SIAM J. MATH. ANAL. (© 2003 Society for Industrial and Applied Mathematics
Vol. 35, No. 1, pp. 1-32

ON THE SPECTRA OF THREE-DIMENSIONAL LAMELLAR
SOLUTIONS OF THE DIBLOCK COPOLYMER PROBLEM*
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Abstract. One-dimensional free energy local minimizers are viewed as three-dimensional lamel-
lar-type critical points in a box. To determine whether they model the lamellar phase of diblock
copolymers in the strong segregation region, we analyze their spectra. We obtain the asymptotic
expansions of their eigenvalues and eigenfunctions. Consequently we find that they are stable, i.e.,
are local minimizers in space, only if they have sufficiently many interfaces. Interestingly the one-
dimensional global minimizer is near the borderline of three-dimensional stability.
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1. Introduction. In a diblock copolymer melt a molecule is a linear chain con-
sisting of two subchains grafted covalently to each other. The first subchain has N4
type A monomer units, and the second subchain has Np type B monomer units. In
polymer systems even a weak repulsion between unlike monomers A and B induces a
strong repulsion between subchains. With many chain molecules in a polymer melt
the different type subchains tend to segregate below some critical temperature, but
as they are chemically bonded in chain molecules, even a complete segregation of
subchains cannot lead to a macroscopic phase separation. Only a local microphase
separation occurs: microdomains rich in A and B are formed. These microdomains
form morphological patterns/phases in a larger scale. The commonly observed phases
include the spherical, cylindrical, and lamellar, depicted in Figure 1.

We consider a scenario in which a diblock copolymer melt is placed in a domain
D and maintained at fixed temperature. D is scaled to have unit volume in space.
Let a = Na/(Na+ Ng) € (0,1) be the relative number of the A monomers in a chain
molecule. Similarly b = Np/(Na+Npg), so a+b = 1. The relative A monomer density
field u is an order parameter. u = 1 stands for high concentration of A monomers.
The melt is incompressible so the relative B monomer density is 1 — u, and u ~ 0
stands for high concentration of B monomers.

Ohta and Kawasaki [10] introduced an equilibrium theory in which the free energy
of the system is a functional of the relative A monomer density:

62 g
(1) rw = [ I+ S0 2o+ we |

defined in X, = {u € W%(D) : @ = a}, where 1 := ﬁ [ u is the average of u on
D. The original formula in [10] is given for the whole space. The expression here on
a bounded domain D first appeared in Nishiura and Ohnishi [8].
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Fic. 1. The spherical, cylindrical, and lamellar morphology phases commonly observed in
diblock copolymer melts. The dark color indicates the concentration of type A monomer, and the
white color indicates the concentration of type B monomer.
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FI1G. 2. The graphs of W and f = W'.

e and o are positive dimensionless parameters that depend on various physical
quantities such as N4, Np, the average distance between two adjacent monomers
in a chain, the interaction between monomers, the temperature, and the size of the
sample. In the strong segregation region where morphology patterns form, € is very
small. The size of ¢ in this paper is chosen to be of order ¢; i.e., there is a fixed
positive constant v so that ¢ = ey. This particular parameter range is realized if we
take the sample size to be of the (N4 + Np)?/? order.!

The local function W is smooth and has the shape of a double well, as depicted
in Figure 2. It has the global minimum value 0 at two numbers: 0 and 1. To avoid
unnecessary technical difficulties we assume that W(p) = W (1 — p). The two global
minimum points are nondegenerate, i.e., W”(0) = W”(1) # 0. A simple example is
W(u) = 3((u—3)* - 1)

The most mathematically interesting part in equation (1.1) is the nonlocal term
(=A)~Y2(u — a) in the integrand. Let (—A)~'(u — a) be the solution v of

—Av=u—ain D, J,v=00ndD, T=0,
where 0,v is the outward normal derivative of v. (—A)~/2 in [ is the square root
of the positive operator (—A)~! from {w € L*(D) : w = 0} to itself. If we let

ISee Choksi and Ren [3] for more on these parameters.
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Fic. 3. A ome-dimensional local minimizer u with K = 6. The regions where u is close to 1
are microdomains with high concentration of A monomers, and the regions where u is close to 0 are
microdomains with high concentration of B monomers.

v = (—=A)"Y(u — a), then an often more useful formula is
€ 2, &7 2
I(u) :/ {|Vu| + — |V +W(u)}
512 2

= W'(u) as in Figure 2. For the particular W(u) = i((u -2 i)Q,
flw) =u(u— %)(u —1). The Euler-Lagrange equation of [ is

(1.2) —Au+ ey(=A) Y u—a) + fu) — flu) =0, dyu=0ondD.
The term W is equal to the Lagrange multiplier corresponding to the constraint
u = a.

It is proved in Ren and Wei [13] using the I'-limit theory that when D = (0,1)
for any positive integer K there exists a local minimizer u with K interfaces and
K + 1 microdomains if € is small enough.? An example of u with K = 6 is shown
in Figure 3. w is close to 0 in three regions and close to 1 in four regions. These
regions are separated by sharp interfaces. That such u is energetically favored is not
too difficult to explain. Note that the W term in I likes to have © =~ 0 or u ~ 1. The
gradient term penalizes oscillation of u, but since it has a small coefficient it tolerates
a number of sharp interfaces. The best profile for the nonlocal term is u = a. But this
is impossible due to the presence of the W term and the fact 0 < a < 1. The second

2See Theorem 2.1.
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best profile for the nonlocal term is for u to have wild oscillation about a. When all
the three terms are present in I, a compromise must be reached, and v as in Figure
3 emerges as a local minimizer.

Now we place such a one-dimensional (1-D) local minimizer in a three-dimensional
(3-D) box through trivial extension. The extended u becomes a 3-D critical point of
1, i.e., a solution of (1.2). We ask whether this u is a good model of the lamellar
phase depicted in plot 3 of Figure 1. In general a morphology phase must be at
least metastable in the sense that it is described by a local minimizer of I in space.
Such a 3-D local minimizer is also called a stable solution of (1.2). We take D =
(0,1) x (0,1) x (0,1) and study the spectrum of u, i.e., the second variation of I at
u. The linearized operator at u is

L(¢) = —A¢ + ey(=L) o + f'(w)d — f'(u)9,

(1.3) d,6 = 0on 0D, ¢€ W**(D), ¢=0.

This is an unbounded self-adjoint operator defined densely on {¢ € L?(D) : ¢ = 0}
whose spectrum consists of eigenvalues only.

We will obtain detailed information on the spectrum of u when € is small. In
particular we will find the asymptotic expansions of the important eigenvalues of
small absolute values in terms of e. We will also derive asymptotic expansions of the
corresponding eigenfunctions. The analysis in this paper culminates in the following
theorem.

THEOREM 1.1. The eigenvalues X of L are classified into Ay, by m = (mq,ma),
which is a pair of nonnegative integers. The following three statements hold when €
is sufficiently small:

1. There exists M(K), depending on K but not €, so that when |m| := \/m3 + m3
> M(K), Am > C€? for some C > 0 independent of e.
2. When m = (0,0), there are K small positive X\ gys. One of them is of

order € whose only eigenfunction is approzimately 3 (h;(x) —hj). The other

K — 1 Xo,0)s are of order €2. Their only eigenfunctions are approzimately

> c?—hj (x) for some vectors c satisfying > c? = 0. The remaining A,0ys
are positive and bounded below by a positive constant independent of €.

3. When m # (0,0) and |m| < M(K), there are K \,s of order €2, which
are not necessarily positive, whose only eigenfunctions are approximately
> Ahj(x) cos(mymyr) cos(mamyz).  The remaining An's are positive and
bounded below by a positive constant independent of €. Only when K is suf-
ficiently large or v is sufficiently small are all the eigenvalues of L positive
and u stable.

Here a point in D is denoted by (x,y1,y2), where z is in the direction perpendic-
ular to the interfaces of a lamellar phase, the up direction in plot 3, Figure 1. The
functions h; are defined in (3.5), and the ¢ vectors are given in sections 5 and 7. The
A(0,0) eigenvalues are just the eigenvalues in the 1-D problem. That they are positive,
as noted in statement 2, is consistent with the fact that u is a 1-D local minimizer.

The most exciting discovery is apparently statement 3. The presence of the \,,’s
there is a 3-D phenomenon. A 1-D local minimizer is not necessarily a local minimizer
in three dimensions. Not all 1-D local minimizers may be used to model the lamellar
phase of diblock copolymers. Only the ones with sufficiently many interfaces, or in
other words with sufficiently thin microdomains, are suitable candidates.

