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ON THE MULTIPLICITY OF SOLUTIONS OF TWO NONLOCAL
VARIATIONAL PROBLEMS*

XIAOFENG REN' AND JUNCHENG WEI*

Abstract. We study two nonlocal variational problems in this paper. One models microphase
separation of diblock copolymers and the other models solid-solid phase transformations that lead
to fine structures. We study a parameter range where the problems can be approximated by their
asymptotic limits. We find all the local minimum solutions of the limiting problems. Because these
local minima are isolated, and hence stable under perturbation, near them there exist local minimum
solutions of the original problems.
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1. Introduction. Two nonlocal variational problems are studied in this paper.
The first one is

1 1
/ {E\Vuf + EW(U) + 5\(—72A)_1/2(u — m)|2} dzx,
Q
if uc A, NWhH3(Q),
00 if ue A, \WH2(Q).

Q) is a bounded and smooth domain in R?. € and v are both positive numbers.
€ is small and ~ is fixed.

W is a balanced double-well function with two global minima at —1 and 1, i.e.,
W(t) > 0 and W(t) = 0 if and only if ¢ = —1 or 1. We also assume that W is
continuous and there exist k > 2, K; > 0, Ky > 0, and £ > 1 such that for all ¢,
t] > ¢,

(1.2) Ki|t)F < W(t) < Ky|t]F.

—~2A is the Laplacian operator, multiplied by the constant —y2, with the Neu-
mann boundary condition. The outward normal vector field of 02 is denoted by n.
It is known that the operator

—2A: {uGW“(Q):/u—O, auIaQ—O}H{ueLz(Q):/u—O}
Q on Q

is an isomorphism. The inverse of —y2A is self-adjoint and positive. We denote its
positive square root by (—y2A)~1/2. This is a nonlocal operator.
The admissible set of Z, is

(1.3) A = {ueL2(Q) : Kl”/gudx:m}
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with the restriction m € (—1,1). For a measurable set Q in R?, |Q| denotes its
Lebesgue measure. In A, we use the metric so that the distance between u and v is
|lu — v||2, the L?(Q)-norm of u — v. The choice of L?(f2) (as opposed to the choice
of L'(Q) in the literature of I-convergence) is natural because of the nonlocal part,
(—y2A)~1/2, of the functional.

In the study of diblock copolymers, a model was introduced in Ohta and Kawasaki
[11] and Bahiana and Oono [1]. It asserts that the free energy of a diblock copolymer
takes the form

Fol) = [ {GIVuP W+ S22 - )} a,

1
— udx = m.
|Q|/Q

In a diblock copolymer, a linear-chain molecule consists of two subchains grafted
covalently to each other. The subchains are made of two different monomer units,
represented by u = —1 and u = 1, respectively. The different subchains tend to seg-
regate below some critical temperature, but as they are chemically bonded, only local
microphase separation occurs. The connectivity of the two monomer units leads to
the long range interaction term $|(—A)~'/2(u —m)|? in the free energy. The param-
eter o is proportional to the inverse of the square root of the total chain length of the
copolymer. §|Vu|2 represents the interfacial energy density at bonding points. The
parameter € is proportional to the thickness of interfaces between the two monomers.
The double-well potential W prefers segregated monomers to a mixture. m stands for
the mass ratio of the two monomer units. When this free energy is being minimized,
the first term prefers large blocks of monomers, therefore reducing the combined size
of interfaces between the two monomers. The third term, on the other hand, likes
rapid oscillation between the two monomers. These two tendencies are competing.
The process of reaching a stable configuration is known as microseparation. The
results of our paper show that in a parameter range, namely 0 < € = o < 1, the
monomer components in the copolymer develop blocks of a finite scale. For more
references on the mathematical aspects of diblock copolymers we refer the reader to
Nishiura and Ohnishi [10], where a different parameter range, 0 < ¢ < o < 1, is
studied. The functional studied in Miiller [9] can also be written in the form of this
model with m = 0. There the parameter range is 0 < e K 0 ~ 1.

