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ON MULTIPLE RADIAL SOLUTIONS OF A SINGULARLY
PERTURBED NONLINEAR ELLIPTIC SYSTEM*

EDWARD NORMAN DANCER', XIAOFENG REN¥, AND SHUSEN YANS$

Abstract. We study radial solutions of a singularly perturbed nonlinear elliptic system of
the FitzHugh—Nagumo type. In a particular parameter range, we find a large number of layered
solutions. First we show the existence of solutions whose layers are well separated from each other
and also separated from the origin and the boundary of the domain. Some of these solutions are local
minimizers of a related functional while the others are critical points of saddle type. Although the
local minimizers may be studied by the I'-convergence method, the reduction procedure presented in
this paper gives a more unified approach that shows the existence of both local minimizers and saddle
points. Critical points of both types are all found in the reduced finite dimensional problem. The
reduced finite dimensional problem is solved by a topological degree argument. Next we construct
solutions with odd numbers of layers that cluster near the boundary, again using the reduction
method. In this case the reduced finite dimensional problem is solved by a maximization argument.
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1. Introduction. We consider the singularly perturbed elliptic system
—e2Au+ f(u) +eyv =0 in Q,
(1.1) —Av+v—u=0 in Q,
d,u=0,v=0 on 9N

on a smooth bounded domain 2. The perturbation parameter € is positive and small.
The outward normal derivatives of u and v on the boundary of Q are denoted by d,u
and 0,v, respectively.

The nonlinear function f in (1.1) is the cubic polynomial

(1.2) Flu) = (u—a) (u— “‘2”’) (u—b).

It has three zeros a, %b, and b, in the increasing order. The function is balanced in
the sense that

(1.3) | ayaa=o

The nonlinearity in the system (1.1) is of the FitzHugh—Nagumo type. It was
originally proposed to study nerve impulses [10, 18]. The phenomenon that is modeled
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is the control of the electrical potential across a cell membrane. This control is done
by the change of flow of the ionic channels of the cell membrane. This results in
the change in potential which is used to send electrical signals between cells. This is
readily observed in muscle and other excitable cells. The two variables in the system
are the excitable variable u and the recovery variable v. The dynamics of the two
variables are described by the reaction-diffusion system

up = 2 Au — f(u) — eyv,
(1.4) Kvp = Av — v + u,
O,u=0,v=0 on 0.

Steady state solutions of (1.1) often have layered structures. In most parts of the
domain §2, a solution u is close to a or b. However, there exist small regions in 2
where the value of u changes abruptly from a to b. These regions are called transition
layers or interfaces.

The parameter range in this paper differs from the more extensively studied one
where e does not appear in the eyv term in the first equation of (1.1) (see, for example,
[4, 3, 5,7, 6,9, 14, 11, 12, 20, 19, 21, 24]). We will show that the parameter range
considered in this paper typically gives solutions with a finite number of interior layers.
In the parameter range without € in the eyv term, the number of interior layers of
a solution typically approaches infinity as € — 0 (see [4, 17, 23, 1] for this type of
phenomenon). The reason for this difference is that with € in eyv there is less impact
from the coupling effect with v, and hence there are fewer layers in a solution.

If we solve the second equation in (1.1) for v in terms of u with the boundary
condition d,v = 0 on 99, i.e., v = (1 — A)~u, and substitute the solution into the
first equation, we obtain the equation for u:

(1.5) —EAu+ fu)+ey(1—A)lu=0in Q, d,u =0 on IN.

This integro-differential equation can be viewed as the Euler-Lagrange equation
of the functional

(1.6) I(u) = /Q {€2|Vu|2 + W)+ (1 - A)1/2u|2} dz.

Here W is an antiderivative of f; i.e.,

(L.7) W = [ " (@) da.

Note that W (u) > 0 for all u € (=00, 00) and W (u) = 0 if and only if u = a or u = b.
Note that (1 — A)~'/2 is a nonlocal linear operator. One first defines (1 — A)~" so
that v = (1 — A)~! is the solution of

—Av+v=wuin Q, d,v =0 on 0.

Since (1 — A)~! is a positive operator from L?(Q) to itself, we define (1 — A)~1/2 to
be the positive square root of (1 — A)~L.
The fast inhibitor limit of (1.4) is the parabolic-elliptic system

up = 2Au — f(u) — eyv,
(1.8) 0=Av—v+u,
O,u=0,v =0 on 02
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obtained by setting x = 0 in (1.4). This is the gradient flow of I, in the L?(Q) space.
Finding and classifying the critical points of I, (solutions of (1.1)) help us understand
the behavior of (1.8).

In this paper we look for radial solutions of (1.1) on a unit ball in R™:

(1.9) Q={zeR":|z| <1}
The functional I, is therefore defined in the admissible set of radial W2 functions:
(1.10) {u e WH2(Q) : v =u(|z])}.

In the first part of the paper, we study layered solutions whose interfaces are well
separated and away from the origin and the boundary. We prove two theorems.

THEOREM 1.1. Let a < 0 < b and K be a positive integer. There exists o > 0
such that for each v > 7o, there exists ¢g > 0 so that when € € (0,¢y) there are four
solutions, each of which has K interfaces. Two of the four solutions, if denoted by u?,
satisfy lim._o u(0) = a, and the other two, if denoted by u?, satisfy lim._ou?(0) = b.

THEOREM 1.2.

1. Ifa<b<0and~y > ((Z:i));, there exists € > 0 such that for each € < €,
there is a one-interface solution u. with the property lim._o u.(0) = b.

2. If0<a<band~vy > ((Z:i));,
there is a one-interface solution u. with the property lim._ou.(0) = a.

The constant 7 here is a positive number, often called the surface tension. It is
given in (2.5). The proof of Theorem 1.1 uses a type of Lyapunov—Schmidt reduction
procedure tailored for singular perturbation problems. It consists of two steps. First
we reduce I, to a functional (). that is defined on a finite dimensional set. This set is
really the coordinates of interfaces. In this step we construct a family of approximate
solutions with K interfaces whose coordinates serve as parameters. The family is a
finite dimensional submanifold of the admissible set of I.. Near each approximate
solution we find a function that “solves” (1.5) in a direction that is more or less
perpendicular to the submanifold. These functions are again parameterized by their
interfaces and they form an improved finite dimensional submanifold. The restriction
of I. on this new submanifold is @., which is viewed as a function of the interfaces.
As a consequence of this construction, we show that a critical point of (). is a solution
of (1.5).

In the second step of the proof, we look for critical points of ().. We show that
€ 1Q. converges in C’lloc to a function J as € — 0. When ~ is sufficiently large, J
has a minimum. Near this local minimum Q. also has a minimum for small €. The
topological degree of J and hence that of Q. are shown to be 0. We then conclude
that when -y is large, there are at least two critical points of Q..

The proof of Theorem 1.2 is similar. After the same reduction procedure, we show
that when + is large, the reduced problem J has one maximum in A} if a < b < 0
and one maximum in A{ if 0 < a < b.

Another purpose of this paper is to illustrate the power and limitation of the I'-
convergence theory [8, 16, 15, 13] applied to this problem. Consider the case covered
in Theorem 1.1. The limit J of the reduced problem ). can be easily identified in
the I'-convergence theory. If one can show that the minimum of J is isolated, then a
local minimizer of I, exists according to the theory. For small values of K (K =1 or
K = 2), we are able to show that the minimum is indeed isolated. For general K this
also appears to be true, but we do not have a proof.

there exists €9 > 0 such that for each € < €,
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Regarding the second critical point of J, which is found by the topological degree
argument on )., one in general cannot derive from the I'-convergence theory that
there exists another critical point of I. corresponding to the second critical point of
J. This is because the I'-convergence theory addresses only isolated local minima of
J but not other types of critical points of J.

Similarly, in the case covered by Theorem 1.2 the maximum of J in A{ and the
maximum in A% do not yield solutions of (1.1) by the I'-convergence theory. This
paper shows that the nonminimum critical points all correspond to solutions of (1.5).
They are saddle points of (1.6).

In the second part of the paper we further demonstrate the effectiveness of the
Lyapunov—Schmidt reduction method. We construct solutions with a number of in-
terfaces that cluster near the boundary r = 1. Namely, we prove the following result.

THEOREM 1.3. Suppose that v > 0 and a < b. For any nonnegative integer k,
there exists an €g > 0 such that for each € € (0,¢€p], (1.1) has a solution u, which has
2k + 1 interfaces near the boundary r = 1. Moreover, ue — b uniformly in Bi_s(0)
for any 6 > 0 small if b > 0, and ue — a uniformly in B1_s(0) for any 6 > 0 small if
a<b<0.

Here the 2k + 1 layers are all close to the boundary » = 1. The distance between
two successive interfaces is of order €log %, and the distances between these interfaces
and the boundary r» = 1 are also of order ¢log % After reduction the problem becomes
a finite dimensional maximization problem with respect to the interfaces. The solution
constructed from this maximization procedure is again of saddle type.

