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ABSTRACT. This paper shows that there is a close relationship between three
groups: the dynamical cohomology of a 0-dimensional substitution dynamical
system (X, T), the first integer Cech cohomology group Hl(Xg) of the corre-
sponding 1-dimensional tiling space Xg, for a given heigh vector g, and the
point-spectrum &, of the tiling flow (Xg,Té). In particular, the group of
eigenfunctions of (Xg,T{) can be embedded as a subgroup of H'(Xg). There
is a real-valued functional W on H'(Xg), called the winding number, that
assigns each eigenfunction its eigenvalue. The paper gives conditions for W to
be injective and for the image of W to equal Er, . In the injective case, the
spectrum does not depend on the height g, but is completely determined by
1! (Xg).

1. INTRODUCTION

In this paper we consider the 1-dimensional tiling substitution Sg and the cor-
responding tiling flow (Xg,7%) that comes from a discrete substiution S and a
positive tile length vector g. In particular, Ty is the suspension flow for the sub-
stitution shift 7' corresponding to a piecewise constant function with heights g.
Our purpose is to relate two properties of these dynamical systems that have each
received a great deal of study, but have seldom been discussed together: their point-
spectrum (see for example [Ho-86l [Ra-90, [FMN-96l [So-97, [AT-01], [CSg-01], [SiSo-02,
HS-03| [FiHR-03, [Sg-03| [CS-03| [R-04, BK-06, BBK-06]), and their cohomolgy (see
for example [AP-98 BD-01l, [FoHK-02, [CS-06 BD-08|, [S-08, BD-09]). We show
that, contrary to a common belief, these two invariants are closely related. Every
eigenfunction for (X, Té) corresponds to a unique element of the first integer Cech
cohomology H'(Xg). Moreover, there is a real-valued functional W on H'(Xg)
that assigns to each eigenfunction its corresponding eigenvalue. The image of W,
which is a subgroup of R, is the largest possible group of eigenvalues among the
different choices of g. Of particular interest is the case when W is injective and the
image of W is completely made up of eigenvalues. We say, in this case, that Té has
full spectrum.

For a finite alphabet A = {0,1,...,d — 1} let A* denote the finite words in
A, including the empty word €. A discrete substitution is a mapping S : A —
A*\{e}. For example, the golden mean substitution S on A = {0,1} is given by
0 — 01, 1 — 0.. The substitution shift X C A% corresponding to S consists of all
sequences = € AZ such that every finite subword is a subword of some S*a, a € A
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and k > 1. Assuming S satisfies a few standard hypotheses (is primitive and shift-
aperiodic), X is a Cantor set, and the shift T restricted to X is a strictly ergodic
homeomorphism. The dynamical system (X, T) is called a substitution shift.

Now let g = (g0, 91,---,94-1) € R? be positive, and let 7 = {Io, I1,..., 14 1}
be a set of labeled, half-closed intervals I, = [0, g,)q, called prototiles. For any
U =uUz ... Up—1 € A%, let to =0 and for j > 1, t; = gy, + - + gu;_,, and define
a tiling

Iu = [t07t1)u0 [tlatZ)ul cee [tn—latn)un

of [0,t,). Let of 7* denote the set of all tilings of the intervals [0,¢). Define the
tiling substitution Sg : T — T* by Sg(ls) = Is(,). For example, when S is the
golden mean substitution, and g = (A +1)7*(1,A), A = (1 + v/5)/2, we have Sg:

r 1

El)'_’

Let X be the set of all tilings y of R with the property that every finite subtiling
of y is a translate of a subtiling of some Sé([a), a € A, and k > 0. The tiling space
Xg has a natural compact metric topology (see e.g., [R-04]), and the tiling flow Té
on Xg, which is defined as translation by R, is strictly ergodic. A portion of y for
the Fibonacci tiling substitution Sg is shown below (where the dot indicates the
position of 0 € R):

_ 1 0 1 .
ST S . SR

This paper studies the 1-dimensional integer Cech cohomology H 1(Xg) of Xg.
Using Bruslinski’s Theorem ([Br-34], see also [PT-82]) we identify H'(Xg) with the
Bruslinski group Br(Xg) of circle-valued continuous functions f : Xz — T, modulo
homotopy. There is a real valued functional W on H* (Xg), called the Scwhartzman
winding number [Sc-57| (see also [PT-82]) with the property that W(f) = w when
f is an eigenfunction with eigenvalue w. We define the winding number group
Wr, = im(W) C R. If STg denotes the group of all eigenvalues, then STg C Wr,.
If W is injective on H'(Xg), we say (Tg, Xg) is saturated. In the saturated case
the winding number group gives a faithful numerical representation of H* (Xg). We
find sufficient conditions for Té to be saturated, and in many cases, we completely
determine Wr,. When Wr, = &7, we say Té has full spectrum.

Our proofs depend on the fact that (Xg,Tg) is a suspension of (X,T). Thus
almost all of our results have analogues for the substitution shift (X,7). As a
Cantor set, X has a trivial Cech cohomology, but we replace it with the dynamical
cohomology H(T) (i.e., the continuous integer functions mod coboundaries). The
winding number group is replaced by M, the subgroup of R generated by the
measures of clopen sets. The concept of saturation in this context is due to [BK-06].

This paper is organized as follows. In the first section we consider Cantor dy-
namical systems in general, and substitutions in particular, and we define M.
Then we give sufficient conditions for a substitution shift 7" to be saturated. In
the second section we study suspensions of Cantor dynamical systems, their Cech
cohomology. We define winding numbers, and apply these results to substitution
tilings. In the third section, we consider examples.
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Much of this paper is based on work from the 2007 Ph.D. Dissertation of the
first author. The second author wishes to thank Anne Siegel for some helpful
suggestions.

