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SPHERICAL SOLUTIONS TO A NONLOCAL FREE BOUNDARY
PROBLEM FROM DIBLOCK COPOLYMER MORPHOLOGY*

XIAOFENG REN' AND JUNCHENG WEI

Abstract. The I'-limit of the Ohta—Kawasaki density functional theory of diblock copolymers is
a nonlocal free boundary problem. For some values of block composition and the nonlocal interaction,
an equilibrium pattern of many spheres exists in a three-dimensional domain. A subrange of the
parameters is found where the multiple sphere pattern is stable. This stable pattern models the
spherical phase in the diblock copolymer morphology. The spheres are approximately round. They
satisfy an equation that involves their mean curvature and a quantity that depends nonlocally on the
whole pattern. The locations of the spheres are determined via a Green’s function of the domain.
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1. Introduction. A diblock copolymer melt is a soft material, characterized
by fluid-like disorder on the molecular scale and a high degree of order at a longer
length scale. A molecule in a diblock copolymer is a linear subchain of A-monomers
grafted covalently to another subchain of B-monomers. Because of the repulsion
between the unlike monomers, the different type subchains tend to segregate, but
as they are chemically bonded in chain molecules, segregation of subchains cannot
lead to a macroscopic phase separation. Only a local microphase separation occurs:
microdomains rich in A-monomers and microdomains rich in B-monomers emerge as a
result. These microdomains form patterns that are known as morphology phases. Var-
ious phases, including lamellar, cylindrical, spherical, and gyroid, have been observed
in experiments. See Bates and Fredrickson [1] for more on block copolymers.

This paper deals with the spherical phase of the block copolymer morphology
(Figure 1.1, Plot 1). Let a € (0,1) be the block composition fraction which is the
number of the A-monomers divided by the number of all the A- and B-monomers in
a chain molecule. The spherical phase occurs when a is relatively close to 0 (or close
to 1), and the A-monomers (or B-monomers, respectively) form small balls in space.

The model we use here is a nonlocal free boundary problem derived from the
Ohta—Kawasaki density functional theory of diblock copolymers [18]. Let D be
a bounded and sufficiently smooth domain in R? occupied by a diblock copolymer
melt in the spherical phase. Let E be a subset of D where A-monomers concentrate.
Then D\E is the subset where B-monomers concentrate. Denote the part of the
boundary of E that is in D by dpF which is the set of the interfaces separating
the A-rich microdomains from the B-rich microdomains. Denote the Lebesgue mea-
sure of E by |E|. Given a block composition fraction a € (0,1), one has |E| = a|D|.
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1498 XIAOFENG REN AND JUNCHENG WEI

S phase C phase L phase

Fic. 1.1. The spherical, cylindrical, and lamellar morphology phases commonly observed in
diblock copolymer melts. The dark color indicates the concentration of type A monomers, and the
white color indicates the concentration of type B monomers.

Moreover, there exists a number A such that at every point on dpE
(1.1) H(OpE) +~(=A)" (xg —a) = A

Here H(OpFE) is the mean curvature of dp F viewed from E, v is a positive parameter,
and x g is the characteristic function of E, i.e. xg(z) =1ifx € E, and xg(x) =0 if
x € D\E. The expression (—A)~!(xz — a) is the solution v of the problem

—Av=xg—ainD, Od,w=00n0D, T=0,

where the bar over a function is the average of the function over its domain, i.e.,

7= ﬁ/Dv(a:)da:.

Because (—A)~! is a nonlocal operator defined from {q € L?(D) : ¢ = 0} to itself,
the free boundary problem (1.1) is nonlocal.

Equation (1.1) is the Euler-Lagrange equation of the free energy J of the system.
The functional J is given by

(12 IE)=DxelD)+] [ 1-8) Pl - a)fd, Ee.
D

The admissible set ¥ of the functional J is the collection of all measurable subsets of
D of measure a|D| and of finite perimeter, i.e.,

(1.3) Y ={FE C D: E is Lebesgue measurable, |E|=a|D|, xg € BV(D)}.

Here BV (D) is the space of functions of bounded variation on D. In (1.2), |Dxg|(D)
is the perimeter of E. When JF is smooth, this is merely the surface area of dp F.
For a more general F, xg is a BV-function and Dyg is a vector valued finite mea-
sure. We denote the magnitude of this measure by |Dxg| which is a positive, finite
measure. The perimeter of E is defined to be the size of D under this measure. The
operator (—A)~1/2 is the positive square root of (—A)~!.

The main difficulty in (1.1) stems from the nonlocal term. Without it, i.e., if
v =0, (1.1) would just be the equation of constant mean curvature. However with the
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SPHERICAL SOLUTIONS 1499

nonlocal term the curvature of a solution in general is not constant. One exception
occurs in the study of the lamellar phase (Figure 1.1, Plot 3) where interfaces are
parallel planes (Ren and Wei [20, 23]). The solution we are looking for in this paper
is a union of a number of disconnected sets each of which is close to a small round
ball. The solution is hence termed a spherical solution.

Nishiura and Ohnishi [16] formulated the Ohta-Kawasaki theory on a bounded
domain as a singularly perturbed variational problem with a nonlocal term and also
identified the free boundary problem (1.1). Ren and Wei [20] showed that (1.2) is a
T'-limit of the singularly perturbed variational problem. See the last section for more
discussion on the Ohta—Kawasaki theory and I'-convergence.

Since then much work has been done mathematically to these problems. The
lamellar phase (Figure 1.1, Plot 3) is studied by Ren and Wei [20, 22, 23, 27, 28], Fife
and Hilhorst [9], Choksi and Ren [4], Chen and Oshita [2], and Choksi and Sternberg
[6]. The result obtained by Miiller [15] is related to the lamellar phase in the case
a = 1/2, as observed in [16]. Radially symmetric bubble and ring patterns are studied
by Ren and Wei [21, 26, 29]. The gyroid phase is numerically studied by Teramoto and
Nishiura [33]. Triblock copolymers are studied by Ren and Wei [24, 25]. A diblock
copolymer/homopolymer blend is studied by Choksi and Ren [5]. Also, see Ohnishi
et al. [17] and Choksi [3].

The cylindrical phase (Figure 1.1, Plot 2) is studied by Ren and Wei [31, 30], in
which a variant of the Lyapunov—Schmidt reduction procedure is developed to study
a cross section of Figure 1.1, Plot 2. A pattern with a number of approximate small
discs is found which satisfies the two-dimensional version of (1.1). In two dimensions,
OpFE is a union of curves and H(JpFE) is the curvature of the curves.

In this paper we adapt the Lyapunov—Schmidt reduction procedure to three
dimensions to construct spherical solutions. These solutions look like Figure 1.1,
Plot 1. They model the spherical phase of diblock copolymer morphology.

The main results are presented in section 2. Our strategy to prove them consists
of setting up a first approximation (section 3) and through linearization (sections 4
and 5) and fixed point argument (sections 6 and 7) solving a projected version of the
full problem (up to spherical harmonics of order 0 and 1 corresponding to translations
and changes in volume). This reduces the infinite dimensional variational problem to a
finite dimensional minimization problem in centers and radii. After finding a minimum
of the finite dimensional problem, we show that it is indeed an exact solution of the
full problem, using a tricky reparametrization argument (section 8).

Our construction yields, in addition, information on the spectra of linearization,
interpreted as forms of stability-instability.

Compared to the two-dimensional case, the study of the linearized problem is more
involved here. In two dimensions the corresponding linearized problem is analyzed
by the Fourier series method. Here in three dimensions we use spherical harmonics
to diagonalize the linearized operator (see Lemma 5.1). More differences between the
two-dimensional and the three-dimensional cases are given in section 9.

2. Main results. The Green’s function of —A is denoted by G. It is a sum of
two parts:

1

(z,y).

The first part on the right-hand side of (2.1) is the fundamental solution in three
dimensions. The second part is the regular part of G(z,y), denoted by R(x,y). The
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1500 XIAOFENG REN AND JUNCHENG WEI

Green’s function satisfies
(2.2)

—AG(z,y) =6(x —y) —

1 -
Dl in D, 0,)G(x,y) =00n 0D, G(,y)=0VyeD.
Here A, is the Laplacian with respect to the z-variable of G, and v(z) is the outward
normal direction at x € 9D. We set

K K K

(2.3) P&, 6o, €k) = Y R(E &)+ Y, Y, Glér &),

k=1 k=11=1,l#k

for & € D and &, # & if k # I. Because G(z,y) — oo if |t —y| — 0 and R(z,x) — o0
if t — 0D, F admits at least one global minimum.
The average sphere radius is

3a|D|\"/?
2.4 = .
(2.4) o= (or)
The main result of this paper is the following existence theorem.

THEOREM 2.1. Let K > 2 be an integer.
1. For every e > 0 there exists 6 > 0, depending on €, K, and D only, such that if

(255) vp® >3+ e,
2)(2 1
(2.6) N (G )2(”+ s n2vn—osa .
and
(2.7) p <0,

then there exists a solution E of (1.1).

2. The solution E is a union of K approximate balls. The radius of each ball is
close to p.

3. Let the centers of these balls be (1,(a,...,Ck. Then ¢ = (¢1,C2,...,CK) is
close to a global minimum of the function F.

The precise meaning that each component of E is close to a ball of radius p is
given in (8.18). As p (or a) tends to 0, ¢ converges to a global minimum of F', possibly
along a subsequence.

We have opted for a rather general existence theorem. The solution found in the
theorem is not necessarily stable. The stability of the solution depends on how (2.6)
is satisfied.