In Theorem 1.3 the nonlocal term ey(1 — A) ™ u does not play a central role. The
existence of solutions with layers clustering near the boundary is valid with (v > 0)
or without (y = 0) the nonlocal term. See also the result in [2] for the unbalanced
case. The existence of interior layer solutions (Theorems 1.1 and 1.2) is different. Our
results show that to have solutions of multiple interior layers we must have sufficient
nonlocality, i.e., v must be large enough.

The organization of our paper serves these two purposes. In section 2 we recall
how J is derived from the I'-convergence theory. We show that the topological degree
of J is always 0 in the case a < 0 < b. For large v we show that J has a minimum and
consequently there is another critical point of J. The main work starts in section 3,
where we reduce the study of I. to that of the finite dimensional problem .. Then in
section 4 we show that e~'Q. converges to J in C}, . and prove Theorems 1.1 and 1.2.

In section 5 another reduction is used to prove Theorem 1.3. We again derive a
reduced functional of the interfaces. This time the interfaces are close to each other
and to the boundary (all the distances are of order elog %) As the interfaces vary
in this range the functional varies by a quantity that is much smaller than e. This
compares differently from the situation discussed in Theorems 1.1 and 1.2. We show
that the reduced problem is maximized at an interior point.

The conditions on a, b, and v in the three theorems are used when we solve the
reduced problems. In the case of Theorem 1.1 J has many critical points, and in the
case of Theorem 1.2 J has only one critical point. In the case of Theorem 1.3 we will
solve the reduced problem by showing that it has an interior maximum point. To
achieve this goal, the assumption on the sign of b is essential.

We use C' to denote constants independent of €. Their values may vary from line
to line. The L?(Q2) norm, p € [1, 00|, of a function is denoted by || - ||,.

2. The I'-limit. The limiting problem J is easily identified in the I’-convergence
theory. Other than the expression of J and its properties, given in Lemmas 2.3 and 2.4,
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the details of the I'-convergence and its consequences are not needed in this paper.
Therefore, we omit the proofs of the statements in this section, with the exception of
Lemmas 2.3 and 2.4. The interested reader may reconstruct them with the help of
the references we provide.

The T-limit J of e 11, is defined on the admissible set

(2.1) {u e BV(Q,{a,b}) : u=u(|z])},

where BV (€2, {a,b}) is the set of functions of bounded variation which take values
only in {a,b}. The set (2.1) consists of such functions that are radial.
A function in (2.1) has either a finite number of interfaces or infinitely many

interfaces. If it has finite, say, K, interfaces, there exist r1,7r2,... ,7x, with 0 < r; <
ro < --- < rg <1, that divide the interval (0,1) into (0,71), (r1,72), ... ,(rx—1,7K),
(rg,1), and

(2.2) u(r) =aon (0,m1), =bon (r1,re), =aon (ra,rs3),...

or

(2.3) u(r) =bon (0,71), =aon (r1,re), =bon (ra,rs),... .

In the case of (2.2) we say that u € A% and in the case of (2.3) we say that u € A% .
On A% and A% the T-limit J is given by

K 1
I R W A
j=1 0

Here we denote the area of the n — 1 dimensional unit sphere by w,_1. The constant
7 in (2.4) is given by

b
(2.5) 7':/ v/ 2W (q) dg.

A function in (2.1) may also have infinite interfaces. Then the interfaces must
accumulate at the origin. Otherwise, if there were a cluster point not at the origin, the
total length of the interfaces would be infinite and u could not be in (2.1). Hence there
exists a decreasing sequence 11,7z, ...,suchthat 1 > r; > 7y > ... andlim;_, r; =0,
and either

a on (rgl),

b on (rg,r),

(2.6) u=

a on (rs,ro)
or

b on (ry,1),

a on (rg,m1),
(2.7 u =

b on (r3,ra)
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In this case J is defined by (2.4) with Zf(:l replaced by Z;’;l Because u is assumed
to have bounded variation, this infinite sum converges.

Now we have J which is defined in (2.1). But I, is defined in a different set (1.10).
We trivially extend both to

(2.8) {ue L*(Q) : u=u(|z])},

the radial L?-functions, by setting I.(u) = oo if u is in (2.8) but not in (1.10) and
similarly J(u) = oo if u is in (2.8) but not in (2.1). In (2.8) distance is measured by
the L? norm || - 2.

The I'-convergence of e I, to J is characterized by the two properties of the
following lemma.

LEMMA 2.1. As e — 0, e 'I. T'-converges to J in the following sense:

1. For every family of functions ¢, in (2.8) with lim o ||¢e — @l = 0,
liminf, g e 1T (¢e) > J(¢b).

2. For every ¢ in (2.8), there is a family of functions ¢. in (2.8) such that
lime_q [|¢e — ¢[]2 = 0 and limsup,_,, e 1 I (¢e) < J(¢).

One important consequence of the I'-convergence of e 11, is the following exis-
tence result.

LEMMA 2.2. Ifug € A% (or AY, respectively) is an isolated local minimum of
J in A% (or AS, respectively), for sufficiently small €, there exists a local minimizer
te of I, and lim._q ||ue — up|l2 = 0.

These two lemmas may be proved by mimicking the argument in Ren and Wei
[22]. Lemma 2.2 suggests that we look for minima of J in A% and A% . We do this
in the rest of this section. Moreover, we will also find critical points of J that are not
local minima.

Let G = G(r, s) be the Green’s function

-1
(2.9) — Gy — ”TGT +G=6(r—s).
Note that G(r, s) is not symmetric in r and s, but 7" ~1G(r, s) is. We define
1
(2.10) v(r) z/ G(r,s)u(s) ds
0

to be the solution of
n—1

(2.11) —Vpp — ——Up + U = U.

r
When it is in A% or A%, u is determined by its jump points 71,72, ... ,7x, which we
term interfaces. Collectively we set r = (r1,72,... ,7K ). Because u depends on r, we

often write v = u(r;r) and correspondingly v = v(r;r).
The nonlocal part of J may be rewritten as

@) [ a e = [ orute ot

We view J as a function of r: J = J(r). Now we compute the derivative of J. Note
that
b 1

a 1 T2
n—1 _ n—1 n—1
o ), v(r)u(r)r™dr o [/0 v(r)ar™ tdr + / v(r)br™dr + ...

T1

L ow(r;r)
87"1

u(r;r) r"Ldr.

(2.13) = (a—bw(r)rP "t + /0
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Because

%:;11') = 5% [/0 1 G(r,s)ads—i—/hzG(r,s)bds+...
(2.14) = (a —b)G(r,r1),
we find

9 ! n—1
87’1/0 v(r)u(r)r™ dr

= (a—bu(r)ri ™" + (a - b)/o G(r,r)u(r;r) r" tdr

= (a=)o(r)ri ™" +(a—b) /O G(ry,ryu(rs) ry~tdr
(2.15) = (a=b)o(r))ry ™" + (@ = b)o(r)ri ™ = 2(a = b)u(r)ry .

We have used the symmetry of 7" ~!G(r,r1). For a general r; we have

1
j
Therefore
17) 2 = )7 (b= (1ol v e A
j

The gradient of J in A% is a bit different:

dJ(r)

(2.18) o

=wp_1[(n — 1)7'7";172 +v(a — b)(—l)jv(rj; r)r?flL re Al
The existence of critical points of J depends on a, b, and v. We consider the
following three cases:
e Casel.a<b<O.
e CaseI. 0 < a < b.
e CaseIll. a <0 < b.
The first two cases are relatively simple. We have the following result.
LEMMA 2.3.
1. If a <b <0 and v > vy where

_(n—=Dr
(2.19) = @=b)p

there is a local mazimum in A%. There are no critical points in other classes.
2. If0 < a < b andy > vyr; where

(n—1)7

(2.20) Vi1 = b—a)’

there is a local mazimum in A{. There are no critical points in other classes.
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Proof. We consider only case I, for case II may be similarly handled. Note that
u < 0 implies that v < 0. In each A%, K > 1, g—i > 0. There is no critical point in

A% In A% for K > 2, gTJQ > 0. So there is no critical point in A%, K > 2. The only
class left is AY. In this class

ar
67“1

= wp 17} 2[(n — 1)7 — y(a — b)v(ry;r)r).

The quantity inside the brackets is (n —1)7 when r; = 0 and (n—1)7 —vy(a—0b)v(1) =
(n —1)7 — vy(a — b)b when r1 = 1. Hence when v > 7 there is a local maximum of
J in A%, where 77 is given in (2.19). Here since when b = 0, 77 = oo, the condition
~ > vy can be satisfied only when b < 0. ]

Case III is the most interesting. We have the following lemma.

LEMMA 2.4. Suppose a < 0 < b.

1. When v is sufficiently large, J attains a global minimum in A% (or A% )—not
on the boundary of A% (or Ab).

2. Given v > 0 and any compact subset K' of A% (or A% ) one can find a
compact subset K, such that K' C K and for all v € [0,+'] the topological
degree of grad J on K about 0 is zero.