Of particular interest is the 1-D global minimizer, which is one of the 1-D local
)

minimizers with K =~ ( , where 7 is a positive number specified in (2.7). Since
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its energy is lower than that of any other 1-D local minimizer, it is thermodynamically
more preferred. But if it were unstable in three dimensions, then the lamellar phase
would only be a transient metastable phase. Thermal fluctuation would eventually
destroy any metastable lamellar phase. It turns out that the 1-D global minimizer
has a delicate spectral property. It actually lies near the borderline of the stability of
lamellar solutions.?

The stability of a solution of (1.2) may also be defined by a dynamic problem.
As observed in [8] one may consider negative gradient flows of I in various function
spaces. The simplest one is probably

(1.4) uy = €Au—ey(=A)"Hu—a) — f(u)+ f(u), dyu=0ondD x (0,00).

A physically more realistic dynamic model is the Cahn—Hilliard-like [1] fourth order
problem:

(1.5) uy = A(—EAu+ey(=A) Y u—a)+ f(u)), 0,Au=d,u=0on dD x (0, 00).

The stability of steady states of (1.4) or (1.5) agrees with our static stability definition
that a stable solution of (1.2) is a local minimizer of I.

Some preliminary work is done in section 2. We derive inner and outer asymptotic
expansions of the lamellar solution u in a rigorous way. The first statement of the
theorem is proved in section 3, the second in sections 4 and 5, and the third in sections
6 and 7. In the last section we discuss the spectrum of the 1-D global minimizer.

To avoid clumsy notation a quantity’s dependence on € is usually suppressed. For
example, we write u, the lamellar solution, instead of u.. On the other hand we often
emphasize a quantity’s independence of € with a superscript 0. For example, the limit
of a lamellar solution u as € — 0 is denoted by u°. In estimates, C is always a positive
constant independent of e. Its value may vary from line to line. The shorthand e.s.
stands for a quantity that is exponentially small, i.e., equals O(e~¢/¢). The L? inner
product is denoted by (:,-) and the L? norm by | - ||,.

References on the mathematical aspects of the block copolymer theory include, in
addition to the ones cited already, Ohnishi et al. [9], Choksi [2], Fife and Hilhorst [4],
Henry [6], and Ren and Wei [11, 14] on diblock copolymers. On triblock copolymers
we refer to Ren and Wei [15, 16].

2. The lamellar solution u. The lamellar solutions we consider in this paper
were constructed in [13] by the T-limit theory.
THEOREM 2.1 (Ren and Wei [13]). In 1-D for each positive integer K the func-

tional
L) e? fau\? €y a2\ "2 ?

in {u € WH2(0,1) : © = a} has a local minimizer u near u°, under the L* norm,
when € is sufficiently small. It satisfies the Fuler—Lagrange equation

+ W) p dx

—eu" + f(u) — f(u) + eyGolu —a] =0, ' (0) =u'(1) =0

3This phenomenon compares well with the marginal stability, observed in Muratov [7], of the
corresponding 1-D global minimizer in the I'-limit.
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and the properties

1
liH(l) |u—ullla =0 and liH(l) e (u) =TK + %/ |(v%)| .
€— €— 0

0

Here u” is a step function defined to be

uo(:v) =1on (O,x?), 0 on (x(l),xg)7 1on (xg,xg), 0 on (xg,xg), 1 on (x?l,xg),...

with (recall b=1—a)

24+a
K b

1+

3+0b o 4+a
P 5

0 __
= g

0_ 0 _ 0 _
Ty = Lo = T3 =

a
K )
v = Go[u® — a]. Gy is the solution operator of —v” = g, v'(0) = v'(1) = 0, v = 0.
The constant 7 is positive and defined in (2.7).

There is another K-interface lamellar solution whose limiting value as € — 0 is 0
instead of 1 on the first interval (0,b/K). This solution has the same properties as u
does, so we focus on u, the solution of the first type, only.

Remark 2.2. This second solution is just 1 — %, where @ is a solution of the first
type, but with & = 1 — a.

In this section we learn more about u. In particular u is periodic.

THEOREM 2.3. When € is small, for every xz € (0,1/K),

u(@:u(;_:ﬁ):u(H;)=u<;‘;_x):u<x+;‘;>:...

[ u(l-2) if K is even,
T w@+ 52 if K s odd.

Moreover when € is small, u is the unique local minimizer of I in an L? neighborhood
of u’. If u on ((j —1)/K,j/K) for some j = 1,2,...,K is scaled to a function on
(0,1), then it is exactly a one-layer local minimizer of (2.1) with € and ~ replaced by
E=¢K and 7= v/K3.

The nuts and bolts needed to prove this theorem are available in [11]. We give the
proof in Appendix A, so the reader may skip it first in order to focus on the spectral
properties of u in the following sections.

For that purpose we need asymptotic expansions of u in terms of e. By Lemma
A1l in Appendix A there exist exactly K points z;, j =1,2,..., K, in (0,1) so that
u(z;) = 1/2. These K points identify the interfaces of u. Theorem 2.3 implies that
Lo = % — 1, T3 = % — g, Ty = % — x3, etc. The first approximation of u is

w(x):H(_ac—;q)+H<x—6x2>+H(_x—€x3) e

n H(**K£) if K is even,
H(-*£) -1 if K is odd.

(2.2)

Here H is the heteroclinic solution of
—H"+ f(H)=0, H(-c<)=0, H()=1, H(0)=1/2.

In the case W(u) = %((u — 1) — 1)2, it is explicitly known that H(t) =
t

(1/2)(tanhﬁ 1). H(t) converges to 1 as t — oo (and to 0 as t — —00) expo-

nentially fast. Also H'(t) and H"(t) decay to 0 exponentially fast as t — +oo. H,
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or H(—), gives the profile of interfaces between the microdomains of u. At every
T # :c?, j=1,2,...,K, lim_qw(z) = u’(x).
Next we define

(2.3) (z) = - 700)
Let us compute
(a— 1z on (0,z9),
ole—%)  on(ahad),
- e =) @ DR on )
’ a(z —2) on (z9,z9),
(a—1)(z—4) on(al,aD),

If we integrate (v°)" over an interval (zJ_,, ), we get 0. So v°(z}) is independent of
4, and the definition of 2° makes sense. Note that 2° is independent of e.

LEMMA 2.4. Let z be defined by u = w + ez. Then ||z — 2°||oc = O().

Proof. Combine Lemma A.3 in Appendix A and Theorem 2.3. 0

LEMMA 2.5. There exists a constant C > 0 independent of € so that |e 'z(x; +
et)] < C(1+]t]) for allt € (=L, 1_%) e 12(z;+€) converges to P in C? (—o0, 00),

where P(t) is the solution of

—P"+ f(H)P = —y(@°)(z)t, P LH

in (—00,00).

There are two different P’s depending on whether j is odd or even. But they just
differ by a sign, and it is always easy to tell from the context which one is referred
to. Once j is given, there exists a unique P since the right side of its equation is
perpendicular to the kernel H’.

Proof. Without the loss of generality we assume that j is even. Define Z(¢t) =
z(z; + et). Lemma 2.4 implies Z = O(1) and hence, with the help of Lemma A 4,
f(u) = O(e). From the 1-D Euler-Lagrange equation in Theorem 2.1, which u satis-
fies, we find the equation for Z:

~Z" + f(H)Z + O() Z* + 4Golu — a] — ¢ ' f(u) = 0.

From this equation we also have Z” = O(1) and Z’ = O(1). Multiply the equation
by H' and integrate. Set v(z) = Gplu — a](x). Then

(1-a5)/e
es. = / (—Z"H' + f(H)ZH')dt

—xj/e
(1—zj)/e
= / (=0(6)Z% — yv(zj +et) + € f(u))H'dt
—:C]'/E

= —vv(z;) + e fu) + O(e).
Hence yv(z;) — e f(u) = O(e) and yv(z) — ' f(u) = O(e) + O(e)t. The equation
for Z is now simplified to

—Z" + f'(H)Z + O(e) + O(e)t = 0.
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Ase— 0, Z — cH' in C} (-0, 00) for some c. But Z(0) =e.s. implies ¢ = 0 since
H'(0) # 0. Therefore Z — 0 in C? _(—00, 00).
Next we study e 'Z, whose equation is written as

—(€2)" + f/(H) (e Z2) +0(1)Z2 +ve tv — e 2f(u) = 0.

We again multiply by H’ and integrate:

(1—m;)/€
e.s. = / (—e'Z'"H' + f'(H)e ' ZH') dt
—xj/e

(1-z;)/e
= / (—0(1)Z? —ve to(zj +et) + € 2f(u)H' dt

£j/€
(1-z;)/e
= [ 0MZ —ae ulay) — v (et + O(OF + T H'
—x; /€
= —ye v(w;) + € f(u) +o(1),
where we have used the facts that Z — 0 locally and f_(lxjfe’ VLl dt =e.s. Hence

ve~tv(z;) — e 2 f(u) = o(1), which simplifies the equation for e~ Z to
(2.5) —(e'2)"+ f(H)(e ' Z) + O(1) 2% + vv'(z)t + O(e)t* + o(1) = 0.