THEOREM 2.2. If (2.6) is satisfied because

(2.8) vp® — 3(n + 2)2(2n +1) < —en*Vn>2

then the spherical solution is stable. Otherwise if (2.6) is satisfied but

3(n+2)2n+1)
2

and gt 3(n+3)2(2n+3) < i)

(2.9)  en? <vp® —
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SPHERICAL SOLUTIONS 1501

for some n > 2, then the spherical solution is unstable.
When we delete intervals around w, n=23,...,in (2.6), the width of
the intervals, 2en?, grows as n becomes large. At some point an interval will include

nearby members in the sequence w When this happens, yp? cannot be
placed above such w This implies that there exists C'(e) > 0 depending on
€ such that

Cle)
(2.10) v < R

A little computation shows that C/(e) is

_3<6+\/36+186+2> <6+\/36+186+1)
_ — .

o) =3 %

Combining (2.10) with (2.5) we see that p and  are in a somewhat narrow parameter
range

3+e€ C(e)
p3 < <7p3 s

(2.11) p <,

and vp? must stay away from the sequence w, n=2,3,..., in the sense of

(2.6). From (2.11) one sees that p must be small and v be appropriately large.

We may assign a negative gradient flow to J and consider a dynamic counterpart
of (1.1) (see [16]). The condition (2.5) prevents coarsening in such a dynamic process.
By coarsening we mean that some balls become larger and other balls shrink and
disappear.

The gap condition (2.6) controls interface oscillation. Interface oscillation refers to
a phenomenon that oscillations appear on the boundary of a ball. The gap condition
also suggests bifurcations to oscillating solutions. Elsewhere gap conditions have
appeared in constructing layered solutions for singularly perturbed problems. See
Malchiodi and Montenegro [12], del Pino, Kowalczyk, and Wei [8], Pacard and Ritoré
[19], and the references therein.

The solution found in Theorem 2.1 may be unstable because of interface oscilla-
tion. The condition (2.8) in Theorem 2.2 eliminates this possibility. Under (2.8), €
must be no greater than 3, and p and « must satisfy a more stringent requirement

3+e 30 — 4e
<

<

(2.12) p <9, 3 07 .

This means that vp3 must stay to the left of the sequence w, n=273,....

If (2.9) holds, then we have an unstable mode that tends to bring oscillations to the
spheres.

The spheres in the solution we construct are approximately round, with the same
approximate radius. Theorem 2.1, part 3 asserts that the sphere centers must mini-
mize F approximately.

We can even determine the optimal number of balls in a spherical pattern. Because

of (2.11), we write
(2.13) y = +
) o

VS
ol
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1502 XIAOFENG REN AND JUNCHENG WEI

Now a and p are the parameters of the problem. We hold p fixed and make a and
hence p small.

With (2.13) and (2.4) the leading order of the free energy is calculated from the
formula in Lemma 8.1,

2/3 5/3
v (8mp°K 173  3a|D| pdn (3a|D| _
2.14)  4np*K + = = 4xKV3 [ —=— — == K23,
(2.14) dmp K + 5 ( 15 ) i Am * e \ Tan

With respect to K the last quantity is minimized at

|Dlp
2.15 K= —.
( ) 107

Note that the choice (2.15) of K does not violate the condition (2.12), since, with
this K,

L 3|D| 3|D| 10w 30
2.16 . _ _ 30
(2.16) T 'uK47r,03 'u4ﬂ'p3 u|D|  4p3

Equation (2.15) gives the optimal number of spheres in a spherical pattern.

3. Approximate solutions. Throughout the rest of this paper we are given
€ > 0, and v and p satisfy (2.5) and (2.6).

Let Uy be a small neighborhood in D¥ of the set {n : F(n) = mingepx F(€)},
and Us be the set

Uy = {(7"171"2,...,7'[() eRE: r, € ((1 = 82)p, (1 + 62)p),

K 43
3.1 k=1,2,... K, k:aD}
(3.1) 223 D

The constant do is positive, small, and depends on e. It will be fixed later in the
proofs of Lemmas 5.3 and 8.2. Define

(3.2) U= U1 X U2.

Let &1,&9,...,&k be K distinct points in D such that £ = (£1,&,...,¢k) is in
Ui, and r = (r1,72,...,7K) is in Us. Denote the ball centered at & of radius ry by
By,. The union of the By’s is B:

K K
(3.3) B=|JBi=|J{z e R v — &l <m}.

k=1 k=1
With Uy close to {n: F(n) = min.eprx F(k)} and p sufficiently small, the By’s are

all inside D and disjoint.
LEMMA 3.1. When E is B, the left-hand side of (1.1) is

471'7"13
3

1 n r%
Tk v 3

3
+ M%R(‘Ekafk) + G(&k, &) | + O(p)

1%k

at each &, + 0y, where 0, € S% and S? is the unit sphere.
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Proof. At a boundary point & + ri0y of By, the curvature is i

47r7",c

We compute vy = (—A) ™' (x5, — gipf). Define

el ke gl <
Pk(x) = 73 6 2
e f |x*§k‘27ﬂk~
3z—&r]’ !
Then —AP; = xp,. Write vg(z) = Pi(z) + Qk(z,&). Clearly
4773 1
3 Arw|x — &

47rri
3|D| ’

on D, Qx(- &) =

—AQr(x, &) = — Oy (2)Qr(,8k) = —0,

3
From (2.2) we see that Qg (x, &) and 4”37"“ R(z, &) satisfy the same equation and the
same boundary condition, where R is the regular part of the Green’s function G.

Therefore they can differ only by a constant. This constant is Q/(+, &) — 472? R(-, &)-
But 7, = G(+, &) = 0 implies that this constant is

—  Anrd 1 drrd 1
_P, k _ k
S Tr—&] 3 10D
by direct calculation. Hence
477} T o
= R
Qr(z, &) (z,&) + 3 10]D]
and
43 A rd
3.4 =P kR ——k_

Let v=(—=A)"'(xp —a) = >, vi. Then at & + r0;

2 4 3 4 3
06+ a0k = T+ TERE + i) + Y T L G(Ek + e, €)
1£k

K

4T 7}
(3.5) +Z?1O|D|

2

4
=T T ) + Y TG 6) + 0",

1k

The lemma follows from (2.10). d
LEMMA 3.2. The free energy of B s

K v K s 4\ ?
B)=> 4mri + 2{ > { 15k + <3) T}?R(flmfk)}
k=1 k=1
K K KK 47\ 2 r,‘zr;’ rzr?
P3P ( ) " Glek &) *ZZ(:%) (10|D|+10|D|>}'

k=11=1,l#k k=11l=1
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1504 XIAOFENG REN AND JUNCHENG WEI

Proof. The local part of the free energy is just Zle 4mri.
The nonlocal part of the free energy is

/ (=A% (xp —a)|*dx

—ii/ vp(z)de = ii {/Bl Py(z)dx + 5 Qk(x,&c)dx]

There are two possibilities. When [ = k, from the definition of P, we find

5
(3.6) Po(x) dz = SN0k
5 15

For the integral of Q, we have

473 4 rd
(x, &) dr = k / T dxr + ( ) k.
. Qr(z, &) 3 I, R(x, &) 35 ) 10/D]

Since R(z, &) — ﬁ |z — &g |? is harmonic in z, by the mean value theorem for harmonic

functions
R dr = R — &) d — &2 d
- 47r1"2 47 7'2
Hence

8mrd 47\ 2 4r\?% 8
dr = k — SR — ) k.

When [ # k, for x € By, since P is harmonic,

47 7“27"[3
3 10|D|

3
4mry,

/ v dr = P, dx + R(x, §k)dx+(
By By

B,

_Am g 3 4rrd {/ ( 1 2)
+ R(z, - |z - dx
o el N LG L
2 5.3
1 24 4 TRT]
+ g el < (%) o

(4w rir? 4\ ? 4 riry rer?
- ( 3 ) inle, —al  \3 rrP R &) + 1o/p] T 10D )
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Finally the nonlocal part of the free energy is

[ o s =3 [87[;”2 + (‘Z)Qrim,sw]

k=1
O [y
> Zk[(3> 47T|£k£z+<3> rirt Rk, &)

£
K K 2
47 rrd rors
3.8 — k'l ki)
9 #2235 (fomr + 10
The lemma now follows. O

4. Perturbed spheres. We perturb each ball By considered in the last section.
A perturbed ball denoted by Ey, is described by a function ¢y = ¢x(0x), O € S*:

(4.1) By, = {6+ 10 : 0 € S, t € [0,(r] + on(0)) %]}

Each ¢y, is small compared to 73 so that 73 + ¢y (6)) is positive. Each 6y, is identified
by its longitude and latitude (0,1, 0, 2), namely

(4.2) O = (cos b 18inb 2, sinfyq1sinby o, cosbysz).

The ¢y’s satisfy

K
(4.3) > [3 On(0x) doy = 0.

Here the integral is a surface integral over S? and
(44) dﬁk = sin ek,g d9k71d0k72

is the surface element on S?. Hence the total volume inside the perturbed spheres
remains fixed:

K (r3+ 61 (04))1/3
ZIEmI:Z/ / £2 dtdf,
k=1 E /S?J0
3 3
Tk ¢k(9k) 47T7‘k
_ Tio OR\OR) N o N IR D)
zk:/s<3 T k=2 —g =alD

k
The union of the Ey,’s is Ey:

K

(4.5) Ey = U Ey, .
k=1

With these notations B = Ej.
We let 0 = (01,0o,...,0K) and ¢(0) = ($1(01), 2(02), ... ¢k (0K)). To express
surface area in terms of ¢y, first define

2 2

4.6 L(s,p,q.0) = —-1/3 p qf 2,
(4.6) (s,p,q.8) =s 9S1n2ﬂ+9+8
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1506 XIAOFENG REN AND JUNCHENG WEI

and then define

I Oy, ¢ 1 Odr 1 Oy
. L — 0 =r2L(1+ 2 — 0 .
(4 7) k <¢k7 aek,l ) aek’27 k,2> T ( + ];z ) ]% aek,l ; r]:z aek’27 k,2

The surface area of dpEy4 can be expressed as

< - o oy,
4.8 D D) = E L k , 0 db;..
(4.8) ;| XE¢k|( ) 2 /52 k (gzﬁk, D05r" 0rs k72> %

The nonlocal part of J in (1.2) may be written in terms of ¢ as

(49) 3 L8, —aar =3 [ [ Gy oy
Ey JEg

The first variation of J can now be written as

aLk 8Lk 8Lk
4.10) J'(E,) / { + 4 } a9
(4.10) 0)( E o 00k T Bos T Bopg 2] Ok

+Z/ wi, (k)

Z G (& + (r} + ¢r(01))" 20k, y) dy] d.

