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Abstract

The nonlocal bistable equation is a model proposed recently to study materials whose constitutive relations among the
variables that describe their states are nonlocal. It resembles the local bistable equation (the Allen—Cahn equation) in some
way, but contains a much richer set of solutions. In this paper we consider two types of solutions. The first are the periodic
solutions on a finite interval. These solutions are observed in materials like elastic crystals undergoing martensitic phase
transitions and diblock copolymers at low temperatures. They are constructed by a variational method knownhlasithe
technique. The second are solutions on the entire real line with transition layers, which are found by the formal matched
asymptotics argument. We construct them to compare with the single layer heteroclinic and traveling wave solutions of the
local bistable equation. The existence of multiple layered solutions depends on a unique nonlocal feature: the presence of two
properly balanced competing effects of the constitutive relation, the oscillation inhibiting effect and the oscillation forcing
effect, which coexist at two different length scales. © 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

Among the variables that describe the states of solids, fluids and gases, the classical theory of continuum mechanics
assumes local constitutive relations. One variable at a place and a time depends on the other variables and/or their
derivatives at the same place and the same time. Examples of such relations are pointwise linear (or nonlinear)
strain—stress relations of elastic solids and pressure—density—temperature relations of the ideal, Abel and van der
Waals gases.

This classical theory is however inadequate when more complex materials are studied. We mention two such
materials in this paper. The firstis an elastic crystal that undergoes martensitic phase transitions. The typical equilib-
rium configuration of this crystal exhibits a characteristic phase mixture of microstructures: common observations
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demonstrate periodic patterns of piecewise homogeneous elastic domains, each of which has its particular atom
formation. The second is a diblock copolymer. In a diblock copolymer, a linear-chain molecule consists of two
sub-chains grafted covalently to each other. The sub-chains are made of two different monomer units. The differ-
ent sub-chains tend to segregate below some critical temperature, but as they are chemically bonded, only local
microphase separation occurs.

Recently the use of nonlocal constitutive relations has appeared in the study of such materials. We mention the
work of Ren and Truskinovsky [23] which deals with elastic crystals and the work of Ohta and Kawasaki [22] which
deals with diblock copolymers.

We will focus on the mathematical aspects of these models and study a prototype that is simple enough so only
two variables, one of them being the free energy density and the other being a general phase field, are treated, yet still
powerful enough to allow a nonlocal constitutive relation between them, which leads to complex stable configurations
of the phase field. When this prototype is linked to the elastic crystal undergoing martensitic transitions, we may
view the general phase field as the strain field, and when this prototype is linked to the diblock copolymer, the phase
field is the relative concentration of one of the two monomers.

We will let the constitutive relation have two competing effects: one inhibits oscillation and one forces oscillation
of the phase field. We will show that when these two effects are properly balanced at two different length scales,
the material exhibits periodic structures, as observed in martensites and copolymers.

Now let us denote the energy density of the continuura(by. For solids this: is usually the Lagrange coordinate
and for gases and fluids the Euler coordinates defined in a domait2. Then the total free energy is

I:/e(x)dx. (1.1)
2

The second variable we studyiéx), a general phase field variable. The configuration of the material is described
by this variable. Here the nonlocal constitutive relation betweandu comes in. However we first look at the
dependence of the total free energy.on

1
I(n) = Z/ / Jx, y)(wu(x) — u(y))2 dx dy +/ W (u(x)) dx. (1.2)
oJe Q

The second term on the right-hand side sums over part of the energy d&ngidy, This part of the energy density

is pointwise and the corresponding energy rises locally. The other term contains the part of the energy arising
nonlocally through the self-interaction of In this partJ is a function of two variables andy, which measures

the self-interaction of the field between the two points andy. This is an assumption on the nonlocal feature

of the interaction energy. To see this nonlocality in the constitutive relation betwaade, we multiply out the

square and rewrite (1.2) as

1(u)=/ |:—}J[u]u+lu2+W(u):| dx, (1.3)
ol 2 2
where

Ju)(x) = /Q Jeypuydy, ) = /_Q J(x.y)dy. (1.4)

MathematicallyJ behaves as a kernel.
Comparing (1.1) and (1.3) we see the constitutive relation

e =—3Julu + 3ju® + W). (1.5)

The total energy (1.2) (and the following (1.5)) can be derived from a microscopic argument. The reader may find
the details of such an argument in Bates and Chmaj [3,4]. Here we summarize their approach. Consider a binary
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material, whose lattice sites are occupied by blocks, each consisting of A and B atoms. To a site with a block of
atoms A (B) only, we assign the spinl (—1). Letv(r) be the probability that the spin at sitds +1. Then the
expected value of this spinigr) = 2v — 1 € [-1, 1].

The Helmholtz free energy of our system is given by

E=H-TS (1.6)

whereH is the internal interaction energy, the absolute temperature afidhe entropy.
Similarly to the Ising model (see [26]), the internal energy has the form

H(u)= —%Z[J‘Wr, YA+ ur) @+ u@)) + T80, A= u(r) (L= u(')

rr’

+I2Br YA+ u(r) L —u)) + L —u@) @+ u)))],

whereJAA(r, r'), JBB(r, '), JAB(r, r') measure the interaction energies between sigesd’ with spins 1 and 1,
—1and-1, 1 and—1, which we assume are non-negative, symmetric and translationally invarigntin This
means thaf A*BBAB(;. 1) depends o — /| only.

