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WRIGGLED LAMELLAR SOLUTIONS AND THEIR STABILITY IN
THE DIBLOCK COPOLYMER PROBLEM*

XIAOFENG REN' AND JUNCHENG WEI

Abstract. In a diblock copolymer system the free energy field depends nonlocally on the
monomer density field. In addition there are two positive parameters in the constitutive relation.
One of them is small, with respect to which we do singular perturbation analysis. The second one
is of order 1, with respect to which we do bifurcation analysis. Combining the two techniques we
find wriggled lamellar solutions of the Euler-Lagrange equation of the total free energy under a
hypothesis regarding the simplicity of the principal eigenvalue, which is generically satisfied. The
wriggled lamellar solutions bifurcate from the perfect lamellar solutions. The stability of the wriggled
lamellar solutions is reduced to a relatively simple finite dimensional problem, which may be solved
accurately by a numerical method. Our tests show that most of them are stable. The existence of
such stable wriggled lamellar solutions explains why in reality the lamellar phase is fragile and often
exists in distorted forms.
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1. Introduction. Symmetry breaking distortions often appear for intrinsic rea-
sons in systems of condensed matters that exhibit self-organization and pattern for-
mation. We study this phenomenon in diblock copolymers. A diblock copolymer is
a soft material, characterized by fluidlike disorder on the molecular scale and a high
degree of order at longer length scales. A molecule in a diblock copolymer melt is a
linear subchain of A monomers grafted covalently to another subchain of B monomers.
Because of the repulsion between the unlike monomers, the different type subchains
tend to segregate below some critical temperature, but as they are chemically bonded
in chain molecules, even a complete segregation of subchains cannot lead to a macro-
scopic phase separation. Only a local microphase separation occurs: microdomains
rich in A and B are formed. These microdomains form morphology patterns/phases
in a larger scale. The most commonly observed undistorted phases are the spheri-
cal, cylindrical, and lamellar, depicted in Figure 1. Here we seek distorted, defective
lamellar patterns, where the interfaces separating the microdomains, unlike the ones
in Figure 1(c), are wriggled (Figure 2(b)).

We consider a scenario that a diblock copolymer melt is placed in a domain D
and maintained at fixed temperature. D is scaled to have unit volume in space. Let

€ (0,1) be the relative number of the A monomers in a chain molecule, and b = 1—a
be the relative number of the B monomers in a chain. The relative A monomer density
field w is an order parameter. u &~ 1 stands for high concentration of A monomers.
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Fic. 1. The (a) spherical, (b) cylindrical, and (c) lamellar morphology phases commonly ob-
served in diblock copolymer melts. The dark color indicates the concentration of type A monomer,
and the white color indicates the concentration of type B monomer.

The melt is incompressible, and thus the relative B monomer density is 1 — u and
u =~ 0 stands for high concentration of B monomers.

Ohta and Kawasaki [11] introduced an equilibrium theory in which the free energy
of the system is a functional of the relative A monomer density,

62 €
(1) ) = [ {GI9uP + F1-a) 2w - aP 4w

defined in X, = {u € W'3(D) : u = a}, where @ := [}, u is the average of u on
D. The original formula in [11] is given on the entire R3. The expression here on
a bounded domain D first appeared in Nishiura and Ohnishi [9]. A mathematically
more rigorous derivation is in Choksi and Ren [3]. The local function W is smooth and
has the shape of a double well. It has the global minimum value 0 at two numbers: 0
and 1. To avoid unnecessary technical difficulties we assume that W(p) = W (1 — p).
The two global minimum points are nondegenerate: W (0) = W" (1) # 0.

The most unusual feature in (1.1) is the nonlocal expression (—A)~'/2(u — a).
It reflects the connectivity of polymer chains. (—A)~!/2 is the square root of the
positive operator (—A)~! from {w € L?*(D) : w = 0} to itself. The integral of the
nonlocal part in (1.1) may be rewritten as

f*/ufa: x uwlx) —a)luly) —a)dxdy.
LKMI% )2 AL%«W(>>uw ) dady

Gp is the Green function of —A with the Neumann boundary condition. It splits to
a fundamental solution part and a regular part. The fundamental solution in R3 is

1
drlx —y|’

a long range Coulomb-type interaction, which is common in many important physical
systems (see Muratov [7]).

The dimensionless parameters € and «y are positive and depend on various physical
quantities [3]. In the strong segregation region where morphology patterns form, e
is very small. The second parameter ~ is of order 1 when we choose the size of
the sample to be comparable to the size of the microdomains [3]. We develop a
particular two-parameter perturbation method. We do singular perturbation analysis



WRIGGLED LAMELLAR SOLUTIONS 457

1 1
0.9 0.9
0.8 0.8
0.7 0.7
0.6 0.6
0.5 0.5
0.4 0.4
0.3 0.3
0.2 0.2
0.1 0.1

0 0

0 0.2 0.4 0.6 0.8 1 0 0.2 04 0.6 0.8 1
(b)

F1G. 2. A perfect lamellar solution (a) and a wriggled lamellar solution (b). In the dark regions
the solutions are close to 1 and in the light regions the solutions are close to 0.
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with respect to e and bifurcation analysis with respect to v. The challenge is to
combine these two techniques to derive fine analytical results. Even though this
mathematical method is tailored for the diblock copolymer problem, we believe that
it may be applied to other ones with multiple parameters. Examples include the
Seul-Andelman membrane problem [25, 19], charged Langmuir monolayers [1, 16],
and smectic films [24].

The Euler—Lagrange equation of I is

(1.2) —2Au+ f(u) — fu) +ey(=A) " (u—a) =0, d,u=0ondD.

The function f is the derivative of W. The term f(u) is equal to the Lagrange
multiplier corresponding to the constraint @ = a. Equation (1.2) may also be written
as an elliptic system:

—e2Au + f(u) + eyv = const,
—Av=u—a,

d,u =09,y =0o0n oD,
u—a=v=0.

(1.3)

Here const is the Lagrange multiplier.

In Ren and Wei [12] a family of lamellar solutions is found. When D = (0, 1),
for each positive integer K there exists a 1-dimensional (1-D) local minimizer of I
having K sharp interfaces if € is sufficiently small (see Theorem 2.1). This 1-D local
minimizer may be extended trivially to a three-dimensional (3-D) solution of (1.2)
on a box. Such a solution, illustrated in Figure 2(a), models the lamellar phase,
Figure 1(c), only if it is stable in the sense that it is a local minimizer of I in three
dimensions. A local minimizer in three dimensions is called a metastable state of the
physical system. It survives mild thermal fluctuation.

However, in Ren and Wei [15] it is shown that such 1-D local minimizers are
not necessarily 3-D local minimizers after trivial extension. Detailed spectral infor-
mation at each 1-D solution is found (see Theorem 3.1; a similar analysis for the
FitzHugh-Nagumo system was carried out by Nishiura [8]). In summary, these 1-D
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local minimizers are not 3-D local minimizers unless K is sufficiently large or v is
sufficiently small. Moreover, the 1-D global minimizer, which is one of the 1-D local
minimizers with the optimal number of interfaces

a2b2”y 1/3
Koptz( 37 > 9

where 7 is defined in (2.2), has a delicate stability property. It actually lies near the
borderline that separates the stable 1-D solutions from the unstable 1-D solutions.

All this suggests that the lamellar phase is only a metastable, transient state
of the material. Thermal fluctuation will eventually destroy this phase. In reality
one often observes the lamellar phase in distorted forms. We predict based on the
model (1.1) that a defective, wriggled lamellar pattern (Figure 2(b)) exists in diblock
copolymers. We point out that the wriggled lamellar pattern is typically observed in
systems with competing interactions [25].

To simplify the presentation of our results, we consider wriggled lamellar solutions
in two dimensions. We take D = (0,1) x (0,1) to be a 2-D square instead of a 3-D
box. The 1-D local minimizers are trivially extended to D. Generalization of our
results to 3-D is straightforward.

The existence of wriggled lamellar solutions is shown by a bifurcation analysis.
Each perfect lamellar solution u, with K interfaces is stable when  is sufficiently
small. The spectrum of the second variation of I at u., which consists of real eigen-
values only, lies to the right of 0. If we increase ~, the spectrum moves to the left.
When + reaches a critical value g, the principal (smallest) eigenvalue in the spec-
trum becomes 0. Under Hypothesis 4.1, which is generically satisfied, the principal
eigenvalue is simple. Then a new solution branch bifurcates out of u,,. This is a
wriggled lamellar solution (Figure 2(b)). If we further increase -y, then another eigen-
value of u., which is not the principal eigenvalue, may become 0, and another new
solution also of a wriggled lamellar pattern bifurcates from w,. However, wriggled
lamellar solutions that bifurcate from larger eigenvalues are unstable and physically
less interesting.

Whether the wriggled lamellar solution associated with the principal eigenvalue
of u,, is stable is a subtle question. It is relatively easy to see that the bifurcation
diagram has the shape of a pitchfork (Figure 3). The stability of the wriggled solution
depends on the direction of the fork. Here we face a formidable problem. The direction
is determined by the sign of a number which turns out to be terribly small (of order
€°; see Lemma 5.2). To find this number we have to expand the “trivial solution” .,
its principal eigenfunction corresponding to the 0 eigenvalue, and the third function
¢'(0) defined in (5.4), with respect to e. As we prove Lemma 5.2, these expansions
have to be carefully managed. All the lower order terms up to €* vanish. In the end we
arrive at a quantity S(a, K) that depends on @ and K only. The bifurcating solution
is stable if S(a, K) > 0 and unstable if S(a,k) < 0. The quantity S(a, K) may be
accurately calculated by a simple numerical method. Our tests, reported in section 5,
show that for most values of a and K the wriggled lamellar solution bifurcating out
of the principal eigenvalue is stable.