3. When + is large, there exist at least two critical points of J in each A% (or
AL,

Proof. To prove part 1, we note that as far as the minimum is concerned the
condition that + is large is equivalent to the condition that 7 is small. Or J can be
considered as a perturbation of the function

1
Wn— _ n— a
(2.21) Jo(r) = Tw/ (1 — A 2u(51))?) r e, e A% (or AY).
0
We recall that A% (and, similarly, A% ) is identified with

{r=(r1,...,rg):0<r;1 <---<rg}

so that the boundary of A% is not included in A% . We study Jy on the boundary of
A% (the case A% is left to the reader), which consists of three pieces: (1) r; = 0, (2)

rg =1, and (3) r; =rj4q for some j=1,2,... ,K — L.
In A%,
8J0 j n—1
(2.22) o, = wn—17(b — a)(=1)v(rj;r)r] .

If the minimum of Jj is achieved on ry = 0, say, at r = (0, 73,73, ...), then
v(re;r) = v(rs;r) =~ =v(rg;r) = 0.

However, v(rg;r) = 0 and u(r;r) = b > 0 for r € (0,72) imply that v(r;r) > 0 for
r € [0,r2) by the maximum principal. Then at this r

aJo (I‘)

(2.23) B

= —wp—17(b — a)v(0;r) < 0.

This means that the gradient of Jy points outward at this r. Then r cannot be a
minimum point.
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If the minimum of J is achieved at r = (r1,72,... ,7x_1, 1) on the boundary piece
ry = 1, then

v(ri;r) = v(ry;r) =+ =v(rg_1;r) = 0.
Since for r € (rgx_1,1),

(1) a <0 if K is odd,
u(r;r) =
b>0 if K is even,

v(rg—1;r) = 0 implies that v(r) is negative if K is odd and positive if K is even on
(rx—1,1]. Then

(2.24) gj; =5(b—a)(=1)%u(1;r) > 0.

Hence the gradient of J points outward at this r and it cannot be the minimum.

If the minimum of J is achieved at a boundary point r on r; = r;11, we have
two possibilities. First we may have r = (r1,72,... ,7j_1,7),7j41,Tj+2, .- - ,Txk) With
rE < rg < - <o <715 =741 < Tjye < - < rg. This means two interfaces
coincide but other interfaces stay separate. Then

v(rir) = =v(rj_1;r) = v(rjpeir) = - = v(rg;r) = 0.

When r € (rj_1,7j42),

a <0 if jis odd,
u(r;r) =
b>0 ifjiseven.

Then, since v(rj_1;r) = v(rjyo;r) = 0 for r € (rj_1,7j42), v(r;r) is negative if j is
odd and positive if j is even by the maximal principal. Note that at the minimum
r the outward normal direction is v = (0,0,...0,1,—1,0,...,0), where 1 is the jth
entry and —1 the (j + 1)th entry. The directional derivative along v is

aJ

W v(b— a)[(—l)jv(rj; I‘)T;kl - (—1)j+1v(rj+1; r)r;:f}

=2y(b—a)(—1)v(rj; r)r?‘l > 0.

Hence r cannot be the minimum.

In this case there is also the possibility that more than two interfaces collapse at
one point, where the minimum is attained—for example, at r where 1y <19 < --- <
Tj_g <Tj_1 =17 =7Tjp1 < Tjp2 < --- < rx. However, this point can be viewed as a
point on the boundary of A% _;. We can make an induction assumption that in every

4 or A% with N < K — 1, the minimum of Jy is not achieved on the boundary.
Therefore this possibility needs no consideration.

Therefore the minimum of Jy is achieved on a compact subset of A%-. Hence for
large ~, the minimum of J is also achieved inside A$%,.

To prove part 2, we treat v in J as a parameter for the homotopy argument. We
consider the topological degree of grad J. We are given a compact subset K’ of A%
and ~ in [0,7].
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First we show that grad.J is not 0 on the boundary of some compact K > K.
When v = 0,

(2.25) ar; =(n— Dwp_17777,
which is not 0 anywhere in A%. When v > 0, we consider the three pieces of the
boundary of A% again.

Although on the piece r1 = 0 of the boundary 9J/9r1 = 0 if n > 2, we move
slightly away from r; = 0 and consider small and positive r;. Then

a7

(226) 871"1 = (n — 1)wn717"r"f‘72 + ’}/O(T?71> > 0.

Hence grad J is not 0 when 7y is positive and small.
On the second piece rg =1,

aJ _ _ e
(227) 50— =(n- Dwn177r5 3 + w170 — a) (1) X o(re—1;0)rg T,
aJ .
(2.28) P (n—1Dwp_17T + wp_17(b — a)(—1)" v(1;r).

For r € (rx-1,1), u(r;r) = a < 0 if K is odd and u(r;r) = b > 0 if K is even. If

62{{1 = 0, then v(rx—_1;r) is negative if K is odd and positive if K is even. Then for
r € [rx—1,1], v(r;r) is negative if K is odd and positive if K is even. In particular,

v(1;r) is negative if K is odd and positive if K is even. Then aé;—{( is always positive.

Hence grad J is not 0 on the second piece of the boundary.
On the third piece of the boundary r; = 7,11,

oJ .
(2.29) Ero (n— l)wn_lTr;‘_Q + wp—17(b — a)(—1) v (r;; r)r;l_l,
j
oJ n—2 j+1 n—1
(2.30) B (n = Dwn—177r7 7" + wn—17(b — a)(=1)" " v(rj;r)ri ™.
j

These two partial derivatives cannot simultaneously be 0. Hence grad J is not 0 on
the third piece of the boundary.

Now we can find a compact subset X D K" of A% so that for all v € [0,~'], grad J
is not 0 on the boundary of K. Consequently we can define the topological degree of
grad J in K about 0:

(2.31) Deg (grad J, K, 0).

Note that in part 2 of the lemma, v is allowed to be 0. This is important, because
when v = 0, grad.J # 0 in A%. Hence Deg (grad J,K,0) = 0 when v = 0. By the
invariance of the degree under continuous deformation, Deg (grad .J, K,0) = 0 for all
v € [0,+']. This proves part 2 of the lemma.

The third part of the lemma follows from parts 1 and 2. For large +, there is a
minimum, say, r, in A% . This gives one critical point of J. If this is the only critical
point of J in A%, we can find an open ball B, (r,) of radius n centered at r, whose
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closure is a subset of A% . Let K be a compact subset of A% given in part 2 of the
lemma, and it is large enough to contain B, (r.) as a subset. Then

(2.32)  Deg(grad J,K,0) = Deg (grad J, B, (r.),0) + Deg (grad J, K\ B, (r.), 0).

We know that Deg (grad J,K,0) = 0 from part 2. Also Deg (grad J, B,(r.),0) = 1
because the minimum r, is the only critical point in B, (r.). Therefore Deg (grad J,
K\B,(r.),0) = —1 # 0. There is another critical point in K\B,(r.). ad

The reader is probably tempted to combine Lemmas 2.2 and 2.4. Since there is
a minimum of J in A% when « is large, one would like to show that this minimum
is isolated and then following Lemma 2.2 conclude that I. has a local minimizer near
the minimum of J. When K =1 or K = 2, it is indeed easy to show that the local
minimum of J is isolated. However, for general K, we do not have a proof.

Moreover, in part 3 of Lemma 2.4 we have also found another critical point of J
for large . This critical point is in general not a local minimum of J. Lemma 2.2 is
hence not applicable.

Similarly, the local maxima found in Lemma 2.3 are not of much use in the T'-
convergence theory.

To make use of all the critical points of J found in Lemmas 2.3 and 2.4, we
now abandon the I'-convergence theory and proceed differently. Our new reduction
approach may roughly be regarded as a convergence theory at the C? level, while the
I'-convergence theory is at the C? level. Using this argument we will be able to prove
that in case III there are at least two critical points of I. with K interfaces when ~
is sufficiently large (see Theorem 1.1). Similarly, in cases I and II there is a critical
point of I. with one interface if v is large (see Theorem 1.2).

3. Lyapunov—Schmidt reduction procedure. The Lyapunov—Schmidt re-
duction procedure involves the first and second derivatives of I.. For this reason
we vaguely regard it as a reduction theory at the C? level.

We construct a manifold M of approximate solutions parameterized by r =
(r1,7re,...,rKg). First define

(3.1) s(r;r) =ain (0,7r1), bin (r1,r2), ain (re,rs), ...,

which gives a profile away from the interfaces. Clearly s(-;r) € A%. We also identify
the domain of r with A%.. From now to the end of the paper we construct the two
solutions in Theorem 1.1 that satisfy lim._.ou%(0) = a and the solution in part 2
of Theorem 1.2. Similar arguments can give the other solutions, starting with an
s(;r) € A%, We leave the details to the reader.

The interface profile is the solution H(t) of the differential equation

a+b

(3.2) —Hy + f(H) = 0, H(=00) = a, H(o0) = b, H(0) = "~

H(t) approaches a (or b, respectively) exponentially fast as ¢ tends to —oo (or oo,
respectively) in the sense that there exist positive Cy, Cy so that

(3.3) 0< H(t)—a< Cre®ift <0, and 0 < b— H(t) < Cre” 2t if t > 0.