Next we show that |e71Z(¢)| < C(1 + |t|). Without the loss of generality we
consider ¢t > 0. Let e 1Z(t) = (1 + t)R(t), where R satisfies

2R’

—_R'-_"_
1+¢

+f'(H)R+O(1) =0 in (0, ! —:;) R(0)=es., R <1 _”““J’) =0(1).

€
Suppose that R = O(1) is invalid. We let R = R/||R||~, which satisfies

2R’

R
1+t

. R (1= s
+ f'(H)R+0(1) =0, R(0)=es., R ( x3> = o(1).
€
From this equation we see that |ﬁ| must attain its maximum value 1 in a bounded
region around 0. In the limit R approaches in C? [0,00) to a nonzero, bounded
solution of
Can 2R

1+t

+ f'(H)Roo =0 in (0,00), Roo(0) =0.

Then (1 + t)Ro satisfies

—((1+1)Roo)"” + f/(H)(1 + t)Rog = 0 in (0, 00).

Thus, (1 + t)R(t) = cH'(t) for some c¢. This is because |(1 + t)Roo(t)| grows at
most like ¢, and any other solution, independent of H’, of the last equation grows
exponentially fast. Since (1 + 0)Roo(0) = 0 and H’(0) # 0, we derive ¢ = 0 and
Roo = 0, a contradiction.

Since [e=1Z(t)] < C(1 + [t|), we may send € — 0 in (2.5) and find that e~ 1Z

approaches in C?,(—00,00) to a solution of

—P"+ f(H)P = —7(v0)/(x§-))t in (—o0, 00).
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We write the solution family as P + cH' with P L H'. Here P(0) = 0, and P(0) +
cH'(0) = cH'(0), where H'(0) # 0. Since e 'Z(0) =e.s., we must have ¢ = 0, and
€1Z — Pin C} (—o00,00). ad

In the language of singular perturbation theory, the last two lemmas assert that
the outer expansion of u is u® + €z° 4 - -+ and the inner expansion at z; (when j is
even) is H 4 €*P + ---. The fact that 2°(z9) = 0 matches the absence of the ¢ order
term in the inner expansion. The function w defined in (2.2) is the Oth order uniform
approximation of u.

We close this section by defining two frequently used constants. The first one is

(26) sm [ e wPee a - -2

Here P is associated with an even j. When P is associated with an odd j in this
paper, f(H(t)) will always be changed to f"”(H(—t)) = —f"(H(t)), so s remains the
same. To verify the equality in (2.6) we differentiate the equation for P, multiply by
H', and integrate. The right side becomes —y(v°)'(x9). The left side becomes

| e panp s = [ e

where the first two terms on the left side cancel after integration by parts and using
—H" 4+ f/(H)H' = 0, which follows after differentiating the equation for H. From
(2.4) we find (v°)'(29) = ab/K and s = —yab/K.

The second constant is

(2.7) 7= /Oo (H'(t))*dt > 0.

— 00

Because the equation for H has a ﬁrst integral —@ + W(H) = 0, then 7 =

o V2W(H(t)H'(t fo V2W (p)dp.* 1In the special case W(u) = ((u —

)hl)%:%.

1
2 4

3. Linearization at w. The 1-D local minimizer u of I; is now viewed as a
function on D through extension to the second and third dimensions trivially, so
u(x,y1,y2) = u(x). It is a solution of (1.2) and I (u) = I(u).

For an eigenpair (A, ¢) of (1.3) we separate variables so that

(3.1) o(z,y1,92) Z Om(x) cos(mymy ) cos(mamys).
m1,ma=0
We set m = (m1, msy) and let m? = m? + m3. Note that
(=A)"H{¢m () cos(mimyr) cos(mamys)} = X () cos(mimyr) cos(mamys),

where X is the solution of

—X" = g0, X'(0)=X'(1)=0, X =0 ifm=/(0,0)
or

X" +m*1*X = ¢, X'(0)=X'(1)=0 if m#(0,0).

4In [13, 14, 16] this constant is defined by the last integral.
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The solution operator of the first equation is Gg, already defined. Let G,,[-] be the
solution operator of the second equation. They are identified with the Green functions
G (-, +) in this paper. Therefore X = G,,[d.m]. The eigenvalue problem L¢ = A¢ now
becomes

Z{_GQ((ZS’/I;I - m27r2¢m) + E’VGm[(bm] + f/(u)¢m} COS(mlﬂ—yl) COS(m2Wy2) - f’(u)(bo

=A Z Om () cos(mimyr) cos(mamys).

Here we have used the fact that f(u)dm, (x) cos(mymyy) cos(mamyz) = 0 if m # (0,0).
Multiplying the equation by cos(mimy;) cos(mamys) and integrating with respect
to y1 and ys, we find two cases:
1. When m = (0, 0),

—€ 40,0y T €Gold0.0)] + F'(W)d0.0) = F'(W)0.0) = A(0,0);
(3.2)
¢20,0)(0) = ¢20,0)(1) = ¢(0,0) = 0.

2. When m # (0,0),

—2(¢!) — Mm% dm) + VG [dm] + [ (W) = Adm,
(3.3)
¢, (0) = ¢, (1) = 0.

Because the \’s are classified by m, we use \,, to denote an eigenvalue that is asso-
ciated with m. The corresponding eigenfunction is ¢, (x) cos(mimy1) cos(mamys).
Proof of Theorem 1.1, statement 1. We first consider the local eigenvalue problem

(34) B(¢) = —€¢" + f'(w)p =vd, ¢'(0)=¢'(1) =0.

In this proof an eigenpair of (3.4) is denoted by (v, ¢). We will prove that v > —Ce?
for some C > 0.

Claim 1. If v — % as € — 0, then ¥ > 0.

Suppose on the contrary that v° < 0. Let y € [0,1] so that ¢(y) = max |¢| = 1.
Then y—z; = O(e) for some j. Otherwise —e%¢ (y) > 0, f'(u(y))é(y) > 0, vé(y) <0,
and hence (3.4) is not satisfied. Then we consider ®(t) = ¢(x; + et), which satisfies
—®" 4+ f'(u)® = v® in (—z;/¢,(1 — z;)/€e). As ¢ — 0, ® approaches o, # 0
in C? _(—o0,00), which satisfies —®” + f/(H)®s = v°® in (—o0,00). But this is
impossible since the last equation has no negative eigenvalues. This proves the claim.

The case v° > 0 does not concern us, so we assume v — 0. We introduce, for

i=12... K,

€

(3.5) hy(x) = H’ (W> tes.

Here e.s. is an exponentially small correction term. It is chosen so that h;(0) = h;(1) =
R5(0) = hi(1) =0, || — e " H"(F72)||loo =e.s., and ||BY — e 2H"' (=) || =es.

Remark 3.1. Should we weaken the condition W(p) = W (1 — p), H' would no
longer be even and we would set

hi(z) = H’(%) + e.s. if j is even,
P H(-F) 4es. if jis odd.

€
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Consider the subspace of L?(0,1) generated by h;. Decompose ¢ = > cihy+b,
so that h; L 1 for each j =1,2,..., K. Note that

E(h;) = (f'(u) = f/(H))hj +es.,
and by Lemma 2.5,

|(f"(uw) = f'(H))hy| =
(3.6) =

v
N~—
=
—
3
=~
+
@

[(f'(w(z; + et) + ez(z; +et)) — f/(H(t)
[ (H(t))ez(x; + et)H' ()] + O(e') = O(e?).
Hence we deduce

(3.7) E(h;) = O(é%).

We write (3.4) as

K
(3.8) > ¢;E(hy) + E()) = yzcjhj + v

j=1

Claim 2. (E(¢),1) > C||1||3 for some C' > 0 independent of e.
(E(),)
AL

every j, the minimizer, denoted by v in this paragraph, satisfies

When we minimize the quotient among nonzero 15 subject to 1& L hj for

(3.9) —E" + f(u)p = wp+ Y dshj.
i

The constant ¢ = <E||(g|)\’;;> . Suppose that Claim 2 is false. Then lim,_,g¢ = (* < 0. We
2

multiply ¢ by a proper constant so there exists y € [0, 1] such that ¢ (y) = max |¢| = 1.
Now we multiply (3.9) by hi and integrate.

