0 0 0 0 1  1  1  

10. 1. 100. 101. 
1000. 

1001. 
1010. 

10000. 
10001. 

10010. 0. 

Atoms at 
"γ-integers" 

Duality between 
atomic surface and 

quasicrystal. 



• β-expansions 
Given any β>1, we can express any positive real 
number x in the form 

But there is no reason to require            !   



Take β = γ.  

This case is "nice" since 
β =  γ  is a Pisot number.  

The sequence 
11 is forbidden.  



5. The "tribonacci" sequence 
0, 0, 1, 1, 2, 4, 7, 13, 24, 44, 81, 149,... 



Eigenvalues: 

Binet-type  
formula 

Consequence of  
Pisot property. 



u=1213121121312121312112131213121... 

6. Non-abelian tribonacci sequence 

(Gerard Rauzy, c.1982) 



Institut de Mathématique de Luminy 
March 2002 

Gerard Rauzy 



Corresponding free group endomorphism:   

 "Rauzy substitution" 

Abelianize: 



dim(Eu)=1 

u stays near Eu by 
the Pisot property,  

 Project to Es . Get 
another Atomic Surface... 

   Project to Eu. Get  
Rauzy 

quasicrystal 



...the Rauzy Fractal Ω.  

click! 



There is a domain exchange action R on Ω. 

R 



• Understanding R 



7. An IFS for Ω 

Define: 



Addressing: 



Invert to get an IFS. Render using the MCR. 

click! 



ρ-integers: 
0. 
1. 
10. 
11. 
100. 
101. 
110. 
1000. 
... 

β-van der Corput points: 
0.0 
0.1 
0.01 
0.11 
0.001 
0.101 
0.011 
0.0001 
... 

Rauzy quasicrystal: 
u projected to Eu 

Rauzy fractal 
 u projected to Es  



8. The Rauzy fractal as an L-system  

Recall that 
the tribonacci 

matrix   

is the abelianization 
of the Rauzy 
substitution 

But...there are actually 4 ways to define a 
substitution θ  with abelianization A.  



The Rauzy substitution is invertible! 

Recall this was also the case with 
                            the Fibonacci substitution. 
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Edges are projections of standard basis 
vectors to Es 



... 

Video
! 



Tiling substitution induced by θ-1: 

As tiles: 



Video! 

The dual Rauzy quasicrystal 



Eu
 

As a subset of      the dual Rauzy quasicrystal is 
discrete approximation of Es. 



9. Rauzy Fractal 
Gallery  

Victor Sirvent 
 Universidad Simón Bolivar: 

http://www.ma.usb.ve/~vsirvent/gallery/rauzy.html Video 



Invertible? 



Invertible? 

Invertible? 