Near r; we use H((r —r;)/e) if j is odd, or H(—(r —r;)/€) if j is even.
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The outer approximation s(-; r) and the inner approximation H must be connected
by a smooth cut-off function x to make

€

K e K
B i) =3 = e () (1= Yot ) | st

Jj=1

where x is defined to be

1 in (_6a76a)a
(3.5) X(”){O in R\(—2¢%,2¢%).

The exponent « in (3.5) satisfies

(3.6) O<a<l
X satisfies
(3.7) X =O0(1), X = O(™), ¥/ = O(e™2).

The manifold M is
(3.8) M={w(;r): re A%},

which is parameterized by r in A%.
We define two function spaces X and ),

(3.9) X ={ueW**(Q):u=u(lz]), u,(1) =0}; V={qeL*(Q):q=q(z]},
and a nonlinear operator S, : X — ) by
(3.10) Sc(u) = —Au+ f(u) + ey(1 — A) " tu.

Equation (1.5) is Sc(u) = 0.

LEMMA 3.1. Sc(w) = O(e) locally uniformly in v and v. More precisely, for each
compact subset KC of A% and [y1,72], 0 < 11 < 2, there exist C > 0 and ¢y > 0 such
that for allr € IC, v € [y1,72] and € < €q, ||Sc(w(-;1))||o < Ce.

Proof. Given K and [v1,72], we let r € KC and 7 € [y1,72]. Then

Se(w) = —¢* (ww n ”w) T fw) +er(1— A)tw

= (= 2wy + f(w)) — 2l wy +ey(1 — A)tw

(3.11) = 0(e" %)+ 0(e) + O(e) = O(e).

The lemma follows. ]
For each j =1,2,..., K, let us define

(3.12) hi(r) = H' <T jﬂ') K (’";g’j) = H (7’ 2”) £ OOV,
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where & is a smooth, even, cut-off function
(3.13) () 1 if |s] <1,
3.13 Kk(s) =

0 if |s] >2.

Here O(e*C/ ﬁ) is an exponentially small quantity with respect to € because of the
exponentially fast decay rate of H': H'(t) < Cie~¢2I*l. Therefore h’(0) = (1) =0
11 — e H" (52|l = O(e"¥/VE), and [|B] — ™2 H" (=1)||o = O(e~“/VF). Note
that h; depends on r so we sometimes write it as h;(r;r).

At each w(-;r) of the manifold we define the space

(3.14) Fe={¢peX: ¢ Lh; j=12... K}

where | is defined from the inner product
1
(3.15) (A,B) = / A(r)B(r)r"tdr.
0

Then w, + F; is a subset of X', which we call the r-fiber of M in X. Define &, to
be the subspace

(3.16) & ={qed¥: qlLlh; j=12,... K}

of ). Let the projection from )Y to & be 7, : Y — &, defined by

K
(3.17) NORYEDS <||qhﬁ|%> hj.

At each w(-;r) we look for a ¢(-;r) € Fp so that
(3.18) T 0 Se(w(;1) + @(+51)) = 0.
This means that we solve Sc(u) = 0 in the fiber direction. For each ¢ € F, we expand
(3.19) Se(w + ¢) = Se(w) + Le(9) + Re(9),
where the linearized operator of S, at w(-;r) is denoted by L,: X — Y, defined by

n—1

(3.20) oy (% ; @) TP w(rr)é +ev(1— A) 6,

and the remainder is

(3.21) Re(¢) = f(w+¢) — f(w) = f'(w)¢.

Then (3.18) is written as

(3.22) 7y 0 Se(w) + 7y 0 Ly(¢p) + 7 0 Ryp(¢p) = 0.
Regarding the linear operator 7y o Ly,

(3.23) oLyt Fr — &

(note that it is defined on Fr.—mnot on X'), we have the following lemma.
LEMMA 3.2.



2018 EDWARD NORMAN DANCER, XIAOFENG REN, AND SHUSEN YAN

1. There exists C1 > 0 independent of € such that ||¢]|co < C1||7r © Le(9)]| o for
all ¢ € Fy. In particular, . o Ly is one-to-one from Fy to ;.
2. mp 0 Ly is onto from Fy to &E;.
Proof. To prove part 1 we argue by contradiction. Suppose the conclusion is false.
Then there exists ¢, € Fy for each e such that ||¢)¢]|cc = 1 and along a subsequence
of e — 0,

(3.24) 172 © L (the) |l o0 — 0.

To simplify notation, we write ¢ instead of 1.. We rewrite (3.24) as
n—1 K
(3.25) —é? (wm + Tm) + f(w) +ey(1—A) "' = Bihy = o(1)
j=1

for some 3; € R. More specifically, 3; are given by

Ly(¢), hj
(3.26) B; = (Le(). hy) 5 J>.
1725112
We must estimate the size of ;. To this end we multiply (3.25) by hj and
integrate. Then

w2 [ 1 (= (o + 20) + @t et - 870 ) ] o tar

K
+ > By(hy, hi) = ole),

Jj=1

Simple calculations simplify the second part on the left side, so

2 [ 1 (= (o + 50) £ L= 870 ) ] o tar
K

+ Zﬁj(m’ry_léjk + O(€%)) = ole),

j=1

where 0, = 1if j # k and 0 if j = k. Also we have used the fact that

(3.29) r:/R(H')?dt.

This 7 is the same as the one given in (2.5). These two expressions give the same
value because of (3.2), which H satisfies, and its first integral

(3.30) —%(H’(t))z +W(H) = 0.
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The first part of the left side of (3.28) is estimated as follows:
(3.31)

/01 [<_62 (w’”" M n;lw> + (W) +ev(1 - A)%) hk] =y

1 1
- / (_62 ( wy D 1h§<> Y+ f/(w)hw> L 6’)// (1= A)"1)hy "~ Ldr
0 r ;

1
-1
:/ —eQnr Riabr™tdr + O(?) = O(é?).
0

This simplifies (3.28) to

2N

(3.32) Z Bi(eméx + O(e?)) = o(e).
Hence

(3.33) B; = o(1).

Let y € [0, 1] such that, without loss of generality, ¥(y) = ||¢|lc = 1. We claim
that y — r; = O(e) for some j. Otherwise, at y,

Le()(y) = =M (y) + ' (w(y)e(y) + ev((1 = A)")(y)
>0+ f'(w(y)) +ev((1 = A) 7))
(3.34) = f'(w(y)) + O0(e) = ['(a) +o(1).
Combining (3.33) and (3.34), we obtain

K
(3.35) o Le(9)(y) = f'(a) = Y Bihy(y) +o(1) = f'(0) + o(1),
j=1

which contradicts (3.24).
We have thus proved that y —§; = O(e) for some j, along a subsequence of € — 0.
Define ¥(t) = (r; + €t). Then (3.25) and (3.33) imply

(3.36) U + f(we(rj + €t))¥ = o(1)

uniformly on any compact subset of R. From here we may pass to the limit and find
Vo so that ¥ — W, in C7 (R). Moreover, o, # 0 since ¥((y — &;)/e) = 1, and

(3.37) — U 4 f(H) Vs = 0.

The bounded solutions of this equation are scalar multiples of H'. Hence Vo, = cH’
for some ¢ # 0.
On the other hand, since ¢ € F; means that i) L h;, we deduce that
(1=rj)/e
(338) 0= (i) =¢ / W()(H' () — O(e~ OV (1 + ety dt

—r;/€

(e [wraon),
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which is impossible, for ¢ # 0. We have thus proved part 1 of the lemma.
To prove part 2 of the lemma we need to solve

(3.39) e 0 Ly(@) = p

in F, for any given p € &. By applying 7 o (1 — A)~! to both sides of (3.39) we
consider the equation

(3.40) meo(1—A) om0 Lp(¢) =m0 (1 —A)p.

The linear operator 7, o (1 — A)™! o7, o L, on the left side maps from F; to itself.

For this operator F, is viewed as a Banach space whose norm is inherited from the
W?22(Q2) norm. The operator has the form

(3.41) €?(identity operator) + compact operator.
According to the Fredholm alternative, (3.40) is solvable if
(3.42) meo(l—A)lomoLi(¢)=0

has only the trivial solution. To see this we write (3.42) as

K
(3.43) (1-A) " omoLy(¢) = Z ajh;

for some a; € R. Apply 1 — A to the last equation to find
K

(3.44) Mo Le(9) = > aj(—Ah; + hy).
j=1

We multiply it by hy and integrate to deduce

K
(3.45) 0=> aj / (Vhj - Vhy + hjhy) dx
=1 7%

:ak/(\wk|2+h§)dx, k=1,2,... K,
Q

which implies that o; =0, j =1,2,... , K. Then (3.44) becomes
(3.46) 7y 0 Ly(¢p) = 0.

The first part of the lemma implies that ¢ = 0.
Hence (3.40) is solvable; i.e., for any p € & there exist ¢ € F; and 3; € R such
that

K
(3.47) (1—A)lomoL(¢)=(1—A)""p+ > Bihy.
j=1
Apply 1 — A to the last equation to deduce
K
(3.48) Mo Lo(¢) =p+ Y Bi(—Ahj + hy).