<E(hk)7¢> = Zdj<hjvhk>'

The left side is O(e?) by (3.7). The right side is

J

1

/ g dihjhi, = E €d;Té; + e.s.|d| = erdy + e.s.|d|,
0 -
J

where §;, = 1 if j = k and 0 otherwise, and |d| = \/d? + d3 + - - - + d% is the norm of
the vector d. Therefore di, = O(e). As in the proof of Claim 1, y —z; = O(e) for some
j. Moreover we consider W(t) = ) (x; + et), which satisfies —U” + f/(u)¥ = 1 ¥ 4 o(1).
Passing to the limit we find a nonzero W, which satisfies —W + f/(H)W o = 1°¥,
in (—o00,00). Therefore (. = 0 and ¥, is proportional to H’. But on the other hand
15 1L hj implies ¥, L H'. Hence ¥, = 0, contradicting the fact that ¥, is nonzero.
This proves Claim 2.

We now return to (3.8). Multiply it by ¢ and integrate. Use (3.7) to deduce

O[]z + (E(), 4) = v / o2,
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Then Claim 2 implies
(3.10) [9[l2 = O(e*)lel.
Next we multiply (3.8) by hi and integrate. The left side is

/0 By + Y el
(3.11) 1 ’
- /0 () = P s + e+ 3 () = ' ()hhi +e5) b
in which

1
/0 (f'(u) = f’(H))hw‘ <N () = f EHDhillsol[9]]2 = O(eh)]e]

by (3.6) and (3.10), and
/0 (F () — F() s

(A=z;)/e
= e/ {f'(w(xj + et) + ez(z; +et)) — f/(H@) YH () H'(t + (x; — x1)/€) dt + e.s.

—:C]'/E

(1—z;)/e

B 6/* i/ {F"(H(®)ez(w; + et) + O(*)2* (w; + ) L H () H' (¢ + (x5 — wx)/€) dt + e.s.
(Jl—Ij)/€

:63/_ ) f//(H(t))P(t)H/(t)H/(t+(l'j_l'k)/ﬁ)dt—f—o(g?’)

= €56 + o(€”)

(3.12)

by Lemma 2.5. The above argument applies to the case when j is even. When j is
odd, f"(H(t)) becomes f"(H(-t)) = —f"(H(t)) and P(¢) has a different sign, but
the final result remains unchanged. Hence (3.11) becomes €3scy, + o(e?)|c|. The right
side of (3.8) multiplied by hj and integrated is vercy + e.s.|c|. Equating the last two
quantities, we find that for every k

vT

scg +o(1)|e] = 3 O

Therefore v > —Ce? for some C' > 0 independent of e.
Since G, is a bounded, positive operator in the eigenvalue problem

(3.13) —€2¢" + eyGulg] + f'(wWo =vo, ¢'(0)=¢'(1) =0,

we again have v > —Ce? for some C' > 0 independent of e. This can be seen easily by
comparing the variational characterization of the principle eigenvalue of (3.13),

1
inf { [ 1@ + Guldio+ £@ear: 6. WH0.1), ol - 1} ,

to a similar one without the eyG,,[#]¢ term for (3.4). Finally, in (3.3), by setting m?
large enough, we find A, > Cé?. ]
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4. m = (0,0) eigenvalues. Here we study the m; = mz = 0 problem (3.2).
Denote the linear operator there by Ly. An eigenpair of (3.2) is denoted by (A, ¢)
in this section. Since (3.2) is precisely the linearized operator of the 1-D problem Iy
defined in (2.1) at a 1-D local minimizer u, we have A > 0. The case A — A? > 0 as
€ — 0 does not concern us. So we assume A — 0 along a subsequence throughout the
rest of this section.

We decompose ¢ = Zj c¢j(hj —hj) +1, where 1 L h; — h; for every j. Note that

Lo(hj — hy) = (f'(w) = f'(H))hj + eyGolhj — hj] + (' (u) = f'(u))h; — f'(u)h; +es.
A few terms on the right side are estimated once and for all.

(41)  evGolhy — hyl(x) = 7€*Gol(h; — hy)/e(x) = 7e*Go(x, ;) + O(e%).

- (1—z;)/e€
f(w)h; = e/ I (w(z; + et) +ez(xj + et))H'(t) dt + e.s.
(1—x;)/e
= 6/_ (f'(H@) + f"(H(t))ez(zj +t) + O(e)H'(t) dt + e.s.

(4.2) =& [ fUHW); + ) H (1) dt+O(E) = O(e),

— 00

where the last line follows from Lemma 2.5. The next estimate is not the sharpest.

(4.3) |(F(w) = f' ()R] = |(f'(u) = f'(w)|(e + es.) = O(e).
So based on the last three estimates and (3.6) we find

(4.4) Lo(hj — Ti7) = O(e).

We also need an L' version of (4.3):

(7 () = f' (@)l = O (u) = £/ ()]s = OO f'(w) — ' (w) + O(e) s = O(?),

so we obtain

(4.5) 1Zo(hj = hj)llx = O(€?).

Rewrite (3.2) as

(4.6) > ciLo(hy = hy) + Loy = XY ¢j(h; — hy) + M.
J J

LEMMA 4.1. (Lo(¥), ) > C|jb||3 for some C > 0 independent of e.
Proof. When we minimize the quotient % among nonzero 1[1 of zero average
2

subject to ¥ L h; — h; for every j, the minimizer, denoted by 1 in this proof, satisfies

—E" + eyGol] + f/(w)d — f' (W =+ d;(h; — hy).
i

The constant ¢ = M. Suppose the lemma is false. Then lim._o¢ = (2 < 0. We

i 10112 " A
multiply ¢ by a proper constant so there exists y € [0, 1] such that ¢(y) = max|¢| = 1.
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Now we multiply the last equation by hy — hj and integrate: (Lo(hy — hi),¥) =
> dj(hj — hj, by — hy). The left side is O(€?) by (4.5). The right side is

| X sty = Ty~ ) = erd+ O

Therefore d, = O(e). The rest of the proof is the same as that of Claim 2 in section
3, since the additional terms in the equation satisfy

G’VGO [w] = 0(6) 5

Fr)d = (f'(w) = f/0) = OW)||f'(w) = f(0)1 = Ofe).

A minor difference is that ¢ L h; here is a consequence of 1/; 1 hj—hjand i =0. ]
Multiply (4.6) by ¢ and integrate. Using (4.4) we find

lclO(O)I¥ll2 + (Lo(¥), ) = All#|l3-

Lemma 4.1 implies that

(4.7) [¥ll2 = O(e)]el.

Remark 4.2. As a comparison we compute

> cj(hy —hy)

J

1/2
1
= {Z/ b +0<e2>|c|2} = {erle+O(@)]eP} 1 ~ /el
J

2
So in the decomposition of ¢, >_, ¢;(h; — h;) is more prominent than .
Multiply (4.6) by hj, — hz and integrate:
1 1 1
/ Low(hk—hk)+zcj/ Lo(hj—hj)(h,—hy) = Azcj/ (hj—h;) (he—hg).
0 » 0 , 0
J J

(4.8)
The first term on the left side is written as

1 o 1 L
/ Lo()(hy — ) = / Lo(hi — Tip))
0 0

= /0 {(f'(u) = F'(H) it + eyGolhi — hiJto + (f () = f'(w)hitp — F'(w)hitp + 5.9}

= /0 {(f"(u) = F'(H))hitp + eyGo[lh, + (f(0) — f' () hath + e.s. )}
(4.9)

The four terms are estimated as follows:

/O(f'(U)—f’(H))hw < () = fEDhellsll0ll2 = O[]l = O(e)]el,

/0 eyGolylh, = O(e)[|Gol¥]lcllhells = O()[[¥ll2 = O(e®)lel,
1
/O (f'(0) = f'(@)hitp = | f' () = £/ (0)]20(6) [ ]2 = O(e*?)]el,

1
/ es. i =es.|Y|la = es.|c|
0
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Note that the first estimate follows from (3.6). The second term on the left of (4.8)
is, for each j, by (4.1) and (4.2),

/ Lo(hy — ) (h — i) = / Lo(h; — )
0 0

:/ (s H))hjhy, + eGolhy — hylhi + (F(w) = f'(u))hjhy — F'(w)hjhi + es.}
=€ s&k—i—’ye Go(x],xk)+€2f/( )+ o(e?).
(4.10)

The last line follows from the estimates (3.12), (4.1), (4.2), and

/Ol(f’(U) — f'(w)hjhi = (€ +es.) {f/(u)(e tes)— /01 f’(u)hk}

I
[a)

QW—e/O f(u)hy, +e.s.
- (1—zp) /€
=62f'(u)—€2/_ ) (f'(H) + O()H'(t) dt + es. = ¢ f'(u) + O(c*).

The right side of (4.8) is
1 —_ JR—
(4.11) )\ch / (hj — hy)(hy — hy) = MeTer + O(€?)]c]).
~ 0
J
In summary, for every k

(4.12) egsck—l—Z{ve?’G(azj,xk)+e2m+o(63)}cj—|—O(62'5)|c| = Mrecp+0(%)|c]).