In the Bragg—Williams [9] approximation, the total entropy has the form

S(u) = —KZ[(l +u(r))10g(1 +u(r)) + (1 — u(r)) log(l — u(r))],
whereK > 0. Rearranging (1.6), we obtain

Ew) = %Z (%J‘Wr, )+ %JBB(r, r) — I8, m) () —u())? - %kl

r,r’

_Z {%kz(r)u(r) — %ks(r)uz(r) + TK[(1+ u(r)) log(X + u(r)) + (1 — u(r)) log(l — u(r))] } ,

1.7)

where

ky = Z (%JAA(r, )+ %JBB(r, r') + JA8(r, r’)> . ka(r) = Z(JAA(r, r'y — I8, 1),

ka(r) =) (%J’Wr, r) + %JBB(»: r'y — JR%, r’)) :

We dropk; in (1.7) since it only affects the energy @by a constant, and rewrite (1.7) as

E(u) = %ZJ(r, P u(r) — ul')? - ZW(um, ), (1.8)
where

I,y = 378 1) + TBBG ) — T80 ), (1.9)

W(u,r) = Sko(r)u — 2ka(r)u® + TK[(1 + w) log(L + u) + (1 — u) log(1 — w)]. (1.10)

J (r, r") may change sign, sinc€*A(r, r'), JB8(r, ') andJAB(r, r’) are all non-negative. When the lattice is infinite,
the translational invariance dA(r, '), JBB(r, r') and JAB(r, 1) (JAABBAB( 'y = JAABBAB(,. _ ;7)) implies
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that the quantitie; andks are independent af In this caséW (i, r) = W (u). In this paper we either assume that
the lattice is infinite as in Section 3, or assume, as in Section 2, that the lattice is bounded. Bttt tRé>'s are
“almost” translationally invariant. So we make the assumptog, r) = W (u).

We find (1.2) to be the continuous version of (1.8). Wis2is bounded,/ may incorporate interactions between
sites and the boundary, sois not translationally invariant. We only assume thiat, y) = J(y, x). Wheng2 is
unbounded, (1.2) is understood in a formal sense. In this £as@ecessarily translationally invariant(x, y) =
J(Ix — y]). In either case according to (1.9)may change sign.

Two remarks need to be made at this point ab@ufirst, j (x) is simply the continuous version &§(r). Then
1ju? + W (u)’s discrete counterpart is

Skou + TKI(1 + u) log(1 + u) + (1 — u) log(1 — u)],

which is convex inu € (—1,1). Surprisingly the convexity o%ju2 + W(u) in u is also a key mathematical
assumption in this paper. In Section 2 it guarantees the well-posedness of the variational problem and in Section 3
it gives the first inner expansion term.

Second, from (1.10) we see that only when the temperature is lowW; issmall compared toz, W is non-convex
inu € (—1, 1). Recall that for many binary materials microphases separate only at low temperatures. In this paper
we only study this non-convex caself We do not restrict ourselves to the specific form (1.10), but after rescaling
we assume tha¥ is a double well function with two local minima atl and 1. Because of the presencepin
(1.10), the two wells of¥ are not necessarily balanced, i#.(—1) is not in general equal t¥/(1).

Since the configuration of the material is reflected jiwe look for stable:’s. In Section 2 we take an energy
approach to find such’s. We treat/ in (1.2) as a functional defined on phase fieldsThen the stable’s are
defined mathematically to be the local minimizerd o hey satisfy the Euler—Lagrange equation of (1.2):

—J[u] +ju+ fw) =0, (1.11)

where f(u) = W’(u). Our study of minimizers there is rigorous and is based on the mathematical theory of
I'-convergence.

As motivated by martensitic crystals and diblock copolymers, we are interested in periodic solutions on a finite
interval (0, 1). We will show that such solutions exist when the kerhdlas a particular form:

J(x,y) = %JS (%) — e (x, y), (1.12)

where bothJ* and J! are non-negative andis small. This form of/ gives two competing effects. The first is
a oscillation inhibiting effect that penalizes spatial inhomogeneity,shathematically reflected in the first part
of the right-hand side of the above expression. This effect is localized and acts on a scalb@kecond effect
forces oscillation of:, as reflected in the second part of the expression. It acts weakly, ofqrdera large scale,
comparable to the size of the material sample. Our results in Section 2 show that this particular balance of the
competing effects gives local energy minimizarshat are periodic inc and the length scale of the periods is
comparable to that of the sample size.

In Section 3 we examine some other mathematical properties of (1.2). We take a formal, matched asymptotics
approach to consider the negative gradient flow of (1.2), which is a simple dynamic law governing the motion of
the fieldu. It has the form

ur = Jul —ju— fu). (1.13)
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We now make a comparison with the local bistable equation, the Allen—Cahn equation. Consider (X¥23wRh
andJ translationally invariant. Change variables using %(x —y),&= %(x + y), and expana (x) = u(& +n)
andu(y) = u(¢ — n) aboutg, to obtain the formal expression

2
D2k+1u(§)n2k+l
//J(Z )(k > (2k+1)' dEdn+/RW(u(x))dx

2_/R(Cllu/(é?)lz—Czlu”(S)IZJr-”)dé+/RW(u(X)) dx, (1.14)

wherecy = 3 [ J(2n)n?dn, c2 = & [ J(2n)n* dn, etc. Truncating the summation in (1.14) at the first term gives
the energy

/ [exlu’ ()2 + W (u(x))] dx, (1.15)
R

whoseL2-gradient flow is the Allen—Cahn equation (see [2])
ur = cruxx — f(u). (1.16)

Note that for this equation to be well posed, we need to assumestha0. Truncating the summation in (1.14) at
the second term and assuming that< O gives an energy functional very similar to the one which appears in the
Swift-Hohenberg model [25], as well as the theory of Lifshitz points in condensed matter systems [19]. Note that
c2 < 0is only possible whed changes sign.

From a constitutive relation viewpoint, expressions like (1.15) imply a local relation betwesw u like
e = c1|u’|>+ W (u). In essence they assume that), the energy density at depends on(x), u’(x), . . ., property
of u at the infinitesimal neighborhood of They are therefore considered as higher order local models.

Eqg. (1.16) has monotone heteroclinic orbits wheis balanced, i.e.f_llf =W(@) — W(-1) = 0. Whenfis

not balanced, i.ej_llf = W) — W(-1) # 0, (1.16) has monotone traveling wave solutions.

In Section 3 we look for stable solutions of (1.13) on the entire line that are of the homoclinic, heteroclinic, and
traveling wave types. These solutions are not necessarily monotone.

These solutions in general have higher average energy than the periodic solutions, found in Section 2, do. We
conjecture that they are only visible as material configurations during early stages of evolution. As the temperature
cools they should give in to more periodic configurations.