E¢’
(4.11)

and so on.

Here we have used shorthand notations ¢ 1 = 89kk and ¢p 2 =

From (4.10) we define a second order, quasilinear elliptic operator

1 [0Lg o (0L,
Hi(or) (k) = {&ﬁzsmehz 5‘9“(&;5:1 s1n9k72>

0 oL, .
1 — —_— .
(4.12) P <3¢k,2 sin Hk,g)]

This is just the mean curvature of the perturbed sphere dEy, at &+ (13 +¢x (01)) /20y,
multiplied by % The second part (4.11) of the first variation of J gives rise to a
nonlocal operator

99k
90 2

K
(4.13) 0= 3% /E G(& + (i + 61 (61))' 6k, ) dy.
=1 2]
This is just
2=8) " (e, — )& + O+ 6)1/761),

the nonlocal part of (1.1) at & + (7} 4+ ¢x(6x))'/36, multiplied by 3.
There are two cases in the sum over [ in (4.13); when [ = k we write

3 | Gt O+ 0u(00)) P00, y) dy
E¢k
_7 dy

3 /E% Ar(&g + (1 + o1 (08)) /301 — y

+ %/ R(& + (ri + o (01)) 20k, y) dy
Ed,k
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We denote the last two terms by

_ dy
(4.14) A (0r)(0r) = 3 /E¢k A7|én + (ri + o (01)) /30, — y|’
(4.15) Belon)0) = 3 [ B+ 0k + 6u(00) 00 v) dy,
3 By,
When [ # k in (4.13) we let
(4.16) Cri(dr, d1)(0r) = %/ G (& + (1} + o1(01) 30k, y) dy.
E‘7’l

The left-hand side of (1.1) (multiplied by 1) now becomes

Hie (1) () + Ar(61) (k) + Br(dn) (0x) + D Cra(br, ¢1) (0r)

1k
at & + (17 + ¢r(01)) /30y Let us define

(4.17) S=(5,82,...,8k),

where

(4.18) Si()(0k) = Hk(¢k)(Hk)+u4k(¢k)(Qk)+3k(¢k)(9k)+l;k Cri(dr, &) (Ok)+A(9).

Here A(¢) is a number, independent of k. Tt is given by

K
(4.19) o) = —% |:Hk(¢k) + A(dr) + Br(d) + D Cra(er, ¢l)} :
k=1 £k

The bar over the quantity here stands for the average of the quantity over S?. With
this definition of A,

K
(4.20) Zsk(¢k) =0.
k=1

The operator S maps from

K
(4.21) X{¢(¢1,¢2,...,¢K): ¢ € W2P(S?), k=1,2,... . K, Y ko}

to
K
(4.22) y:{q:(ql,QQ,...,qK): qx € LP(S?), k=1,2,..., K, Zkzo}.

For technical reasons p is assumed to be in the range

(4.23) 2 <p<oo.
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1508 XIAOFENG REN AND JUNCHENG WEI

This guarantees that D¢y is continuous, a fact needed in the proof of Lemma 6.1.
Equation (1.1) now becomes

(4.24) S(¢) =0.
By defining
(425) C= (ClaCQa v 7CK)7 where Ck‘(¢17 ¢2a R d)K) = chl(¢k7 ¢l)7
£k
we write
(4.26) S=H+A+B+C+ X\

In the map S the inputs ¢1, ¢a, ..., ¢ interact only in C and A\. The other operators
can be written in the block matrix form

Hiy 0 ... 0 A0 .0 By 0 ... 0
o |0 M2 0 a0 A0 5|0 B ... 0

0 0 ... Hg 0 0 ... Ag 0 0 ... Bg
(4.27)

where each entry in a matrix is an operator from W?2?(S?) to LP(S?). The scalar
operator A gives the projection —(A(¢), A(¢), ..., A(})) of H(¢) + A(¢) + B(¢) +C(¢)
to the one-dimensional space spanned by (1,1,...,1).

Let us write the first Fréchet derivatives of these operators. For simplicity we
write

8¢k 32¢k auk 82uk

a0, ‘a o i = m, Uk,; = OTM’ Uk, ij = Wkw

i =

Calculations show that

oM L H
(4.28)  Hy.(ow)(ur) = Z “upit Y W:__Uk,ij,
R

, o 1 uk(wk) dwk
Ar(00)(ur) (0r) = /S Ar|(rf + dw(0x)) /30 — (1} + ro(wi)) M/ 3wy

Yuk (k) ((rf + o (0:))" 30 — y) - On
(429 90+ ok (6x))/3 /E% 47TT(7"1?$ + ¢k (00)) /30—yl -
By (6% ) (ur ) (0r)
= % /52 up(wWr)R(&k + (7 + o (06)) 20k, & + () + dr(wi)) Pwy) dwi,
(430)  +—— 2w R(& + (1} + 64(0) /0, 9) - O dy.

- A%
007 + 60 I,

Cra (P, 1) (e, w) (0)

= g/gz w(w)G (& + (g + ou(00) 30, & + (7 + du(wi))Pwy) dwy

Yyuk (Ok)
9(rd + ¢n(0r))%/3

(4.31) + /E VG (& + (r} 4 or(0:) 0k, y) - 0r dy.
@1
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In Ay, Ey, = Ey4, — & is a shift of Ey,. The center of Ey, is 0. The derivative

(432) A/((blvqs?a'"a¢K>(u1au27"'7uK)

is so chosen that

K
(4.33) > Sp(u) =o0.
k=1

5. A linear operator. Let £ be the linearized operator of S at ¢ =0, i.e.,
(5.1) L =S8'(0).

Going back to (4.28), (4.29), (4.30), and (4.31) we find that

1 1 82uk 82uk Buk 2
97“%

H,.(0 =—— 0k 0 | — ——u,
e(0) ) Sn? 0,0 007, 002, O 250, | T 9"

dw ug(Ok)
, o) = 2 [ wlwr)dwp  qun
A0 ) Or) = 50 | Tios —wr] 278

By,(0)(ug)(0) = %/52 up(wi) R(Ek + 110k, E + Trwi) dwi,

yuk(Ok)
9r2

[ YR+ nbw) Oy,

By,

Cr1(0,0) (g, ur) (O) = g/ w(w) G (& + 10k, § + Tiwr) dwy
SZ

%)
+Wk7(2k) / VG (& + 160k, y) - O dy.
9Tk B;

The derivation of A} (0) is explained in more detail in Appendix A.
Let us separate £ to a dominant part £; and a minor part £5. We define £ 4,
the kth component of L1, to be

L1 (u)(0k) = M3, (0) (ur) (61) + Ay (0) (k) (Ok) + 11 (w).

The real valued linear operator l; is independent of k. It is so chosen that £; maps
from X to ). The rest of £ is denoted by L.

We are more interested in the operators IIL and I, where II is the orthogonal
projection operator from ) to

(5.2) Vi={g=(q1,.--yqx) €Y : q. L Hy, g L1, k=1,...,K}.

Here H; is the space of spherical harmonics of degree 1. See, for instance, [10] for
more on spherical harmonics. The operator IIL is defined on

(5.3) Xe={op=(¢1,...,¢K)E€X: ¢ LHy, ¢p L1, kE=1,...,K}.
We use the same II to denote the orthogonal projection from

(54) LQ(SQ) to {Qk: S L2(52) Tqr L Hq, qr L 1}
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1510 XIAOFENG REN AND JUNCHENG WEI

LEmMMA 5.1. Consider I1L1 as an operator from X, to V.. The eigenvalues of
IIL, are

_(=Dn+2) ~y
(5.5) )\k’n_97‘,‘$_9rk[

2(n—1)
AT k=1,2,... K, n=2,3,4,...
3(2n+1)} "

whose multiplicity is 2n + 1. The corresponding eigenvectors are the spherical har-
monics of degree n; i.e., H, is the eigenspace associated with \j, .

Proof. In X,, L1 is simplified to

1 1 aQuk aQuk Ouy, 2ug
c __ t 6 iy
1r(w) 9r} [sin2 Or2 005, 007, ot 00y, ry.
v ug (wi) dwp _ Yyu(Ok)
97y, g2 47T|9k - wk‘ 277y

for each k. This is a diagonalized operator. Note that in X, IIL; = £;. To find the
spectrum of £; in X, we consider the effect of £; on the spherical harmonics h € H,,
of degree n. Since

CO = 2
sin® 0y 002, 007, > 062 S

(5.6)
is the Laplacian—Beltrami operator on the unit sphere,

1 9%h . 0?h
sin? 0, o 89%71 89,%72

+ cot 6, Oh | _ n(n + 1)h.