Our study of defects in diblock copolymers is partially motivated by the work
of Tsori, Andelman, and Schick [27]. They considered two tilt lamellar patterns:
chevron morphology and omega morphology. They used a model different from (1.1),
which agrees well with experiments in the so-called weak segregation regime. In this
regime interfaces separating microdomains are not sharp compared to the size of the
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microdomains. In our work we deal with the strong segregation regime using (1.1).
Here microdomains are separated by sharp interfaces. The calculations in [27] are
restricted to an ansatz without solving the Euler—Lagrange equation of their free
energy functional. The wriggled lamellar patterns we find are solutions of the Euler—
Lagrange equation (1.2). Many of them are proved to be stable. They are therefore
genuine metastable states of the system.

Moreover, we are able to answer the question whether a 1-D global minimizer,
mentioned earlier, is stable in 2-D. We will find cases where the 1-D global minimizer
is stable and also cases where the 1-D global minimizer is unstable.

The paper is organized as follows. In section 2 we recall some properties of the
perfect lamellar solutions .. Section 3 contains some spectral information of the
second variation of I at u,. Hypothesis 4.1, which guarantees the simplicity of the
principal eigenvalue, is given in section 4. Under this condition the existence of the
wriggled lamellar solutions is given in Theorem 4.2. The reduction of their stability to
the positivity of S(a, K) culminates in Theorem 5.4. The stability of the 1-D global
minimizer is discussed after Theorem 5.4. The lengthy calculations that prove Lemma
5.2 are in Appendices B and C.

To avoid clumsy notations a quantity’s dependence on € is usually suppressed.
For example, we write u, the lamellar solution, instead of u.. On the other hand we
often emphasize a quantity’s independence of € with a superscript 0. For example,
the limit of a lamellar solution u as € — 0 is denoted by u°. The parameter v may
vary in a compact interval of positive numbers. It is understood in this paper that
all estimates are uniform in such . In estimates C is always a positive constant
independent of ¢ and 7. Its value may vary from line to line. The L? inner product
is denoted by (-,-) and the LP norm by || - ||,-

References on the mathematical aspects of the block copolymer theory include,
in addition to the ones cited already, Ohnishi et al. [10], Choksi [2], Fife and Hilhorst
[5], Henry [6], and Ren and Wei [14, 13, 20, 21, 22] on diblock copolymers, and Ren
and Wei [17, 18] on triblock copolymers.

2. The perfect lamellar solution wu,. The perfect lamellar solutions that
serve as “trivial solutions” in the bifurcation theory are constructed in [12] by the
I-limit theory. The findings there are summarized in the following theorem.

THEOREM 2.1 (see Ren and Wei [12]). In 1-D for each positive integer K the

functional
a2\ 2 2
<_d:z:2> (u—a)

1 2 2
e (du €y
I = — PR _
() /0 2 (m) 3
in {u € WH2(0,1) : @ = a}, has a local minimizer u near u°, under the L? norm,
when € is sufficiently small. It satisfies the Fuler—Lagrange equation

—2u" 4 f(u) — f(u) + eyGolu —a] = 0, u'(0) =u'(1) =0

+ W(u) p dz,

and has the properties

1
lim [ju — u°||2 = 0 and lim e ') (u) = 7K + l/
=0 =0 2Jo

Let H be the solution of

(2.1) —H" + f(H)=0in R, H(—00) =0, H(co) =1, H(0) =
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The constant 7 in the theorem is defined by

(2.2) - /R (H' ()2 dt.

7 is often called the surface tension in the literature. u°

jump discontinuity points, defined to be

is a step function with K

u’(z) =1 on (0,27), 0 on (,23), 1 on (a3,25), 0on (a3,23), 1 on (zf,25), ...

with (recall b=1— a)

a 140 2+a 3+0b 4+a
(2.3) 95(1):?71’8:77933: KaIZZTng: K
Gy is the solution operator of —v” = g, v/(0) = V(1) = v = 0; ie., v = Golg] =
2
(—d2) 9.

There is another K-interface 1-D local minimizer whose limiting value as ¢ — 0
is 0 instead of 1 on the first interval (0,b/K). It is just 1 — @, where @ is a solution
constructed in Theorem 2.1, but with @ = b instead. 1 — @ has the same properties
as u does, so we focus on u. u is periodic in the following sense.

THEOREM 2.2 (see Ren and Wei [15]). Let u be a 1-D local minimizer constructed
in Theorem 2.1. When € is small, for every x € (0,1/K),

u(x)=u<f2(—x>:u(x—}—;):u(?{—x)

_ _’_i _ _Jul-2) if K is even,
“U\"Tg)TT u(z+ EZ) if K is odd.

Moreover, when € is small, u is the unique local minimizer of I in an L* neighborhood
of u. Ifu on ((j —1)/K,j/K) for some j = 1,2,..., K is scaled to a function on
(0,1), then it is exactly a one-layer local minimizer of I; with ¢ and 7 replaced by
E=eK and 7 =~y/K3.

Let us denote this u of K interfaces by u,, to emphasize its dependence on +.
We need asymptotic expansions of u, in terms of e. According to [15, Lemma A.1]
there exist exactly K points z;, j =1,2,...,K in (0, 1) so that u(z;) = 1/2. These K
points identify the interfaces of u. Theorem 2.2 implies that x5 = % —r1, T3 = % — 9,
T4 = % — x3, etc. The zeroth order approximation of u, is

s(z) :H(—x_e”“) +H(x_€x2)

T — 3 H(&==x%) if K is even,
(24) +H< c )”"'*{ H(—=2) _ 1 if K is odd.

The € order outer expansion term is z°, defined to be

Y(@O2) —0@0) o @\
7(0) ’”O_<_dx2> (" - a),
0

and the e order inner expansion term is 0. Because of the periodicity, vo(xj) is
independent of j and z° is well defined. The €2 order inner expansion term is P,

where P is the solution of

(2.6) —P" + f'(H)P = —y(0°) (z)t, P L H'.

(2.5) (z) = -
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There are two different P’s depending on whether j is odd or even. But they just
differ by a sign, and it is always easy to tell from the context which one is referred to.
LEMMA 2.3 (see Ren and Wei [15]). Let z be defined by u, = s + ez.
L ||z = 2%|ee = OC(e).
2. There exists a constant C' > 0 independent of € so that |e 'z(x; + et)| <
C(1+|t]) for all t € (—=2, 1_—:37) e 1z(z; +€) converges to P in C? (R).
Proof. See [15, Lemmas 2.4 and 2.5]. d
It is proved in [15] that w, is a nondegenerate 1-D local minimizer in the sense
that the 1-D spectrum at u., lies to the right of the origin (see part 2 of Theorem 3.1).
This allows us to apply the implicit function theorem to conclude that ., depends on
~ smoothly.
Next we estimate du~/dy. The inner approximation is

(2.7) %uywﬂ(f;%)+g36jﬁq

near each x;. The constant c is chosen so that

d
(2.8) d%”(xj) = cH'(0).
We will show in Appendix A that

: ()
(2.9) !1_1)1(1)0200 ::_Kf’(j())'
The function R is the solution of
(2.10) —R"+ f(H)R+cof'(H)H'P + tv'(z;) = ¢, R(0) =0.
The constant ¢ is chosen so that
(2.11) / (cof"(HYH'P + v(a;) — OH' dt = 0
R

for solvability. Because of the periodicity of w, in Theorem 2.2, neither ¢ nor R
depends on j. However, they do depend on e. Our argument here is a bit different
from the formal matched asymptotics method. If we compare (2.10) to (2.6) we find
that

(2.12) lim R = 2P+ R,
v

e—0
where R is the solution of
(2.13) —R"+ f/(H)R+ cof"(H)H'P = ¢y, R(0) =0,

where (, satisfies
(2.14) /R (cof"(H)H'P +1°(z}) — ()H' dt = 0.

The inner approximation (2.7) is used in the interval (z; — €%, z; + €*), where a
satisfies

(2.15) ae(i@).
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The outer approximation is denoted by g,:

N — eyr — €v
’ f'(uy)
where
d
(2.17) r =Gy {;:’} , v=Goluy, —al.
The outer approximation is used in
(2.18) [0, I\(UJS, (5 — 2%, 25 + 2€%)).

The inner approximation is matched to the outer approximation in the matching
intervals (z; —2€*,z; —e*) and (z; +€*,2;+2€¢%), j =1,2,..., K. Let x; be smooth
cut-off functions so that

oy S0 ifxd (x5 — 2%, 15 + 2e%),
X;(®) = { 1 ifxe(z;—e*, z;+e%);

moreover, x; = O(e™®) and xJ = O(e™>*) in (z; —2€*, x; —€*) and (x; +€*, x;+2¢®).
We glue the two approximations to form a uniform approximation

K K
(2.19) =Y xig+ (1=D_ %X | do-
j=1 j=1

LEMMA 2.4. q —u = o(€?).
The proof of this lemma is technical. We include it in Appendix A.

3. The 2-D spectrum at u,. The 1-D local minimizer . of I; is now viewed
as a function on D, through extension to the second dimension trivially, so u,(z,y) =
uy(x). It is a solution of (1.2) and I;(uy) = I(uy). In two dimensions it has straight
interfaces. We call it a perfect lamellar solution of (1.2).

The linearized operator of (1.2) at ., is
Ly = =D+ [ (uy)o—f' (uy)p+ev(=A) "o, o € W*(D), 8,0 =00n 8D, g =0.
(3.1)

This is an unbounded self-adjoint operator defined densely on {¢ € L?(D) : ¢ = 0}
whose spectrum consists of real eigenvalues only.

For an eigenpair (\,¢) of L., separation of variables shows that ¢(z,y) =
dm () cos(mmy), where m, a nonnegative integer, is called the mode of p. We de-
note a A that is associated with m by A,,. We have the following reduced eigenvalue
problems for (A, é.).