On the entire line, the kerndl takes a similar but translationally invariant form:

Iy =1 (f) el ), r=lx -yl (1.17)
€ €

This again separates two scalesind 1. However in this section we only assutieto be non-negativel! may
change sign, sd may change sign more than once.

We use a formal matched asymptotics approach in this section. We look for stationary solutions of (1.13), formally
stable in the sense that the linearized operators have no unstable eigenvalues. Barring degenerate cases, the notion
of stability in the sense of Section 2 is consistent with the notion of stability in Section 3.

Higher order truncations like (1.14) in the cabe- 0 were studied in [5,7,8]. Eq. (1.13) was proposed recently in
[6]. It was subsequently studied in several papers, e.g., [3,11,12,18,20]. A discrete version of (1.13) was proposed
and studied in [4]. Most of these results address the £as®, for which the Eqg. (1.13) has a comparison principle.

In particular, it was observed in [3,6,11,12] that in contrast to the Allen—Cahn equation, (1.11) admits discontinuous
solutions. The case wheh changes sign seems to be considerably more difficult, mainly due to the lack of the
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comparison principle for (1.13). To our knowledge, it was studied only in [3,18]. In particular, in [3] it is shown that
for ju + f(u) non-monotone and sufficiently small, there exist both asymptotically stable and unstable solutions
of (1.11) having discontinuities across arbitrarily prescribed interfaces.

2. TheI'-convergence approach

We now turn our attention to bounded intervals. Consider (1.11) @ith (0, 1). We separate the long range
effect of J and the short range effect as in (3.1), and assume that the short range efféctarfalized and the long
range effect is small. More precisely

Ja,y) = —ell = ;—LJS (%) —eJl(x, y). 2.1)

The conditions oy* andJ! are

H1: The short range effect is translationally invariant, even and penalizes oscillatiod; {.er,) = J*(r) > 0,

SIS (r)dr > 0.

H2: On the growth of/* we assumg J* (r) dr < oo, [Ir|J*(r) dr < oo.
H3: J! is symmetric, i.e./J'(x, y) = J'(y, x). The functionj! (x) = foljl(x, y)dyisin L>(0, 1) and the operator

J':u — J'[u] is bounded fromL2(0, 1) to itself.

H4: The operatod : u — J[u]is compactfrom.2(0, 1) toitself, which is satisfied if, e.gJ, € L2((0, 1) x (0, 1)).

Fig. 1 shows an example df. The first plot is the picture af’ > 0, which is given later in (2.11) (with the
parametel = 0.5). The second plot is the picture &fwith J5(r) = exp(—|r|) > 0 ande = 0.1. This function/
changes sign. Itis positive whén, y) is close to the diagonal = y and negative elsewhere, although the negative
part of J is not easy to recognize in the picture sirds small.

The local termf is continuous and allowed to have an expansion, ifi = fo + €f1. Let W(s) = fflf(r) dr.

In terms ofe, W = Wo + e W1, whereWo(s) = [°; fo(r) dr andW1(s) = [*, fa(r) dr. The conditions ory are
imposed orw .
H5: Wy is a double well function of equal depth. 8¢ (s) > 0 for alls € R, and only whens = +1, Wp(s) = 0,

ie., [ fo(r)dr = 0.

Fig. 1. An example of/’ andJ = J? — eJ'.
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H6: The growth rate of¥; is at least quadratic, i.e., there exi6ts> 0 such thaWy(s) > CS — C for all s € R.

H7: The growth rate oW, is at most quadratic, i.e., there exigts> 0 such thaiWi(s)| < C|s|2 + C for all
s € R.

H8: For smalle, 3(j (x)s2) + W (s) is convex ins for all x.

Condition H8, mentioned in Section 1, is very important. We will see an anafégy, f; > 0, in Section 3. It
implies thaju + f («) is continuously monotone in. Therefore any.2 solutionx of (1.11) is continuous iff maps
L2-functions to continuous functions. Sindéis not convex, H8 requires thatis positive and large.

We seek solutions of (1.11) by minimizing the functiohak= I definedin (1.2). Interms efwe setl, = I*+¢l’,
where

, 1rhrt !
W=7 /0 /0 J2 (6 ) (@) — u(y))dx dy + /0 Wo(w) dx, (2.2)

1 p1 1
11<u)=—%f / J’(x,y><u(x>—u(y))zdxdy+f W1u) dx
0 JO 0
1 ] 2
=/ [}Jl[u]u I + Wl(u):| dx. (2.3)
b 12 2

The admissible set of,. is taken to bel.2(0, 1), even though for some € L2, I? (1) can beoo. I'(u) is always
finite, sol, : L2 — (—o0, 0o]. The next proposition collects some basic propertiek of

Proposition 2.1.

. There exists a constant ¢ independent of smath that for every: € L2(0, 1), I (u) > ce.

. There exist€ > 0, independent of smadl, so that|ju||2 < Clc(u) + C.

. For smalle, 1. is weakly lower semi-continuous @ (0, 1).

. I has a global minimum ¥ is small

. Onany conveX C L?(0, 1), for smalle there exists:x € X such thatl, (uy) = inf,ex Ic (u).

a b~ WN P

Proof. 1 and 2 follow easily from H3, H6 and H7. For 3 we rewrlteu) as f5 [ 3,j2u2+ W )] dx — 3 [ J [u]u dx.
We see that the first functional is convex by H8 and the second compact/Jisameakly lower semi-continuous.
4 and 5 follow from 1-3. O

It turns out that —11, has a well defined singular limk + 1'. This limit is defined or.2(0, 1), though only for
u € BV((0, 1), {—1,1}), (K + I)(u) is finite. HereBV((0, 1), {—1, 1}) is the space of functions of finite variation
with the rang€—1, 1}. Every function there changes its value betwedhand 1 finitely many times. The formal
definition of K + I' is
(K + 1Y) = cow +1'w) ifueBV(O, 1), {11},
0, otherwise

(2.4)

HereK (1) = Co%(HDUH(O, 1)) is equal to the number of jumpshas multiplied by a constaag. This number of
jumps is mathematically equal to half the size(0f 1) under the measur®u|. The constanty depends on the
solution of

—J* % Ug + </ J5(r) dr) Us + foUy) =0inR, Uy (£oo) = £1.
R
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The existence and uniqueness, up to translation, of such a solution is shown in [6LgTieenpositive number
equal to

1
7 f f TS (v, r)(UF (v) — Ug (r)?dy dr + / Wo(Ug (r)) dr. (2.5)
RJR R

Proposition 2.2. e 11 I'-converges t&X + I' ase — 0in the following sense

1. For every{u.} C L?(0, 1) with lim_que = u, liminf._oe 1 (ue) = (K + I (u);

2. For everyu € L%(0,1) N BV((0, 1), {—1, 1}), there exists a familyu.} ¢ L2(0, 1) such thatim._ouc = u,
andlim sup._, ge e (ue) < (K + 1) ().