(5.7) 57| =

In Appendix B we find that

h(w)dw  h(0)
(58) /Sz 4|0 —w|  2n+ 17

Following (5.7) and (5.8) one deduces that

(5.9) L15(h) = [”(7”1)_2+ 7 ( ! —1)]/1

9rd 9y \2n+1 3

This proves the lemma. 0
The second part of £ is minor.
LEMMA 5.2. There exists C > 0 independent of &, r, p, and 7y such that

C
[1£2(w)]|zr < p*QHUIILP

for all u € Y. A similar estimate holds if the two p’s above are replaced by 2.
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Proof. Let Lj ), be the kth component of £,. Then
Lo(u)(0k) = g/ ug (wi) (R(&k + 160k, &k + Tewr) — R(Ek, k) dwi,
52

uy (6
+ 7 () VR(&k + ribi,y) - O dy

9r 2 By
+ Z / (W) (G (& + ik, & + 1iwr) — G(&k, &) dwy
12k
up (k)
+ 27 10) VG(& + bk, y) - O dy
Ik By
+ l2(u)7

where l3(u) is real valued and independent of k. It is included so that La(u) is in Y.
Because

R(&k + 710k, & + Tewr) — R(&k, &) = O(p),
G(&k + 0k, & + riwr) — G(&, &) = O(p),

we obtain that

< Cypllul[Le
Lp

Hg/ ug (i) (R(Ek + 10k, §k + Tiwr) — R(Ek, &k)) dwye
‘ < Cypllug|lre-
Lp

5’2
‘g /32 ul(wl)(G(gk + T‘kﬁk,gl + lel) _ G(fk,fl))dwl

. . 47rr2
Since the volume of By is —*,

< Cypllukl e
Ly

ur (0
”—(Q’“) VR, + 140k, y) - O dy
97"k By

ur (0
1 ’“(3’“) VG(& + 0k, y) - O dy
9Tk B,

< Cypllurl|e-
Lr

The condition

ZLM )(6x) =0

implies that
ll2(u)| < Cypllul|Le-

The lemma then follows, with the help of (2.10). O
LEMMA 5.3.
1. Foru € X,

lullw=» < Cp*||TLLu| Lo

2. The operator I1L is invertible from X, to V..
3. If (2.8) holds,

||UH%/V12 < Cp4<HL'u, u).
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1512 XIAOFENG REN AND JUNCHENG WEI

Proof. From Lemma 5.1 we have

n -+ 2 2vp>
n 32n+1)n

n—1
18rin

[Ak,nl _n—1|n+2 2yr3
n? Iin | n 3(2n+1)n

if 62 in the definition (3.1) of Us is small enough. Then (2.6) implies that

—1 2
Pial  (n=1) _2en O
n? 18rin 3(2n+1) — p*
If we expand uy by spherical harmonics
oo 2n+1
k=YY enibng,
n=2 i=1
where hy;, I =1,...,2n + 1, form an orthonormal basis in H,,, then
oo 2n+1 oo 2n+1
—Agrup =Y > n(n+1)cnthns, Logwe =Y Y MenCnibn:
n=2 [=1 n=2 [=1
Our estimate on | Ak, | shows that
oo 2n+1 oo 2n+1
[Aseugl7e =Y Y nPn+1)%, <CP* Y Y A by = Co®ll Ly punl 7o
n=2 [=1 n=2 [=1
The standard elliptic theory implies that
(5.10) lullw=2 < CllAgzullzz < Cp*|TLL: (u)] 2.

To prove part 1 of Lemma 5.3, we divide II£; into
1
(5.11) NLy g = ——5As2 + My,
9ry
where Ag2 is defined in (5.6), and M = (M1, Ma, ..., M) is defined by (5.11). The
standard elliptic estimate asserts that
lukllwzr < CllAs2url|Le,

which by (5.11) is turned to

HukHWQ‘p < CHQT‘éMku — QT%H;C])[QU”LP
< Cp'(|Maullzr + [TLLy gul o).

One observes that

[ Mul| s

< CII l[r < CII |
S —|U||lLe S —||U||w22
pt pt ’

where the last inequality comes from the Sobolev embedding W?2:2(S?) — W1?(S8?) C
LP(S?) for any p > 1. Hence when p > 2, by (5.10) we deduce that

ukllw2r < Cp*(p~*[ullw22 + ITLLy gul|r)
< Cp (0L gul| 2 + [TL gl Lr)
< Cp4HH£1,kuHLp.
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Lemma 5.2 implies that

C

C c
IMLul|ze = MLy ull e — [TLoul| L > ijUHW?m - ;HUIILP > EIIUIIww

for small p. This proves part 1 of Lemma 5.3.
Part 2 of Lemma 5.3 follows from the Fredholm alternative.
When (2.8) holds,

n=23,...,

)\k’n_n—l(n—i—Q 291} ) n—1 2en C
7

= — >
n? Irin n 32n+1)n 18rin 3(2n+ 1)

if 8 in (3.1) is small. This implies that, with the help of expansion by spherical
harmonics,

oo 2n+1 oo 2n+1
<H£1k(uk ZZ)\knc”l 422 7’L+1
n=2 [=1 n=2 [=1

C C C
:E<_A52ukvuk> = pj(vuk,Vuk> > E||UH%/VL2~

v

Using the estimate of Lemma 5.2 with p replaced by 2, we find that

C c C
(L (w), u) = (L1 (u), u) + (Lo (u), u) > Ellu\lfmz - ﬁlluH%z > EHUH%/VL%

This proves part 3 of Lemma 5.3. ]

6. The second Fréchet derivative.

LEMMA 6.1. Suppose that ||¢|lwer < cp®, where c is sufficiently small. The
following estimates hold:

Lo [H (n) (ur, vr) || e < %||Uk||w2vp||vk||wzm-
2. AL vl < o ol o
3. 1B () (i) |1 < p%||uk||wm||vk||vvl,p.
4. 11C (1 80) () (0, 1) 10 < f(uukuwp+|\uz||W1pm\vk||w1,p+||w||wm>.

C
5. [X(0)(u, v)] < —=|lullw2 [[0]lw2r-

Proof. Note that by taking ¢ small, we keep 7} + ¢, positive, so dEy, is a
perturbed sphere.

The mean curvature operator Hy is elliptic and quasilinear. Its second Fréchet
derivative is calculated from (4.28):

H/I((bka D(bk» D2¢k)(Uk7’l)k)
2

8 Hk; 82Hk 62Hk
¢2 Uk F ; W(bk,i(ukvk’l + uk’zvk Z 8¢k 28¢k,] uk,zvk,J + Ulc,]’l)k,z)
2
O*He 02 H,,
+ —(ugv m—&-u,mv W Vi + WeimUk.i).
lzzl a¢k8¢k,lm( S Pl Tk Hglad’m@sbkzm( ki Uk e lmUk,i)
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It is important to note that because Hj, is quasilinear, i.e., it is linear in D?¢y,, the term

DL TR
k,ij Ukl k,imUk,ij
8¢k ,1J 8¢k¢ lm “ " ey

i,7,l,m=1

is 0 and hence absent in H}/. The Sobolev embedding W7 — L> and ||¢ |lwz» < cp?
for a small ¢ implies that |¢x| < Cp?® and |Dey| < Cp®. From the definition (4.12) of
‘H;, we have the pointwise estimate

(M} (dks Dor, D* br) (wpe, v )|

C (| D? D2 D2
<7(\ | g o k|+\ i |uk|ka+\ k|| Dug | o
p 7" 7"
+ ‘ Uk| + |D2uk| |Uk| + |Duk| |D21}k‘ —+ |D2uk| |ka|) ,
k

when 6, is some distance away from the two poles (where 6 2 = 0 or 1) of S%. Near
the two poles one can use a different parametrization of S? so that the same pointwise
estimate holds. The same Sobolev embedding implies that

C
(6.1) | H5 (@) (ur, vr) || L < ?HWHWZPH%HW%W

This proves part 1 of Lemma 6.1.
We now turn to part 2 of Lemma 6.1. In our estimation of A} and B} we drop
the subscript £ in most quantities. The second Fréchet derivative of A; is calculated

from (4.29):
(%c')(fé)(% v) = A1(8)(u,v) + A2(¢)(u,v) + A3(d)(u,v) + As(d)(u, v) + A5 () (u, v),
where

A(P)(u0) = 10877(7«3 + (;5 NEE / w) dw,

A2(P)(uw.v) = 1087r(r3 + qs NEE /S K(0,w)o(w) dw,

As(9)(u,v) = 10787r K(6,w)-wis i 1(]5‘)}))2/3 dw,

As(9)(u,0) = = 10871:3( ? ¢§(60)))4/3

[ e,
As)0,0) = ey [ a4

Recall that Em in Ay and As is Ey, — &,. The kernel K is

(r® +¢(0))"/%0 — (1 + ¢(w))"/*w
|(r8 4+ ¢(6))1/30 — (13 + ¢(w))Pw]*

(6.3) K,w) =
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Here we encounter a singular integral operator
(6.4) K(u)(0) = K(0, w)u(w) dw.
SQ

A variant of the Calderon—Zygmund estimate [32, Theorem 1] is applicable to this
operator:

C
K(u S —5 ||U||Le
1K ()l 2 [l
for any ¢ € (1,00). In [32] the kernel takes the form K(x — y). To meet this re-

quirement, we can transform (6.4) to an integral on the perturbed sphere Ey, , then
K(6,w) becomes ——4=, where z,y € 0E,, .

lz—y]*?
For ||@|lw2» < cp?® with a small ¢, we consider

AL < 3 146 w0l
=1
For sufficiently large ¢
4@, 0l < e loelze Kl < S loelzelalen < 2l lwe sl
Similarly

c
[[A2(¢) (u, v)[Lr < FHUHWLP”UkHWLP-

Regarding A3 we have, using the Calderon—Zygmund estimate in L” and the Sobolev
embedding theory,

C C
143(9)(w, 0)llr < ZZllwvller < ZZlullwrevllwe.r.

For Ay, the integral

[ O P 3 o) 0 g
P (5 + 6(0) %0 =y

dy

is a convergent improper integral defined by its principal part. It is of order 1 and
uniformly bounded with respect to 6. In the case of ¢ equal to 0, it may be explicitly
computed. (See Appendix C.) Therefore

c C
144(9)(w, 0)llr < ZFllwvller < ZZllullwre fvllwe.r.