2. CANTOR DYNAMICAL SYSTEMS

2.1. Basic definitions. A Cantor dynamical system (X, T) is a homeomorphism
T : X — X of a Cantor set X. Every Cantor dynamical system has at least one
T-invariant Borel probability measure m, and if m is unique, T is called uniquely
ergodic. If the orbit Op(z) := {T"x : n € Z} of every x € X is dense, then T is
called minimal. We usually assume T is strictly ergodic, which means it is both
minimal and uniquely ergodic.

Let C(X,Z) denote the additive group of integer-valued continuous functions
on X. The group B(T) of coboundaries is the subgroup of n € C(X,Z) satisfying
n(x) = p(Tx)—p(x) for some p € C(X,Z), and the quotient H(T') := C(X,Z)/B(T)
is called the (dynamical) cohomology group of T. The group Inf(T) of infinitesimals
is defined to be those n € C(X,Z) with [ndm = 0. Note that B(T) C Inf(T)
because [y ((p(Tz) — p(x))dm = 0. The group G(T) = C(X,Z)/Inf(T) is called
the dimension group of T.

A homeomorphism U of X is said to be orbit equivalent to T if Or(x) = Oy(x)
for all z € X. The set of all U orbit equivalent to T is denoted [T, and called the full
group of T'. Since T is strictly ergodic, the same is true for any U € [T]. Minimality
implies that for U € [T, there is a unique n : X — Z such that Uz = T"®)z. It n
has at most one discontinuity, then U is said to be strongly orbit to T. If n(x) is
continuous, U is said to be in the topological full group of T, denoted U € [[T1].

Remark 1. Boyle [Bo-83] shows that U € [[T]] implies U = VTV or U =
V=IT=IV for some homeomorphism V of X. Giordano, Putnam and Skau [GPS-95]
show that for minimal Cantor dynamical systems, complete invariants for orbit
equivalence and strong orbit equivalence are given by isomorphisms of H(T) and
G(T) that preserve positive functions and constants.

A set F C X is called clopen if it is both open and closed. Assume T is uniquely
ergodic with unique invariant measure m, and define the measure group Mr of
(X,T) to be the additive subgroup of R generated by the measures m(E) of the
clopen sets E C X. For n(z) € H(T), we define I(n) = [, n(z)dm. It is clear
I:H(T) — Mpr is a surjective group homomorphism.

Two clopen sets E1, Es C X are called T'- equivalent if there exists U € [[T7]] so
that Fy = UF;. Clearly if Ey and Ey are T-equivalent, then m(E;) = m(Ez).
We call a uniquely ergodic Cantor dynamical system T saturated if any two clopen
sets with m(E;) = m(FE>) are T-equivalent. This definition is due to Bezuglyi and
Kwiatkowski, [BzK-00], who also prove the following:

Theorem 2. (Bezuglyi, Kwiatkowski, [BzK-00]) A wuniquely ergodic Cantor dy-
namical system T is saturated if and only if Inf(T) = B(T).

Clearly the homomorphism I : H(T) — My is an isomorphism (we write
H(T) = Mp) if and only if T is saturated.

Remark 3. Bezuglyi and Kwiatkowski [BK-06] show that Chacon’s transformation
T (as a homeomorphism of a Cantor set X ) is not saturated. Chacon’s transforma-
tion is topologically conjugate to the substitution shift (X, T) corresponding to the
primitive, aperiodic substitution 0 — 0012,1 — 12,2 — 012 (see [Fg-02]).
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2.2. Subshifts. For d > 1, let A = {0,...,d — 1}, d > 1, be an alphabet, and
consider A%, which is a Cantor set with the product topology. Let T be the left-shift
homeomorphism. A subshiftis a closed T-invariant subset X C 4%. An uncountable
subshift X is a Cantor set, and thus (X,T') is a Cantor dynamical system. We call
U= Ul ... Up—1 € A" a word with length |u| = n, and let A* =], ~, A", where
A® = {e}, with ¢ the empty word. Any £ C A* is called a language. If z € A%
and [p,q] C Z, is an interval, let zp, o € A97PH be the word u with u; = x,; for
i=0,...,q— p. A subshift (X,T) is completely determined by its language £. In
particular, £ determines whether or not T is strictly ergodic, and determines M.
For u € L, |u| = n define the cylinder |u] := {x € X : (g |y—1) = w} € X. More
generally, we also call T%|u| a cylinder. Cylinders are nonempty clopen sets that
form a sub-base for the topology on X. Any clopen set is a finite disjoint union of
cylinders.

3. SUBSTITUTIONS

3.1. Basic properties. Let A = {0,...,d — 1}. A substitution on A (or on d
letters) is a mapping S : A — A*\{e}. A substitution S is called primitive if there
exists k > 0 so that for each a,b € A, b appears in S¥(a). The structure matriz A
of a substitution S is d x d matrix with entries e, ; equal to the number of times b
appears in S(a). A d x d non-negative integer matrix A is called primitive if A¥ >0
for some k > 1. Thus a substitution is primitive if and only if it has a primitive
structure matrix.

Given a primitive substitution S, let £’ = {S*(a) : a € A,k > 0} be the words
obtained by iterating S on each letter in A. The set £ of all subwords of £’ is thus
the language of a subshift (X,T) that we call the substitution shift corresponding
to S (see [Qu-87] or [Fg-02]). A substitution S is called shift-aperiodic if the cor-
responding subshift (X, T") has no periodic points. It is well known (see [Qu-87] or
[Fg-02]) that if S is a primitive shift-aperiodic substitution, then (X, T) is a strictly
ergodic Cantor dynamical system. For a primitive matrix A, the Perron-Frobenius
Theorem (see [LM-95]), says that there exists a maximal real eigenvalue A > 0,
called the Perron-Frobenius eigenvalue, and positive (left and right) eigenvectors
m and h (i.e., Am = Am and A’h = A\h). We normalize m and h so that m-1 =1
and h-m = 1. We call m and h the normalized right and left Perron-Frobenius
eigenvectors. for A (or S). We call S irreducible if the characteristic polynomial
p(z) of A is irreducible over Z, and unimodular if det(A) = +1. Note that A is
always an algebraic integer. Irreducibility means it is degree d, and unimodularity
means it is a unit.