If we consider the cj of the largest absolute value, since €2 f/(u) ~ €2, A = O(¢). On
the left side of (4.12), €2f/(u) is the largest term. Because €2 f/(u) is multiplied by
Zj ¢;, a dichotomy appears at this point, unless K = 1.

Case 1. z:"glck -+ 0. Note that when K = 1, this is the only case. We rewrite
(4.12) as

(4.13) Zc + O(eV?)|e| = —ck

In the limit we have

(4.14) FOY & =nrd, > #0,
J J

since lime o f/(u) = f/(0). Here n = lim._oA/e and lim._qc; = ¢J. Solving (4.14)
we find

(4.15) n= , ¢
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Thus we obtain the asymptotic expansions for one eigenpair A o) = A and ¢(g,0) = ¢
of (3.2):

ef (0)K

(416) )\(070) = + 0(6), (;5(0)0) =~ Z(hj — h73)
J
Note that this A(g,g) is positive.

Ck

Case 2. # — 0. This occurs when K > 2. To study this case, we rewrite
Lo(¢) = Ao as
Lo(i/)) = — chLO(hj — h?) —+ )\ch'(hj — h7]) + )\1,[)
J J
Note that

3 eiLolhy—H;) = O()lel+ D ¢;(Flu) ' (w)hy = O(e)|e|+ (Z ) 0(e) = o(e)le

by the assumption and by (4.1), (4.2), (3.6), and (4.3). Hence
(4.17) Lo(9) = ofe)le] + [AO(D)]e] + M.

LEMMA 4.3. [|¢]|co = 0(€)|c| + |A|O(1)]¢].

Proof. Suppose that the lemma is false. Replacing 1 by i% in (4.17) we
obtain Lo(¢) = o(1) + M), where at some y € [0,1], ¥(y) = ||¥]|cc = 1. We show that
y —xj = O(e) for some j. Otherwise —e%¢)"(y) > 0, eyGo[y)] = O(e), f'(u)Y(y) —
£1(0) > 0, —f'(u)y = O(e), and Mp(y) = O(e). Hence the equation Lo(1)) = o(1)+ A\
is not satisfied. Then we set W(t) = 1 (z; + €t), which satisfies =" + f/(u)¥ = o(1)
in (—z;/e,(1 —x;)/e). Ase — 0, ¥ — U %0 in CF (—00,00) and U satisfies
—V7 + f'(H)Vs = 0. Hence ¥, is proportional to H'. On the other hand ¢ L h;
implies ffooo U H' =0. Thus ¥, = 0, contradicting the fact that ¥, # 0. O

With this lemma we return to (4.8) and recall

1

1
/0 (f'(u) = f'(H)) b = O()[]|2, /0 eyGoly]hi, = O(e)[[¥]l2.

Rederive

/ 0) — P @) = 1) — FOIOE e = 06l
Therefore
(4.18) /  Lo(0) (s~ Ti) = of®)el + MO,

and from (4.10)

ch /0 Lo(h; — E)(hk — hy) = 3scp, + Z(7€3G0($j7$k) + ezm)cj + o(e?)]c|

J J

J

= 0(%)|c| + € f'(u) (Z Cj) = o(e*)|c]-
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This estimate and (4.18), (4.11) turn (4.8) into
INO(€))|e] + o(€?)|c| = Merer + O(€)]c|).
From the ¢ of the largest absolute value, we find, with the help of Lemma 4.3,

(4.19) A=o(e), [[¥llec = o(e)lc]-

So (4.18) is improved to o(€?)|c| and (4.8) reads

(4.20) Escr + Y (1€ Golwj,xx) + € (u))ej + o(e®)|e| = Aerex.
J

We sum over k. ), Go(x?, x9) is independent of j, an issue further addressed in

the next section, so we denote it by g. Then after dividing by €2|c| we obtain, using
(4.19),

25 (e 4 reg + FK) + ofe) = o(1) =2

]

Since f(u) ~ 1, Elg‘cj = o(€). Return to (4.20). Divide by €3. Since f/(u) >¢ =

o(e)lel;

A
(421) s+ Y Golaj,i)e; + o(Vle] = S
J

for all k. In the limit we have

(422) s+ Go(af.ad)) = nre, ) =0.
i J

Here 1 = lim._o \/e? and cg.) = lim._, ¢;. In the next section we will solve (4.22) to
find K — 1 pairs of  and ¢®. Once they are determined we obtain the asymptotic
expansions of K — 1 eigenpairs A(g,0) = A and ¢ 0y = ¢ of (3.2):

(423) A(O,O) = 627'] + 0(62)7 d)(0,0) ~ Z C?hj
J

Here the h; terms drop out in ¢ since > hy = >+ es.)d) = es.c| is
negligible.

5. The spectrum of [Go(z,2})]. To understand (4.22) we must find the
spectrum of the K by K matrix Go(mg, 2?). Suppose for every k that

Z Go(.’)ﬁjo-, ,’E%)bj = Abk

J

Note that from (4.22) s +yA = 7. From the formula
2
552: + (1_27/) R 3

GO(Iay) = (l—ac)z
2
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we see by straight computation that Y, Go(x,27) is independent of j. This number

is an eigenvalue whose associated eigenvector is (1,1,...,1)T, where the superscript
T denotes the transpose of a vector. However, this eigenpair is discarded since by
(4.22) we require that > b; = 0.

To find other eigenpairs we let ¢ = }, Go(a:?-,-)bj. Then ( satisfies —" =
2060 — 29) = 1)b; = 260 — 9), ¢'(0) = ¢'(1) = 0. Moreover ((z3) = Aby and
[—¢'];0 = bj. Then for every k, [=('],0 = (1/A)((z). We need to express [—('],0 in
terms of ((z?). In other words we find a K by K matrix 7 so that (Tf)j = [—('] 0,

where { = (¢(29),¢(29),...,¢(2%))T. This way the original eigenvalue problem is
converted to

1. 1.
(5.1) T¢= ¢ withb= 1.

To find T note that —( is affine between the 1’?’8. From (0, 29) we deduce

/ _ =) +¢(ap)
~at) = DD
since ¢’(0) = 0. From (2, 29) we obtain
(0 0
Hence
K K
[0 = %C(z?) - %C(xg).

On the other intervals we find

g = 50+ ) 6 -

When K = 2 we have

K K o
%C(w?,l) - %C("E?H) if j is even,

K K e
%C(JU?_H - %C(a??_,_l) if § is odd.

_ | K/(2b) —K/(2b)
T_[—K/(Qb) K/(2b) }

Therefore after discarding the 0 eigenvalue of the matrix, we find A = %. And for
(4.22)

1 yab b 0 _ 1
(52) 77—7_( K+K), c = _1 .

Note that > 0. When K > 3 we have T = (a + 8) Ik xx — @, where I« g is the K
by K identity matrix, « = K/(2a), 8 = K/(2b), and
a
8 0
Q= o

@D 90
o™
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The K distinct eigenvalues of @ are found in (B.5) of Appendix B. One of them, o+ 3,
is discarded, for its eigenvector is (1,1,...,1)7. If we denote the rest of them by g,
q2,---,qK—_1, we have K —1 A’s:

1
- . j=1,2... K—1
Oerﬁqu
Therefore K — 1 pairs of
1 [ ~ab gl o_ 7
53 = — —7_1’_7 , c’ =
(53) ! T( K 0[+ﬂ-%) ‘

for (4.22) are found.

When concerned with the positivity of 1, we consider the smallest A, which
is associated with the smallest ¢;. According to equation (B.5), the smallest ¢; is
—/a? + 32 + 2af cos f, where 6 = 27/ K. Hence the smallest A is

1 1 ab

> .
a+ B+ + 2 +2abcosl  2(a+p) K
Therefore the smallest n of (4.22) is

s+yA - 1 (_’W)+7ab) _o.

T T

K K

Thus the n’s in both (5.2) and (5.3) are positive.

Finally, we show that Ly has exactly K simple eigenpairs with the asymptotic
expansions (4.16) and (4.23). Let F be the linear subspace generated by small eigen-
values. It is defined nonambiguously by F = span{¢ € L%(0,1) : ¢ = 0, Lo(¢) =
Mg, |A| < €'/2}. Since the small eigenvalues of Ly are of order ¢ or ¢, F addresses all
the small eigenvalues when ¢ is small enough.