1. When m =0,

(3:2) =65 + f'(uy)o — f'(uy)do + evGoldo] = Aodo, ¢(0) = ¢(1) = Go = 0.
2. When m # 0,

(3.3) =€(¢r, — T2 hyn) + [ ()b + €YGin[Pim] = Ay ¢, (0) = ¢y, (1) = 0.

Here G,,, are the solution operators of the differential equations

(3.4) —X"=¢y, X'(0)=X'(1)=0, X =0if m =0,
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(3.5) X"+ m?m*X = ¢, X'(0)=X'(1)=0if m #0;

ie., Gpnldm] = X. We often identify the operators G, with the Green functions of
(3.4) and (3.5).

THEOREM 3.1 (see Ren and Wei [15]). The following three statements hold when
€ is sufficiently small.

1. There exists M(K) depending on K but not € so that when m > M(K),
Am > Cé? for some C > 0 independent of e.

2. When m = 0, there are K small positive Ag’s. One of them is of order e.
The other K — 1 A\g’s are of order €2. The remaining \o’s are positive and
bounded below by a positive constant independent of e.

3. When1 < m < M(K), there are K \,,,’s of order €2, which are not necessarily
positive. The remaining Ay, ’s are positive and bounded below by a positive
constant independent of €. For every v > 0 there exist Ko > 0 and ¢g > 0
such that for e < ¢y and K > Ky all the eigenvalues of L are positive and the
solution u, of K interfaces, is stable. For every positive integer K there exist
Yo > 0 and €y > 0 so that for € < ey and v < 7 all the eigenvalues of L are
positive and u is stable.

Actually, [15, Theorem 1.1] is formulated for a 3-D box. Here we have stated the
simpler 2-D version.

The eigenvalues )¢ in part 2 of Theorem 3.1 are just the 1-D eigenvalues of u..
The asymptotic expansions of the Ag’s are given in [15, sections 4 and 5]. One of the
small \g’s satisfies

lim e X > 0.
The other K — 1 small \y’s satisfy
lim € 2N > 0.

That these eigenvalues are positive is consistent with the fact that u, is a local mini-

mizer of I.

Bifurcation occurs at a zero eigenvalue, and thus we focus on the \,,’s of part
3, the proof of which is in [15, sections 6 and 7]. There we obtained asymptotic
expansions of the K eigenpairs (A, @) of (3.3) satisfying \,,, — 0 as ¢ — 0. Define

(3.6) hj(x):H'<x€zj)X(z\/;j> :H’<x€zj) te.s.,

where x is a smooth, even cut-off function

Here e.s. is an exponentially small quantity with respect to € because of the exponen-
tially fast decay rate of H': H'(t) < Cre~2I*l. Therefore h;(0) = h;(1) = h:(0) =
B (1) = 0, W= H (2o = O(C%), and [0 e 2H" (24 oo = O(e=1"),
When m > 1,

5 ab
(3.7) A = €2 (T (A - K) + m27r2) +0(€%), pm = chhj + 2.
J
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As mentioned in the introduction, the estimate of A, in (3.7) is uniform in v when =
varies in a compact interval of positive numbers. Here the A’s are the K eigenvalues
of the K by K matrix [Gp,(z¥,29)]. [Gyn(29,2})] is diagonalized in [15, section 7].
When K = 1, it has, for each m > 1, one eigenpair (A, c%):

1 0

(3:8) A= mm(tanh(mma) + tanh(mnb))’ ¢ ol

When K = 2, there are two eigenpairs (A, c%):

1
A= O (—1,1
mm(coth(mma) + cot(mmb) — csch (mma) + csch (mwb))’ ¢ o (=11),
1
3.9)A = . o (1,1).
(39) m(coth(mma) 4+ cot(mmb) — csch (mma) — csch (mwd)) ¢ o (L,1)
When K > 3, there are K eigenpairs
(3.10) Aet o
. - d _ q’ c .
Here ¢ is one of the K eigenvalues of the trigonal matrix
a B
6 0 «
(3.11) Q= a 0 g ,
6 0 «
where
2 2mmb 2 2mmb
a = mmesch %, [ = mmcsch %, d=mnm <coth mna + coth mr ) ,

and ¥ is a corresponding eigenvector of Q.

n (3.7) ¢ is decomposed to Zj cjhj in the subspace spanned by hj;, j =
1,2,...,K, and €2¢} in the orthogonal complement of the subspace. Moreover,
o112 = O(le]) (see [15, Formula (6.4)]). As e — 0, ¢; — cg.

Within each mode m the K eigenvalues A, described in (3.7) are all different when
e is sufficiently small because the K eigenvalues A of [Gy, (29, )] are all different [15,
sections 5 and 7]. However, this does not imply that each A, is a simple eigenvalue. It
is possible that there exists a different mode m’ such that a \,,» happens to equal A,,.
This problem will appear when we consider the simplicity of the principal eigenvalue
in the next section.

In this section we improve the estimate ||¢: |2 = O(|c|) to ||¢::[|eo = O(|c|) and
find the limiting behavior of ¢;, near each z;. Define II to be the solution of

(3.12) —II" + f/(H)II =

RS

b
(A— i{) H' +const, I1 L H’

in R. Recall P from (2.6).
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LEMMA 3.2.
1 6l = O(1c))-
2. At each zj, ¢ (x; + €) converges in CE_(R) to A(P' +11).
Proof. We define an operator L, so that the left side of (3.3) is L,,$,,. Note that
this L,, differs from the one in [15] slightly. The function ¢;. satisfies the equation

1 h; Am
Ltk = A = Yy {2y = (07 w0) = Py =G | 22| 4 35 .
j

(3.13)

We claim that the right side of (3.13) is O(|c|). The first term inside {} on the right
side is obviously O(1). The last term is O(1) by (3.7). The third term is O(1) because
Gm[%] — Gp(z,29) as e — 0. The least obvious is the second term. It is O(1) by
Lemma 2.3.

Suppose that part 1 of Lemma 3.2 is false. Let

_ o
Y= Tomlle
Then 9 satisfies
(3.14) LY = o(1).

There exists . € [0,1] so that |¢)(z,)] = max |¢)| = 1. Without the loss of generality
we assume ¥(z,) = 1. Otherwise just change ¢ to —¢. Then z, — z; = O(e) for
some ;. If this is not the case, (3.14) cannot be satisfied at z, since, by a maximum
principle argument,

Linth(x,) = =€ (" (22) =m*m?y(2.))+ ' (uy (22))(2) +erGm[t] (22) = f/(0)+0(1).

Here ¢"(z.) < 0 because z, is a maximum, and because the Neumann boundary
condition in case x, is on the boundary. Define U(t) = ¢(z; + et). On the rescaled
interval (x;/€, (1 — x;)/€) ¥ satisfies

— U+ EM? U4 (u, ) U+ eyGo [ (2 +et) = o(1), ¥ (fx—ej> = <1€%> =0.
On every bounded subinterval of R, because ¥ is bounded and the terms e2m?m2 0,
f'(uy)¥, and eyGy[Y](z; + €t) are bounded, by the elliptic regularity theory ¥ is
bounded in W2 for any p > 1. A bootstrapping argument shows that ¥ is bounded
in C%“ on the subinterval.

As e — 0, ¥ converges in CZQO .(R), along a subsequence of ¢, to a bounded nonzero
solution ¥, of

—07 + f'(H)¥s = 0.

There are infinitely many solutions to the last equation. However, only H’ and its
scalar multiples are bounded on R. Therefore ¥, oc H'. But ¢ L h; implies that
V., L H'. Hence ¥, = 0, a contradiction.

To prove part 2 we let ®L(t) = ¢ (x; + et). By part 1 we can pass the limit in
(3.13) to find that ®+ — &L in C? (R), which is a solution of

(3.15) —(@%)" + f/(H)®L = (f”(H)H’P + % (A - ‘;?) H + const) .
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By differentiating the equation for P we find

b
(P4 PP = (P = 12
Thus &% and ) (P'+1I) satisfy the same equation (3.15). Moreover, ¢;, L h; implies

L L H'. Hence &% = ¢J(P' +1I). O

4. Bifurcation at (vg,up). We use 7 as a bifurcation parameter. Since we are
mainly interested in stable wriggled solutions, we study bifurcation from the principal
eigenvalue, i.e., the smallest eigenvalue, which we denote by A(y). We must find g
so that A(yg) = 0 and make sure that A(yg) is a simple eigenvalue. The following
procedure easily finds the critical vg.

1. According to [15, section 7], for each m the eigenvalues A of the matrix
(G (29, 27)] are all different and the smallest one is

1
A, = if K =1,
mr(tanh(mma) + tanh(mmnbd)) '
41) A, = !
mm(coth(mma) + cot(mab) — csch (mma) + csch (mnd))
ifK =2,
1 2
Ay = L 0="" K >3
" d—|—\/oz2+ﬁ2—|—2aﬁcos¢9 K

Recall that «, 8, and d are defined after (3.11).
2. For each m > 1 we define 19, to be the solution of

0
(4.2) 7m<mm—w)+m%2_o
T K

According to (3.7) at v =12, A, = o(e?) where

0
A = €2 (%” (Am - iﬁ) + m27r2> + o(€?)

T

is the smallest eigenvalue of the mode m. The solution 7%, may or may not
be positive. If 42, < 0, this means that the mode m does not yield a zero
eigenvalue for any v > 0. We discard nonpositive 72,.

3. We minimize the positive 79,’s with respect to m. Because lim,, 79, = oo,
the minimum is achieved and is denoted by 7g°. If m is the mode where
79 =~ and m’ is another mode such that 72, > 4%, then, since for m’

ab

Am’ _g <07

a consequence of 79, being positive, we find that

0 0
B _ab N2 2 Tm _ab N2 2 _
— (Am/ K)+(m) > = (Am/ K)—l—(m) ™ =0.