For v € RY, write Z[v] = {v-n : n € Z}. For A € R let Z[)\] denote the Z-module
generated by the numbers \¥, k = 0,1,2,.... We define the Perron-Frobenius group
of a primitive irreducible matrix A by G4 = Uy—, Z[A*m).

Lemma 4. If S is primitive and irreducible, then
(1) S is shift-aperiodic,
(2) Z[m] = Z¢,
(3) ZIm] = aZ[N = Z¢ for some a € Q()\), and
(4) ZX\"*m] C Z[A~F+Dm].
If S is also unimodular, then Z[\~*m] = Z[A\=**VUm], and G4 = Z[m]. But if S
s mot unimodular then G4 is not finitely generated.
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Proof. If p(z) is irreducible then A € R\Q. Shift-aperiodicity follows. Let C be
the companion matrix for p(z). Then Cv = Av for v. = (A4~ ... A\ 1)!. By
Corollary 18 of [Du-99], there exists Q € SI(Q,d) so that A = Q~'CQ. Thus
m’' = Qv satisfies Am’ = Am’. Clearly m’ € 1Z[)] for some k € N. Also
m-1=1,s0a = (m - 1)"! € Q). It follows that m € aZ[\] where o = o' /k.
A similar argument applies to h.

Let A™*m - n € Z[A*m]. Since A~**VAm = A\"*m, we have A™*m - n =
AEDAM . n = A=*+H)m . A'n € ZA~*+Dm]. In the unimodular case, A is
invertible, A is a unit, and Z[]A\~*m] = Z[m] for all k. If S is not unimodular, then
all the inclusions

(1) ZIN"Fm] C Z[A~*+ D m)]
are proper. This shows G4 is not finitely generated. O
If S is irreducible then the inclusions induce a directed system
78 Azt Azt Agd
Given such a directed system, the direct limit Dy = lii)n(Zd,A) is called the di-
mension group of A (see [LM-95]). A more concrete presentation of D, is given
by Da = {g € Q? : (A)"g € Z for some n € Z}, (see [LM-95]). It is easy to

see with this latter presentation that (in the irreducible case) G4 = D4 C Q9 via
I:Dy — Ga, defined I(g) = g - m.

3.2. Kakutani-Rohlin partitions. Let (X,T) be a Cantor dynamical system. A
semi-partition on (X,T) is a collection P = {Py,...,P,_1} of pairwise disjoint
clopen sets in X. Two semi-partitions P and Q are disjoint if any P € P and
Q € Q satisfy PN Q = 0, which implies P U Q is a semi-partition. A partition
is a semi-partition such that UpcepP = X. A partition Q refines partition P,
denoted @ > P, if for each Q € Q there is a P € P with @ C P. A sequence
Py, of partitions is refining if Pr11 > Py for all k. A semi-partition of the form

= {B,TB,T?B,...,T" 1B}, for some clopen set B is called a Rohlin tower.
The base is B, and the height h > 1. A Kakutani-Rohlin partition is a partition P
that is a union of d disjoint Rohlin towers {P°, P1 ... P41} A Kakutani-Rohlin
partition is specified by its bases By, B1, ..., B4y—1 and its heights hqg, h1,...,hq_1.

We say p € A is a common prefiz for a substitution S if for all a € A, there is
a u, € A", so that S(a) = pu,. Similarly, we say s € A is a common suffiz if for
all a € A there is a v, € A* so that S(a) = vgs. A substitution S is called proper
(see [DHS-99]) if it has both a common prefix and a common suffix. Any primitive
aperiodic substitution shift (X, T) is topologically conjugate to a substitution shift
for a proper substitution, but generally one with a larger alphabet (see [DHS-99]).

Proposition 5. (Durand, Host, Skau [DHS-99]) Let (X,T) be the substitution
shift corresponding to a primitive aperiodic substitution S on an alphabet A with d
symbols. For each k > 0, there is a Kakutani-Rohlin partition Py, with bases B((zk) =
Sk(la]), a € A, and heights h, = |S*(a)|. These partitions satisfy Pxi1 > Pk.

We say that a sequence Py, of partitions on a Cantor set X generates (the topol-
ogy) if for all k sufficiently large, any clopen set E is the union of sets in Py.
Alternatively, the sequence Py generates the topology on X if and only if for each
n > 1, there is a K € N, so that for k > K, the function z — x[_y, ) : X — A2ntl
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is constant on each P € P*. Durand, Host and Skau [DHS-99] show that if, in
addition to the hypotheses of Proposition [p| S is proper, then the sequence Py
generates the topology on X. The next proposition extends this result.

Proposition 6. Let S be a primitive aperiodic substitution on d symbols, let T
be the corresponding susbtitution shift, and let ri be a sequence of integers. Then
there is a sequence Py of Kakutani-Rohlin partition with bases B =17 Sk(la)),
a € A, and heights £, = |S*(a)|. If in addition S has a common prefiz (or suffiz),
then there exists a sequence Ty, so that the sequence Py of partitions generates the
topology on X.