Proof. Itwas proved by Alberti and Bellettini in [1], Theorem 1.1 (i) and (iii), that I I'-converges t& , where
€115 andK are defined ori.!. After a small modification of their proof, we find that17: I'-converges t& in
L2(0, 1). Thel! term is aL?-continuous perturbation ef1715. From the definition of"-convergence, we deduce
thate ~11. I"-converges t&k + I'. O

We would like to point out that this property, and that of Proposition 2.3, afoes not require the conditions
H4 and H8. Those two conditions are mainly used for the existence of minitha of

Proposition 2.3. Let ¢, be a sequence of positive numbers converging, tnd {u,} a sequence ii?(0, 1). If
en—llen (un) is bounded above in,rthen{u,} is relatively compact in.2(0, 1) and its cluster points belong to
BV((0,1), {—1, 1}).

Proof. Because of H3, H6 and H%;llgn (u) is bounded above. Then [1], Theorem 1.1 (i), after a change
from L to L2, implies that{u,} is relatively compact inL2(0, 1) and its cluster points belong BV((0, 1),
(-1, 1. O

A useful property following Propositions 2.2 and 2.3 is that isolated local minima of thmit persist under
small perturbation. Denote an open balliA(0, 1) centered aiq of radiusr by B, (ug).

Proposition 2.4. Let§ > 0 andug € L2(0, 1) be such thatK + I')(ug) < (K + I')(u) for all u € Bs(uo)
with u # ug. Then for smalk there exists:. € Bs;2(ug) With Ic(uc) < I.(u) for all u € Bs/2(uo). In addition
lime_ollue — uoll2 =0.

Proof. Follow, for example, the proof of [24] Proposition 2.3, [21] or [13], with the help of Proposition 2.1]
Concerning the global minima df, the following is an easy consequence of Propositions 2.1-2.3.

Proposition 2.5. Let{¢,} be a positive sequence convergin@dt@ndu,, be a global minimum of;, in L?(0, 1).
Then{u,, } is relatively compact ir.2(0, 1) and each of its cluster points is a global minimumkof 1.

Based on Propositions 2.4 and 2.5, we look for local and global mininka-ef/!. The structure oBV((0, 1),
{—1, 1}) is rather simple. For each integsr> 0, we have a subset

[Dull©, 1) _

Ay = {u € BV, 1), {-1, 1)) : 5

N}, (2.6)

the set of functions witlv jumps. This set can be further divided imq,l andA,lv.
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A;,l ={u € Ay : u(x) = —1if x isbetween 0 and the first jump pointof,
A,lv ={u € Ay :u(x) = 1if x isbetween 0 and the first jump pointof. 2.7)
NoteAgl = {u = —1} andA} = {u = 1}. Now we have a mutually disjoint decomposition
BV((0, 1), {—1, 1)) = U oAz U AT). (2.8)

We can now minimiz&k + 1! in eachA3h. In Agh, (K + I = —1) = Wi(-1), and inA}, (K + I (u =
1) = Wi(1). Everyu € ALY, N > 1, is identified by its jump pointsiy, &, ... , &x. ThenK + I' = ¢oN +
I'(u) can be expressed as a functionspf The partial derivatives of this function can be calculated using (2.3).
In Ay,

') 9 1[4, 18
05 08 |:—§/0 S u] (x) dx + Efgl Ju](x) dx + - -+ EWa(=1) + (&2 — E) W (D) +- i|
1 1aJl 1
=—J'ul(E) + E/ 3 [M]M(x) dx + Wi(=1) — W1(1) = —J'[u](E1) — J'[u](E1) — / f1(r) dr,
o 085 ~1
since
l 3 13
82 [1] = i |:—/ lJl(x, y)dy +/ 2Jl(x, y)dy + - ] = —2Jl(x,§1).
&1 081 0 &

After a similar computation int},, we deduce

o1l { (~D2/' ] E) + (D [ ) dr we AR 9

05 ~(=D20'[ul&) — (D [L A dr u e A,

A local minimum (or critical point) off’ in Aﬁl is a local minimum (or critical point) ok + 7 in Aﬁl. Such a
point satisfies the equation

1 1
TadE = - [ ) dr (2.10)

We will not discuss the solvability of (2.10) for genetdl here. Instead we study a particuldr. This J/ was
used by Ren and Truskinovsky [23] to model elastic materials with oscillatory microphases. It is so chosen that the
limitation thatu(x) cannot interact with points outside the domén1) is balanced by the fact that (x, y) is
larger whenx andy are closer to the boundary (see Fig. 2, plot 1). The expressidhief

1 x+y-1 x—yl—1
i
e — h{ ——— hf ———— 0 2.11
J'(x,y) y(el/V—e—l/V)[COS( > >+cos< y )] y >0, ( )

which is Green’s function of the linear differential equation?v” + v = u, v/(0) = v'(1) = 0.