=1
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We again multiply by hj and integrate to obtain
K

(3.49) 0= Zﬁj/ Vhj - Vhyde = Bke/ (IVhe|> + h2)dz, k=1,2,... K,
= Q Q

which implies that §; =0 for all j =1,2,... , K. Then (3.48) becomes (3.39). O
We are now ready to solve (3.18).
LEMMA 3.3. There exists ¢(;xr) € Fr with ||¢(;1)]|cc = O(€) so that my o
Se(w(sr) + (1)) = 0.
Proof. We write (3.22) in a fixed point form:

(3.50) ¢ = (e 0 L) " (=Tr 0 Se(w) — 7y © Re(9)).
We define the operator T, from D(T}) to itself,

(3.51) To(9) = (ma 0 L)~ (~0 0 Se() — e 0 Ral9),
where the domain D(T;) of T, is

(3.52) D(T,) = {p € L=(0,1): ¢ Lh;, j=1,2,... K}.
Let By be a closed ball in D(T;) defined by

(3.53) Be = {6 € DT : 6]l < Cae},

where C5 is a constant independent of € to be determined soon. For every ¢ € B, by
Lemma 3.1

T2 () lloo < Ctl|mr 0 Se(w)]|oo + C1llme © Ry (#)]] 0o
< Cze + C5(1+ O([[¢ll o)) 18]1%
(3.54) < Cze 4 CsC2(1 + Cae)é?,

where we have estimated Ry (¢) as

(3.55)
[Re(9)lloo < 21 f (wr +¢) = fwr) = [ (wr)dlloo < Ca(14+O(¢lloo))I#l1%

for some C, depending only on f. In (3.54) the constants C3 and Cg are again
independent of €. If we choose C5 to be sufficiently large, then when e is small enough
(3.54) is bounded by Cae. Therefore by choosing such Cy we see that D(T}.) maps B,
to itself.

Next we prove that Ty is a contraction mapping in D(T,). Take ¢1 and ¢o in
D(T:). Then

[T2(01) = Te(¢2)[loo < Crlme 0 (Re(1) = Re(d2))lloc = C7|[Re(91) — Re(d2)lloo
< Cs|f(wr + é1) — fwr + d2) — f/(wr)($1 — $2)lloo
< Cslf'(wr + @2 + 0(¢1 — ¢2)) (61 — ¢2) — f/(we) (b1 — h2) o
< G| f'(we + @2+ 0(¢1 — ¢2)) — ' (wr)|[oolld1 — d2lloo
< O([[$1llo + l¢2lloc) llé1 — P2lloo
(3.56) < Cyel|pr — d2lloo,

which implies that 7T, is a contraction mapping if € is sufficiently small. In these
estimates 6§ = 6(z) € (0,1) comes from the mean value theorem. 0
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4. C'-convergence of the reduced problem. We now define

(4.1) Qc(r) = I(w(:;r) + ¢( 1)),

where w(+;r) is the approximate solution constructed in (3.4) and ¢(-;r) is given in
Lemma 3.3. We may view Q). as a function defined on A .
LEMMA 4.1. Ifr € A% is a critical point of Q., then Sc(w(;r) + ¢(;r)) = 0.
Proof. Let r, be a critical point of Q.. Set g(r;r) = (w(;r) + ¢(-;1r)). Atr=r,
we have, for each I,

0Qc(r.) /l 2 1399 i
= = —2A 1-A —L
0 o, 0( Ag+ flg) +ev( ) 9)3”7“ dr
K 1
= Z Cm, hmﬁrnfldr.
m=1 0 arl

Here we have assumed that at r,, Sc(g) = ZTanl Cmhm, because my(Sc(g)) = 0. The
last equation asserts that the coefficients c¢,, satisfy a linear homogeneous system

. .ol
whose ml matrix entry is fo hm% dr at r =r,.

Recall that g = w + ¢ and h,, L ¢ for all r. We differentiate 0 = fol hm@ r™dr
with respect to r; to obtain

Lo0g(rir) ! Ol (i) n1
/Ohm o, T dr——/o or; o(rsr) r"dr.

Therefore, since ¢ = O(e),

Yodg ! ow  Oh L L
n— _ _ m n— — n— H/ 2 .
/0 hm—arl ™t dr /0 (hman o (b) T dr = Sy /R( (t))*dt + O(e)

Therefore the coefficient matrix is nonsingular. This implies ¢,, = 0, i.e., Sc(g(-;r4)) =
0. |

The reduced problem Q., scaled by e~
in r and locally in ~.

LEMMA 4.2. Given a compact subset K of A% and an interval [y1,72], with
0 < v <7y < oo, we have that for every 6 > 0 there exists g > 0 such that when
€ < eo, |€1Qc(r) — J(r)| < 6 and |grad e 1Q.(r) — grad J(r)| < 6 for allr € K and
v € [y1,72)-

Proof. Given K and [y1,72], we let r € K and v € [y1,72]. We first show the
CP-convergence. Expand I.(w(-;r) + ¢(+;1)) to find

! converges to J given in (2.4) in C'! locally

1 1
(4.2) Qs(r):Ie(w)Jr/O Se(w)m"*ldw%/() ¢Led dx + O(e3).

The equation 7y 0S.(w+ ¢) = 0 implies that Sc(w+¢) = Z]K:1 Bjh; for some §; € R,
which can be written as

K
(4.3) Se(w) + Lo+ O(?) = Y _ Bjh;.
j=1
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Multiply (4.3) by ¢ and integrate to find

1 1

(4.4) / Sg(w)¢r"_1dr—|—/ dLrpr™tdr + O(e%) =
0 0

since ¢ L h;. Substituting (4.4) into (4.2), we deduce

1

1
(4.5) Qc(r) =1 (w)+ 3 /0 S (w)pr"tdr + O(€3).

By Lemma 3.1 we obtain

1

(4.6) / Sc(w)pr"tdr = O(e?).
0

Now (4.5) becomes

(4.7) Qe(r) = Le(w(-s1)) + O(2).

So we turn our attention to I.(w(-;r)). Note that

! 62 w €o !
Ie(w(-;r))zwn,1/0 [Qwr|2+W(w>} e /0|(1—A>‘1/2w|2r"‘1dr

1
= 167’27"" L 2 [ Ay e+ O@)

0

(4.8)  =eJ(r) +O().

Before arriving at (4.8) we have used the fact that

/R B(H’)Q + W(H)] dt =1,

which follows from the first integral (3.30) of H and the definition of 7. Therefore,

(4.9) Qe(r) = eJ(r) + O(¢?),

proving the convergence at the C? level.
Next we show the convergence of grad (e 1Q.). We calculate

0Qc(r) 0 )
e = gy le(w(m) +0(3)

[ s gtz stin)
Q Tj

(4.10) :/QSe(eraﬁ)aué(T:;r) dx+/ﬂsg(w+¢)a%(';r)d

Tj

We estimate the second integral in (4.10) first. Note that since 7 (S.(w+¢)) =

Se(w+¢) = thl
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for some §; € R. Since when [ # m, h;, and h,, are supported in disjoint sets, the
h;’s are perpendicular to each other. We find

<Se<w + ¢)> hl>
1Pl

To estimate the numerator on the right side we write

Se(w + (b) = Se(w) + Ly¢+ Rr(¢)
From Lemma 3.1 we find
[(Se(w), hi)| < [|Se(w)lsollhilly = O()O(e) = O(e?).
From Lemma 3.3 we have

[{Le, ha)| = [(Lehi, 0)] < [ Lelu]l1 4]0 = O(*)O(e) = O(€?),

B =

and

[(Re(0), )| < [IRe(9) |0 [ ull = O(e2)O(e) = O(€%).

Combing the last three estimates we obtain

(Se(w +¢), lu) = O(€).

Since ||hy||3 is of order €, we deduce

(4.11) G = O(e).
The fact ¢ L h; implies, after differentiating (¢, h;) = 0 with respect to r;, that
1 1
9p(r;r) iy / Ohy(rix) .y
4.12 —h;r" ——pr" dr = 0.
( ) /0 o, hjr™ ™ dr + ; ar, or T

Hence the second integral in (4.10) becomes

0
(4.13) /S +¢s an 15[/ Ja¢ g,
K 1
oh; ,_
Z—an—lﬂl/ qba—lj“” Ydr
= 0 Tj

Our estimate of 5, (4.11), and Lemma 3.3 imply that the last quantity of (4.13) is of

order €?:

(4.14) /Qs€<w + </>)&’;(7;;r) dz = O(2),

It remains to calculate the first integral in (4.10). We again write Sc(w + ¢) =
Se(w) + Ly + Ry (¢) so that

/Q (w + 0) (j )d /Q{Se(w)algi;r)+Lr¢0ué(7;;r)+Rr(¢)8zté(7;;r) .
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We must separate two cases: j is odd and j is even. When j is odd, w(r) is H(*=—%)
for r near r;. Moreover,

(4.15) Qwlrir) _ _ gy (’”‘”) +0(e=9).
aTj €

In this case we argue as in the estimations leading to (4.11) to conclude that

Jw(-;r) — O(e2 dw(;r) = O(e2
/QquS o dx = O(e*), /QRr(qS) o, d O(e?).