Proof. 1t is easy to see (using Proposition that Py is always a Kakutani-Rohlin
partition. Now suppose S has a common prefix (the common suffix case is similar).
Then for a € A, S(a) = pug, and for any ab € £ (including, possibly aa), S(ab) =
pugpup. Thus for k > 1,

(2) S*(ab) = " (p) S*H(ua) S (p) S (wp).
Let ey = [S*~1(p)| and let dy, = |ex/2] (the integer part of ej/2), and let cq 1 =
[S*~H(ua)l-

Fix n > 0 and take k large enough that e; > n. This is possible because S
is primitive. Since S*¥(a) = S*71(p)S¥~1(u,), it follows that £, = |S*(a)| =
|S*=1(p)| + [S* 1 (ua)| = ex + ca., which implies [0,2ex + cox] = [0,ex + Lak]-
Thus by , any = € [S*(a)] satisfies

(3) x[O,ek-‘rﬁa,k] = Skil(p)skil(ua)skil(p)

Now S*(|a]) C [S*(a)], so (3) remains true for z € S*(|a]).
Let Qg € Qp. Then there exists a € A and 0 < j < {, so that Q =
Ti+deSk(|a]). Any = € Q satisfies T~ 2 € S¥(|a]), so by

(4) Tl jdp bar—g] = (Tﬁj*dkfﬂ)[o,dﬁea,k] =S (p)SF (ua) S ().

But n < e < di/2 < di + j, and since j < lyk, n < ex < di/2 < £ Thus
[—n,n] C [~j — dg,dy + car — j], SO T[_p ) is constant on Sg. O

Let S be primitive shift-aperiodic substitution, and let Py be the sequence of
Kakutain-Rohlin partitions from Proposition [6} corresponding to an arbitrary se-
quence 7. Let m{®) = m(B((zk)) = m(S*(|a])) be the measures of the bases, and

let m*) = (m(()k),mgk), e ,md’i)l). We call the vectors m®) tower base vectors.

Lemma 7. The tower base vectors satisfy m®*) = \=Fm, where m is the normalized

right Perron-Frobenius eigenvalue. The subgroup of R generated by the measures of
the tower bases is the Perron-Frobenius group G4 .

Proof. First note that m® = m. Also, Am® = m®*=Y for all k. Assume
m*~1 = M~Im. Then m® = Am®* =1 = \*~1 Am = \*m. The measures of the
bases generate UZ[m*)] = UZ[A\"*m] = G4. O

The next theorem is the main result of this section:

Theorem 8. If S is a primitive, shift-aperiodic substitution with a common prefiz
(or suffiz), then Mp = Ga. If S is also irreducible, then (X,T) is saturated, and
H(T) 2 Mpr=Ga.
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Proof. Let Py, be the sequence of Kakutani-Rohlin towers from Proposition [] It
follows from Proposition [f] that for any clopen set E, there exists k, so that F is a
union of levels of Py. Thus by Lemmalﬂ m(E) € Z]\"*m] C Ga.

Now suppose S is irreducible, and let E and F' be clopen sets such that m(E) =
m(F). By Proposition[6] there exists k so that E and F are both unions of the levels
of € Py,. The entries of m®) give the measures of the bases of Pj,. Since T preserves
m all the levels in each tower have the same measure as the base. By Lemma [4]
m*) has rationally independent entries, since by Lemmalﬂ m®) = \=*m. Thus
FE and F must consist of the same number of levels from each tower in Pj,. Clearly
we can define a homeomorphism U € [[T]] that matches up components of E with
components of F' within each tower, and that is constant on the rest of X. It follows
that (X,T') is saturated. The last assertion follows from Theorem (]

4. ONE DIMENSIONAL TILING SYSTEMS

4.1. Suspensions. Throughout this section, we fix a strictly ergodic Cantor dy-
namical system (X, T'), with unique T-invariant probability measure m. For a pos-
itive continuous function, g : X — R (called a height function), define R : X xR —
X x R by R(z,s) = (Tz,g(x) + s). Put (z,s8) ~ (2/,¢) if (a/,s') = R*(x,s) for
some n € Z. The suspension space for (X,T) and g is defined X, = (X x R)/ ~.
Note that Xg is a 1-dimensional compact metric space such that each (z,t) € X,
has a neighborhood of that is a product of an interval and a Cantor set. A space of
this type is called a 1-dimensional lamination. In particular, X, has a well defined
1-dimensional integer Cech cohomology H'(X,) (see [PT=82]). Define the suspen-
sion flow (or flow under a function) Tgt on X, to be the ~ quotient of the flow
(z,5) — (z,t + 5). The minimality of (X,T) implies that (X, T}) is minimal.

Let v = [gdm. Call a suspension even if v = 1, and uneven otherwise. A
probability measure p on X, is given by u(A x [a,b]) = v~ 1(b — a)m(A), where
AC X, and 0 < a<b<g(x) The unique ergodicity of (X, T) implies (T}, X,)
is uniquely ergodic for p. Given an even suspension T; let Tég be the uneven
suspension corresponding to -yg for a constant v # 1. It is easy to see that thg is

topologically conjugate to a time change T,/ “tof T,.

4.2. The Brushlinski group. We now describe a way to compute the 1-dimensional
integer Cech cohomology H'(X,) for a suspension space X,. Let T = {z € C :
|z| = 1} be the unit circle group in C, and let C(X,, T) be the group of cir-
cle valued continuous functions on X, with pointwise multiplication. Recall that
fo, f1 € C(X4,T) are homotopic if there exists continuous F' : Xy x [0,1] — T so
that fo(y) = F(y,0) and fi(y) = F(y,1). The Brushlinski group of X,, denoted
Br(Xy), is defined to be C(Y,T) modulo homotopy. According to Brushlinski’s
Theorem ([Br-34], see [PT-82]), H'(X,) is isomorphic to the Brushlinski group
Br(X,). From now on we will identify these two groups, writing both as H'(X,)
(this follows [PT-82]).
For n(z) € C(X,Z) define

(5) Fulz,t) = exp <2m‘tZEg> .

Clearly f, € C(Y,T) since tn(z)/g(x) € Z for t =0 and ¢ = g(z).