Letu € Aﬁl be a solution of (2.10), identified wittty, &, ... , £y) andv = J'[u]. Sincev(&) = v(&) =
-3 _11f1(r) dr by (2.10) v is obtained ofi&1, &) by solving—y2v”+v = F1. In particulan’ (§1) = —v/(£€2). Then
considerv on (0, &1) and (&2, £3), where it satisfies the same linear differential equation with the same right-hand
side,+1. Also because(£1) = v(&2) = v(£3), v/(0) = 0, andv'(&1) = —V/(&2), we find thatés — & = 2¢;.
Repeating this argument over other intervals, we deduce

261 =83t =t—-§t=---, b-&i=&—-&=—t="- (2.12)



144 A. Chmaj, X. Ren/Physica D 147 (2000) 135-154

T o in

0 0.5 1 0 0.5 1

Fig. 2. Somex ! andJ [xF1.

which impliesé; + (&, — &) = 1/N. However unlesg™, f1(-) dr = 0, &1 # (62 — &1). To find & we write
down, in the case € A},

B 1— %f}lfl(r) dr X
v(x)=—1+ —costErly) cosh(;) . x€(0,8),
1

—1- 3/ A0 dr 1 x
coshl/yN —&1/y) C05h<_ - ;) o X € (81, 82).

yN
Sincev, the solution of a second order ODE, isa#1(0, 1), v’ is continuous a1. Therefore

1t £1) 1t 1 &
{1— Eflfl(r)dr:| tanh(;) = {1+ Eﬁlfl(r) dr] tanh(y—N - ;) (2.13)

- -1
ifue Ay, or

1 1 %'l _ 1 1 1 El
[1+ E/lfl(r)dr:| tanh(7> = {1— E/Afl(r) dr] tanh(y—N - ;) (2.14)

if ue A}V. They have solutiong; € (0, 1/N) in terms of N if and only if

v(x) =1+

1
-2< / fi(r)dr < 2. (2.15)
~1

Under condition (2.15) we have found in ea@ﬁl a unique critical point of . Let us denote them b)],j\,ﬁl. The
step functions shown in Fig. 2 apg}tl and Xsﬂ, and the continuous functions are their corresponditig *1],

wherey = 0.1, [, fi(r) dr = 0.4,
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Inorder to determine whethgg-* are local minima ok +1!, we compute! (x£1). Herej! = 1andv = J/[xF1],
so

_ e 0 jlagh? _ ! 1
1’(XN1):/O [2 Vi — TN+W1(XN1) dx:/o [Zlev—§+W1(xN )} dx.

On an intervala, b) WhereX,;1 is constant, say 1,

b b b
/ x;lv dx = / vdx = / [Xﬁl—i— y2"dx = (b — a) + y2[v'(b) — V()]
This implies
'yh =y —v'ED) + 0 ) + -1+ 6Wi(=D) + (&2 — &) Wi (D) + - --
= —Ny2/' (&) + EINWA(-1) + (1 — & N) W1 (D).

Therefore, forN > 1,

1
(K+1 )(Xlgl) =coN —y |:1— —/ f1(r) dr:| Ntanh(&) - Nél/ fi(r)dr + W1 (D). (2.16)
-1

Similar computation shows
K+ 1Y) =K +1Hxh. N> 1 (2.17)

Although (2.16) and (2.17) are obtained for > 1, we can takeV in (2.16) and (2.17) to be a positive real
number and send it to 0. Thenjﬁllfl(r) dr > 0, (2.13) implies that;, approachesc and ¥ N — &1 approaches

a posmve number. Thug N — 1, andll(x S W=D = (K + 11)()(0‘1). After analyzing the similar case
f?lfl(r) dr < 0, we deduce

(K +1Y(gh < (K +1HGd i [H A6 dr >0,
I'ViTo(K“l)(ijVEl): (K +1N0oghH = (K + 1D if [H A0 dr =0, (2.18)
(K +1N(xd < K+ 1Y(gh if [H A0 dr <0.

On the other hand a8 — oo, (K + I )(x b grows likecoN. Moreover(K + I' )(X 1) is indeed convex inv.
This follows from carefully implicitly differentiating (2.13) and (2.16). It turns out

d(K + 1N (xyh &1 (14 p)? 1-p)? £

K + 10D _ tanhE/y)[L — tantfE/y)][ — tantfd/y N — &/y)]
dn2 2y N3[1 — tanh(1/y) tanh(1/y N — §1/y)] ’

(2.20)

where
1 1
_ 5/ AV k= 1—p)2L+p) >0,

From (2.20) we se€d?(K + I')(xy1)/(dN?) > 0. The conveX|ty of K + I')(x£h) and the fact that li_ o
@' (xy1)/(dN) = 0, imply dI* (xy =1 /dN < 0, i.e.,I'(xh) decreases iw.
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We proceed to show tha@f&l is the global minimum off’ in Aﬁl, N > 0. Suppose this is not true. Since
I' is bounded below iM y, identified with the sef(&1, &, ... ,é&n) € RN 10 < &1 < & < -+ < &y < 1)
and xﬁl is the only critical point, there exists a sequemgee Ay converging to a poink on the boundary
of Ay with lim,—o!!(u,) = inf, Ailll(bt) This pointu is a member ofAL! with N' < N. If in A%}

N XN
is the global mlnlmum off!, we find I'(xy") = I'(u) = I'(xx"), which contradicts the fact that (x3")
decreases V. If X ! is not the global minimum of’ in Ai,l, we repeat the same argument and end up in

anothery 7 with N” < N'. This argument stops if we are i . Therexs™, the only element, is trivially the
minimum.
We now summarize our results regarding the local minim& ef I/ and I, in the next two theorems.

Theorem 2.6. Let J! be defined by2.11)and f; satisfieg2.15).The family of all local minima ok + I' is exactly
ELN=01,2...}).

Proof. Take a function: € Bs(xy™) C L?(0,1), u # xx', 8 to be specified later. i € A", then the assertion
before this theorem implie6k + I')(u) > (K + I)(xy). If u € L?(0,1) \ BV((0, 1), {—1, 1}), thenco =
(K + INw) > (K + 1" (xyh). We now consider the remaining case BV((0, 1), {—1,1}) \ Ay". In this case
%||Du||, the number of jumps has, is eithe N +1or< N — 1. The sub—caséHDull < N — 1 does not happen
by a property of BV-functions (see [16, Theorem 1, p. 172)),lf— ngl in L1 then lim inf,_, o | DU, || (0, 1) >
||Dx 4(0, 1) = 2N. So if we choosé small, 51IDul|(0, 1) cannot be less than or equalXo— 1. In the sub-case
2||DU|| >N+1,

(K + 1Y) > coN + 1)+ I'w) = (K + 1Y) + ' w) — ' (xyh +co > (K + 1Dy

if 8 is chosen small enough, by the continuity/é6f O
Note that the conditions H4 and H8 are not needed here.