Hence at v = g% the smallest eigenvalue associated with a mode m of ~g°
vanishes up to order €2 while the greater eigenvalues associated with the mode
m and the eigenvalues associated with the modes m’ satisfying fy?n, > vg¥ are
positive and of order €2. Then there exists g such that lim._¢ v = vg° and
at v = g the principal eigenvalue A(yg) is zero.



WRIGGLED LAMELLAR SOLUTIONS 467

The simplicity of A(yg) is more complex. For most a and 7, the minimum ~g°
of 49 is achieved at one m. Then, for sufficiently small €, the mode of A(yg) is the
unique m and A(vg) is a simple eigenvalue.

However, it is possible, for some particular a and 7, that two modes, m and m+1,
both minimize 72,, and thus yg° is achieved by two modes. This does not necessarily
mean that the principal eigenvalue A(yg) has multiplicity two because there is the
effect of the o(e?) order term in (3.7). Nevertheless we cannot exclude the possibility.
Throughout the rest of the paper we impose the following condition which can be
easily tested numerically for given a and 7.

HYPOTHESIS 4.1. The positive 73, ’s defined in (4.2) are minimized at a unique

Being a simple eigenvalue now, A(vg) is continued smoothly to a curve of simple
eigenvalues A(7y) of L, as y varies. A(7y), which is estimated in (3.7), is valid uni-
formly in v when «y varies in a neighborhood (such as [yg/2,2yg]) of 7. Denote the
eigenfunction associated with A(yg) by ¢s(z,y) = ¢p(x) cos(mny), where m from
now on is the unique mode in Hypothesis 4.1. We write up := u., and Lp := L., for
simplicity. Let

(4.3) X :={weW**(D): d,w=00n0D, =0}, Y :={z€L*D): z=0}.

Here X is a dense subspace of Y equipped with the W22 norm; Y is a Hilbert space
with the usual inner product (-, -) inherited from L?(D).
A nonlinear map F': (0,00) x X — Y is defined by

(44) F(y,0) = —€A(uy +w) + fuy +w) = fluy +w) +ey(=A) " (uy +w —a).

Obviously the trivial branch (v, 0) is a solution branch of F(vy,w) = 0. It corresponds
to the K-interface, perfect lamellar solution u~ of (1.2), parameterized by v. We look
for another solution branch, a bifurcating branch, (vy(s),w(s)) of F. It gives another
solution u,(5) + w(s) of (1.2).

THEOREM 4.2. Under Hypothesis 4.1, when € is sufficiently small, at v = ~p
another solution branch (y(s),w(s)) bifurcates from the trivial branch (v,0). Here
w(s) = spp + sg(s), where the parameter s is in a neighborhood of 0 with v(0) = g
and w(0) = 0. Moreover, v : s — ~(s) € R and g : s — g(s) € X are both
continuously differentiable, g satisfies g(s) L pg, and g(0) = 0.

Note that w5 + w(s) is approximately u.(s)(z) 4 s¢p(z) cos(mmy) since g(s) is
a smaller term compared to ¢p(z,y) = ¢p(x) cos(mny). Figure 2(b) is made based
on this observation.

Proof. We appeal to the standard bifurcation from the simple eigenvalue theorem
(see [26, Theorem 13.5, page 173]). Denote the Fréchet derivatives of F' with respect
to v by D; and with respect to w by Dy. We need to verify the following three
properties.

1. DoF(vg,0), which is just Lg : X — Y, has a 1-D kernel spanned by ¢g.
2. R(DyF(vg,0)), the range of Do F(yp,0), has codimension 1.
3. D1 Dy F(yB,0)pp is not in R(D2F(vg,0)).

Property 1 follows from the simplicity of A(y). To prove 2 we claim that there

exists a positive constant ¢(e,yp) depending on € and vp so that

(4.5) [9ll2 < c(e;v8)[ILB]l2 for all ¢ L op, ¢ € X.
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Suppose (4.5) is false. There would exist a sequence ¢, € X, ¥, L ¢B, ||[¢n|l2 = 1 so
that || Lty |l2 — 0. Let 9, — 1, weakly in L?(D). Then v, L ¢p. For every w € X,

(Y, Lpw) = lim (¢, Lpw) = lim (Lth,,w) = 0.

By the self-adjointness of Lg, ¥, € X and L, = 0. Hence ¢, = 0 from property 1.
Rewrite L, as

_€2Awn = _f/(uB)wn + f/(uB)¢7z - €7B(_A)71¢n + LBwn-

Since ||t |l2 = 1 and || Lty ||2 — 0, the right side is bounded in L?(D). The elliptic
regularity theory asserts that 1), is precompact in L?(D). Hence 1, — 0 in L?(D).
This is inconsistent with the fact ||¢,||2 = 1. Hence (4.5) holds.

We now prove 2. by showing R(Lg) = {¢p}*. The self-adjointness of Ly and
1. imply that every ¢ € R(Lg)™* is pp multiplied by a constant. It suffices to show
that R(Lp) is closed. Take w, € R(Lp) so that w, — w, in L*(D). Let ¢, € X,
¥, L pp such that Ly, = w,. Since w, is a Cauchy sequence, by (4.5) 1, is also a
Cauchy sequence. Let 1, — 1, in L?(D). Note that Lp is a closed operator since it
is self-adjoint. Hence 1, € X and Lg¥, = w.. This proves property 2.

To prove 3, note that the linear map D1 Do F(vg,0): X — Y is

du

. )
(4.6) v — f (uB>di;|v:wa = 1 un) bt + €(8)

Since R(Lp) = {¢B} ™, it suffices to show

(D1D2F(v8,0)¢m, ¢B) # 0, ie., / {J‘”(UB)?V |ly=ye ©B + ewB(—A)‘le} #0.
D Y
(4.7)

This fact is established in the next lemma. 0
LEMMA 4.3. When € is sufficiently small,

du -
) G+ en(-8)en b = -

Here 7 is given in (2.2), and c° is in (3.8)—(3.10), a nonzero vector.
Proof.  Note that ¢gp(z,y) = ¢p(x)cos(mny) and (—A) lep(z,y) =
G |¢B](z) cos(mmy). Hence after integrating out the y variable we deduce

du _
/D{f”(UB)dVWH—vaQBJrﬂPB(A) ISDB}

€3|CO|2 2

2
TV 4 o(e¥|c)?) < 0.

278

! d
(1. = [ {57 ) S mon + §Gnlonlon )

By Lemmas 2.4 and 3.2, we find

! 1 d ! 11
/0 7" (up) g by = / 1" (u) ;@hﬁém 6+ ol€”)
1
= [ f"(un) [ D (chj + (T P+ R) | ¢ + o(e’[cf?)
0

J

= | f"(up)(v" P)ot + o(€]c]?).
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We have used the fact that P is odd, and R and H; are even. Hence we arrive at

! 1" du, 2 3 1" -1 2 "2 30 .12
e A = H P | (H')*d
/0 f"(us) dry ly=yu 0B = € /Rf (H)y Ej:ca (H")"dt + o(€”|]")

319124h
= T e,
where the last equation follows after we differentiate the equation for v~ ' P,
b
~(7 )"+ fU(H) (T PY 4 S (7 P) = — 22,

multiply by H’, and integrate: [ f”(H)y 'P(H')?dt = —ab/K. By Lemma 3.2 we
obtain

/OleGm[¢B]¢B:63/Ol ;cjam Pﬂ (;ckhj)ﬂ(eg'cm

=é chcka(xk,:cj) +o(e¥|c]?) = EAI? + o(e3|)?).
gk
Here A is an eigenvalue of the K by K matrix G, (9, a:?) and c” is a corresponding
eigenvector, satisfying lim._.o ¢; = c?.
Hence the right side of (4.8) becomes

3| cP|? ab
A2 31c0P2).
o (A= )+t

To determine the sign of this quantity we recall (3.7):

Am) = | 22 (2= )+ e + ot

But here A(yg) = 0. Hence

This proves the lemma. 1]

Remark 4.4. The proof of Theorem 4.2 does not use the fact that A(yg) is a
principal eigenvalue. The theorem continues to hold if A\(yg) is just a zero, simple
eigenvalue, not necessarily principal. However, the bifurcating solution from a non-
principal eigenvalue is unstable, and hence less interesting to us.

5. Stability of the bifurcating solutions. The eigenvalue A(y) of the trivial
branch u., corresponds to an eigenvalue A (s) of the bifurcating solution w.(s) +w(s).
The sign of A.(s) may be determined from the shape of v(s). Thus we proceed to
compute +/(0) and 4" (0).

Place w(s) = sgp + sg(s) into F(y,w) = 0 and divide by s:

f(u’y(S) + w(s))

24 (U(s)
A (L 4 g + g(s) ) + DL

(5.1) + ey(s)(—A) ™! <W +¢B + g(s)> = const,
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Wriggled, Unstable Wriggled, Stable

Perfect, Stable Perfect, Stable

Unstable Unstable

>y

Fi1Gc. 3. The two possible diagrams of wriggled lamellar solutions bifurcating out of perfect
lamellar solutions. The bifurcating solutions are unstable in the first case (left) where ~"'(0) < 0,
and stable in the second case (right) where " (0) > 0.

where const refers to the term coming from the average of f, which is independent of
(7,y). Here we do not need its exact value. On the other hand, divide (1.2) of u.y)
by s and subtract the result from (5.1):

(5.2)

Fluysy +w(s)) = fuys)

— A +9(s)) + +ey(s)(=A) " (g + g(s)) = const.

Differentiate (5.2) with respect to s and set s = 0 afterwards:
/ / " du'y -1 1 " 2
(5.3) Leg'(0)+7'(0) 1 f (UB)WH:WBWB +e(=A)"¢n o+ 5" (un)pp = const.