8 TETYANA I. ANDRESS AND E. ARTHUR ROBINSON, JR.

Proposition 9. Suppose (Xg,Tg) s a suspension of a uniquely ergodic Cantor
dynamical system (X,T). Then n(z) is a dynamical coboundary if and only if f,
is homotopic to a constant. Moreover, for any f € C(Y,T) there is ann € C(X,Z)
so that f, is homotopic to f.

Proof. Suppose n(z) = p(Tz) — p(z) for p € C(X,Z). Then

fn(z,t) = exp(2mitp(T'z)/g(z)) exp(2mitp(x)/g(x)),

Define a continuous real valued function k(x,t) = (p(x)(1 —t) 4+ p(Tx)t)/g(x) on
Xg. Since X, is compact, k(z,t) is continuous, uniformly bounded, and it follows
that k is homotopic to 0. But k(z,t) = (p(z) + tn(z))/g(x), and p(zx) € Z, so
fn(x,t) = exp(2mik(z,t)), which implies f,, is homotopic to 1.

Conversely, if f,(z,t) = exp(2mitn(z)/g(z)) is homotopic to 1, then there is a
lift f,, : Xy — R so that exp(2mitn(z)/g(x)) = exp(2mi fn(x,t)), and

n(z) -

6 ti_fnx7t :p337t»
) e — ) = plat)
for some p € C(Y,Z). But p can not depend on t, so if we define p(z) = p(z,0),
then we have

n(x) =
(7) t@ = fa(z, 1) = p().

By the continuity of the left hand side of (7) for t — g(z) we have n(z) —
fu(x, g(z)) = p(z). On the other hand f,(z,g(x)) = fn(Tx,0). For t = 0 we
have — f,,(Tx,0) = p(Tz), and therefore n(x) = p(Tz) — p(x). The final statement
was proved in the case g(x) = 1 by Parry and Tuncel [PT-82]. The proof in this
case is almost the same. d

Corollary 10. If (X,,T}) is a suspension of a Cantor dynamical system (X, T),
then the dynamical cohomology group H(T) is isomorphic to the Cech cohomology
group H*(X,).

4.3. Winding numbers. Let T be a flow on a compact metric space Y. We say
that f € C(Y,T) is differentiable at y € Y if the limit

) = Tim ~( (T ) —
(8) Fily) = lim —(F(T") = f(y))
exists. If f is continuously differentiable, we define the winding number of f by
L[ )
(9) (f) =5 W) 1(y)

If we want to note the dependence on T* we write W (7", f). In particular, for a
time change F7! we have W (T, f) = v~ W (T, f).

The winding number was defined by Schwartzman [Sc-57], who proved the fol-
lowing.

Lemma 11. (Schwartzman, [Sc-57]) Every homotopy class in C(Y,T) contains a
continuously differentiable function. Moreover, if two continuously differentiable fy
and fo are homotopic then W (fo) = W(f1). Thus W is a well defined real-valued
functional on H'(Y).
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For a flow (Y,T"), we define the winding number group Wr: C R to be the
image im(W) of the winding number operator W. By the comment following the
definition of W, we have Wy = v~ "Wy for a time change.

Proposition 12. Suppose (Xg,Tg) is an even suspension of a uniquely ergodic
Cantor dynamical system (X, T). If n € C(X,Z), and f, € C(X,,T) is defined by
(), then W(fn) = [y ndm. Thus Wr, = Mr.

Proof. Since f} (z,t) = 2min(z)/g(x) fn(x,t), f}/fn = 2win(z)/g(x) Thus W(ff) =
Jy n(x)/g(x) dp = [ ndm. O

Remark 13. The conclusion of Proposition[L2] does not depend on the height func-
tion g, except for the assumption that g is even. If we replace Tgt with the uneven
suspension T%,, then Wr. & = Y Wr, =y M.

Remark 14. When T is not saturated, ker(W) # 0. We call f € ker(W) an
invisible cocycle. These are the elements of H'(X,), that have winding number
zero, and correspond to the dynamical cocycles in Inf(T).

Remark 15. Conversely, when T is saturated (i.e., when ker(W) = {0}), any
f e C(X,,T) with W(f) =0 is (homotopic to) a constant. We think of this as a
strong form of unique ergodicity for Tgt.

4.4. Eigenvalues. Suppose (T%,Y) is a minimal and uniquely ergodic continuous
flow on a compact metric space Y for the invariant probability measure p. We say
that w € R is an eigenvalue corresponding to the eigenfunction f € L?(X, ) such
that

(10) J(T'y) = exp (2miwt) - f(y),

for p a.e., y € Y. One can think of the eigenvalue w as the angular velocity of the
eigenfunction f along the flow. We will assume (T%,Y) is strictly ergodic, and also
homogeneous, which means every eigenfunction f can be chosen to be continuous.
We let £+ C R denote the set of all eigenvalues. Fixing yo € Y, we may assume
that the eigefunctions f are normalized so that f(yg) = 1, so that the mapping
w — f, from eigenvalues to corresponding eigenfunction is well defined. Letting
E(Y)={f,:w € Eprt}, we have that E(Y) C C(Y,T), and Er+ and E(Y) are both
groups.

Lemma 16. Let w,wq,ws € E¢
(1) W(fs) =w, and
(2) If fu, is homotopic to f,, then w1 = ws.

Proof. For (1), f.(y) = 2miw f,(y). Thus f,/f, = 2miw. Part (2) follows from
part (1) and Lemma [[1]} O

The next theorem applies these results to the case of even suspensions.

Theorem 17. If (X, Tgt) is an even suspension of a strictly ergodic Cantor system

(X,T), then Er, C Wr, = M7 and E(X,) C H'(X,).