Theorem 2.7. Let J! be defined by2.11)and f; satisfie(2.15).For each positive integev we can finds > 0

such that

1. {Ba(x‘ ), Ba(XN) N=12...,v} isafamily of2v mutually disjoint open balls irle(O 1);

2. for small ¢, there exist a IocaI mrnrmumN of I in Bs(xy 1 and a local mrnrmurruNe in Ba(XN) for
N=0,1...,v, satlsfylnghme_)ollu,\,i — XN Yo = Oandllm€_>()||uNye XN||2 =

Proof. A consequence of Proposition 2.4 and Theorem 2.6. |

Fig. 3 shows two local minima of. obtained by numerically minimizind, in B(g(x{l) and Ba(xs‘l) in
comparison With)(7_l and Xs‘l. In this calculatione = 0.005,y = 0.5, fi(s) = —0.2s andJ*(r) = 2.2exp
(=1rD.

Next we study the global minima & + I’ andI, . Because of the convexity (2.20), if we minimigk + 11)()( b
amongVN =0, 1,2, 3,...,formostc, itis achieved at one integék,, but for some countably mamy, it is achieved
at two consecutive mteger@* and N, + 1. Also because of the specialty @f + Il)(x +1y shown in (2.18), we
have altogether six possibilities.

Theorem 2.8. Let J/ be defined by2.11)and f; satisfieg2.15).LetC be the countable set of positive numbers
such that(K + I* )(X 1y is minimized at one non- negative integér if co ¢ C, and at two non-negative integers
Ny andN, + 1if cg € C.
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Fig. 3. Local minima oflc nearx;* andxg .

1. Ifco ¢ C, N, =0and [, fi(r) dr = 0, K + I' has two global minimgZ™.

2. Ifcg ¢ C, N, = 0and fflfl(r)dr # 0, K + I' has one global minimur;ng*1 if [}lfl(r) dr > 0, or X& if
[ Aamdr <o,

3. Ifcg ¢ CandN, > 1, K + I' has two global minima(il.

4. 1fcoeC,Ny=0 andfflfl(r) dr = 0, K + I' has four global minimas?, ;.

5 IfcoeC,N,=0 andf_llfl(r) dr # 0, K + I' has three global minima,*, xi™ if f_llfl(r) dr > 0,0r x2,

xiEtif f_llfl(r) dr < 0.
6. If co € C, N, > 1, K + I' has four global minima(il, Xf\i*lﬂ.

Again the conditions H4 and H8 are not needed in this theorem.

Theorem 2.9. Let J! be defined by2.11), f1 satisfy(2.15).C and N, are the same as in TheorelB.Letu, be a
global minimum ofl,.
1. Ifco¢C,N, =0 andf_llfl(r) dr = 0,then for evernys > 0 and small, u. is in Ba(x(;l) U B(;(X&).

2. Ifco¢C, Ny = Oandf_llfl(r) dr # 0,then for evernys > 0 and smalle, u. is in Bg()(o_l) if f_llfl(r) dr > 0,
orin Bs(xY) if [*, Aty dr < 0.

3. If g ¢ C and N, > 1,then for everyy > 0 and smalle, u. is in BS(X;*l) U BS(XI{,*).

4. If ¢g € C, N, = 0and fﬁllfl(r) dr = 0, then for everys > 0 and smalle, uc is in Bg()(o_l) U B(;(X&) U
Bs(x; D) U Bs(x)-

5. If co € C, N, = 0and [, f1(r) dr # 0, then for every > 0and smalk, u isin Bs(xg 1) U Bs(x7 5 U Bs (x)
it [1 () dr > 0,0 By(xd) U Bs(xy ) U Bs(xd) if /2, fa(r) dr < 0.

6. If co € C, N, > 1, then for everys > 0and smalle, uc is in Bs(xy ") U Bs(x3.) U Bs(xy 1) U Bs(xy_40)-
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Proof. A consequence of Proposition 2.5 and Theorem 2.8. a

Remark 2.10. In the casqf_llfl(s) ds = 0, we simply haveés; = %(Sz —&1) =1/2N,

1
(K + Il)(xﬁl) = coN — yNtanh(—) + W@,
2y N

d?(K + 1) (xy") _ tanh1/2y N)[1 — tant(1/2y N)]
dNn2 - 2y N3 ’

Remark 2.11. After (2.9), we can find the matriof1!/9¢; 9],

921’ 4 { T &)+ XN (—)HGE, &) if i =),
= X
%10 (DG E) i),

whereG is the Green function of the equatieay?w + w = g with the Dirichlet boundary conditiom(0) =
w(l) = 0.

This matrix will be compared to (3.9) of Section 3, although we did not use it in the study of local rrykrﬁllna

Remark 2.12. We expect that the results presented here can be extended.todlieat are Green’s functions of
general ODEs of the divergence form

—(p)V' () +gX)v(x) =u, aogv(0) + bov'(0) = arv(1) + b1v'(1) = 0.