First dim F', the dimensional of F, is at most K. Suppose that this is not the
case. There exist two distinct eigenpairs (), ¢) and (N, ¢') with the same asymptotic
behavior. That is,

A=éndo(?), N =en+o(e?), or A=en+o(e), N =en+oe),
qS:ch(hj—hj)—Hb, ¢=Zc§-(hj—h7)+¢', }iir(l]cjzelii%c;:c?.
J J

However, the two eigenfunctions must be orthogonal, so

0=(¢,¢)
= cjcrlhy — R, i — ) + O(c)) |9 llallRgll2 + OUe) [ 1211 ll2 + ¢l2l14 12
ik

1 %)
=3 :cf/o B2 di + o(e)|cf* = e|00|2/ (H' ()2 dt + o(e)|c°?
J —c0

by Remark 4.2. This is obviously impossible when ¢ is sufficiently small.
Next dim F' is at least K. Suppose instead that dim F' < K. Define a subspace

of {p € L?(0,1): ¢ =0}: S = span{}_; ) (hj — hy) : all & found in (5.3)}. We use
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a perturbation argument. The asymmetric distance between the closed subspaces S
and F is

d(S, F) = sup{d(e, F) : ¢ € S, [lgll2 = 1},

where d(z, F') = inf{[lz —y[|> : y € F'}. Since dim F' < dim S, there exists ), A (h;—

hT) € S such that for every eigenvector in F' which may be written as > . ¢ j j( j =

¢ 0

hj) + 1 with |[1]|2 = O(e)|c’| according to (4.7), > oA = o(1). Then a straight
computation shows
< DN I D A e OIS
152 ¢(hy = hg) + bl 1525 ¢ (hy = hy)l2

So if we use

>, 5 (hy — hy)
1525 ¢ (hy = hy)ll2”

d(p,F) =1—0(1) and d(S,F) = 1 — o(1). The following lemma due to Helffer and
Sjostrand [5] will give us a contradiction.

LEMMA 5.1. Let L be a self-adjoint operator on a Hilbert space H, let R be a
compact interval in (—o00,00), and let ey, ea, ..., ex be normalized linearly independent
elements in the domain of L. Assume that the following are true:

1. L(ex) = prex + 1, ||Irjll <€, andp; € R, k=1,2,... K.
2. There is w > 0 so that R is w-isolated in the spectrum of L, i.e., (c(L)\R) N
(R+ (—w,w)) = 0.
Then d(S, F) < %, where S = span{ey,...,ex}, F = the closed subspace associ-
ated with o(L) N R, and k equals the smallest eigenvalue of the matriz [(e;, ex)].

Here we take L = Ly, each e Zj c?(hj — h;) for each one of the K vectors ¢,
and S, F as before. w and x are positive and bounded away from 0 as € — 0. Set
pr = ne? or ne depending on ¢® and R = [—€'/2, ¢'/2]. From (4.4) we find

> =By | =i 30y = Ty) = O(e)|e”),

and on the other hand |3, A (hy — hy)lla ~ €'/2|c%|, as discussed in Remark 4.2.

Therefore ||ry||2 = O(e}/?). Consequently d(S, F) = o(1), a contradiction. Statement
2 of Theorem 1.1 is proved.

Y=

6. m # (0,0) eigenvalues. Rewrite (3.3) as

(6.1) Ly (9) = —€2¢" + erGrlg] + f'(w)e = n,

where = \,, — e2m?72. In this section an eigenpair of (6.1) is denoted by (i, ¢).

LEMMA 6.1. If i — p° as € — 0, then u° > 0.

The proof of this lemma is almost identical to that of Claim 1 in section 3, and
we skip it, because the extra term eyG,,[¢] is of order O(¢). The case u® > 0 does
not concern us, so we assume g — 0. Decompose ¢ = Zj cjhj + 1, where ¢ L hy,
7 =1,2,..., K. Note that

Lin(hj) = (f'(u) — f/(H))hj + eyGplhj] +es.
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Because of (3.6) and
Gnl1s)(0) = 7G| "] (0) = 16 (a,27) + O(E)
we deduce

(6.2) Lun(hy) = O(&2).

We write (6.1) as
K

(6.3) Y ciLm(hy) + Lin() = i) cjhy + .
j=1 J

LEMMA 6.2. (L, (¥),9) > C|jv||3 for some C > 0 independent of e.
We skip the proof of this lemma since it is similar to that of Claim 2 in section
3. Multiply (6.3) by ¢ and integrate. Use (6.2) to deduce

O ll2 + (L (), ) = ullll3-

Then Lemma 6.2 implies
(6.4) ]2 = O(*)|cl.

Next we multiply (6.3) by hi and integrate. The left side is

/0 {me)hk +zchm<hj>hk} = / {Lm<hk>w+2chm<hj>hk}
= [ = £+ Gl + e5.0)
1
(6.5) +ch /0 {(f'(w) = f'(H))hjhp, + Gmlhjlhe + e.s. by}
All terms in (6.5) are estimated.

/0 (f"(u) = ' (E))Yhitp| < |(F'(u) = ' (H) bl [[90]] 2 = O(e?) el

by (3.6) and (6.4).
1 1
/0 VG |hilyp = 0(6)/0 GmlY]he = O(E)|Gm[¥lllscllblls = O()][9]l2 = O(e")lc]
by (6.4). The rest of (6.5) are estimated as in section 4:
1 1
/ (' (u) — f(H))hshy = 3635+ O(eY), / VGl = G (2, 28) + 0(€%).
0 0

Hence (6.5) becomes

sep + Z VG (5, 1) + 0(€%)] ]

J
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The right side of (6.3) multiplied by hj and integrated is

1
/ 1] E cihjh, = E pec;Té;, + e.s.|c| = percr + e.s.cl.
0 - -
j j

Equating the last two quantities, we find that u = O(¢?) and, for every k,

T
(6.6) s+ Gm(j,21)e; + o(L)le] = e,
J
So in the limit
(6.7) sCh + Z Gm(gc?7 x%)c? = nrcy.

J

Here n = lim. ¢ i1/ = and c? = lim._¢¢;. In the next section we will solve (6.7)
to determine 7 and . Once they are found we obtain the asymptotic expansions for
the eigenpair \,, = u + €2m?7? and ¢,, = ¢:

(6.8) A = E(n+m?7?) + o(?), ¢ ~ Zc?-hj.
J

7. The spectrum of [Gm(a:?, xQ)]. When dealing with

> Go(f,20)b; = Aby,

J

we first consider the simplest case K = 1. Then A = Gy, (2%, 2?). On (0,29)

where m = my/m? + m3, and on (z9,1)
G (29, 27)

G (x,2Y) = m coshm(l — z).

Then
L= (-Gl = { T MMRL =S 00,9,
Therefore
A= m(tanh ﬁml—l— tanh mb)’

and in (6.7)
(7.1) 77:1(—761194—~ ! = >7 A =1

T m(tanh ma + tanh mb)

To see the sign of \,,, we recall

A 1 ol
lim 2™ — 22t (__ 1 2.2
50 e e mm 7'< e+ m(tanhﬁza—I—tanhThb)) e
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The right side is positive for all m # (0,0) if v is small enough, because m?n?

dominates the negative term. However, when ~ is sufficiently large, we may find some
large m that makes the right side negative. To see this we first take m large enough
so that sum of the two terms in the parentheses is negative. Then we take - large
enough so the entire right side is negative.

When K > 2, 37, Gy (2, 29)b; = Aby is a more complex problem. Let ¢ be the

solution of —¢" + m 7r2C = Z (- = 29)bj, ¢'(0) = ¢'(1) = 0. Hence [~(']0 = by,
and ((z)) = Aby. Then for every k, [— (e = C(29). As in section 5 we express
[=(e0 = (T¢)y, in order to convert to the new eigenvalue problem TC = (1/A)C.

Away from a:?, ¢ = grcoshmz + gosinhma. From here we write, in the matrix
notation,

sinh ma! g2

[ C(z(j;) ) ] _ [ cosh

0
0
¢( cosh mx;

We denote the 2 by 2 matrix by Ay, for the left of x?. To the right we have similarly

[C(xg-) ]{coshﬁw:q sinh 17 Hgl]’

~ . ~ 0
C(z11) coshmazi, , sinhmaz?,

with the 2 by 2 matrix denoted by Ar. Hence

[91 } - ap! [ CE““’;) )] on (2 ;.29), [gl ] e [ ?ﬁ;) )} on (2,20, ).

 sinh7naf ] [91 }
j

g2

92 +1
Then
0
~Caf-) = —mpinbed, coshmaf) a7 | (O |
—('(a%4) = —m[sinhmx?,coshfhxg]Aﬁl [ ggijgil) } )
and

[~¢'lag = msinh ma}, cosh ma)] {A;l { 2@2)—1) ] — AR { gggll) H

We also compute

Aol 1 sinh /) —sinh7naf
L sinho(20 —29_)) | —coshmaj coshmaf , |’
A=l 1 [ sinhmaf, — sinh a9 }
R = Gnhoo (0 0 _ a0 i
sinhm(zf,, — x7) coshmaj,, coshma;

Thus T is a triagonal matrix. The three entries of the jth row where j # 1, K are
~ =0 0 0 0 0
—rmeschm(z; —xj_;), mcothm(x; ij 1) +mcothm(z; , —x5),

—rmesch m(mgﬂ - x?)
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For the first row,

¢(2)

a0 coshmz
cosh ma?