Proof. Lemma shows that F(X,) C H'(X,). Since E(X,) C C(X,,T), Propo-
sition shows that &, = W(E(X,)) C W(C(X,,T)) = Wr,. O
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Remark 18. While Mt does not depend on the (even) height function g(x), the
eigenvalues Er, do. Thus Mr provides an upper bound on the possible sets Er, of
eigenvalues for different even suspension flows (Xg,Tgt).

4.5. Substitution tilings. Let S be a primitive shift-aperiodic substitution on
A ={0,...,d — 1} and let (X,T) be the corresponding substitution shift. Let
m and h be the right and left Perron-Frobenius eigenvectors, normalized so that
m-1=1and h-m = 1. We call a vector g an even height vector if g - m = 1.
Two particular even height vectors are g = 1, called the unit height vector, and
g = h, the normalized left Perron-Frobenius eigenvector. Given an even height
vector g = (g0, 91, ---,9d—1), define

d
g(l’) = Z JaX|al (:U),

and let (Xg, T, é) be the corresponding even suspension flow. We interpret this flow
as the substitution tiling flow for the tiling substitution Sy obtained from S and g
(see the Introduction or [RaS-01]).

Lemma 19. For a primitive aperiodic tiling substitution Sg the substitution tiling
flow (Xg,Tgt) is strictly ergodic and homogeneous. Moreover E, € Wr, = Mr.

For strict ergodicity and homogeneity, see [CS-03]. The second statement follows
from Theorem [ The next theorem is our second main result.

Theorem 20. Let Sg be a tiling substitution Sg corresponding to a primitive,
irreducible discrete substitution S with a common prefiz. Then ker(W) is trivial,
&r, € W, = Mr = G4 = Hl(Xg). If, in addition, S is unimodular, then
VVTg =Ga=Zm] X VAS

Proof. This follows from Theorem [§] and Lemma |

4.6. The spectrum of a substitution. Theorem gives conditions for &7, C
Wr, = Ga. In this section, we give some conditions for equality.

Definition 21. If a saturated strictly ergodic flow (Y, T') on a compact metric
space has Ert = Wy =2 HY(Y), then we say Tt has full spectrum.

A primitive irreducible integer matrix A is called an Pisot matriz if all the
eigenvalues X', except the Perron-Frobenius eigenvalue A > 1, satisfy [A| < 1. In
particular, the Perron Frobenius eigenvalue A\ of a Pisot matrix is a Pisot number
(a real algebraic integer A > 1 whose Galois conjugates all satisfy |\'| < 1; see e.g.,
[Me-75]). We call a (primitive irreducible) substitution S a Pisot substitution if its
structure matrix is a Pisot matrix. Similarly we call a (primitive aperiodic) tiling
substitution Sg a Pisot substitution if the underlying discrete substitution S is a
Pisot substitution.

Our main result in this section is the following.

Theorem 22. The tiling flow Tgt corresponding to an even Pisot tiling substitution
Sg, with a common prefiz, has full spectrum: Er, = Wr, = Ga.

For a word w = wouy...un_1 € L, the population vector is defined p, =
(PosP1s---spa—1)t € Z¢, where p, = |[{j = 0,...,n —1:uj; = a}|. Wesay u € L is
a recurrence word if u = xy, 4, 7 < s, for some z € X such that ¥, = 5. For a
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real number ¢ define {t} =t — |¢]. We begin with a general lemma from Clark and
Sadun [CS-03] (see also Host [Ho-86] and Solomyak [So-98]).

Lemma 23. Let Té be be a tiling flow corresponding to a primitive aperiodic tiling
substitution Sg. A real number satisfies w € Er, if and only if for every recurrence
word u,

(11) lim {wg- A"p,} = 0.
n—oo

In the case of an even suspension, where g = h is the normalized left Perron-
Frobenius eigenvector, we have the following:

Lemma 24. Let T}, be the even suspension of a primitive aperiodic substitution
shift T, corresponding to the normalized left Perron-Frobenius eigenvector h (i.e,
the Perron-Frobenuis suspension). If w € R satisfies

(12) lim {whe A"} =0

n—oo

for each a € A, where hy is the height of the ath Kakutani-Rokhlin tower for T,
then w € &y,

Proof. To prove w satisfies for each return word, it suffices to establish
for p, for each a € A. This is because every return word is made up of symbols.
But in this case wh - A"p, = w(A")"h - p, = wA"h - p, = wA"h,, since p, is the
ath standard basis vector. O

A Pisot matrix A has 1-dimensional expanding subspace H*(A) and a d — 1
dimensional contracting subspace H*(A).

Lemma 25. We have H*(A) L H*(A') and H*(A") L H*(A). Moreover, if we
define Pv =v — (h-v)m for v € R, then Pv € H*(A).

Proof. For j = 0,...,d — 1, let Am; = A\;m; and A'h; = \;h;, where m; = m,
h; = h. Then h; -m; = 0, for ¢ # j. This is because 7 # j implies A; # A;, but
)\ihi ‘my = (Athz) my; = hz . (Ahj) = )\ghz -1my. Note that Hu(A) and Hu(At) are
the spans of m and h, and that H*(A) and H*(A?) are the real parts of the spans of
my,...,my and hs, ... hy. For the second assertion, h- Pv =h-(v—(h-v)m) =
h-v—(h-v)(h-m)=0since h-m=1.

The next result is one direction of Theorem [22]in the case of g = h.

Proposition 26. The the tiling flow T} corresponding to the Perron-Frobenious
Pisot tiling substitution satisfies Zm] C Er,, .