The second problem is

1 1 1
/ {E|Vu|2 + =W (u) — =u® + =|(—y*A + 1)1/2u|2} dz,
(14) To(u) = o2 € 2 2
: € if u € A, NWH3(Q),
o0 if ue A, \WH*(Q)

in the same admissible set A,,, (1.3). W satisfies the same conditions as in Z.. The
operator

—’y?A-i- 1: {U S W2’2(Q) : g%|agz = 0} — LQ(Q)

is an isomorphism. Again we denote the positive square root of the inverse of —y2A+1
by (—y2A +1)71/2,
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In studying solid-solid phase transformations, Ren and Truskinovsky proposed
in [12] a model of 1-dimensional elastic bars that develop a mixture of two phase
variants. Let u be the strain field of a deformed elastic bar. The stored energy is

1 2
Fe(u) = /0 {€2|Vu2 + W(u) — Eu2 + E|(—72A + 1)_1/2u|2} dz,

2 2
1
/ udxr =m,
0

where m is the total displacement of the bar. W (u) is the local part of the energy
density. It is assumed to be nonconvex. It prefers the two phase variants, u = —1

and u = 1. ©|Vu|? is the short range self-interaction of the strain field and — 2 +
2 g 2

£[(—v2A + 1)71/24]? is the long range self-interaction. Similar to the copolymer

model, these two competing factors lead to a mixture of the two phase variants. The
result of this paper again shows the characteristic scale of each phase in the mixture.

When we study Z. and J., we will show that as € tends to 0, Z. and J. both
converge to their limiting problems, defined in (2.1) and (4.1). The convergence falls
in the general theory of I'-limits.

Then we will study the 1-dimensional cases, Q = (0,1), of Z. and J.. We find
all local minima of the limiting problems. It turns out that these local minima of the
limiting problems are isolated, and near them there are local minima of Z, and J; if
€ is sufficiently small.

For each positive integer v, we set

_1-m 1+m 1—-m 1+ (-1)*m

Xl =——, L2 =21 +——, T3 =T+ ———,..., Ty =Tp_1 +
2v v v

We also set 29 = 0 and x,41 = 1. We define a step function U, ; € A,, so that

14

(1.5) Upi(z) = (-1 ifw € (wi_1,2), i=1,2,...,v+1.
In a similar way for each positive integer v, we set

1+m 1—-m 1+m 1—(=1)Ym
:7722:'21"_7723222+77~-~7zu:'zy71+7( ) .
2v 1% 1% v

We also set zp = 0 and 2,41 = 1. We define U, 2 € A,, so that

21

(1.6) Upolz) = (1) Vifze (z1,2), i=1,2,...,v+1.

We denote an open ball in A, centered at u of radius § by Bs(u), i.e., Bs(u) =
{ve A, :|v—ul2 <}
Our main result of the paper is the following theorem.
THEOREM 1.1. Let Q = (0,1). For each positive integer N we can find § > 0
such that
(1) {Bs(Uy1),Bs(Up2) : v = 1,2,...,N} is a family of 2N mutually disjoint
open balls in A, ;
(2) there exists eg > 0 such that for all e < €, everyv, v =1,2,..., N, there exist
a local minimum e 1 of Ze (or Je) in Bs(Uy 1) and a local minimum e 2 in
Bs(U,,2) satisfying lime_q ||te 1 —Up 1|2 = 0 and lime_¢ ||tte 12— U 2|2 = 0.
Our second result describes the global minima of Z. and J..
THEOREM 1.2. Let Q = (0,1) and ue be a global minimum of Z. (or J.). There
exists a countable set C C R with the following properties.
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(1) If %7@22 ¢ C, there exists a positive integer v, so that for every 6 > 0 there
is €o so that if € < €y, ue is in the open ball Bs(U,, 1) or Bs(U,, 2).

(2) If %;?;22 € C, there exists a positive integer v, so that for every 6 > 0 there
is €o so that if € < €g, u. is in one of the following four open balls: Bs(U,, 1),
Bs(Uy, 2), Bs(Uv.41,1), or Bs(Up,+1,2).
o is given in (2.2), and C and v, are defined near the end of section 3.
If we take N in Theorem 1.1 to be greater than v, in Theorem 1.2 and § in
Theorem 1.2 to be the same as the ¢ in Theorem 1.1, then every global minimum .
for small € is a local minimum shown to exist in Theorem 1.1.

In the proof of Theorem 1.2 the reader will see that if the functional is Z, |v. —

max{1, ((11;”;2)2)1/3}\ < 1. The estimate of v, is weaker in the case of J.. There v,
(ome)?
1292¢q
If W € CY(R), the local minima ., 1, uc 2, and the global minimum u. of Z,

together with a v and a A, solve the Euler equation of Z.:

is close to ( )1/3 only if ¢q is small.

1
—eAu+ =W'(u) +v =N\ z€Q,
€

2 Av=u—m, z €Q,

ou ov

JR— :0 —_— p—

an|aQ ; an\ag 0,

1 1

— [ udx =m, — [ vdx =0.
12 Jo 19| Jo

For J. the Euler equation is

1
—eAu+ =W (u) —u+v=X\ x€Q,
€

2 Av+v=u, z€Q,

ou v
%| _Ov %‘39_07

o0
1
|ﬁ/udx:m.
Q

We point out that there is a large literature on the local variational problem, 7,
without 3|(—v?A)~Y2(u—m)|? term, and its -limit. We refer to Modica [7] for the
I-limit and Kohn and Sternberg [6] for local minimum solutions. We also refer the
reader to Dal Maso [3] for the general I'-convergence theory.