Then we multiply (5.3) by ¢p and integrate over D:

) 20 [ {5t + eon-a) ton | = - [ 1)

Clearly the right side of (5.4) is 0 since ¢p(x,y) = ¢p(z) cos(mmy) and integration
with respect to y yields 0. Lemma 4.3 then implies the following.

COROLLARY 5.1. 4/(0) = 0.

Consequently, (5.3) is simplified to

1
(5.5) Lpg'(0) = —§f”(uB)g@%3 +const, ¢'(0) L pp.

The right side of (5.5) is perpendicular to ¢p since the integration of the right side
multiplied by up with respect to y yields 0, so there is a solution of ¢’(0). ¢’(0) L ¢p
follows from g¢(s) L ¢p in Theorem 4.2, so ¢’(0) is uniquely determined.

Corollary 5.1 implies that the bifurcation diagram has the shape of a pitchfork.
There are two possibilities illustrated in Figure 3. To determine which of the two
cases occurs, we need to find 4”(0). Differentiate (5.2) with respect to s twice and set
s = 0 afterwards:
du

Lng"(0) + (0 { " (um) Gt o+ e(-8) o

(5.6) +2f" (ug)esg'(0) + éf’”(uB)cpgfg = const.
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We have used Corollary 5.1 in deriving (5.6). Again we multiply (5.6) by ¢p and
integrate:

’Y”(O)/D{fﬂ(UB)C?,JH—WB‘PQB+€<PB(_A)_1<PB}

6.7 —— [ {erunpa ) + g umet ).

The integral on the left side of (5.7) has been calculated in Lemma 4.3. We now need
to know the right side.
LEMMA 5.2.

- [ {2r ke 0+ 37 )it

2 + cosh(2mm) ~ cosh(2mm(1 — 2:17(;))
8 sinh(2m) 8sinh(2mm)

= —¢€ m’]T’}/BZ

cosh(mm(1 —22%))  3(mm)3r

+ o(e|c|h).

4 sinh(mm) 8B

The proof of Lemma 5.2 is formidable. We have to expand the quantity to the
€% order term, because all the lower order terms up to €* vanish. Our main idea is
to expand up, ¢,2¢'(0) as (---) + €2(- - -) near each interface z; and then show that
the quantity in Lemma 5.2 depends “locally” on these expansions near x;. This is
a very long computation; we do not know if there is a simpler proof. We include
the computation in Appendices B and C. The reader may skip it in a first reading.
Combining Lemmas 4.3 and 5.2 we obtain the following.

COROLLARY 5.3. Ase— 0, e 29"(0) —

2(7]30)2 EK:( 0)4
|O|2mmT €
i=1

cosh(mm(1 — 229)) 3(m7r)37']

2 + cosh(2mm) ~ cosh(2mm(1 — QIE))
8 sinh(2m) 8sinh(2m)

4 sinh(mm) 8v8°

where vg° = lim._.oyg is given in section 4.
Define

K CQ 4
S(a,K) = Zl <|Cg|>

cosh(mm (1 — 229)) 3(m7r)3T] |

2+ cosh(2m7r) COSh(Zmﬂ'(l — 21‘9))
8sinh(2mm) 8 sinh(2m)

5.8 _
(58) - 4 sinh(mm) 8y°
Note that S(a, K) depends on a and K only. It does not depend on 7. Since 7 depends
on the shape of W, S(a, K) is independent of the exact shape of W. Then Corollary
5.3 implies

2 02,02
(5.9) 1ir% e 29"(0) = MS‘(@ K).

mmnT
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THEOREM 5.4. Under Hypothesis 4.1 when € is sufficiently small, the bifurcating
solution u.(s) +w(s) of K wriggled interfaces is stable if S(a, K) > 0 and unstable if
S(a,K) <0.

Proof. We first find A (yg). Differentiate the equation L.¢ = Ay with respect to
v

_ du _
—€2A<Pv+f/(u'y)<ﬂ’v+€’Y(_A) 1807+f”(u'y)d7,;§07+6(_A) 1‘P = A(p»y—&—/\/(’y)(p—l—const.

Set v = yp in the equation, multiply the equation by ¢p, and integrate over D.

d
/D {f”(uB)lew—wBs@% +690B(—A)‘1¢B} = )‘/('VB)/DSDQB'

The left side is calculated in Lemma 4.3. The integral on the right side is

2
/ o = / S cihy | costmmy) dady + ofelef?) = T D7 ¢ + ofelef?).
D D j J

Therefore

e2m2m?

+ o(e?) < 0.
B ( )

(5.10) N(yB) = —

According to Crandall and Rabinowitz [4, Theorem 1.16], who generalize an ear-
lier result of Sattinger [23], near s = 0, A.(s) and —s7y'(s)\ (yg) have the same zeros,
and

(5.11) im0 GNOB)
s—0, Ai(s)#0 )\*(S)

Here A, (s) is the principal eigenvalue of the bifurcating solution w., (s +w(s). Whether

the bifurcating solution is stable depends on whether A.(s) is positive. The theorem

follows from (5.9), (5.10), and (5.11). a

Let us use Theorem 5.4 to work out some examples. The quantity S(a, K) may
be accurately calculated following these numerical steps.

1. Follow the procedure in section 4 to find yg°/7 and m.
2. Make certain that Hypothesis 4.1 is satisfied.

3. Find ¢° from Q corresponding to A of (4.1).

4. Find S(a, K) from (5.8).

Tables 1, 2, and 3 report our numerical calculations based on this method for
the cases a = 1/2, 1/8, and 7/8. In each table the first column is the number of the
interfaces in the perfect lamellar solution ug. The second column gives the value of
m associated with the principal eigenvalue 0 of ug. Note that m does not increase as
fast as K does. The third column has the value of y5°/7. We will explain the fourth
in a moment. The fifth column has the value of S(a, K). The last column indicates
the stability of the bifurcating solution with K wriggled interfaces.

We have deliberately chosen ¢ = 1/8 and a = 7/8 because they are somehow
“symmetric.” With the exception of K = 2, the v8°/7’s are identical in Tables 2
and 3 for the same value of K. Moreover, the S(a, K) values are the same in the
two tables when K is odd. All these symmetries and asymmetries can be explained
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TABLE 1
The stability of the wriggled lamellar solutions that bifurcate from the principal eigenvalues of
the perfect lamellar solutions, when a = 1/2.

[ K[ m ] % | Kopt | S(1/2,K) | Stability
1 1 | 1.2906e+02 2 | 5.7961e-02 Stable
2 2 | 8.6349e+02 3 | 1.4167e-02 Stable
3 3 | 2.7193e+03 4 | 5.4073e-03 Stable
4 3 | 5.3823e+03 5 | 2.5346e-02 Stable
5 3 | 9.7086e+03 6 | 2.8045e-02 Stable
6 4 1.6165e+04 7 1.9801e-02 Stable
7 4 | 2.4091e+04 8 | 2.0216e-02 Stable
8 4 | 3.4492e+04 9 | 1.9435e-02 Stable
9 4 | 4.7728e+04 10 | 1.8273e-02 Stable
10 4 | 6.4156e+04 11 1.7045e-02 Stable
TABLE 2

The stability of the wriggled lamellar solutions that bifurcate from the principal eigenvalues of
the perfect lamellar solutions, when a = 1/8.

[ K[ m ]| 8% | Kopt | S(1/8,K) | Stability
1 [ 3 [ 1.7317e+03 2 [ -3.1473¢-02 | Unstable
2 | 5 | 1.3418e+04 4 [ 2.7118-02 Stable
3 [ 2 [ 1.0218e+04 3 | 6.0136e-02 Stable
4| 3 [ 2.3798e+04 5 | 5.5916e-02 Stable
5 | 3 | 4.3553¢+04 6 | 3.5615¢-02 Stable
6 | 3 | 7.3607e+04 7 | 3.0307¢-02 Stable
7 | 4 | 1.1373¢105 8 | 2.5439¢-02 Stable
8 | 4 | 1.6489¢+05 9 | 2.2622¢-02 Stable
9 [ 4 [ 2.3061e+05 10 | 2.0337e-02 Stable
10 | 4 | 3.1284e+05 11 | 1.8426e-02 Stable
TABLE 3

The stability of the wriggled lamellar solutions that bifurcate from the principal eigenvalues of
the perfect lamellar solutions, when a = 7/8.

K[ m] % [ Kopt | S(7/8,K) | Stability
1] 3] L.7317e+03 2 | -3.1473¢-02 | Unstable
2 | 2 | 3.4949¢+03 2 | 4.9812¢-02 Stable
3| 2 | 1.0218et04 3 | 6.01360-02 Stable
4| 3| 2.3798¢+04 5 | 2.86156-02 Stable
5| 3 | 4.3553e+04 6 | 3.5615e-02 Stable
6 | 3 | 7.3607e+04 7 | 3.0508-02 Stable
7| 4| 1.1373¢+05 S | 2.5439¢-02 Stable
8 | 4 | 1.6489¢+05 9 | 2.26556-02 Stable
9 | 4 | 2.3061e+05 10 | 2.0337e-02 Stable
10 | 4 | 3.1284e+05 11 | 1.84336-02 Stable

from (4.1) for A and the matrix (3.11) of Q. In summary, our problem is invariant
under the reflection u(z) — w(l — x) with respect to z = 1/2, and the exchange
u(z) — 1 —wu(z) of A and B monomers. When K is odd the perfect lamellar solution
u, studied in Table 2 becomes u., in Table 3, and vice versa, after we perform the last
two transformations. However, this is not true when K is even.