Proof. For v,k € R, let t = (v - h), and @ = (k- m). Then
taX” = XN'(v-h)(k-m)= (k- (v-h)A\"m)
— (k- (v- W) Am) = (4K (v h)m)
= (AY"k-(v—Pv)=k-A"v -k - A"Pv.
If k = p, and v = pp, then
(13) {mpha A"} = {pPa - A"Py — Pa - A"Ppy} = {—pa - A"Ppy},
since p, - A"py € Z, and thus {mph, A"} — 0 since Pp, € H*(A). O
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Remark 27. In [BK-00], this result is said to be well known and attributed to
[BT=86]. The proof in [BK-=06] constructs a torus rotation factor of T} that has
eigenvalues Z[m] (but see Remark regarding the scaling). The authors go on
to prove the opposite inclusion Er, C Z[m], which is their main result. For us,
this opposite inclusion is Corollary 29} which will follow from Theorem 20} once
we assume S has a common prefiz. Unfortunately, the common prefiz assumption
seems necessary for our approach.

Remark 28. In [BK-00] and [BBK-00] the Perron-Frobenius eigenvectors are nor-
malized m-m =1 and h-m = 1, so their tiling flow T}, is not, in our terminology,
an even suspension. However, the conclusion of Proposition holds verbatim,
since it differs from an even suspension by a time change.

Corollary 29. If S is a Pisot substitution with structure matriz A, and (Xn,T},)
is the Perron Frobenuis suspension, then Ga C ETg.

Proof. Tt suffices to show that Z[A~"*m] C &r,. But clearly {(A\™*my)h A"} =
{mph A\ F} — 0 as n — . O

The next result, which completes the proof of Theorem 2] shows that for Pisot
tiling substitutions any even height vector g can be substituted for the Perron-
Frobenius eigenvector h.

Proposition 30. For a Pisot substitution S, let m and h be the normalized Perron-
Frobenius eigenvectors, and let g > 0 be a normalized height vector (so that g-m =
1). Then ng = gTh-

Proof. Let w € &r,, so that by Lemma 23] {wh - A"p,} — 0 for every recurrence
vector p,,. Then

{wh-A"p,} = {w(g—(g—h)) A"pu}
= {wg-A"py —w(A)™"(g —h) - py}.

Since (g —h) - m=g-m—h-m=1-1=0 it follows that g —h € H*(A") and
(AH)"(g —h) — 0. Thus {wh- A"p,} — 0 and w € Er, .- 0

5. EXAMPLES

5.1. Metallic and alloy substitutions. Let us consider two families of substitu-
tions on A = {0,1}. Define the substitutions S,,, for n > 1 (left), and S}, for n > 3
(right), by

0 — 0”1 0 — ontin—2

1~ o ad 01.

We call S,, the nth metallic substitution and S], the nth alloy substitution.

Proposition 31. The substitutions S, and S, are primitive, shift-aperiodic, irre-
ducible, unimodular, Pisot, and have a common prefix. For each of them, the sub-
stitution shift (X, T) is strictly ergodic and saturated, with H(T) =2 My = Z[m].
For g an even height vector the flow T} has Wr, = Zm] = H'(Xg).

Proof of Proposition[31} The primitive unimodular structure matrices A4,, and A,
for Sy, and S, are given by

_n 1 ; _|m—1 1
” n=fr ot =[]
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(A2 >0, det(A,) = —1, and det(A],) = 1). The characteristic polynomials p,,(z) =

22 —nz — 1, and ¢,(2) = 22 — nz + 1, are irreducible, and have roots

+vn2+4 +vn2—4
ANy = VS and 6, = P
so the substitutions are Pisot. All the other stated properties follow. (I

The numbers A, are sometimes called the metallic numbers. The number A\, =
(1/2)(1 + V/5) is called the golden mean, Ao = 1 + /2 is called the silver mean,
etc. We call the numbers 3, alloy numbers because A;  , = A1 A,. Any monic
quadratic polynomial over Z with constant term +1 is either p,(z), pn(—2), ¢n(2),
qn(—2) or is 7(z) = 22 £ 1. Thus the metallic and alloy numbers make up all the
quadratic units, and all quadratic units are Pisot. Any product of the matrices of
types A, and Ay has a Pisot quadratic unit as its Perron-Frobenius eigenvalue.

Theorem 32. A metallic tiling substitution flow (Xg, Té) for an even height g has
full spectrum with

1 2

(15) Wr, =Er Z[)\] = 7°,

e e T A
where X is the Perron-Frobenius eigenvalue. Similarly, a metallic tiling substitution
flow (Xg,Té) for an even height g has full spectrum with

1
:ng:7ﬁ—(n—2)

where (B is the Perron-Frobenis eigenvalue.

(16) Wr

g

Z|p) = 7%,

Remark 33. In the golden mean casen =1, A\ = (1++/5)/2, A\+1 = \? is a unit,
and WTg = ng = Z[)\]

Proof. The normalized right Perron-Frobenius eigenvectors of the matrices A,
(which is symmetric) are m = (A +1)7*(1,\). Thus &7, = Z[m] = (A + 1)"'Z[)].
Similarly, fixing n > 3, the normalized right Perron-Frobenius eigenvectors of B,
arem = (B—n+2)"1(1,8—n+1), and Z[3 —n + 1] = Z|[B]. O

Remark 34. For any substitution S, or S}, the spectrum of the substitution shift
(X,T) is exp(2mi &7, ). It is well known that T has pure point spectrum.

5.2. A unimodular non-Pisot substitution. A non-Piot substitution is primi-
tive substitution S with a non-Pisot Perron-Frobenius eigenvalue. The 4-letter sub-
stitution S 0 — 0313,1 — 031313,2 — 03223, 3 — 0323 studied in [FiHR-03] is non-

Pisot because the Perron-Frobenius eigenvalue, A = i(7 + 5 +V2v19 + 7\/5) =~
4.39026, and has a conjugate X a2 1.83785 (the other two conjugates are recipro-
cals of these). It is primitive, shift-aperiodic, has a common prefix, is irreducible,
and unimodular. Let (Xg,T},) be strictly ergodic even Perron-Frobenius substitu-
tion tiling flow. It is shown in [FIHR-03] that T}, is weakly mixing, which means
&7, = {0}. On the other hand, H'(Xy) & Wy, which is equal to Z[m] = Z*. Thus
the spectrum is not full.