For As, because of the mild singularity, we easily find that

[45(¢) (u, v)|

IA

rlllwefolfwas.

Now we have

C
A5 () (uk, o) o < o7 luwllwrel[orllwe.

A
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This proves part 2 of Lemma 6.1.
The kernel R in By, is a smooth function. Calculations from (4.30) show that

By(¢)(u, U)(e)
r3 T ¢ 27(r + ¢(0))2/3 /52 w(w)D1R(E+ (r® + ¢(6))/20, £ + (r® + ¢(w))Pw) - 0 dw

97 r3+¢ 273 + ¢(0))2/3 /s2v R(E+ (3 4+ ¢(0)30,€ + (r® + p(w))3w) - 0 dw

’Y ( (W) r 1/3 7“3 w 1/3w ' "
27 52 (7"3+¢(w))2 —— s DaR(E+ (r° + ¢(0)) /20,6 + (1° + ¢(w))Pw) - 0d
s DIR(&+ (r* + ¢(0))'/20,)0 - 0 dy

27( 7’5 + qS 27(r3 + ¢(6))4/3 By,
2vu(f)v(0)
9))

DiR(€ + (r® + ¢(0))Y/%0,y) - 0 dy,
IO . 1 (9)) )

where D and D, refer to the derivatives of R with respect to its first and second
arguments, respectively. D7 R is the second derivative matrix of R with respect to the
first argument of R. Part 3 of Lemma 6.1 is now proved easily.

The function G is also smooth in C. We restore subscripts in the rest of this
section. Similar to B}, we find from (4.31) that

Cry(Drs d1) (ur, wr) (v, vr) (O
0
- 27(r,§7-fk¢(k(ka)k)>z/3 /S w () DiG(&k + (1 + 61(00))' 00, &
+ (7’13 + (bl(wl))l/?’wl) . 01@ dwl
0 ; )
27(7‘;?5Yl;>(1«(k9)k))2/3 /52 (W) D1G (& + (rf + 1(00)) /00, &
+ (1} + (W) Puwy) - Oy, dwy
o[ _wlw)ulw)
27 Jgo (1} 4 du(wi))?/3
+ (7’13 + (bl(wl))l/gwl) - wy dwy;
yug (O ) vk (Ok)
273 + on(00) 7 ),
2yug (Ox )vr (Ok)
_ 2703 + n(6))7° /¢ Dy

G(& + (17 + o(01) 301, &

TG (& + (1 + on(0k)) 20k, y) 0k - 01, dy

G(& + (3 + ¢1(01)) 20k, y) - Ok dy.

Part 4 of Lemma 6.1 then follows.
Part 5 of Lemma 6.1 follows from parts 1-4 and the fact that

0= Z Sy () (u,v)

—ZH" Or) (uk, vk +ZA” Or) (uk, vk +ZB” Or) (uk, vk)

+ Zc" )+ KX (¢)(u,0). O
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7. Reduction to 4K —1 dimensions. We view S as a nonlinear operator from
X to Y. In this section it will be proved that, for each (¢,7) € U, a ¢(-,&,r) exists
such that (-, £, r) € X, and
(7.1)
Sk(g@) (0x) = Ap1cosOp 1 sin Oy o+ Ag osin 0y, sin 0, o+ Ag 3 cos O o+ Ar, k=1,2,..., K

for some numbers Ay 1, Ax 2, Ak 3, Ar. Note that ¢ is sought in X,. Each ¢ € X,
satisfies

(7.2) 0008 =0, k=12, K,
(7.3) /S2 ¢r(0k) cosby 1 8inb,2df, =0, k=1,2,...,K,
(7.4) /5'2 Gr(0k)sinby 1sinby2dl, =0, k=1,2,...,K,
(7.5) . ¢r(0k)cosby2dl, =0, k=1,2,... K.

The condition (7.2) means that ¢ L Hp, the space of spherical harmonics of degree
0, and the conditions (7.3-7.5) state that ¢ L Hj.
Write (7.1) as

(7.6) IS(p) = 0,

where II is the orthogonal projection operator from ) to V.. In the next section we
will find a particular (£,7), say (¢,s) at which Ag1 = Ago = Aks = A = 0, ie.,
S(e(+,¢,s)) = 0. This means that by finding ¢ we reduce the original problem (1.1)
to a problem of finding a (¢, s) in a 4K — 1 dimensional set U.

Recall £, the linearized operator of S at ¢ = 0. Expand S(¢) as

(7.7) S(¢) = 8(0) + L(¢) + N(¢),
where N is a higher order term defined by (7.7). Turn (7.6) to a fixed point form
(7.8) ¢ = —(I1L) " (TIS(0) + IIN ().

LEMMA 7.1. There exists o = p(0,&,1) such that for every (&,r) € U, ¢(-,&,1) €
X, solves (7.8) and |||lw=.» < cp®, where c is a sufficiently large constant independent

Ofgi r7 p7 and ’y'
Proof. To use the contraction mapping principle, let

(7.9) T(¢) = —(I1L) ' (ILS(0) + LIV (9))
be an operator defined on
(7.10) D(T) ={¢ € Xt [|g]lw=r < cp°},

where the constant c is sufficiently large and will be determined shortly.
Lemma 3.1 shows that

3
L G(e)| +00).

1 rZ Ay
S1(0)(0) ~ MO) = 5+ 3 | 5+ T ER(E6) + 3
I#£k
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Each Sk (0) is sum of a number independent of 6, and a quantity of order O(p). After
we apply the projection operator II the number vanishes and

(7.11) TS (0)[[r = O(p).
By Lemma 5.3 we find
(7.12) I(ILL) IS (0) || w2 < Cp”.
For N (¢) we decompose it into three parts. The first is A} whose kth component is
(7.13) M k(dr) = Hi(dr) — Hi(0) — H3.(0)(¢r)

which is H(¢) minus its linear approximation at 0. Lemma 6.1, part 1, shows that

c
(7.14) N (D)l < ?||¢||3v2,p-

The second part of N, denoted by N2, is A(¢) 4+ B(¢) 4+ C(¢) minus its linear approx-

imation, i.e.,
(7.15) Na(¢) = A(¢)—A(0)—A'(0)(¢)+B(¢)—B(0)~B'(0)(¢)+C(4)—C(0)—C'(0)(¢).
Lemma 6.1, parts 2, 3, and 4, implies that

C
(7.16) IN2(8)[|r < ?Ilaﬁllﬁvm-

The third part of A/, which is denoted by N3, merely gives a constant so that

> Ne(@) =D Nik(@)+ > Nak(@) + KNs(¢) = 0.
k k k

It follows that

(7.17) N3(9)] < %nqﬁu%w,p.

Therefore we deduce, from (7.14), (7.16), (7.17), and with the help of Lemma 5.3, that
(7.18) IN@zr < 51l

(7.19) ) IV (@)l < 16

Using (2.10), (7.12)7 (7.10), and (7.19) we find
||T(¢)||W2p < C’p5 + 002p7 < cp5

if ¢ is sufficiently large and p sufficiently small. Therefore 7 is a map from D(7) into
itself.
Next we show that 7 is a contraction. For A; we note that

Ni(¢1) — Ni(¢2) = H(¢1) — H(p2) — H'(0)(d1 — b2).
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Therefore using Lemma 6.1, part 1, we obtain

[H(p1) — H(p2) — H'(0)(d1 — b2)]| e
< | H (62) (b1 — b2) — H(0)(1 — b2) 1o + %nm P

C C

< ?||¢2||W2vp||¢1 — ¢a2llwzp + ﬁ”% — G232
C

< ?(||¢1||W2’p + [[d2llw2p) |01 — d2llw2.r.

This shows that
C
(7.20) [N1(¢1) — Na(g2)llzr < ﬁ”(bl — Pallwar.

For N3 we note that
No(¢1) — Na(2) = A1) — A(p2) — A'(0)(¢1 — ¢2) + B(1) — B(¢2)
(7.21) —B'(0)(¢1 — ¢2) +C(¢1) — C(¢2) — C'(0)(¢1 — ¢2).
Therefore using Lemma 6.1, part 2, we obtain
[ A(¢1) — A(¢2) — A'(0)(d1 — d2)||2r
C
<A (d2)(1 — ¢2) — A/(0)(d1 — b2)|2r + ?H% — balliyn
C
=7
C
< ?(H¢1||W1«v + [[2llwre)lo1 — dallwrr.

C
lp2llwrelldr — d2llwir + ﬁ||¢1 — dallfyie

Similarly using Lemma 6.1, parts 3 and 4, we deduce

C

1B(¢1) = B(¢2) = B'(0)(¢1 = ¢2)llr < = (I$1llwre + [ d2llwr) 61 = d2llwre

[C(p1) = Clb2) = C'(0)(p1 — d2)llzr < = (lPrllwre + [|D2llwre)lldr — Pallwre.

QR

From (7.21) we conclude that

[Na(h1) — Na(g2)llzr < %(HQSIHW“’ +l[p2llwre) 1 — d2llwrr
(7.22) < 1= ol
We also have
(7.23) IV (62) = Na(@)lur < 5511 — dalwar.

Hence, following (7.20), (7.22), and (7.23), we find that

I7(61) = T(62) lwes
(124) = |(IL) TN (9) — (L) TN (82) lw= < Coll6n — allw,

i.e., that 7 is a contraction map if p is sufficiently small. A fixed point ¢ exists. 0
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Since ¢ satisfies ||¢||w2» < cp®, by taking p small we see that 77 + ¢, remains
positive. 0E,, is a perturbed sphere.
Denote §'(y) by £. We derive a lemma for £ similar to Lemma 5.3.
LEMMA 7.2. Let II be the same projection operator from X to Xi.
1. There exists C > 0 such that for all u € X,

lullwzs < Cp*|[TLL(w)]| -
2. If (2.8) holds, then
lullfyr2 < CpM(IL(w), ).