Therefore,
(4.16)
/ (w + ) (TJ )dx—/QSe(w)aué(?;;r) dz + O(e?)

ow(r;r)
87“]‘

= Wn— / —€2n_ 1U}r+€’Y(1 _A)_l'IU:| (—6_1HI <7"_7’]>) Tn_ldT+O(62)
r €
= Wn— 1/ —en — 1H' <T — 7’]-> +ey(1— A)_lw} <—e_1H' (r — rj)) r"Ldr
r € p

(¢?)
(

r"Ldr

_762 <ww + nrlwr) + flw) +ey(1 - A)lw}

= Wnp— 16[

n= 1)1 = (b= a)yry T (1= A) T w( 1)) (r5)] + O(2).

Similarly when j is even, w(r) is H(

T—r;
—L) for r near r; and

(4.17) Qwrir) _ 1y (—TT?> +0(e=C).
6’)"j €

dw(+r)
/QSe(w + (b)TTJ d

n—2

Then

+ (b= a)yri T (1 = &) () ()] + O(?)

(4.18) = wpore[(n = 1)7ri 72+ (b= a)yrf T (1 = A) 7 s (1)) ()] + O(€2).

=wp_1€[(n — )71

Recall that s € A% is the outer part of w defined in (3.1). In conclusion, by (4.10),
(4.14), (4.16), (4.18), and the calculations of 9.J/0r; in section 2, we have that

a.J(r)

(4.19) o

+O(é?).

(% /S w+ ) ()d +O(&) =¢

This proves the lemma.
We are now ready to prove our main results.

Proof of Theorem 1.1. Lemma 2.4, part 1, asserts that J is minimized at a point
in the interior of A% if v is large. By Lemma 4.2 we conclude that @), has a local
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minimum r. in A%. As e — 0, ro converges, possibly along a subsequence, tor, € A%,
which is a minimizer of J. Choose a small neighborhood Ky of r, so that r. € ICy. If
there are several critical points of Q¢ in Ky, we are finished. If there is only one, it
is an isolated strict local minimum and hence has index 1. On the other hand, there
exists a neighborhood C of Iy on which the degree of grad J is zero by Lemma 2.4,
part 2. Hence, by continuity, the same is true for grad Q. for small e. Hence there
must be another critical point of @, in K, as required. O
Proof of Theorem 1.2. We combine Lemmas 2.3 and 4.2. O

5. Solutions with layers near the boundary. In this section, we construct
solutions with multiple layers near the boundary of 2 and prove Theorem 1.3. Let
m? = f'(a) = f'(b) = (b—a)?/2 > 0. First, we construct an approximate solution.

Let £(t) be a smooth function, such that 0 < £ <1, £(t) =0 fort < %, and £ =1
for ¢t > % Let r = (r0,71,71,... , Tk, Tk) € De i, where D, i, is the set containing all r

satisfying
1 _ _ 1
1—Meln-<rg<rm<r < - <7 <rg<l—aeln-—,
€ €

and
Tj—rji—1 Zaeln;, rj — T Zaelnz, j=1,...k,

where a > 0 is a small constant and M > 0 is a large constant.
Define

’I"j—?"

U€7j(7'):(1—€)b+§(7')H< ), j=0,1,...,k,

and

b (r) = (1 €)a+E(r)H (“fﬁ'), =1,k

It is easy to check that v. ; and v, ; satisfy

(5-1) —Av = —f(0) + O(E| + €%) = —f(v) + O(e).
Let
k
We, k(1) = Ve,0 + Z(Ue,j + Vej —a— b).
j=1

Then, using (5.1), we obtain

—EQAUIE’]C + mee,k

k
= —ezAvg,o — Z(ezAve,j + eQAﬁe,j) + meE,k
j=1
k
- Ue O Z Ue,j + f Ue ])) + mee,k
j=1
k
(5.2) + €0 | elurgl +e Y (Jol ]+ oL 0) +e

j=1
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Since we . does not satisfy w ; (1) = 0, we need to make a projection as follows.
Let Pw, j be the solution of

(5.3) {CQAPw€7k +m2Pwey, = —€2Awe , + m*wey  in Q,
5.3

(Pwe)'(1) = 0.

We denote ¢, = w, r — Pwe . Then ¢, satisfies

—e2Ape +m2p. =0 in Q,
(5.4)

(1) = w ,(1).

By the maximum principle, we see ¢, < 0.
We have the following estimates for ..
LEMMA 5.1. For any small 8 > 0, there is a constant C > 0, such that

|<p€(r)| < Crefm(lfrk)/eefm(lfe)(lfr)/e.
In particular,
loe(r)] < Ce—m1=0)r—rx|/e

Proof. Let G.(Y,y) and G(Y,y) be the Green function of —e?A + m?2[ in Q and
—A+m?Iin Q. , = {Y €Y 4y € Q} subject to the Neumann boundary condition,
respectively. Then

€

1 Y —

We have

o) = ¢ [ GVl )ay

€

This, together with |w] ,(1)] = 6_1|Z§:1 H'(E) — ZIZOH’(l_”)’ < Ce!
e~m=rk)/e gives

(el < Cee e [ GV play
o0
_ Clee-mt-ri)/e L /
€" Joa

Y —
G ( yo)‘ dy
(5.5) _ Cefm(lf’l‘k)/e/ |G(Y,0)|dY < Cvefm(lfrk)/ee—m(lfe)(177~)/67
Oy

€

since G(Y,0) ~ m% as |Y| — 0, and |G(Y,0)| < Ce™ ™V as |Y| — 4o0.

Since for r € [0,1] we have
r—rp| <|1—rg|+|r—1=1—-r+1-r,
as a result

|S06(y)| < Ce—m(l—rk)/ee—m(l—e)(l—r)/e < 06_7’1(1_9)"(‘_7%'/6.
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So, we have proved the lemma. ]
Define

=5 [1ou+ [ W,

where W (t) = fat f(s)ds.
Next, we estimate I* (Pweﬁk). We have
PROPOSITION 5.2.

k
I*(Pwy,) = eAry ! 4+ €A Z(F;wl I T;zﬂ)
j=1
k
7362(677”(?]'7”’1)/6 + efm(rjfr_j)/e) — Bow,,_1ee2m(1=k)/e
j=1

k
+ €O Z(ef(leo)m(ijrj,l)/e + 67(1+o')m(rjffj)/e) +672(1+(r)m(17rk)/e Fe
j=1

where A > 0 and B > 0 are some constants independent of €, B¢ > 0 is a constant
depending on €, satisfying by > B¢ > by > 0 for some constants by and by, and 0 > 0
1 a constant.

From Proposition 5.2, we see that there are three factors that affect the energy
of Pwey:

(i) The contribution from the layers is

k
eArg_l + €A Z(f?_l + r;-l_l).
=1

(ii) The contribution from the interaction between the layers is

k
—Be Z (e—m(fj —rj-1)/e 4 gmm(r; —fi)/E)_

j=1
(iii) The contribution from the Neumann boundary condition is

Bew,_ee2m1=ri)/e,
So, we conclude that the energy will decrease if the layer moves away from the bound-
ary, or the layers move toward each other, or the layer moves toward the boundary.
As a result, if I*(Pw, ) attains its maximum, the layers must be suitably separated
and stay suitably close to the boundary.

We will prove Proposition 5.2 by proving three lemmas.

Let

ft) = f(t+a).

Then F(t) = fg f(s)ds =W (t+a).
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Denote the; = vej —a, j = 0,... .k, Yej = Vej —a, j =1,... .k and 0. ; =
'L/)EJ' —+ Q/JEJ‘ — (b — CL) = "UEJ -+ ’l_)EJ — b — a, ] = ]., e ,k, 17570 = w5,0~ SO, Wlth thlS
notation, we see that

f('U@j) = f("/’e,j)a f('Daj) = f("/)e,j)a

and

W(we k) - F(we,k)v

)

_ k ~
where We = Wep — @ = ijo ;.
It is easy to see that

P, = Pwey —a

622/Q|Du|2+/gf7(u).

Let

By (5.2) and (5.3), we have
(5.6)

I*(Pwey) = I* (P )

1/(2|Dpw &2+ m?(Pweg)?) + /F

Q

1
(Poes) = 5 [ (Pas)?
Q

k
¢e 0 Z(f(ﬂ}e,j) + f(d?q)) + m2u§67k) Pwe i,

k
A (ezbe of e (Wl + zﬁé,jl)) IPwe,kl)

Jj=1

(s
_ ;/Q( (W) — zk: Fwe)+ f qu))) lf)s,k—k/ﬂl:—’(lﬂe,k)
(

=T+ L+ 15+ O(e
LEMMA 5.3. We have

|f3| < Cee=B=0m=rk)/e
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where 6 > 0 is any small constant.
Proof. By definition, we have

6.7) b= [P -me) o [[1er).

Write
/Q(f’(u?e,k)@f—m%f) =/T_<r<1(f'(we7k)wf—m2<p?) +/T<r (' (we.) 2
(5.8) = /Tk<T<1(f/(we,k)S03 —m?@?) + 0 </T<k wf) -

Using Lemma 5.1, we obtain for r < ry,
|<Pe(r)| < Ce—m(l—rk)/ee—m(l—e)(1—7‘)/6 < Ce—(Q—O)m(l—rk)/e.