Remark 35. In [FiHR-03| it is proved that (Xn,T},) is homeomorphic to an al-
most 1:1 extension of a flow (Ga, Ft) that is a suspension of a four-interval in-
terval exchange transformation. The space Gg is a surface of genus 2, and the
substitution Sy induces a pseudo-Anosov diffeomorphism on Gs. The space Xy
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can be obtained as an inverse limit lim, . - G5, where G is the surface Go with
a siz pointed asterisk of radius n (part of a singular orbit) removed. For each
n, GY% is homeomorphic to Go\{p}, which is Go with a single puncture. Thus
HY(GY) = HY(Go{p}) = Z*, and thus H'(Xg) = lim, .o H'(GY) = Z*. This
alternate way to compute Hl(Xg), suggests an explanation for why the cohomology
is not related to the spectrum for this substitution S. However, a similar calculation
for the golden mean substitution S, unzipping a single orbit from an irrational flow
in T2, shows that H'(Xg) = H'(T?\{p}) = Z?, even though Tg has full spectrum
in this case.

5.3. The completely non-Pisot case. We call a d-letter substitution S com-
pletely non-Pisot if all the eigenvalues A satisfy |[A| > 1. Such a substitution is
never unimodular. Clark and Sadun [CS-03] study the case of primitive, aperiodic,
completely non-Pisot substitution S, with the additional assumption that there is a
full recurrence word u € L: the vectors py, Apu, ..., A% 1p, are linearly indepen-
dent. They show that if a height vector g = (go, g1, ..., dd—1) (not necessarily even)
has rationally independent entries, then the tiling flow Té is weakly mixing. This
provides us with many examples of substitutions that do not have full spectrum
since &7, = {0} is a proper subgroup of Wr,. Consider, for example the substitu-
tion 0 — 0111,1 — 0 from [FR-08]. It is also shown in [CS-03] that if g;/g; € Q
Vi, j, for a primitive, aperiodic, completely non-Pisot substitution then &7, C goQ.

In the two-letter primitive, aperiodic, completely non-Pisot case, Kenyon, Sadun,
and Solomyak [KSS-05] show that for a substitutions S, the tiling flow T, é is topo-
logically mixing if and only if g has rationally independent entries (i.e., go/g1 € Q).
This implies weak mixing. In fact, whenever the second (non-Perron-Frobenius)
eigenvalue satisfies |X'| # 1, weak mixing for T is equivalent to topological mixing
(but never measure theoretic mixing; see [CS-03]).

Sometimes it is possible to say something about the spectrum even if go/g1 € Q.
Let us fix a a primitive, irreducible, shift-aperiodic two-letter substitution S that
is completely non-Pisot. We assume, in addition, that S has a common prefix, and
that 00,11 € L. For a vector k = (ko, k1) € Z?, let ged(k) = ged(ko, ky. We say k
satisfies the ged condition if ged((A*)"k) =1 for all n > 0. It is shown in [KSS-05]
that if S is a primitive, shift-aperiodic completely non-Pisot substitution, and if
1 satisfies the ged condition, then (the discrete substitution shift) 7' is topologi-
cally mixing, which implies weak mixing. Conversely, if 1 does not satisfy the ged
condition then T is not weak mixing.

Theorem 36. Let S be a two-letter primitive irreducible completely non-Pisot sub-
stitution with a common prefiz. Then for any even height vector g, the tiling flow
Ty is saturated and H'(Xg) = Wr, = Urso ZIN"*m], which is not finitely gener-
ated. Suppose, in addition, that 00,11 € L. Let g = vk be an even height vector
where k € Z? satisfies the gcd condition. Then v~! = m -k and ér, = v Z. In
particular, Té does not have full spectrum.

In [KSS-05] an algorithm is given to test the ged condition. It is easy to see the
substitution 0 — 00011,1 — 0111, satisfies all the hypotheses of Theorem 7 and
the vector 1 satisfies the gcd condition.

Proof of Theorem[36 Consider T}, where k satisfies the ged condition. Since 00,11 €
L, and A is irrational, both 0 and 1 are full return words. Thus Lemma
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implies that w € &g if and only if lim, ,.{wk - A"p,} = 0 for both v = 0
and v = 1. The argument in [CS-03] shows that this is the case if and only if
w(AY)"k-p, = wk-A"p, € Z for u = 0,1 and all n sufficiently large, or equivalently,
w(AH)"k € Z2, for n sufficiently large. Since (A%)"k € Z? and ged((A%)"k) = 1, it
follows that £r, = Z. Thus &r, =7~ 'Z. O

5.4. The case of T. Let (X,T) be the substitution shift for a primitive aperiodic
substitution S. We say a measurable, complex valued function f on X is an eigen-
function for eigenvalue v if f(Tz) = vf(x). Because T is strictly ergodic and ho-
mogeneous, we may assume |f(z)| =1, f € C(X,T), and |v| = 1. The set &} of all
eigenvalues is then a countable subgroup of T and we let &7 = {w € R : e*™ € EL.}.
It is easy to see that £ = &7, (T is isomorphic to T{ on {(z,0) € X1}).

It makes no sense to study H'(X) (since X is a Cantor set) but we can study
H(T) instead, keeping in mind that H(T) = H'(X;). We also know that My =
Wrr and Mr = Wrr, so that Ep C M. If T' is saturated (e.g., if S is irreducible
and has a common prefix) then H(T) = My. In a weak mixing case, like (?7), for
example, Mp = G4, whereas &p = Z and & = {1}. In a unimodular Pisot case,
on the other hand, Mp = & = Z[m] and &) = exp (2miZ[m]).
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