((z) =
and
[~("]s0 = m(tanh ma? 4 cothm (2 — 29))¢(2Y) — meschm(z) — 29)¢(29).
When K = 2 the matrix T is

_ | tanhma/2 4 cothmb —cschmb
| —cschmb tanh mb/2 + coth ma

- 5 - - | eschma cschmb
= m(cothma + cothmb) I« x — ™ eschmb  csch g ]

The two (1/A)’s are
m(coth ma + coth mb — csch ma — csch mb),
m(cothma + coth mb — csch ma + csch mb),

which again lead to 1 for (6.7). To see the sign of \,,, we take the smaller A so that
the smaller )\, satisfies

lim Am = n+m?n? = 1(_nab + i +m2r?
e—0 €2 T 2 m(cothma + cothmb — cschma + csch mb) )

As in the K = 1 case the right side is positive for all m # (0,0) if « is small, and is
negative for some m if v is large.
When K > 3 we write T' = d g« x — ) with

a B
8 0 «
Q= a 0 B ;
8 0 «
where
- 2ma - 2mb - 2ma 2mb
a—mcsch7, ﬂ—mCSChY, d—mcoth7+mcoth7.

Because of diagonal domination the matrix d Ix«x — @ is positive definite. The
K eigenvalues of () are found in (B.5) of Appendix B. We again denote them by g;,
j=12,...,K. Then A = d%q, and for (6.7), K eigenpairs

1 vyab vy 0o =
.2 = — _— =
(7.2) n T(_K+d%),c ¢

are found. To see the sign of \,,, we focus on the smallest 7, which is associated with
¢ = —/a? + 32 + 2afcos 0, where 6 = 27/ K. For this 4

. Am 2 _2 1 ~yab Y 2 _2
lim — =n+mn :T<_K+dqj e

YN : i
T K d—|—\/042+62+2aﬁc050
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Fic. 4. A lamellar solution u and its deformation in a cross section perpendicular to ys.

[

L5

The dependence of the positivity of the right side on + is still the same; i.e., the right
side is positive for all m if v is small and negative for some m if v is large. The
dependence of the positivity on K is also clear. When K is large, m?m? dominates
the negative term, so the whole quantity is positive for all m.

Remark 7.1. If v and K are held fixed, then the last line is positive if |m]| is
sufficiently large. This is consistent with statement 1 of Theorem 1.1.

We omit the proof that L,, has exactly K simple eigenpairs with small eigenvalues,
because it is similar to that for Ly. This concludes the proof of statement 3, Theorem
1.1.

To visualize statement 3, Theorem 1.1, consider the example ¢ = 0.4 and K = 6.
We study m = (8,0) and find the c? associated with the smallest A(8,0) by numerically
diagonalizing Q:

= (0.0424, —0.4774, 0.5199, —0.5199, 0.4774, —0.0424)"".

The eigenfunction of L associated with this Az gy and with ¢ is approximately
> Ihj(x) cos(8my). When ~ is sufficiently large, we have Mg o) < 0. Then the
unstable lamellar solution u may easily be deformed in the direction of this eigenfunc-
tion. In Figure 4 we make a cross section of D, perpendicular to the ys direction. The
first plot shows u on this cross section, where the black color indicates u &~ 1 and the
white color indicates u ~ 0. The second plot shows u deformed by the eigenfunction.
Note that under this deformation the straight interfaces in u become wriggled curves.
See [7] for a heuristic argument for this change of shape.

8. The 1-D global minimizer. The integral fo 2 dx in the conclusion of
Theorem 2.1 may be calculated as

1/K
/\ |2dx—K/ |2dx+K/ 0|2 da
_K/ dx—l—K/ <az—> dx

a?b? a?

- 3K2 + 3K2 3K2‘
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Hence

a’b?
(8.1) lim 1 (u) = 7K + 761(2 .
It was shown in [13] that the 1-D global minimizer is a 1-D local minimizer whose
number of interfaces K, minimizes the right side of (8.1). Note that in some less likely
cases two integers K, and K, 4+ 1 may both minimize the right side of (8.1). Then
we may have two global minimizers with K, and K, + 1 interfaces, respectively.® If
we pretend that K is a positive real number and minimize the right side with respect
to K, then the minimum is achieved at

52) K (aQbQ'y)l/S

3T

We set t = m/K. Consider the eigenvalue A, that is associated with the smallest
7 of section 7.

1 Kt
coth 2at +coth 2bt++/(csch 2at)2+ (csch 2bt)2 +2csch 2atesch 2bt cos 6 v

=—abt+

For the 1-D global minimizer, we use K, in (8.2) for K to find

Am T2 Ti(n + m?7?)

1 a?b*t?
=—abt+
coth 2at +coth 2bt++/(csch 2at)2 + (csch 2bt)2 +2csch 2atesch 2bt cos 6 3
(8.3)
Note that a natural lower bound for the second term in (8.3) is
1
coth 2at 4 coth 2bt + csch 2at + csch 2bt
sinh at sinh bt a?b’t? (a®b? + 2a3%)t°
= ———— =abt — + +
sinh ¢ 3 45

by replacing cos@ by 1. This lower bound is sharp if K, is large, i.e., v is large.
The first three terms of the Taylor expansion are given. We observe that the first
two terms in the Taylor expansion are exactly canceled by the first and third terms in
(8.3). This is certainly no coincidence. The fifth order term is positive. Our numerical
tests confirm that all of (8.3) remains positive. The particular K, of (8.2) is barely
large enough to overcome the negative third order term in W

To contemplate the physical significance of the shaky stability property of the
1-D global minimizer, we first note that the value (8.2) for K, is only approximate.
But the 1-D global minimizer is very close to the borderline of 3-D stability. 1-D local
minimizers with larger K are likely to be stable in three dimensions, and 1-D local
minimizers with smaller K are likely to be unstable in three dimensions. In the real

5 Actually there are four global minimizers because of Remark 2.2 if we include solutions of both
types.
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physical system only the 3-D global minimizer, which is unlikely to be lamellar, is the
thermal equilibrium. Other stable solutions of (1.2) are only transient, metastable
states. In general lamellar phases, including the 1-D global minimizer, are transient.
They are vulnerable to perturbations of the form >~ Ahj(x) cos(mymyr) cos(mamys)
found in statement 3 of Theorem 1.1, which push the straight interfaces in a lamellar
state to a wriggled shape; see Figure 4. In a forthcoming paper [12] we will actually
prove, using bifurcation analysis, that (1.2) admits wriggled solutions for some values
of .

Appendix A. Proof of Theorem 2.3.

LEMMA A.1. w has exactly K transition layers in the sense that there are ex-
actly K points, ©1,%2,...,2k, i (0,1), so that u(z;) = 1/2, j = 1,2,..., K, and
1im5_,0 Tj = 1’0

The proof of this lemma is similar to that of [11, Proposition 8.2].

LEMMA A.2. The derivative of v = Golu — a] has ezactly K — 1 zeros, denoted
by Y1, Y2, .., yx—1, in (0,1), such that lim._oy; = j/K.

Proof. The derivative of v0 = Go[u® — a] has zeros at 1/K, 2/K, ..., (K —1)/K.
The convergence of v’ to (v°)" implies that o' has exactly K — 1 zeros y; with the
property lim._oy; = j/K. d

We set yg =0 and yg = 1. Let [; = y; —y;-1,7 =1,..., K. Between two zeros of
v’ we integrate the equation —v” = u — a and find llfgjiil udzr = a. This allows us
to localize the energy of u on (y;—1,y;). If we set ;€ + yi—1 = z, U;(§) = u(x), and
Vi(€) = 17 20(x) = 17 2Golu — a](x), then [ U dz = a, —V}' =U; —a, VI(0) = VI(1) =
0. More importantly,

Ii(u) = i/

Yi
i=1YYi—1

2
{ G Fweswa) o

K (e 12ve X
wn =3 [ e e e b ae = Y i)
i=1 “0 i i=1

if we define a new variational problem:

(i) wo
(A.2)

This new J; is similar to the original I;. [ lies in a compact subinterval of (0, 1),
so we take [ ~ 1. We consider a one-layer local minimizer I that is close to &%, which
isOon (0,1 —a) and 1 on (1 —a,0). The dependence of U on I and e is suppressed in
the notation. It is proved in Proposition 9.2 of [11] that this local minimizer is unique
in an L? ball centered at U° of radius 6. 6 is small but independent of ¢. Denote the
transition point of U by ¥, i.e., U(x) = 1/2. This one-layer local minimizer has the
following asymptotic expansion.