Proof. By Lemma 5.3, part 1, Lemma 6.1, and the fact |¢|wz» = O(p®), we
deduce that

L (u) | Lo 2 ITL(w)l| o = ITL(L = £)(w)| 2o

C C

> —llullwar = =llellw2ellulw2e
p* P’
C C C

v

pT;Hu”W“’ - ;Hullwm > EHUIIWM

when p is small. This proves part 1 of Lemma 7.2.
Write £ =H'(¢) + A'(¢) + B'(¢) + C'(p) + N (). Then, according to (4.7),

) 2Ly, > 92L, 2. 9L
(Hy(or) (ur), ur) = | 9p2 + 22 8%(% A UkUk,i + Z 06,100 A Uk,iUk,j |dO,
2 k,i 7 \J

and a similar expression holds if we replace ¢ and ¢y ; by 0 in the last formula.
With ||o|lwz» = O(p®), calculations show that

(5 (x) — i (0))ug, )|

oL 02 Li (0
/S( al:;fk)_ &zi())u%d@k

(62Lk pr)  9°Ly(0)
OprOPr: OOy

/ (82Lk (pk) 82Lk(0)
Ik i00r;  Ody i8¢k,j

<

) U Ug,; Aoy,

+Z

i,j=1

) uk’iuk’j d@k

C c C
(7.25) < EHUHiﬁrp ||UI|L2HDUHL2+ ||DU||L2 = ngUH%/VL?-

Next we estimate (A} (¢x) — A;(O))ukHLz and revisit A). Arguing as in the
proof of Lemma 6.1, part 2, we deduce that

C
1A% () (e, o) [ 2 < 7 llwllwzfoellws.e.

This implies that in this lemma

C c
1(AL () — A (0))ugllz2 < FCPSHUICHWL? < ﬁllukllww
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Simpler arguments show that

/ / O i ! C
(B, () — By, (0))ukl[z2 < ?HWHWL% [(C(p) = C(0)ull L= < p7||u||W1>2-
We obtain that
/ / ! ! / ! C
(7.26) [(A(¢) + B'(¢) +C'(¢) — A(0) = B'(0) = C"(0))ul|rz < ;HUIlwm

If (2.8) holds, we combine Lemma 5.3, part 3, (7.25), and (7.26) to deduce that

. < C C c
(ML (u), u) = (ML (w), u) + (L = L)u,u) > ;lluH%vm - p*gHUIlgvm > ;lluH%vm

proving the second part. ]
One consequence of Lemma 7.2, part 1, is an estimate of %.
sJ

LEMMA 7.3. The fized point ¢ satisfies H%ﬁ” =0(pY, Il = 1,2,..., K,
j=1,2,3.

Proof. We prove this lemma by the implicit function theorem. Fix I € {1,
2,...,K} and j € {1,2,3}. Differentiating IIS(y) with respect to & ; we find that,

fork=1,2,...,K,if k=1, then

OMS(e) _ iy, < dp ) i

W2p

0815 &1, 3
y / [3R(€l + (1 + 0u(6))20,,y) n OR(& + (r} + ¢1(6:))' /301, y) dy
EW 637j Gyj
3 1/3
+ ZHZ/ OG(& + (7 +¢u(01)) /"6, y) dy.
m#l Eom Oz
and if k # [,
OISy () ~ ( dp ) 7/ OG(& + (r} + ©i(0:))30k,y)
—— =1IL + 11— dy.
9615 “\og, 3 JE,, Iy; ’
Here R = R(x,y) and G = G(z,y). It is clear that
1/ [8}3(5; + (1} + u(61))1%0,,y)
ELPL 8.17]
3 1/3
+ 8R(§l + (Tl “g@l(el)) alvy):| dy _ O('ng),
Yj Lp
3 1/3 ‘
%/ aG(§l+(Tl g@l(gl» elay) dy :O(’YPS),
E Lj
om Lp
3 1/3
1/ OG (& + (1} + %(91@)) Ok, y) awll = om
3 E#’z 6yj I
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Therefore

IS () 5 ( d¢
— L =TI
04,4 &1

where [|[W||L» = O(vp?) = O(1).
On the other hand

)

OIS (p)

= ()7
0815
since IIS(p) = 0.
By Lemma 7.2 we deduce that
H ¢ < Cp*o(1) < Cpt. 0
agl»j W2.p

8. Solving the reduced problem. We now turn to solve S(¢) = 0.
LEMMA 8.1. J(E,) = J(B) + O(p°). More explicitly

K ol A 47\ ?
s =S amrt+ 3 |2+ () rince. 6]
k=1

T i XK: (g)QTIPQT?G(fk,fz)} +0(p°).

Here J(E,) = J(Ey(.¢r) can be considered as a function of (§,r).
Proof. Expanding J(E,) yields

B1) B = I+ L [ Sc0pndn+ > [ £lrond+ 0.

The error term O(p®) in (8.1) is obtained in the same way that (7.18) is derived.
On the other hand IIS(y) = 0 implies that

T(Sk(0) + Li(v) + Ni(p)) =0,

where A is given in (7.7) and estimated in (7.18). We multiply the last equation by
k and integrate to derive

ScO)puddi+ [ Llononds = O
52 52
We can now rewrite (8.1) as

HE) = 1B)+ 53 [ Si0)ew i+ 0.
k

Note that Sk (0) is the sum of a number independent of 05 and a quantity of order
p by Lemma 3.1. Since ¢y, satisfies (7.2), the inner product of the number and ¢y, is
zero, and hence

Sk(O)ka df = O(pﬁ).
§2
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Therefore

i 9 i 8mry 4\ 6
J(E¢):Z47rrk+§ > g ) rRRE &)
k=1

P
+2K: XK: (4:;)27"1@7"1 G(&k, &)

k=11=1,I#k
K K 2
477) ( rirp rery > } 6
+ - + + O(p°)
35 (iaibi* i
K K 5 2
vy 8mr am
=> 4w} + 2{ > [ 15’“ + (3> T;ER(Sk,fk)]
k=1 k=1
K K A\ 2
+ Z Z <3) e (5k,fl)} O(p°)
k=11=1,I#k
This proves the lemma. a

LEMMA 8.2. When p is sufficiently small, J(Ey(. ¢ ) is minimized at some
&r)=1(,8) €U. Asp — 0, s = (1,1,...,1), and ¢ — (o along a subsequence
where (o € Uy is a global minimum of F.

Proof. Let us rescale the problem with

T ~ 2 _
R = ;’ J(§7R) = wJ(EW(';ﬁ,T)% (g’R) 6 (]1 X UQ,

where

K
Uy = {(R1,R2,...7RK)Z 1—69 < R <1+ 69, ZR?’ ZK}
k=1
is a scaled version of Us. Note that by (2.5) and Lemma 8.1 that

K

K
8 7TR
R) = — g k
Rl k=

2 K
+P<4;) ZRk (&k> k) +ZZRSR3 (& &) | +0(p%).
k=

k=1 £k

Again by (2.5) we may assume that along a subsequence
8T 8T

8.2 — = by < —

(82) s B+em

P’
Let (¢,S) be the global minimum of .J on the closure of U; x U,. Here S =
Let (¢,S) — (Co,S0) along a subsequence as p tends to 0. First we claim that

, as p— 0.

@b\m
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So = (1,1,...,1). Suppose this is false, i.e., Sop # (1,1,...,1). Then as p tends to 0,

8

8152 81.S?
Trpgk _zk: Tk —|—O(p)
—>zk:b0+zk:§§—zk:bosg)k—zk: 15’

Because of (8.2) and the constraint Y, S5, = K, it is easy to show that the last
line is negative if 82 in (3.1) is small enough, depending on €. For, under (8.2), the
function

8T
7 — baz2/3 1 ST 5/3
— b + 15
is convex when z is near 1. The last assertion then follows from the Jensen’s inequality,
when z takes values S&k. This is a contradiction to that ({,.S) is a minimum of J.

Next we claim that (y minimizes F' in U;. Suppose this is false. Let n be a
minimum of F' in U;. Then F(n) < F((p). Consider

9 K
1 (4?;) (J(n,S)—J(,9)) = ZSSR k> Mk +ZZSkSl (M, 1)
k=1

P k= 1l;ék
K
= " SER(Gry Gr) — ZZSkSl (Cry G1) + O(p?)
k=1 k=1 l#k

— F(n) = F(G) < 0, as p—0,

another contradiction to that (¢, S) minimizes .J. Note that (¢,S) € U; x Us when p
is small, since (o, So) € Uy x Us. 0O

We show that (-, ¢, s) is an exact solution of (1.1) in the next two lemmas. The
first shows that Ay =01in (7.1) at { = and r = s.

LEMMA 8.3. At & = ( and r = s, Sp(p(-,(,5))(0k) = Ag1cosby1sinby o +
Ak,g sin 9k71 sin 0k72 + Ak,g CcOos 0k,2-

Proof. At each (§,7) € U, let

(8.3) Pk =T} Gk = Si-

Calculations show that

8(pl + (,01)
8pk Z g2 Sl )}T do,
0 o
N /S [Sk(#) = M) (1 - ‘p’“) dor + > / [Si( )]a;i oy

£k
= / (Ak,l coS 6‘]6’1 sin 9}€72 + Ak’g sin 9;671 sin 9]“2 + Ak$3 coSs 9]9’2
52

+ A — M) <1 + a“”’“) 6,

Opy
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+ Z / (Al71 CcOos 9l71 sin 9172 + Al72 sin 9171 sin 91,2 + Al,g CcOos 91,2
1k V52
A= M) 22 ap,
Opk
= 4w Ay — 47\ (p).