Thus,
(59) / |<Pe|2 < Oe*(2*9)2m(1*7”k)/6/ |S05‘6
r<rg r<rg

S 067(279)2"7‘(177“1“)/6/ 676(1*9)7"‘7"*7‘“/5

r<rg
< 066_(2_0)2m(1_rk)/€.
On the other hand, for » > r;, we have

(5.10)

F(@e )92 — m2p? = f(Wer)p? — f'(0)g?

= 0(ja.

-0 (e—m(3—0)(1—rk)/e|(p469|) )

Using (5.10), we obtain

(5.11) / ) <1(]E/(we,k)§0? —m?p?)

< Cefm@fo)(lfrk)/e/ 107 < Cee—mB-0-r)/e
el =
Combining (5.9) and (5.10), we are led to

(5.12) / (F ()2 — m2g?) = O(ge—m(s_m(l_m/e)_

Finally,

—m?¢?)

2) -0 (e—m(r—rk)/ee—(Z—G)m(l—rk)/ee—'m(Q—G)(l—O)(1—1")/6 |sﬂf|)

/‘<p€|3:/ |§06‘3+/ |</7€|3 SCeefm(370)(1frk)/e+C€ef(27(7')2m(17rk)/e
Q re<r<l r<ry

(5.13) < Cee=B=0m=rk)/e
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Combining (5.7), (5.12), and (5.13), we obtain the result. 0
LEMMA 5.4. We have

k
I = eArgfl + €A Z(F;‘*l 4+ (e*m(fjfrj—l)/f + efmm*fj)/f)

&
m
-

k
+ €O Z —(1+o)m(rj—rj— 1)/e+67(1+0)m(7"17”)/6) +67(2+U)m(17'rk)/6+6

)

where A = wy,_1 fj;o (W(H(t)) — Sf(H(t))H(t))dt > 0, B > 0 is a constant, and
o >0 is a small constant.
Proof. Tt is easy to check that for any bounded t; and to,

F(ti+t2) — F(t1) — F(t2) = f(t1)ta + (f(t2) — F/(0)t2)t1 + O(|tata]?).

Thus,
k k k
~ Al ~ ~
we k § UE j + E f UE i Ue,] + § § Ve,j | — f (O) E Ve,j | Ve,i
7=0 1<j J=i+1 j=i+k

(5.14) + 0 [ [Beibe

i#]

Using (5.14), we can write

i = 23/"('mjéwwww)+;;éﬁiww@» Fes) — Fe) )it

Jj=1
. k
5 15 + Z/ Us,j - f/(o) Z ’UFJ Us [ + O Z/ |'U€ szj
Jj=i+1 j=i+1 i#]

It is easy to prove that

(5.16) / T el o I
Q

On the other hand, since for any ¢ € (0,b — a),

f(t) = foy <o,
we see
~ k ~ k —
(5.17) / FUDS 0 | = F0) Y ey | Bei = —(B+o(1))eemTirr=r/e,
@ j=it1 j=it1

where o(1) — 0 as € — 0, and

+oo N
B[ (0 -0 - PO - @) >0

— 00
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Since f(t) = —f(b—a — t), we obtain
f('f)e,j) - f(¢e,j) - fA(JJe,j)
=—flb—a—te;j+b—a—b )+ fb—a—te;)+ flb—a—1;)

= O(|(b_a_we,jH(b_a_qu,jD'

Thus, for i # j, we see

k
[ (7600) = ) = f(0) i = €0 (Z ‘2”"”‘”-1'/6+e‘2’“'”‘”“))-

Jj=1

So, we have

k
+ €O (Z (6*2m|f7'*?”_;’—1|/6 + 62m|T_1?”.7'/6))

i/FUW *%/QZ( (e.7) +f7/16]))

Jj=0 Jj=1

k
(5.18) 4 €O (Z(Eth”j’f‘leE + 62m|rjrj/g)) .

s
But from f(t) = —f(b—a —t), we see

FWei) (e = (b=a)) = f(b—a—1e;)(b—a—1cy),
and

FWej)Wej—(b—a)) = f(b—a—e;)(b—a— ;).
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We also have
F(oej)=Fb—a—9.;)=Fb—a—t.;+b—a—1i.,)
= Fb—a—te;)+F(b—a—1e;)
43I0 —a=be)b—a—dy)
5 (Fo—a— ) - FOB-a=5.5)) 6 -a—vey)

+ }f(b_ a’_'J)@j)(b_ a_'(/}e,j)

2
2 (Fo—a—we)—~ FO)b—a—))b—a—e,)
2 €, €,] €J
(5.19) +0(b—a—veiPb—a— besl?).

Using (5.19), we obtain
[ P =35 [ (Fo)+ @),
:/Q(F(’(/Je,j)_;f(we,j)we,j) +/Q (F(¢e,j)— ;f(wm)we,j)

k
(5.20) —(B + o(1))ee=™i =T/ 4 O (Z 6_27”(”_’"1)/5) .

Jj=1

Combining (5.15), (5.16), (5.17), (5.18), and (5.20), we obtain

i = Z/( (bes) - wmww)+2/< (Fes) - (ww)we;)

Mw

B+0 e e” ™ (rj— TJ)/5+6 m(Fj*ijl)/e)
j:l
k
(5.21) + 0O Z(Q_Qm(rj—ﬂ')/e _i_e—Qm(Fj—rj_l)/e) .
=1

Finally, let H(t) = H(t) — a. Then we have

(5.22)

. rjle .
/ F(tes) = wnrer™? / PUI®) dt + O(e2)
Q —(1=r;)/e

oo ~aerfe
= Wp_1€ry " 1/ F(H(t))dt — wn—v€r}™ 1/ F(H(t))dt + O(e?),
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and

A~ +Oo A A~ A~
(5.23) /Q f(We j)e; = wn_ler?_l / FH@))H(t)dt — wn_ler;"_l

— 00

(1-rj)/e .
x[ FO)E () dt + O(2).

oo

But from F(0) = f(0) = 0, we see

(A=rj)/e | 1 (A=rj)/e ~
‘ [ raeya-5 [ fama@d

—(1-rj)/e —(1-r;)/e
g/ H3(t)dt = O / e3mt dt
(5.24) < Ce3mi=ri)/e,

Combining (5.22), (5.23), and (5.24), we are led to

[ (#0e) - S iweees)

“+oo +oo R R
= wp_rer} ! / ﬁ'([fl(t))dt—%wn_lergl_l / FOH () H(t) dt

+ €O(e+ 673’”(1*”‘)/6)
(5.25) = wn,lerghlA +€O(e+ e_?’m(l_’"k)/e).

Similarly, we can obtain

(5.26) /Q <F(1Zeg) - ;f(z/?eg)iﬁw> = Wn— 161" 1A+ 60(6 +e” (1’”“)/6).

Combining (5.21), (5.25), and (5.26), we prove this lemma. d
LEMMA 5.5. We have
Iy = —eBuw,,_je”m17m/e L O (eiQm(lfrk)/E + e)

k
(527) + €O (Z 72(1+U (rj—7j)/e€ + e~ (1+U)(T_7'T.7‘—1)/6)> ,

where Be is a constant with by > B, > by > 0, and o > 0 is a small constant.
Proof. We have

k

~ 1 B

I, = 5/9 '(/)e 0 Z we,j + f 1#5,;)) + m2we,k Pe
j=1

k
/Q(f(m —f(Weo) =D (FWes) + f %))) Pe
j=1

(5.28) =: f2,1 +f2’2.
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It is easy to see that

k
‘f272| < Ce Z(efm(fj*fj)/f + e*m(ﬂ'*r]‘—l)/ﬁ) ||g0€||(1>59
j=1

k
< Ce Z(B*m(ﬁ*w—l)/e + e*m(Tj*Fj)/e) e~ m(1=0)(1—ry)/e
j=1
k
(5.29)< Ce Z(B*(Prff)m(fj*rj—l)/f + 6*(1+U)m(7“j*fj)/€) 4 e~ (@Fo)md—ri)/e

1

J

On the other hand, using (5.2) and (5.4), we see

(5.30)
~ 1 k -
I, = 5/ —2 AW, i, + m*w, i + €O elyl ol + GZ(WJQ,J“ + WJQJD +e Pe
Q .
j=1
1 _ _ _
= §Wn—1€2(_wé,k(1)906(1) + we,k(l)wé,k(l))

k
10 / el ol + €S (W1 + 1300 + e | Il

Jj=1

k
= —Bowy_jee 2=/ L O / el ol + €Z(|¢é,j| + WZ;D +e | lpel | s
Q °
Jj=1

where B, = %ezm(l_”)/s(eu’);k(l)goe(l)—eu’)e,k(l)w;k(l)). By Lemma 5.1, noting that
9 <0, we (1) ~ em=me)/¢ and ew (1) ~ —e~m1=Tk)/€ e see easily that there
are by > by > 0, independent of ¢, such that by > B, > b;.