There is an interesting relationship between the perfect lamellar solution ug whose
principal eigenvalue is 0 and the 1-D global minimizer. In [15, section 8] it is shown
that the 1-D global minimizer (the global minimizer of I; in Theorem 2.1, also a perfect
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lamellar solution on D after trivial extension), which is one of the 1-D local minimizers,
has the number of interfaces K,,; which minimizes (among positive integers N) TN +
va?b?/(6N?). If we take v = g so that the K-interface, perfect lamellar solution
up has 0 principal eigenvalue, we find the 1-D global minimizer corresponding to vg.
The number of interfaces K+ of this 1-D global minimizer is reported in the fourth
columns in Tables 1, 2, and 3.

It is known [15] that for any «y the 1-D global minimizer sits near the 2-D stability
borderline. But it has not been determined whether the 1-D global minimizer is stable
in 2-D. Now we show that the 1-D global minimizer is stable in two dimensions for
some v and unstable for other ~.

First consider v = «p. Then up is the borderline of 2-D stability. By examining
the formulae (3.7) and (4.1) we find that for each v the principal eigenvalue increases
as K increases. If v = yg and K is the number of the interfaces of ug whose principal
eigenvalue is zero, then Tables 1-3 show that in most cases K,,; = K + 1, and hence
the 1-D global minimizer is stable.

However, in some cases, such as the third row of Table 2, K = K,,;. Then up
is the 1-D global minimizer. Since the principal eigenvalue of up is zero, the linear
stability of up is undetermined. However, if we consider v in a small neighborhood of
B, then u, continues to be the 1-D global minimizer. But Figure 3 shows that when
~ is slightly greater than g the 1-D global minimizer is unstable in two dimensions.

Appendix A. Proof of Lemma 2.4.
We differentiate the 1-D Euler-Lagrange equation in Theorem 2.1 with respect
to v to deduce

du du du
Al —EAN [ 2 ! = _ dly _
(A1) € (dv>—i—f(uny)d,y 77+67G0{d7]+6v 0,
where
du
(A.2) n= ff(uv)fdv'*.

We first show that du,/dy = O(1) so that ¢ defined in (2.8) is of order O(1). By
the periodicity of u, and du,/dy we consider (A.1) in one half period (0,!) where
= 1/K. Decompose

du

(A.3) d—; = B¢o + ¢y, ¢o L by,

where ¢ is the eigenfunction associated with the e order eigenvalue Ay described in
part 2 of Theorem 3.1. Note that A\g is the only small eigenvalue of mode zero now.
In [15, section 4] it was shown that

(A4) ¢o = h1 —h1 + O(e).
Denote the operator on the left side of (A.1) by Ly. Then
Lody = —BLodo — ev = —BAg — ev = O(e| B]) + O(e).
This equation and the fact that ¢g L ¢ imply, as in the proof of Lemma 3.2, that

(A.5) ¢g- = O(€|B]) + Oe).
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We rewrite (A.1) as BLo¢o + Logs = —ev, multiply by ¢o, and integrate to deduce

!
Bollpollz = —6/ voo dx.
0

It follows from (A.4) that

(A.6) p=0(Q),
and (A.5) in turn becomes
(A7) ot = 0(e).

Therefore du,/dy = O(1). We can assume that along a subsequence of ¢, ¢ — c.
After we prove Lemma 2.4 we will find the value of ¢yg. Then ¢ — ¢g along all € — 0.

We now return to the whole interval (0,1) as we prove Lemma 2.4. We first
construct a preliminary approximation p =¢_ j hj. The difference

duy
dry
satisfies
(A.8) _ea () £ (u.) duy Y — s O(e).
dy T\ dy

Together with the fact that

we deduce that

du
A. —L —p= .
(A.9) & P O(e) + O(|nl)
If we multiply (A.8) by a h; and integrate, then
(A10) 1=0(1% sl ) + 00
We conclude from (A.9) and (A.10) that
(A.11) % —p=0(e), n=0(e),
and consequently (recall r = Go[du.,/dv])
(A.12) r = 0(e).

We are now ready to consider the approximation ¢ of du~/dy. In the inner and

matching regions,

—Ag; + [ (uy)g

= —*A(cHj + €R;) + f'(uy)(cH] + €’ R;)

= (f'(uy) = [/(H))Hj — (coPH} f"(H) + t'(25) — ¢) + €(f'(uy) — f'(H))R,

= (c—co) f"(H)PH) — €t (x;) — ¢) + €(f'(uy) — f'(H))R,

= —€*(tv' (z;) — () + o(€?) + €0(e[t])

= (¢ — tv'(x5)) + o(?).
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Therefore, with the help of « € (1/2,1),

(A13) —*Ag; + f'(uy)gy — 1+ eyr + ev = —n + ey + ev(w;) + 2 + o(e?).
In the outer region, the definition of ¢g in (2.16) implies that

(A14) Gy + F ()00 — 1+ 77 + 0 = O(),

because Ag, = O(€) on the outer region.
We now estimate the difference of ¢; and g, on a matching region. First, from
(2.10) we find

Ag; = O(€).
Then (A.13) implies that
f'(uy)g; —n+eyr + eyv = o + o(€?),
where
(A.15) o= —n+eyr(z;) + ev(z;) + €C.
Comparing this to (2.16) we deduce that
(A.16) qj — qo = O(|o]) + o(€?)

on the matching regions (z; — 2¢*,x; — ) and (z; + €%, z; +2¢*). Then we consider
¢ in the matching region. Here by (A.16)

—*Ag+ f'(uy)g —n+eyr + ev

= —€"Ago + f'(uy)go — 1+ €7 + €0+ O(llg; — dolloo)

= —c*Aq + O(lo]) + o(¢?)

= —e?Aq — A(x;(gj — 90)) + O(lo]) + o(€?)

= =0 (@ — 20) + 2XG(¢5 — @) + x5(5 — 6)") + O(lo) + o”)
(A17) = O(lo|) + o(e?).

If we let ¢ = u — ¢, then (A.13), (A.14), and (A.17) imply that

o+ o(e?) in an inner region,
(A.18) —e2Ag+ f'(uy)g =< O(lo|) +o(€?) in a matching region,
O(e®) in the outer region.

We deduce from (A.18) and g(x;) = 0 that
(A.19) g=O0(lo]) + o(é?).

On the other hand, if we multiply (A.18) by H] and integrate, then

/O (£ (y) — F/(H))gH!] dz = €0; + O(e2|o]) + o(e®).

But the integral on the left side is O(€?||g|o0), from which we conclude that
(A.20) o = O(e|lglloo) + o(€?).
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Inserting (A.20) into (A.19) we find that
(A.21) g =o(e?),
proving Lemma 2.4; and substituting (A.21) into (A.20) we deduce that
(A.22) o =o(e?).
Then we deduce
(A.23) n = ev(x;) + o(e).

Because du~/dy =0,

1 0(ad) — o(a) 1 V()
0=§+0€2 26/ J dx—l—c/ hi+o(e) =€ 2 4 oK | +o(e).
=) T , 2 htol) = | gy + el [l
Thus we obtain the value for ¢y in (2.8). d

Appendix B. Expansion of 2g’(0).
In Appendices B and C we use the following simplified notations:

u:=ug, v := Golug—al, v:= B, ¢ = ép, w:= o5, f = f/(H), ' := f"(H), etc.
(B.1)
The vector ¢; in the expansion of ¢ satisfies |c| = 1.

Define a linear operator £ by

(B.2) LU :=U" - f'U,
where U is defined on R. Then

(B.3) LH, =0,
(B.4) LHy = f"HE,
(B5) EHttt = 3f”Htht + f”/H?.

Let u = s + €2p, where s is given in (2.4). Then p satisfies

2
(B.6) e’ — f'p = %[’yeGo[u — a] — const] + €2f//% + O(e*).
€

By Lemma 2.3, as € — 0, p(z; + ) — P in C}

loc

(R), where P satisfies

(B.7) LP =~ (29)t.

J

Note that P(t) is an odd function (and hence P L Hy). It is easy to compute that

(B.8) LP, = ["HP +7(0°) (a7),
(B.9) LPy = (f"Hy)P +2f"H,P;,
(BlO) ﬁPttt = (f/IHt)ttP + 3(fI/Ht)tP + 3f//HtPtto

Recall Lemma 3.2. Set the decomposition

K
(B.11) o(x) = chhj +w, hj L w,

Jj=1
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for the zero principal eigenfunction ¢. w satisfies

W — & (mm)*w — f'(u)w — eYGimlw]
K

| X
(B.12) = —22 [(f — f'(u)h; — € (mm)? Z

k:

We further expand (B.12):

K
i
W' — flw = ch [f"Hip — m>n?Hy) + ; chGm[hj]
=

J

2
(B.13) +yeGmw] + €2 | fpw +m2rw + f chhj % +O(é%).
J

As ¢ — 0, we have w(z; + €) — ¢3Q in C}

i (R) just as in the proof of Lemma 3.2,
where (2 satisfies

(B.14) LQ = f"H;P — (mn)*H; + const, § is even, and Q | H;.
Hence
(B15) ,CQt = fI/HtQ —+ (fI/Ht)tP —+ fI/HtPt — (mw)QHtt.

Finally, we calculate 2¢’(0). Since % = ¢?(x) cos?(mmy), we decompose the
solution of (5.5) into

91(z) n g2(z) cos(2mmy)

(5.16) 29'(0)(zy) = 24 ),

where g; and go are solutions of the following two equations:

g — (W) g1+ f'(w)g1 —evGolgr] = f"(w)¢” — F"(u)$?, ¢1(0) = g1(1) = g1 = 0;
(B.17)

(B.18) €*(g5 — 4m*m?g2) — f'(u)g2 — eyGamlgo] = ["(u)¢?, g5(0) = ga(1) = 0.