LEMMA A.3. Leté= ¢ and 7 = I3y. ThenU = H(=X)+€EZ with |2 — 2°||oc =

I z
0(?). Here 2° = - YY"V (=0) 10 — Gyy® — 4. Note that Z°(1 —a) = 0.
Proof. See Proposition 8.3 in [11]. d
LEMMA A.4. Let F € C%(—o0,00) be such that F(0) = F(1) =0. Then

2

FWMU) p dE, UE X,

1 2 3
€ I’y e
JU) = — U+ —

1

1 00 l1—a
/()F(L()d{:e/ F(H)dt—l—e/o F'(0)2 d§—|—e/1 F'(1)2°d¢ + 0(&).

— 00 —a
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Proof. See Lemma 8.4 in [11]. |
LEMMA A.5. Let W= %Zf Then

- (42) S ()

€ €

with [lplla = O(1). And ¢ = c(h — ) + ¢, with h = H'({EX) h—h L 9, ¢ =
O(e™/?), and [[¢]|2 = O(e).

Proof. The brief argument here summarizes the more elaborate proof of the
similar Proposition 9.3 in [11]. Differentiate the Euler-Lagrange equation of (A.2)
with respect to [ to obtain

2 2 20 dfu
(A3) — (;) W”+yel2Go[W]+f’(U)W+4yelG0[u—a]+7f(u) 71U = %
for W. Define g(§) = H’(@)&TX—F e.s. so that ¢ and its derivative vanish at 0 and
1, and ¢ =W — (g — g). Here g satisfies the equation

() g+ s+ 2 ) = e

Subtract this from (A.3) and use the facts ||g|ls = O(¢'/?), § = O(e), and (f'(U) -
f'(H))(g —g) = O(e?), where the last one follows from Lemma A.3, to deduce the
equation for ¢:

(A.4) - (%)2 o+ ev2Golp] + F'(U)p + O(e) = Const.,

where we simply write Const. for a constant since its exact value is not needed in this
proof. We multiply this equation by ¢ and integrate:

[ 1+ el + 100s} a: = 0@l

By Proposition 9.1 in [11] we find [j¢|2 = O(1).

Decompose ¢ = c(h — h) + 1, where h = H’(@) +es.and h —h L 9. The
exponentially small correction term e.s. is added so that h and h’ vanish at 0 and 1.
Then

fo (h — hdZS ||<P||3 —O(c/?).
1h = hlI3 1A = hll2

The equation satisfied by 1 is

- (%)2 " + f'(U) + O(e) = Const.,

where we have used the fact (f(U)— f'(H ))h O( 2), again a consequence of Lemma
A.3. Argue as in Lemma 4.1 to deduce fo V29" + f(U)YIp dE > C||9||3, which
implies ||¥]2 = O(e). O

LEMMA A.6. Let E(I) =1J;(U). Then E(1) is strictly convez in 1 in any compact
subset of (0,1).
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Proof. This lemma is similar to Proposition 10.1 in [11]. Differentiating F with
respect to [ yields

oF ! e, Be'yl 2
(A5) G- [ s wen+ XEve) e

where V = Go[U — a]. We have used the fact that U is a critical point of J;. Differ-
entiate (A.5) with respect to I

PE [ . 2 ! 2
6W::/‘&JU+&WDW}d£+/{%ﬂ0W+4leNh%
0 0

Call the first integral on the right side 77 and the second integral T5. Multiplying the
Euler-Lagrange equation of U by U — a and integrating by parts, we find the useful
integral identity

/01 {(;)2 U + FU)U - a) + 6712IV’|2} de = 0.

Using this identity and Lemma A.4, we obtain

1t 217512
=7 [ Crene =+ 2V Py ag

evla®b?  2eyla’b?

€ oo
=— —f(H)(H - 2
5[ -+ 95 0
:%/ —f(H)H dt + evla®b* + O(€?).
Here we have used
1 1 2b2
| s = [ il as+ o0 = -+ 00
which follows from (8.17) in [11]. By Lemmas A.3 and A.5
' €—x 7
Ty = / (2f(H) + O(¢)) (GH' ++cH' — cH' ‘HP) d¢
a X)/e / 1.5 € [~ 1.5
=5 /IX/6 H)H (t)tdt+O0(e ) = 1—2/_Oo —2W(H)dt+ O(e ).

We have used the estimates

[l

¢ a0/
d=5 [ =0,

€ —lx/e
euiwe
/ () de = © / P D) dt = Oe),
—lx/e
[12f(H) + O(e)||l2 = O(e'/?),

/ f(H)H' d¢ = es.
0
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Adding Ty and T, since [~ _(f(H)H +2W (H))dt = 0 (a consequence of the integral
identity [*°_{(H')?+ f(H)H}dt =0 and the first integral of H), we arrive at

2
(A.6) %T;E = elya®b? + O(e*9),
proving the lemma. 1]

Proof of Theorem 2.3. We construct a particular periodic solution u, with K
transition layers and show that u = wu,. Let U be the unique minimum of J; in
a & neighborhood of U°, with | = 1/K, and let U* = U(1 — -) be its reversal.
Set uy(r) = UB(Kzx) for z € (0,1/K). Extend u, antiperiodically to (0,1), i.e.,
up(x) =U(Kz—1) for z € (1/K,2/K), us(z) =UR(Kz —2) for z € (2/K,3/K),....
Clearly u, is periodic with K /2 periods.

For small €, u and u, belong to the same small L? neighborhood in which u is a
minimizer. Using the strict convexity of E in Lemma A.6 and (A.1), we find

K K 1
i=1 i=1

All the inequalities above must be equalities. Therefore I, = 1/K, y; = i/K for all
i, and L;J;, (u(l; - +yi—1)) = E(l;). Moreover u((1/K) - +y;—1) = U when i is even or
= U when i is odd by the local uniqueness of & and U [11, Proposition 9.2]. Thus
U = Us. O

Appendix B. The matrix . Consider a matrix ) like those in sections 5
and 7 with o, 8 > 0. In this appendix @), whose size is at least 3 by 3, acts on the
complex vector space C*. Let § = (z,t2%,2°,tz%,...)T, where z,t € C and |z| = 1.
Suppose the eigenvalue problem Q¢ = ¢¢ holds for the second through the next-to-last
equations, excluding the first and the last. In these K — 2 equations

atz!=1 + pttt = g2t if s odd,

(B.1) B2 4 aZtt = gtzt if 1 is even.
They imply
(B.2) po L @2t 0Z

|z + (Z]

In particular |¢| = 1. In order to have the first and the last equations satisfied, we let
h= AJ + Bq and study Qi_i = qi_i.

If the vector ¢ is extended by t as the Oth entry and by t25*1 as the (K + 1)th
entry if K is odd, or by zK*! as the (K + 1)th entry if K is even, then the first and
the last equations of Qf_i = qf_i are satisfied if the Oth entry is equal to the first entry
and the K'th entry is equal to the (K + 1)th entry. That is,

(B.3)

{Az+Bz:At+Bt if K is odd:

AZK + BzK = AKX+ 4 BizKt!

Az+ Bz = At + Bt . .
(B.4) { A2 1+ BEK — AK+1 | geK+ if K is even.
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They should have nontrivial solutions for A and B. In the case of (B.3) this means
(z—t)(1—-12)ZK = (Z-1)(1 —t2)K

or, since |z| = [t| = 1, 22K = 1. The case (B.4) gives the same condition. Define
0= MK_H, j=1,2,...,2K. Then z = ¢**/?. From (B.1) we find

q=atz+ Btz = i\/a2 + 82 4+ 2B cos .

Here 6 ranges from 0 to 47 — (2w/K), which is too wide a range. We restrict
jtol,2,...,(K+1)/2if Kisodd and j = 1,2,...,K/2+ 1 if K is even. Even
then we have some extra values. When z = 1 and ¢ = —1, which occur if § = 0 and
g=—(a+ (), we find A+ B =0 and h= 0, which is not an eigenvector. Also when
K is even, z =i, and t = —i, which occur if § =7, and ¢ =  — «, we find A— B =0
and again h=0.1In summary the K distinct eigenvalues of @) are

om(j — 1 K+1
a+ 8, £/a2 + 52+ 2aBcos b (0:7T(]K),j:2,3,...,;—) if K is odd;
(B.5)

om(j — 1 K
a+ 8, £/a2 + B2 + 2afB cosf (9”(3[(), j2,3,...,2>, a— B if K is even.
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