In this case we cannot expect the good spacing result (2.12). The location of interfaces will be affecéedlpy

3. The matched asymptotics approach

In this section we study solutions on the real line. Since there is no boun#faiy,taken to be even and
translationally invariant/ (x, y) = J(|x — y|). We again separate the long range and short range effects, more
precisely, we assume that the short range effect is localized and the long range effect is small:

Jr) =T () —eJ(r) = %J‘Y (5) <o (3.1)

In order to see the motion of interfaces, we need to consider (1.13) on a slower time scale. Similar to the Allen—Cahn
equation we re-scale the time variabledsyand consider

ezutst*u—eJl*u—ju—f(u), (3.2)

wherex is defined byJ * u(x) = [,J(x — y)u(y)dy, andj = [,J(r)dr. About J* andJ' we assume/® > 0

andj' = [pJ'(r)dr > 0. It will be important below that/’ is allowed to change sign. Aboyt we assume
that f(u) = fo(u) + €f1(u), fo is bistable with zeros at1, a and 1, fg is balanced, i.e.f_llfo(u) du = 0 and
j*+ f§ > 0, wherej* = [,J*(r) dr. In addition, we assume that for some constarnd allx,

I ()X < C. (3.3)
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The analysis that follows uses a matched asymptotics method, in the style of [17] or [20]. Though our discussion is

formal, we believe it can be made rigorous by, e.g., an appropriate use of the implicit function theorem technique.
We consider familieg (x, 7; €) of solutions with the “layer” property, wheree R, defined for all smalé > 0.

We suppose that has “layers” at a finite sequené€g(?), ... , Ex (). For alli, we assumea (&;(¢),; €) = 0. Let

I'(t) = UE; (¢). At locations bounded away froifi(z), u can be described by an outer expansion

u(x,t;€) =uo(x,t) +eur(x,t)+---.

Changing variables, we may express the convolufibrm « in the form

g ucen) = [ PG+ ey ndy = Puote,) + ef'uatr. 1) + OED).
R
Substituting the last two equations into (3.2), we obtain

0= — fo(uo) — €[ fo(uo)us + f1(uo) + J' % ug — j'ug) + O(€?). (3.4)

Thereforefp(ug) = 0. Forug we select the outermost zeros ff i.e.,

—1, x € Iy" = (=00, £1() U (&2(1). £3(1)) - - - (5 (1), 00),

== _
uo(x. 1) 1, xeR\IJ%

if N is even, and

—1 x e Iy* = (—00, £1(1) U (E2(t), £3(1)) - - (v —1.(8). En (1)),

==
uo(x,t) 1 x ER\I,Vl,

if N is odd.u1, etc., can in turn be determined successively from (3.4) and its extensions.

The representation af nearl”(¢) is as follows. Let = (x — &;(¢)) /€ be the stretched variable. We assume that
there exists a neighborhoad(z) of I"(¢), and a small number > 0, such that in any ball of radius centered at
any pointx in N (), bothu(x, t) andv(x, 1) = J' x u(x, r) can be expressed in the form:

u(x,t;€) =U'(z,1;€); v(x,t;€) = Vi(z, 1;¢€).

Let B(x, r) denote the ball of that radius centered atlote that by (3.3), fop ¢ B(x, 1), JS (x —y) < Ce?/lx—yl°,
so that if the quantity} = u(x, ¢) is replaced by the integral only ov8i(x, ¢), we incur an error only of the order
O(€2). Thus we have

Jxu(x, 1) = / 1'JS <x ; y) u(y,t)dy —i—O(ez) =JxU'(z,1) +O(62).
B

(x.n) €
Since
U’ 1 ..
— = —ZUl§ + 0D,
o = - Ui +0)
the inner solutions are given by
—eUlei = J*xU' = jU' = fU") = e(V' = j'U") + O(D). (3.5)

We assume that eadl¥ and V' can be described by the expansions:
Ul(z,t) = Uy(z, 1) + €Uy (z. ) + - -+,

Vi t) = Vi@ )+ eVii )+ .
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Substituting these into (3.5), to lowest order we obtain
TS % Uy — jSUS — fo(Ug) = 0.

We now recall from [6] that ifi* 4 f; > 0 and fp is balanced, then this equation has two stationary and stable front
solutionsUar andU, , which are differentiable and (suppressing dependencg surch thaanr(:too) ==+1and

Uy (£00) = F1 (itis also easy to see thatliifc,*(O) =U, (0 =0 thenUar(z) = U, (—2)). These solutions will
match the behavior of the outer solutiangx) andvg(x) near the interfaces (¢), which implies

Ub(£o0, 1) = uo(& ()£, 1),

WhereUé denotes eithelrfar or Uy . The location and number of possible interfaces is determined from the equation
for thee coefficient in (3.5):

LU, = J° « Ui — UL — fyUOUL = UL & + fLUY) + Vi — j'UL + Oce). (3.6)
To analyze this equation, first note that
T xu(z, 1) = / J'E @) — yyu(y + ez, ) dy
R
- / JUE (1) — ) (uo(y. 1) + Oe) dy = J' % up(& (1)) + Oe).
R

thusVi(z, 1) = J' x ug(& (1)) for all z.
Also, recall from [6] that (3.6) is solvable (ihy) if and only if LUil is orthogonal to the simple eigenfunction of
L,ie., toUg. This condition applied to (3.6) yields

/R (U & + fuUd) — j'UL+ T s uo(&) + O)]U = 0.

Leading order equatiorilo the lowest order, we deduce a system of autonomous, nonlinear ODE’s:

. 11
&) == [J’ *uo(& (1)) + Ef lfl(r) dr] , (3.7)

U413

where the signg- and— correspond tailgr andU,, , respectively. Existence of “layer” solutions is determined from
the equilibria of (3.7). The layets thus satisfy the system of algebraic equations:

1 1
I wuof&) = — / AGLS 3.9)

Not surprisingly this is the whole interval version of (2.10) in Section 2.

Let ii(x; €) denote a possible stationary solution of (3.2). We formally assume that the linearization of the
right-hand side of (3.7) about the layersiafc; €) determines the stability of(x; €). Let N be the number of
layers. Then this linearization leads to tNex N matrix (2/||U6||%)[aij], where

{ Shears (DI E — &), i =,
aj = L
P it — g, P # .

Note that the negative of this matrix is the real line version of the matrix in Remark 2.11./Bist@nslationally
invariant, one of the eigenvalues of this matrix is zero. We make the formal assumption that the stabftitjoufs
if the other eigenvalues ofij] are negative.