Both equations are uniquely solvable, since the eigenvalues of the two operators in
(B.17) and (B.18) are nonzero (the zero eigenvalue is associated with m); i.e., both
operators are invertible.

We write
(B.19) 2/(0) = 1 + o,
where
(B.20) 1 (z,y) Zctht < ) cos?(mmy), g = gj + % cos(2mmy).

Here

x
(B.21) ¢ = ZC?HH (
J

— T
J) + g1, g2 = E ¢ Hyy (
J

— T
J) + g21.
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The equation for gq7 is
€2gllll f’(u)gu — evGolgi1]

= %GO[Htt} + é[f”(u) m 2fNH2 m]

2
YE;
= %GO[HH] + " Hip + 2f”Htcjw + 3 f" Hyp
(B.22)  +¢? [cff“)HQp +02f’”Ht —l-QCJf/”Htpw + f'wW?| + O(e*) + Oy,

where C1 = ¢ 2f"(u)$2,. By (B.15), it is easy to see that

27172
(B.23) _62/ £ ()2, = QZf”H—I-ep) E2 4 (1) = of1).
Similarly, the equation for go; is
gy — 4m*m? g — f'(u)g21 — €yGam[g21]

2
YE;
= 4m27T202-Htt —|— JGQm[Htt] + sz,Npr + QfHHthuJ —|— c?f”Http

(B.24) Af 4>H2p + A HE - 2, " Hipw + f"'w?| + O(eh).

We state the following lemma.

LEMMA B.1. Ase — 0, near x; we have gi1(xj +¢) — (¢})*Gr1, g21 (2 +€) —
2G4, where G11 satisfies
J

LGy = f"H?P +2f"HQ + f"Hy P, Gy is odd
and Go1 satisfies
LGy = f"H2P 4+ 2f"HQ + f"Hy P + (2mn)?Hyy, Goy is odd.

Proof. We only prove the convergence of g;1. The convergence of go; is similar.
To this end, let us decompose

g11 = Zoéj(hj —hj) + Gu + g,
j=1

where gi11 L hj,j5=1,..., K, and fol g11 = 0. The key is to show that a; = o(1).
Simple calculations show that g1, satisfies

K
91y — (W) — eyGolgn] = O | € Z laj| | +o(1).
Jj=1

Since g11 L hj,j=1,...,K, and [ i1 = 0, standard arguments show that

K
(B.25) G11 =0 lajle* | +o(1).
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We multiply (B.22) by h; and integrate over (0, 1) to find
eCh + o /Ol(f' — fl(uw))H? = /Ol[c?f”'pr +2¢; f"Hyw + ¢ f"" Hyp] Hy 4 0(€°)
= /0 1 (€2 f" HEp + ¢ f" Hyp| Hy + 2c; /0 1 LHypw + oe?)
= /O 1 (3 f"" H}p + 3¢, f" Hyp|Hy + o(€®)

1
= / (LHy)p +0(€%) = o(e?).
0
Thus we obtain the first identity
(B.26) C1 + €a; / f'PH? = o(é?).
R

Next, we integrate (B.22) over (0,1) and make use of (B.25) to deduce that

1 1 o
02/0 f/(u)911=/0 f'(u) zj:aj(hj—hj)-i—ﬁu

Thus we obtain the second identity

(B.27) > a;f'(0) = o).
J
Substituting (B.27) into (B.26), we have that
(B.28) Oy = o(€?), aj = o(1),
and hence g1; = o(1). O

Appendix C. Proof of Lemma 5.2.
In this appendix we omit ; most of the time. When c; appears in a quantity,

>_; is usually implied. We use the notation A~ B for A — B = o(€®).
Define a linear operator S by

(C.1) Sipi= AP — f'(u)h + eyA e,
where 1 is a function on D. Recall ¢ and 15 defined in (B.20). Note

Stn = E{(' — ['(w) Huy cos®(mmy) + [ I cos? (mry)
(C.2) —2€%(mm)? Hyy cos(2mmy) + eyA™ (Hy cos? (mmy))},

2
Stipy = Q(mw)Qc?Htt cos(2mmy) — ﬁAfl(Htt cos? (my))
€

2
(C.3) —|—6i2(f"(u)¢2 - c?f”HtQ) cos? (mmy) + i—;(f’(u) — f')Hy; cos® (mmy).

Then
| 1wy ) = [ (sedo)eso)
D D
(C4) :/D(Swl)i/ﬁ +262/D(51/12)¢1+64/D(5¢2)¢2 = L+ I+ I,
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where the last equation defines I, Is, and I3. To prove Lemma 5.2 we compute

(C.5) /f” )$*(29'(0 /f’” )¢t =L+ I+ I3+ = /f”’

We start with I5. From (C.3) we obtain
1
P w4e3(m7r)2c;1»/ Hft/ cos? (my) cos(2mmy)
R 0
—26’)/0?/ (A7 (Hys cos® (mmy))) Hys cos® (mmy)
“Jbp
1
+2ec§/ (f"(u)¢? —c?f”HtQ)Htt/ cos* (mmy)
R 0

+2ec /(f’( ) = ) H;, /1COS4(m7ry)

0

m7r 2 4/ Ht+e7c / (2G0+G2m)[Htt]]j‘/t
360 I 22 3ec; / N
(C.6) + 1 (f (U)¢ ST H] )Htt+74 (f'(u) = f")Hy.
R R

The last two terms in (C.6) are estimated as follows:

T [

3e3

4 Jr

(f'(uw) — f1H},

2
<c?f/”thz + Qij”Htw T 262cjf”/pw + 620370(4)1)2]-]3) Hyy,
3e
4 R

(C 7) 32 / (fNthtp'i_GQf”/HtQth)
R

We substitute (C.7) into (C.6) to obtain

Htt

12%53(m77)2c‘;/ Hft—kevc?/ (2Go + Gom)[Het]— 1
R 0

3630? "1 2 1
I (c;f"H{Hup+ c;f"Hpyp+ 2f" H Hyw)
R

3e5¢? 2
(0.8) + 1 J / <f/,Httw2 + Zij”/Hthtpw+C?(f(4)Ht2Htt + f///tht)pQ> )
R

On the other hand,
1 " 4 1 ! 1" 2 2 N4
3 " (u)p =3 f(H + ¢ p)(cht + €e“w)
D 0
€C; )
~ / f///H4 + / C]f(4)Ht4p + 4f/l/H£3w)

€°C
+?J/ <2fo)H4p +4ij(4)H§pW+6f”/H2 2)
R
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We combine the last with (C.8) to deduce

1 " 4
Ierg/Df (u)

664
~ 8J / f///H;l+€3(m7r)2c?/ thtJrG’yC?/ (2Go + Gom)[Hu) —
R R 0

3.3

€°C;
g | A (PO HE + 6" HE Hyy + 61" H)p + A(f" H + 3" Hy Hyp)w}
R

5.2

€
e / {(6f"'HE + 6" Hu)w? + ¢ (4f D HF + 121" Hy Hy)pw
R

Hy
4

2
©9) +AUVH v o m o )Y .

One term in the integral after e3¢3/8 is simplified using (B.5) and (B.13):
/R (f"H? +3f"H Hyy)w
- /R(LHm)w = / Lw)\Hyy = / {(f ) Hypw + (" — f'(u)w) Hyer }
= / " Hypw + €2 (mm) / Hipw + ey

(C.lO)—i—%/ Gm[Ht]Httt+cj/
0

G []Httt—(mﬂ C]/Hft
0

P2
(fNHthttp + GQfWHthtt) + o(€?).

R 2
Here we have dropped fo W] Hyy = fo m|Hyt]w = o(e). Substituting (C.10) into
(C.9) we deduce
1 " 4
L+ [ ff(u)e
3Jp
ect )2 4 (mm)2c!
~ #/ met4 / Ht2t / Hippw
R
1
Hy H
+evc) / {(QGO + Gam)[Hu] =~ + G| Hi] 2‘“}
0
e3¢t
‘5‘7] / (f(4)Ht4 +6f"H{Hy + 6f"Hf, + Af" HiHyy)p
R
502
+T / {(6 FH? 6" Hy)w? + ¢ (4f D HD + 12" HyHy + Af" Hypt)pw
R

2
(C.11)  +(fOH! +6f Y HE Hy + 4f" HyHyy + 6f’”H§t)p2}.

Next we compute I;. From (C.2) we deduce

3ec e (mm)2ct
Il~7/ fNHQHtt-i-i/ [ f'(w)HE, - 5 j/RHtQt

—l—evcj/D(A_ (Hys cos®(mary))) (Hys cos® (mary))
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366 3e3 4 36504 mm)2cd
/ f”HQH“— / f"Hip — / f”’Hft?f a 2) ! /R H},

H
(C.12) —6’70?/ (2Go + Gam)[Hi] 8tt
0

(C.12) is added to (C.11). The € order terms and the €*(mm)? terms cancel out:

1
I1+1-2+*/fm(u) *
3.Jp

€ (mm)2e3 1 H
~ Q / Htttw + E’YC?/ {(2G() + GQm)[Htt]?tt + G [Ht] bt }
R 0
6364
?ﬂ / (fOH +6f"H2Hyy + 3f"H2 + 4f" HyHyy )p
R
6562-
+?ﬂ {(6 FH? 6" Hyp)w? + cj(4f W HS 12" HyHyy + 4" Hypt)pw
R

2
(C.13) -f—C?(f(E))H;l + 6f(4)Ht2Htt +4f" HyHyy + 3metzt)pQ}-
The integral after 636?/8 is, by (B.6),
/ (fOH! +6f" H>Hyy + 3f"HZ + Af"H;Hyt)p
R
= / (»CHtttt)p = / (ﬁp)Htttt
R R
v P’ v
= */ vHpgpt + €2 [ Hyw— + 0(62) = 6’)// Vg Hyp + € [ Hypw— + 0(62)
¢ Jr R 2 R R 2
2 P2
= —6’}// (H+ 62p— G)Htt +€2/ fHHtttti = €Y HtQ + 62/ fNHtttti + 0(62).
R R 2 R R 2
Hence (C.13) becomes