We have

e [1iglied=e [ Wisled+e [ il
Q r<rk T>TE

< 0667(279)771(177‘1{;)/6 +C€7m(17rk)/6/ efm(Tij)/eef(179)?71(177‘)/6

T2TE

< Cee—@=OmO—ri)/e L o= (@-0mi-r)/e L
- €

(5.31) < c(e—(2+o)m(1—rk)/e te),

(5.32) 6/ 0L llpel < Cem@FoIm=ri)/e 4 ¢),
Q
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and
(5.33) 6/ loe| < C(67(2+U)m(177‘k)/6 —l—e).
Q

Combining (5.30), (5.31), (5.32), and (5.33), we obtain
(5.34) j271 = —B.wy,_qee 21/ L O (67(2+U)m(17r’“)/6 + 6).

So, the result follows from (5.28), (5.29), and (5.34). ad
Proof of Proposition 5.2. The proof follows from Lemmas 5.3, 5.4, and 5.5.
Now, we look at the reduction. We have

Se(Pwe ) = —€2APU}€71§ + f(Pwe) +ey(l — A)*lpwevk

M»

(5'35) f(we k 1)5 0 Ue j +f 'Ue,j))
j:l
(5.36) + f(Pwey) — flwer) + m2(w€,;c — Pw, )+ O(e)
k
(5.37) =0 | em=rr)/e 4 Z(e—m(ﬂ‘—f’j—l)/e + e—m(?”j—fj)/E) +e
j=1

Similar to the discussion in section 3, we can prove the following result.
LEMMA 5.6. There is a ¢p. € Fy, such that my 0 Se(we r + ¢pc) = 0. Moreover,

k
pelloe < C e—m=ri)/e | Z(e—m(ﬂ'—w—l)/f + e—m(Tj—?j)/f) +e
j=1

LEMMA 5.7. We have

IE(Pwe,k + ¢e) = Ie(Pwe,k)

k
+ €0 [ em@ram=rife 4 37 (=QtaIm(s=rimn)/e 4 o= (La)mirs=r3)/e) 4 ¢
Jj=1

where o > 0 is a small constant.
Proof. First, we estimate ||¢¢||2-
We have

[@cllz < CllSe(Pwek) |2 + Cl[Re (o)l
< C|ISc(Pweg)ll2 + Cll¢?l2
< O|Se(Pwe)llz + Cllelloo | e ll2
< OllSe(Pwek)ll2 + o(1)lgell2,
where 0(1) = ||¢¢||oo — 0 as € — 0. Thus,

(5.38) [@ell2 < C|Se(Pwek)]|2-
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We obtain, from (5.37),

k
||S (Pwé k)||2 < ”f wek Z ve,j HZ
7=0
k ~ ~ ~ —
+ D (F@es) = Fes) = F(e )
j=1 )
(5.39) + | f(Pwer) — fwer) + m2(we,k — Pwe )2 + Ce.
It is easy to prove that
2
R k
f wek Z Ue,]
Jj=0 2
k
(5.40) < Ce Z(e—(1+0)m(rj—?j)/e + e—(l-*-tf)m(ﬂ'—Tj—l)/f)7
j=1
and
2
k ~ ~ ~ -
D (f(0ey) = Fwes) = f(ey))
=1 )
k
(5.41) < Ce Z(e—(ufr)m(w—m/e + e—(1+a)m(@—m-1)/e)_

Moreover, from

f(Pwe,k) - f(ws,k?) + m2(we,k: - Pwe,k:) = (m2 - f/(we,k))spe + 0(90?),

we obtain
1f(Pwer) = f(wer) +m?(wer — Pwe)|3
<c/%+csx ~ [(wer)’e?
(5.42) < Cee™3mUi=m)/e 4 C/Q(m2 — f(we)) 92
But

/W—MMWd
Q

<c[ @acf jua-ae
r<ry r>ry

(543) < Cee—(2+a)7n(1—7-k)/e.
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Combining (5.39)—(5.43), we obtain

(5.44)  [[Se(Pwe)|3 < Cee”Hormimrul/e

k

T CEZ(e_(l-i-O')m(Tj—fj)/e n e—(1+a)m(fj—rj,1)/e).

j=1
Using (5.38), we obtain
(5.45) |2 < Ceem@HoImO—ra)/e
k
+ 0 (e WHoImi=m/e 4 o=(toym(ri=r;-)/e),
j=1

Similar to section 4, using (5.44) and (5.45), we have

Ie(Pwe,k + ¢e)

= L(Pwer) + O(IS(Pwc) lalldcll2 + 6]3)

= Ie(PU)E_’k)

k
+ €0 | € 4 e @ro)m=ri)/e | Z(e*(lﬂf)m(rjffj)/e + e*(1+0’)m(fjfrj—1)/6)

j=1

So we have proved this lemma. 0
Proof of Theorem 1.3. We just need to consider the case b > 0. For a < b < 0,
we let vy = —u and vy = —v. Then u; and v; will satisfy a similar system with

filt) = (t+a)(t + 22)(t +b), and —a > —b > 0. From now on, we always assume
that b > 0.
Consider

(5.46) max Q(r),

re€De

where Q. (r) = I.(Pwe  + ¢).

Let r. € D, ) be a maximum point of (5.46). We will prove that r. is an interior
point of D, j. So it is a critical point of I.(Pwe j + ¢).

Let L > 0 be a large number, such that mL > 4. Choose r} € D, such that

* _ 1 =k 1 * _ mE 1 : * .
rp = 1—Lelng, 7j = rj — Leln¢, and rj_; = 7j — Leln¢. For this r{, using

J
Proposition 5.2, we have

(5.47) I"(Pwe i) = €(2k +1)A+ €O (6 In 1) .
€
On the other hand, we have

€

(5.48) /QPkau —A) tPuw = /Qb(l -A)'+0 <eln 1) )
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Combining (5.47) and (5.48), we obtain

(5.49) Qc(r})=e€e(2k+1)A+ %’ye/

1
b(1 —A)"'b+ €O (eln ) .
Q €

We have, from Qc(r.) > Q.(r}),

k

1

eAr™st 4 A3 (i) 4 576/9 Pucy(1— A) " Pue s
i=1

k
—(B+o0(1))e Z —m(fe,j—re‘j—l)/e + e—m(re,j—ﬂ,j)/f)
Jj=1

— (Be + 0(1))wp_ree 2mmrer)/e L O(€?)
1 ) 1
(5.50) >e(2k+1)A+ e b(1—A)""b+€eO |eln— ).
Q €
Since |b — Pwe | < Ce?if r <1—2Meln %, it is easy to check that
/|1— b—Pwek <C’/\b Pw6k|2<Celnf

As a result,

/b(l—A)_lb—/Pweyk(l—A)_lee,k
Q Q

= —2/9(Pw6,k —b)(1—-A) b+ /Q(Pwe,k —0)(1—A) ! (Pwe — b)

(5.51) :Z/Q(b—we,k)(l—A)_1b+2/94p6(1—A)_1b+0 (81&1).
But

(5.52)

<)0€(1 - A)ilb
Q

<C / |oe] < Ce.
Q
Combining (5.51) and (5.52), we obtain

(5.53) /Qb(l — A" — /QPwe)k(l — A)tPw,

= 2/{2(b—we,k)(1 — A"+ O(e).

2039
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So, it follows from (5.50) and (5.53) that

A(l—r +6A21—r"1 +1—9" 1)

€J

+ 1'ye/ (b— wer)(1— A )
27 Ja

k
B+0 GZ —m(ﬁ‘j—re,jfl)/e+e—m(r€,j—1761j)/e)
Jj=1

+ (Be + 0(1))wn,166_2m(1—7'5,k)/5

1
(5.54) < Céln -.

€
Since all the terms in the left-hand side of (5.54) are positive, we obtain
n—1 1
1—-r," <Celn—,
’ €

and

e—m(ﬂ,j—re,j,l)/e, e—m(7'61j—7"6,j)/6’ e—Qm(l—T'g,k)/e S C’elnl.
€

So |FEJ Tej—1] >celn s e — Te jl Zc'eln%7 1—r6,0§Celn%, and 1 —rep >
celn t <~ This shows that r6 is an interior point of D, j if M > 0 is large and a > 0 is
small. 0

Remark 5.8. In the case b > 0, if v =0, or v > 0 and a < 0, then we can use the
above techniques to show that (1.1) has a solution, which is close to Pw; ., where

k-1

. -~ -~
W= (Vej+Tej —a—b)+ Ve
=1

In this case, similar to (5.54), we have

k—1
A =T )+ eAY (L=t 1=l
J=1

1
+gre [a—wi-a) e
2 I ’

o

-1
+(B +0(1))e (G*m(ﬁ,j*n,j—l)/f + e*m(re,j*ﬁ,j)/ﬁ)
1

J
+ (Be + O(l))u)n_lee_2m(1_f5‘k)/€

1
(5.55) < Cé®In -
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We know that a —w}, is always nonpositive. So, if a < 0, the term [, (a —w} ,)(1 —
A)~1a is nonnegative. Thus, if v = 0, or v > 0 and a < 0, the left-hand side of (5.55)
is always nonnegative. As a result, we can use (5.55) to deduce that r. is an interior
point of D .

M.

=

Mo% ox oA =
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