(3.9)
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We first focus our attention on solutions of heteroclinic and homoclinic type, with 1, 2 or 3 layers. We remark
here that (3.8) is not always solvable, so solutions with more than three layers may not exist.
1-Layer solutionsHere, (3.8) becomes:

& ; 001 11
:F/ J(y—sl)dyi/ J(y—sody:——/ 1) dr
—0 £ 2)4

SinceJ! is even, the left-hand side is zero. Then the right-hand side is also zero, and the only two solutions are given
by the formulasug(x) = +[H (x — &) — H(—x — &1)], where H is the Heaviside function. From the discussion
above, they are stable.

2-Layer solutionsHere, we look for solutions of the form:

-1 and ,
uo(x) = + * < by andx > g (3.10)
1 &1 <x < é&.
The two equations in (3.8) fdr can be reduced to a single one:
&2 il 11
[ ey =L -7 [ Ana
2 4],

&

The number of solutions and their stability dependsjbnf_llfl and also on the number of sign changes/bf
Assuming that/! is positive and/! (r) is strictly decreasing for > 0, there exists a solutiam, of the form (3.10),
with a unique differencé, — &1, under the additional condition

1
0< :l:f fi(rydr < 2.
-1

Note that a similar condition, (2.15), has appeared in Section 2. The matrix given by (3.9) is

—Jid) TN
Jia Ja |’

whered = & — £. Its two eigenvalues ara; = 0 andi, = —2J/(d), thus the homoclinic is stable.
3-Layer solutionsHere, we look for solutions of the form

-1, d ,
uo(x)zzl:{ x <& and é < x < &3

1, &1 <x <& and x > &3.

Eq. (3.8) has such solutions only fyﬁ_?'lfl = 0. The equations in (3.8) can be reduced to the system

&2 N j! &2 N !
(/ +/)J(y—sl)dy=—, (/ +f)J(y—§3>dy=—,
& &3 2 & &3 2

or, using the fact that’ is even, to
&3 §3—62
/ J'(y)dy =0, f J'(ydy =0.
&3 §3—61

Obviously, there are no solutionsif > 0. For simplicity, we assume that there is sarmgeuch that/! (x) > 0 for
Ix| < xoandJ!(x) < Ofor|x| > xo Then there exists a solutidsy, &>, £3), moreover it satisfies!! (&, — &1) > 0,
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J' (&3 — £1) < 0 and has unique differencés— & = & — £1. The matrix given by (3.9) is

—Jidy+J'@d) TN d) —Jl2d)
JH(d) —2J(d) JH(d) ,
—Jl@2d) Jidy —=JNd) + JL2d)

whered = & — &1. Instead of calculating the eigenvalues of this matrix explicitly, we look at the determinants
of nested principal minors. The first is negative, the second positive, the third zero, so there is one zero and two
negative eigenvalues. The heteroclinic solution is stable.

Traveling wavesAn interesting by-product of having both a 1-layer and 3-layer stable solutions is that we can
give an example of Eq. (3.2) which admits two (stable) traveling waves with different velocities.

The speed of traveling waves is faster than the speed of the interfaces earlier. We return to the original time scale
of (1.13).

Assume thafi(x; €) is a stable heteroclinic solution of (3.2), and §ixConsider thé-perturbed equation

= JS wu— el wu—ju— fo(u) - 8fi(u), (3.11)

and assume that

1
/lfl(r) dr # 0.

With € fixed, we see§-dependent slow traveling waves of (3.11) of the fortm — sct; §). We assumae is defined
for all smalls > 0 and can be expanded into formal power series:

u(x — 8¢t §) = uo(x) + S[ui(x) — ctp(x)] + - - - .
Substituting this expansion into (3.11), we find

—cdug=J xug— eJ! xug — jug — foluo)

+8(J wuy — eJ' wus — jur — fo(uo)us — fi(uo)) + O(8?). (3.12)

To the leading order, we get a stationary version of (3.2), thus we take

uo(x) = i (x; €).
Setting thes coefficient of (3.12) to zero, we deduce

Lup = Jf s ug — eJ' % uy — jur — f(uo)ur = —cuy + fa(uo).

This equation is solvable if and onlylit; is orthogonal to the simple eigenfunctioniofi.e., toug. This condition
yields

[ A dr

llugll2

It can be formally calculated tha;w;)ng is proportional to the number of layers @f, thus we get two traveling
waves, with the “3-layer” one being the slower one. Moreover, since (3.11) is a regularly perturbed version of (3.2),
both waves are stable.

The matched asymptotics method presented in this section can be applied to (1.13) on a bounded interval. Then
the motion of interfaces is governed by (3.7) withs uo replaced by/![uo]. All the rigorous results presented in
Section 2 can be discovered using this formal method.
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We may also find periodic solutions on the entire line. They are similar to the ones found in Section 2, extended
periodically to the line. In general periodic equilibria of (1.13) have lower average energy per unit length than the
heteroclinic, homoclinic, and traveling wave solutions found in this section. Periodic solutions are more preferred
configurations energetically.

Our methods can also be used to other nonlocal equations, e.g., to the models discussed in [15,14] or [11].

4. Conclusions

We studied a model with a nonlocal constitutive relation. It can be applied to complex binary materials like elastic
crystals undergoing martensitic phase transitions and diblock copolymers below critical temperatures showing
microphase separation.

We first formulated the underline free energy structure of the model and studied it on a finite interval. We found
an infinite family of local minimizers of the energy for a particular form of the nonlocality. Each of them has a
number of interfaces located periodically in the domain. With these minimizers we may model materials exhibiting
periodic microstructures.

Next we considered an evolution equation of the nonlocal model. We derived the law governing the motion
of interfaces. We constructed various stable equilibria on the entire line, asymptotically equal to one of the two
constant stable states. This asymptotic behavior prevents those solutions from having a large number of layers. We
also constructed traveling fronts with shapes similar to some of the equilibria. We conjecture that those solutions
can appear only in the early stages of phase separation. Generically, the energetically preferred configurations are
periodic.

The reader may compare our results with those for the Allen—Cahn equation (1.16). There, on a finite interval,
only constant solutions are stable. Solutions with multiple interfacesiatastablein the sense that the unstable
eigenvalues of the linearized operators are exponentially small, see, e.g., [10]. On the entire line, the only stable
solutions are one layer fronts.
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