1
11+I2+*/ f" () *
3.Jp

1 H H
~ e / {(QGO + G2m)[Htt]% + G [Hy =22 }

2
6 m7T 2 3
ry J / H2 /Hmw

6 C
+T / {(6 FH? + 6f" Hyp)w? + c;(4f W HE 412" HyHyy + Af" Hypt ) pw
R

2
(PO H} + 6§D H Hyy + 47" HHoge + 37" Y, + [ Hoe) }

8 2

€ 23
’YJ/H2 /Htttw

2
(C.14) + 680 / { (f"Hy)s? +4cj(f“Ht)ttpw+c§(f”Ht)ttt2;}.
R

=G /1 {(2G0 + G2m)[Htt]@ +Gm [Ht]Ht“}
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Finally, we compute I3. By (C.3) we find

I3 = 64/1)(5¢2)¢2

~ 64{0?/ (c;(f"Hy)ep + 2f" Hyw) cos® (my) (% + % cos(2m7ry))
D

+2(m7r)20?/ Hy; cos(2m) (% + 92& cos(2m7ry))
D

4
5
€

/D(A_l(Htt cos?(mmy))) (% + g% cos(2m7ry)) }

5(,0V4
(C.15) ~ & ()

" " es(mﬂ)Q(C?)Zl
/((f (He)e P+ 2f"HiQ)(2G11 + G21)) + f/ Hy G,
R R

where we have used Lemma B.1. We have dropped the last integral of the second-last
line because it is of order o(¢*). Combining (C.14) and (C.15) we arrive at

1
I1+I2+I3+7/ f///(u) 4
3.Jp

1 H, H,
~ evct / {(2G0+G2m)[Htt]8”+G [H,] 2‘”}

(C.16) WJ/HQ /Htt Ga1 — ()

b (c])

8

+3((f"Hy)eP + 2f”HtQ)F}.

2

/R {6<f”H) O + 4(f"Ht) PQ + (fNHt)ttt%

Here we have introduced

_ 2G11 + Gy

(C.17) .

We simplify the last integral in (C.16). Let
(C.18) O=P+1, T =P;+ V.
Note that by (3.12) and A(yg) = 0,

4(mm)?

(C.19) LTI = (mn)?H, + const, LV = 2f" H,II + Hy.
The integral after ¢(c9)*/8 in (C.16) is
1" P2 " 2 1" " 1"
(f Ht)m7 +6(f"Hy) Py +A(f"Hy)u PPy + 3((f"He)o P+ 2f"H Py) Pyt }
R
(C.20) +/ {4(f" Hy) e PTL+12(f" Hy)¢ PI1 + 6(f" Hy ) IT?
R

+3((fH) P + 2f"H,P)V + 6" HIIU + 6 f”HtHPtt}.
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The first integral in (C.20) is 0 after integration by parts. To calculate the second
integral note, by (B.9),

(C.21)
/R 3((f"Hy)eP +2f"Hy Py)W
= 3L(£Pft)w = S/I:{(E\II)PU = G/I:{f”HtHPtt + 4(m7r)2 AHttPtt?
(C.22)
/ 6" H, 11T
R

2
:6/R(£Ht— (mr)2Hy ) ¥ = 6/R <2f”HtH+ 4(";7” Htt) 1, —6(m7r)2/RHtt\I'
= —6/ (f//Ht)tH2+8(m7r)2/ Htth *6(77171')2/ Htt\I/.

R R R

Substituting (C.21) and (C.22) into the second integral in (C.20) we find, with the
help of (B.10) and (C.19),

(C.23)
(C.20) = / (4(f'Hy)uP + 12(f"H,), P, + 12f" H, Py)TT
R

+4(m7r)2/ HttPtt + 8(m7r)2 / Htth — G(mﬂ')z/ Htt\:[j
R R R
= 4/ (»C-Pttt)]-_-[ + 4(m7r)2/ HttPtt + 8(m7r)2/ Htt]-_-[t — 6(m77)2/ Htt\:[/
R R R R
= 4(']’]’),7'[')2/ HtPttt + 4(m7r)2/ HttPtt + 8(m7r)2 / Htth — 6(m7r)2/ Htt\I/
R R R R

:8(m7r)2/RHtth—6(m7r)2/RHtt\Il.
(C.24)

Substituting (C.24) back into (C.16) we find
1 " 4
h+Dh+L+5 | [Pu)e
3Jp

! 4,4
H H etyed
me’YC?/ {(2(;0+G2m)[1tftt]“Jr(;m[Ht]Qttt}Jrgg/Rm2
0

8

€?(mm)2(9)4 3

(C.25) +(2)(J)/ Hy (GQI —Q + 201, — 2@) .
R
Note that
3
L (G21 — Q + 211 — 2‘~If>

(C.26) =4(mn)?Hy + f"H2P +2f"HQ + f"Hy P

—2f//HtQ — (f//Ht)tP + f”HtH — (m’]T)QHtt
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4 ’H
+2f//HtH + 2(m7r)2Htt - <Z) 2fHHtH - (g) %
= 3(m7r)2Htt.
On the other hand, we may solve the last equation to find
2
Goy — Q + 211, — gxp = 3(";”) tH,

since L(§H,;) = Hy. Hence the last integral in (C.25) is

2 2
[t (60 om, - u) <20 g, - S

Putting this back into (C.25) we deduce
1 " 4

L+L+ I3+ [ f"(u)e
3Jp

1 il H e*vye €5 (mm)?7(c9)*
~ 670?/0 {(2G0 + Ggm)[Htt]% + Gm[Hf] ttt} ’Y / H2 %

(C.27)

We now compute the first term in (C.27). Note that
(028) / GO Htt Htt =€ / H2

since Go[Hy] = (H(=2) =) — H(=2)).

€

Recall that G, is identified with the Green function of
b+ (2mm) 2o = (- —y), G5,,(0,y) = G, (1,y) = 0.

Gom, splits to the fundamental solution part and the regular part:

1
Gom(z,y) = me_zmﬂz_yl — Rom(z,y).

Note that Ra,, is smooth in both variables x and y. We write down Ga,, (2, y) explic-
itly:

cosh(2mn (1 — |z — y|)) + cosh(2mn(1 — z — y)) '

Gom(z,y) = 4dmm sinh(2mmr)

Thus

—2mm|z—y| _

1 cosh(2mn (1 — |z — y|)) + cosh(2mn(1 — z — y))
Rom(,y) = A’ 4mm sinh(2mm) '

We need to compute

(C.29)

0%Ron, I cosh(2mm) — 2mm cosh(2mm (1 — 2y))

Rom,ay(y,y) == 0zdy | sinh(2mm)
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Then we have

GanHu)(@) = | G ) He (y ‘f]’) dy.

By simple computations, we have that

(1-zj)/e
Gom[Hyt|(z; + €t) = e/ Gom(xj +€et,xj + e2)Hy(2) dz
—xj/e
1
(C.30) = E/R [We_Qm“t_zl — Rop(zj +€t,x; + ez)} H..dz + o(eh).

We expand e~ 2m7¢lt=2| to deduce

/ e 2mmelt=2lg  dz = / (1 — 2mmelt — 2| 4+ 2(mme)?|t — 2|® + O(E¥|t — 2[*))H... dz
R R
= —4dmmeH (t) 4 4(mme)*t + O(€?).

Hence (C.30) becomes

(C.31) Gom[Hul(zj +et) = —2H(t) + mmedt — e/ Rom(z; + €t,zj + ez)H,, dz.
R

Next we expand Ry, (x; + €t, z; + €2) so that

1
(C.32) /0 Gom|He|Hy = €3 /RHt2 — mmet — 64R2m,1y(x?,x?) + 0(64).

For the term involving G,,, by integrating by parts we obtain

1 1
/ Gm[Ht]Httt = —/ G?L[Htt}Httv
0 0

where GL[Hy;] is the Green function of
(C:33)  —(Gp)"+ (mm)*G = 8(-—y), Gp(0,9)(0) = G(1,y) =0.

The superscript D emphasizes the Dirichlet boundary condition. Similar to the Neu-
mann boundary case we find

cosh(mz(1 — |z — y|)) — cosh(mn(1 —z —y))

GP = ’
m(®9) 2mm sinh(mm)

RD(z,y) == Le—'rnﬂ'r‘m—yl _ cosh(mm(1 — |z — y|)) — cosh(mn(1 —z —y))
mATEL O 2m sinh(mmr) )

R  (y,y) = d2RD __mm mm cosh(mm) + mm cosh(mm (1 — 2y))
moay ¥ Y) = 0x0dy o 2 2 sinh(mm)
=y
(C.34)

By the same argument leading to (C.32), we arrive at

1 4
e‘mm
(C.35) /0 Go[Hi Hyyy = —€° /RHt2 + 5 + 64R£’Iy($?7$?) + o(eh).
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Substituting (C.28), (C.32), and (C.35) into (C.27), we obtain
1
L+ 1+ I3+ */ F" (w)p?
3Jp

K 5 5 s . \
eymn € € 3e’(mm)*T
~ Z CZ; SR ;}/R2m,xy(x‘?', x?) + 727RD (Qjo xo) — #

. 8 8 m,ay\ i 3
Jj=1
K 0
2 + cosh(2mm) =~ cosh(Zmm(1 — 2z%))
~ 5 Z 0y4 j
Temm = (5) 8sinh(2mm) * 8 sinh(2mm)

cosh(mm(1 —229))  3(mm)?r

4 sinh(mm) 8y

using (C.29) and (C.34) (restoring the >, sign). This completes the proof. 0
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