Here we have used the facts that

0
e L cosf1sinb; 2, sind;1sinb; 2, cosb o, 1
Pk
which follow from ¢ € X,.
On the other hand at the minimum p = ¢ and £ = ¢ with respect to p, we must
have

8J(E<P) | —
pr E=Cp=q — M
for all k =1,2,..., K. Here p is a Lagrange multiplier coming from the constraint

i _ 3a|D)
Pk = 747r .
k=1

Therefore we deduce that

1
A = i + A

which is independent of k. By (4.20) we derive that Zszl A = 0, and then we

conclude that each A; must be 0. 0

Next we show that Ay 1, Ak, and Ay 3 in (7.1) are 0 at {£ = ¢ and r = s. The
proof uses a tricky reparametrization technique.

LEMMA 8.4. At =C andr =s, S(o(-,(,s)) =0.

Proof. To simplify notations in this proof, we do not explicitly indicate the depen-
dence of p on r, i.e., we write ¢(-,§) instead of ¢(-, &, 7). For each & = (§k.1,8k.2:Ek.3)
near (; we reparametrize Op E,, (.¢)- Let (i be the center of new polar coordinates,
73 41y, the new radius cube, and 7, the new angle. A point on OpE,, (. ¢) is described

as (x + (r,‘z + ¢k)1/377k. It is related to the old polar coordinates via

(8:4) Co + (ri + )P = & + (r) + 1) /20,

In the new coordinates E,, becomes Ey, . It is viewed as a perturbation of the ball
centered at (i with radius ri. The perturbation is described by 1 which is a function
of m and &.

The main effect of the new coordinates is to “freeze” the center. The center of
the new polar system is ( which is fixed while the center of the old polar system is
&, which varies in D.

We now consider the derivative of J(E,(.¢)) = J(Ey.¢)) with respect to &. On
one hand, at { = and r = s,

J(Ey(.¢))
Ok,

since ¢ is a minimum.

0J(Eyp(.0) ‘
lemg = 20 =0, j=1,2,3,

(8.5) Der s
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On the other hand calculations show that

0(Eyie) 20
(8.6) s Z &) m)5— dm.

agk},j

We emphasize that (8.6) is obtained under the reparametrized coordinates, in which
the dependence of J(Ey . ¢)) on  is reflected only in the dependence of ¢ on §. Had
we calculated in the original coordinates, & would have appeared also in the nonlocal
part of J through R(&§ + -+ ,§+ ) and G(§ + -+ ,& + -+ ). The result would
have been very different from (8.6). See the proof of Lemma 7.3 which involves
differentiation with respect to £ in the original coordinates. In the derivation of (8.6)
we have used the fact that Y-, [, ¢y diy = 0 which implies that Y-, [ fg—f’j dn; = 0,

so that )7, [ A(w)aagffj dm; = 0, where A\(¢)) is part of

Si(¢) = Hu() + Au(@) + Bi(¢) + Ci(¢) + A(¥),

and we can reach the right-hand side of (8.6).

The expression S(¢) is invariant under reparametrization, i.e.,

(8.7) Si(e(+,€))(01) = Si(v(+,€)) (m)-

Now we return to the original coordinate system and integrate with respect to 6; in
(8.6). Then

sin ;2
sin 9172

(88) (9] Ew( 5) Z (91)31/%(771(9175)75) ‘8(771,177%,2) d@l

Ok O, 0(01,1,6: 2)

There are two cases: | = k and [ # k. We start with the first case. Recall that
¥y and 1y are defined implicitly as functions of 8 and & by (8.4). Let us agree that

Y = Yr(nk, &) is a function of ng and . Set Wy, (O, &) = Yr (N (O, §), ). To simplify
notations let us set

(8.9) 9=+ T3, = +ex)"/%
Implicit differentiation shows that, with the help of Lemmas 7.1 and 7.3,

Mk, Ok, Ok, Onk,l 0Nk
0051 00y 2 CI3E k2 Ok,

g2 Onrz2  OMr2 Ok Ok N
(8'10) 9051 00 2 CI3E I3 k3 =—-M"N,

Oy, OV, OV, oV, oV,
901 2 Ok I3 k3
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where
: : COS Nk, 1 Sin Nk 2 -1
g STk 1 SIN Nk 2 —gCOSTE,1 COSTNE,2  —— 352
-1 _ . . sinng 1 sinng 2
M™" = —gcosnsinngz —gsinngi cosmng, T 32
: COS Nk,2
0 gsinny o — e
sin ny,1 _ COSMk,1 0
g g
1 . . . .o
= — | __ COSMNk,1 COSNk,2 SN Nk 2 _ SinmNg,1 COSNk,2 SIN Nk, 2 SIN” Nk,2
sin g, 2 g g g

—3g° cos Mk, 1 sin? Mk,2 —3g°sin M, 1 sin? Mk,2 —3g° cos Mk,2 SIN T 2
and N = [N;;] is a 3 by 5 matrix given by

cosB,1sin b2 Opy

N =
H 32 905 1

- g sin 9k71 sin 9k12,

cos O,1 sin by o Aoy, cos Oy,1 sin by o Opy,

Nig = — + gcos By, 1 cosb Ni3=1+ —
12 392 39k,2 g k,1 k,25 13 3g2 851@,1’
cos 0.1 sin by o Opy, cos 0.1 sin by o Opy,
Ny = = , Nis = ~
3g 8§k,2 39 8§1€,3
sin g 1 sinf 2 Opy N .
= — 2 + gcos B 1sinf
21 352 9051 g k,1 k,2)
sin @y 1 sin 6 o Oy L.
Noy = — : + gsinfy 1 cos by o,
22 352 89k72 g k,1 k,2
sinfy 1 sin 6 2 O sin @y, 1 sin 6 2 O
Nays = k,1~2 k2 0Pk . Nay=1+ k71~2 k,2 0Pk ’
3g 08k 3g O0k2
Sin9k71 Sinek—,Q (9<pk COS@kQ 8<pk
Nos = — s Nsi=——= ;
39 O3 39% 00k
coslro Opr . . cos Oy 2 Opp,
30 = —=5" —gsinfi 2, Niz=—=" ,
392 002 392 Ok
cos O o Opyi cos Ok o Opg
N3y = ——~ ;o Nas=1+—7- .
39% Ok 392 Ok
We write N as
- ~ . gcos Oy 1 cosby o 1 9
—gsinf 1 I 2 Sin O 2 O(p2 O(p2
+O(p3) +O(p3k)'2 +O(p2) (P ) (p )
. ~ gsin @y 1 cos O o 1
Sln9k72 gcos Oy 1 QT O(p? Sin 6y o O(p2
+0(p?) +o(p?5)'2 (°%) +0(p?) )
0O(p® - O(p® O(p> O(p> O(p>
_sin(gky)g -9+ Sil’l(gk,)g sin((gky)Q sin<gk?2 sin ékyg + sin<gk?2_
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At € = (, we have n = 0 and ¥ = . Multiplying M~ and N we deduce that (8.10)
becomes
(8.11)

O O — g +0() S 10(p) 0(p)

O 1ro(p?) EERLENIE Lo, SROMLERIER 4o, TR 4o

O(p°) O(p®) 392 cos O,,1 8in 0 2+O0(p*) 3¢ sin by 1 sin Oy 2+0(p*) 392 cos O 2+0(p*)
when & = (.

We have found from (8.11) that at £ = (,

(8.12) (6\I/k oV, 0V

; , _c =3rif, + O(p*).
O&k,1 Ok 2 5&,3) le=¢ Kk (v

To compute ggﬁ’“_ , we invert 7y, = Nk (€, 0) to express 0y = Ok (nk, £). Then
»J

OUi _ OV 0V 00k | OV 0Ok
Ok; Ok 00k O&k;  00ko Ok

At € = ¢, since, by (8.11),

(313) e = O(")
aok,m
and
001 001 0O Ok OMea -1 Ok Ok Onea
08k 1 08k 2 08,3 00k,1 00k 2 O&k,1 Ok  Ok3
002 0Ok 002 OMk,2 Ok Onk,2  OMe2  One2
Ok 1 k2 k.3 e=¢ 901 90 2 I3 2 k.3
1
o)
S1 Vg 2

we deduce that

o) 4
) eee = 3020+ 200 (4 1 1),

8.15
( ) sin 0y 2

( oY, OYr Oy
Ok Op2’ Ok3

The second case [ # k is similar, for which we omit the details of our computation.
At £ = (, we have

(8.16)

0 0 0 O(p*
( W O Oy > e = (r) (1,1,1).

O’ Ok’ Or3 sinf o
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Following (8.15), (8.16), and the fact that \%| —¢c = 14 0(p?), we find
that (8.8) becomes

OJ(Ey.
(a;(@)k_c/ Si(p )(3TkC089k1Sln9k2
k,1 52
O(p* Olp*
) > d9k+2/ si0) 2 g,
s1n9k,2 1%k S2 Sln9172
OJ(Ey.
W| _ :/ Sk(p )(3rksln9k1bln9k2
k,2
O(p* 0
+ .(p)>d0k+z Si(y) 2 )del,
sin 6 o 1% o 52 sin 0,2
0T (Ey. !
Mkz( :/ Sk(p) (37"k cos O 2 + O(p ) ) dbx
O3 52 in O

+ Z/ sm 91 9 dal

Now we combine (7.1), (8.5), and the above to derive that at £ = ¢ and r = s,

0(/)4)
in 6y o

Ak / cos 8, 1 sin b o <3rk cos O, 1 sin b, o + > dby + Ak720(p4)
52

+Ars0(p") + Y A1 0(p* +ZA120 )+ As0(pt

£k £k £k
A . . 2 . . O(p4)
Ap10(p*) + Ak 2 sin @y 1 sinfy o | 37y sinfy 1 sin by 2 + — dos
’ S2 ' ’ ’ ’ sSin Hk 2
+A;30(p +ZA110 +ZA12O +ZA13O =
1#£k 1#£k £k
4 4 2 0(04)
Ak,lO(p ) + Ak,QO(p ) + Ak’3 Ccos 9]@’2 37"k cos ek’g + T doy,
52 k2
+D A0 + ) A0(ph) + > As0(pt) =
£k £k £k
Writing the system in matrix form
[47r? 0 0 0 ... 0 0 ] (A1 ] [0 ]
0 4rr? 0 0 0 0 A1 0
0 0 4m2 0 ... 0 0 A3 0
(8.17) . +O(p4) =
0 0 0 0 e 471'7‘%( 0 AK)Q 0
0 0 0 0 ... 0 471'7"%_ | Ak 3] 10 |
we deduce, since (8.17) is nonsingular when p is small, that Ay, = A2 =
A3 =0. 1]

The existence part of Theorem 2.1 follows from Lemma 8.4. The centers (j
and radii s, of the spheres are found in Lemma 8.2. In Lemma 7.1 we see that
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llollwz» < cp®, which implies that the radius of a sphere is approximately

(8.18) (57 4+ o (01)Y/? = s + O(“’ZW = s + O(p®).

By Lemma 8.2, ¢ is close to a minimum of F' and s is close to p. The formula in
Lemma 8.1 gives the free energy of our solution.

In Theorem 2.2, a solution is termed stable if it is a local minimizer of J in the
space

3
U x {¢ = (¢1,...,0K): |p*+ okl > %7 P € WH2(S?),
(8.19) on L1, ép L Hi, k:1,2,...7K}.

The condition [p® + ¢p| > % ensures that J is well defined in this space. Un-

der the condition (2.8), Lemma 7.2, part 2, shows that each ¢(-,&,r) we found in
Lemma 7.1 locally minimizes J, with fixed (§,7) € U, in {¢ : |p® + ¢x| > §7 or €
W12(S?), ¢ L1, ¢ L Hy}. On the other hand ¢(-, ¢, s) minimizes J(E,(. ¢ ,)) with
respect to £ and r. Hence ¢(+, (, s) is a local minimizer of J in (8.19).

If (2.9) holds, then we can find one eigenvalue Ag , of £;, Lemma 5.1, for some
n € {2,3,...} such that

C C
e < o (Li(ern), ern) < —;Hek,nllivm,

where ey, ,, is an eigenvector corresponding to Ay ,. By Lemma 5.2, the last inequality
implies that

C
(L(ekn), ern) < *ijek,nH%vm-
Then by Lemma 6.1, parts 2, 3, and 4, and (7.25) in the proof of Lemma 7.2,

5 C
(L(er.n), exn) < —pj\\ek,nl\%vm-

Therefore the solution is unstable.

9. Discussion. The functional (1.2) is derived as a I-limit of the free energy
functional in the Ohta—Kawasaki theory of diblock copolymers in [20]. Ohta and
Kawasaki use a function v on D to describe the density of A-monomers and 1 — u to
describe the density of B-monomers. The free energy of a diblock copolymer is

2
(9.1) I(u) = / [2Du|2 + W(u) + %|(—A)_1/2(u —a)|?| du,
D
where u is in
(9.2) {ue HYD) :7 = a}.
The ¢ in (9.1) is not to be confused with the e that has appeared in this paper. The

function W is a balanced double-well potential such as W(u) = $u*(1 — u)?. There
are three positive parameters in (9.1): ¢, o, and a, where ¢ is small and a is in (0, 1).
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These three-dimensionless parameters are related to several physical parameters
of a diblock copolymer system. See [29] for the precise relationships between the
dimensionless parameters here and the physical parameters.

If we take o to be of order ¢, i.e., by setting

(9.3) o=c¢vy

for some ~ independent of ¢, then as € tends to 0, the limiting problem of eI turns
out to be

(0.4 IE) = riDxel(D) + ] [ 1-2) (e - ) do
D

which is the same as the J in (1.2) except for the additional constant 7 here. This
constant is known as the surface tension and is given by

(9.5) T:/O \2W (q) dg.

The functional (9.4) is defined on the same admissible set ¥, (1.3). In this paper we
have taken 7 = 1 without loss of generality.

The theory of T'-convergence was developed by De Giorgi [7], Modica and Mortola
[14], Modica [13], and Kohn and Sternberg [11]. It was proved that e =11 I'-converges
to J in the following sense.

PROPOSITION 9.1 (see Ren and Wei [20]).

1. For every family {u.} of functions in (9.2) satisfying lim._ou. = xg in
13(D),

liminfe ' I(u.) > J(E).
2. For every E in X, there exists a family {u.} of functions in (9.2) such that
lim. o u. = xg in L?(D), and

limsupe '1(u.) < J(E).
e—0

The relationship between I and J becomes more clear when a result of Kohn and
Sternberg [11] was used to show the following.

PROPOSITION 9.2 (see Ren and Wei [20]). Let § > 0 and E € ¥ be such that
J(E) < J(F) for all xp € Bs(xg) with F # E, where Bs(xg) is the open ball of
radius & centered at xg in L?(D). Then there exists g > 0 such that for all ¢ < &g
there exists u. € Bsa(xE) with I(u:) < I(u) for all w € Bsja(xp). In addition
lime o [|ue — xBllL2(p) = 0.

The existence of a stable solution . ¢ 5) to (1.1) in the sense of Theorem 2.1 does
not quite imply the existence of a local minimizer, close to xg, ., in L?(D), of I.
One must show that E,. ¢ ) is a strict local minimizer in the sense of Proposition 9.2.
This issue requires more study.

Our work is the first mathematically rigorous confirmation of the spherical phase
of diblock copolymer morphology. This phase, depicted in Figure 1.1, plot 1, has
been observed in experiments for some time [1]. Our earlier work [31, 30] in two
dimensions gave a mathematical proof of the existence of the cylindrical phase of
diblock copolymer morphology; see Figure 1.1, plot 2. The results obtained here are
analogous to the ones obtained in [30], but there are some notable differences.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1532 XIAOFENG REN AND JUNCHENG WEI

In two dimensions we studied a cross section of the cylindrical phase and con-
structed a stable solution which is a union of many small, approximate discs under
the condition that

1+e 12 — 4e
p>log - P
Here p is the average disc radius defined by p = %. Note that the two bounds for

v in (9.6) are of different orders. Recall that in three dimensions we have (2.12), i.e.,

3+e 30 — 4e
<7<

9.7 :
(9.7) 5 <7 =

where the two bounds are of the same order. In experiments it is more likely to see
the cylindrical phase than the spherical phase (see [1]). The different bounds in (9.6)
and (9.7) appear to offer an explanation.

In (8.18) we have proved that the perturbed “radius” is

(9-8) (53 + or(0)) " = s+ 0(0°).

In other words the deviation of the “radius” of a perturbed ball from an exact ball is
of the order O(p?®). However, in two dimensions the corresponding quantity is

(9.9) (st + r(00)"/? = 51, + O(p?),

a fact found after the proof of [30, Theorem 2.1]. The approximate balls in the spher-
ical solution found here are more round than the approximate discs in the cylindrical
solution found in [30].

Appendix A. We drop the subscript & in this appendix. The derivative of A at
0 has two terms according to (4.29). The first is

Y U C)
Oy Jg2 4m|0 — w|

The second is

7%(9)/ O0—y)-0

Y
e JB(0) 47|60 — y|?
for which we calculate the integral. Here B;(0) is the unit ball. This integral is

independent of § € S? so without loss of generality we assume that § = (0,0, 1). Write
y = (rcosp,rsinp,ys) in the cylindrical coordinates. Then the integral becomes

/ <0y>-0dy1/1 /2”/v1y§ (1—ys)rdrdpdys 1
By (0) 4|0 —y|? dr J 1 Jo o [(1—ys3)? +r232 3

Appendix B. The integral operator

(B.1) h(o) — /S hw) dw

2 \07w|
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acts on spherical harmonics h € H,, in a simple way. Here H,, is the space of spherical
harmonics of degree n on S2. In general one has

(B.2) /S B(0 - w)h(w) dw = an (B)A(0),
where
(B.3) an(®) = 2 / "B () Pu(t)

See, for instance, [10, Theorem 3.4.1]. Here P, is the nth Legendre polynomial. In
our case

1 1
0w Vil o
so we take
1
B.4 ®D(t) = .
(3.4) 0= =5

The classical representation of Legendre polynomials in terms of generating func-
tions [10, Formula 3.3.39]

(B.5) ', rte(=1,1)

P
(1+r2 2rt)1/2 Z

n=0

1 1
P,(t)dt 5 2r"
— [ P2(t)dt =
/,1 Atr2_2r)t2 " /,1 b dt =5

where the orthogonality of the Legendre polynomials is used [10, Formula 3.3.16]:

shows that

1
/ P, (t)Py(t)dt = 25’””.
—1 2’[’7, —|— 1

By sending » — 1 we find that

4
B. D) = .
(B.6) an(®) 2n+1
Appendix C. Here we calculate the improper integral
0—yl?—3(1—-6-y)?
(C.1) / 10— y[> = 3( - y) .
B1(0) 10—yl

where By (0) is the unit ball centered at 0. This integral is independent of 6 € S2. We
take § = (0,0,1). Let z = (0,0,1) — y and set z = (rcosp,rsinp, z3) in cylindrical
coordinates. Then

—yl2=3(1—-6-v)2
/ 0 —yl°=31-0-y) dy
B1(0)

0 —y[?
2 _
:/ Md
B1(0,0,1) |2[°
Vi=(-z)% r2m (r? + 22) — 322 87r
3 3 _°or
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