The presence of the nonlocal terms, |(—v2A)~Y/2(u—m)|? in Z, and |(—2A+
Y 2ul? in J, gives us local minima with arbitrarily many transitional layers. This
contrasts sharply with the local problem, where, according to a result of Carr, Gurtin,
and Slemrod [2], every local minimum must be monotone.

We will only present the complete proof of Theorems 1.1 and 1.2 for Z,. In section
2 we identify the limiting problem of Z. and show that the existence of isolated local
minima of the limiting problem implies the existence of local minima of Z.. Then
in section 3 we prove that the limiting problem admits many isolated local minima,
hence proving Theorem 1.1. Theorem 1.2 is also proved in that section. The study
of J. is quite similar to that of Z.. We list the modifications one needs in order to
obtain the theorems for 7. in section 4.
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2. The I'-limit of Z.. Associated with Z, is the variational problem

CEOHDuH(Q) + /Q %K_’YQA)_UQ(“ —m)|* de,
(21)  Zo(u) = if ue A, NBV(Q,{-1,1}),
00 ifue Am\BV(Q7 {_17 1})

for u € A,,. Here
1
(2.2) co =2 / (W (s))"/2ds.
-1

BV(Q,{-1,1}) = {u € BV(Q) : u(x) = —1 or 1 for almost everywhere (a.e.) z €
Q}. BV(R) is the space of functions of bounded variation. We refer the reader
to [4, Chap. 5, pp. 166-226] for its properties. || Dul| is the absolute value of the
distributional derivative Du of u, regarded as a finite nonnegative measure on 2.
[|Dwl|(€2) is the size of  under this measure.

ProprosITION 2.1.

(1) For every family {u.} C Ap with lim._qu. = u,

lim iglf Ze(ue) > Io(u).

(2) For every u € Ay, N BV(Q,{—1,1}), there exists a family {u.} C A, such
that lime_.g ue = u, and

lim sup Z,(ue) < Zo(u).

e—0

Proof. We define three functionals on A,,:

1
/Q {;IWI2 + 6W(u)} dr if u e A, NWH2(Q),

(23)  He(u) =
00 if ue A, \WhH2(Q),
2.0 Holw) = { S1Duli@) it u € A N BV(2{-L1)),
o) ifue A, \BV(Q,{-1,1}),
and
(2.5) K(u) = /Q %[(77%)*1/% —m))de, uc Ay

Then Z, = H.+ K and Zp = Ho + K. After making some minor modifications (change
LY(Q) to L*(2)) in the proof of Propositions 1 and 2 in Modica [7], we find (1) for
every family {u.} C A,, with lim._,ou. = u,

lim i(I)lf He(ue) > Ho(u);

(2) for every u € A, N BV(Q,{—1,1}), there exists a family {u.} C A, such that
lim¢_,o ue = u, and

lim sup He(ue) < Ho(u).

e—0
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Then we note that K : A,, — R is a continuous functional. Hence the two statements
about H. and Hy are carried over to Z. and Zj. a

The notion of I'-convergence is indeed defined by the two properties of Proposition
2.1. So Z. T'-converges to Zg.

Throughout the rest of this paper we assume Q = (0, 1).

PROPOSITION 2.2. Let €, be a sequence of positive numbers converging to 0, and
let {un} be a sequence in Ap,. If I, (uy) is bounded above inn, then {u,} is relatively
compact in A, and its cluster points belong to BV ((0,1),{—1,1}).

Proof. We set

(2.6) b(1) = / W2(5)ds.

-1

Then (1.2) implies
[6(8)] < C + ClJt] 5+

Set v, = ¢(uy,). As shown in Modica and Mortola [8], v, is bounded in W11(0,1).
For by (1.2) and k > 2, we find

[on] < C + Clup |2+ < C + CW (uy).

Therefore {v,} is bounded in L'(0,1). On the other hand,

1 1
/|v;|dx:/ W2 (up) ! | da
0 0

< g (/01 Bu;f + ;W(un)} dx) < gfen(un).

Therefore {v,} is bounded in W11(0,1). The Sobolev imbedding theorem asserts
that {v,} is relatively compact in L?(0,1) for all 1 < p < 0.

Now consider u,, = ¢~*(v,,). (1.2) and (2.6) imply that ¢! is continuous and
increasing, and there exists £ > 0 such that ¢! is Lipschitz continuous for [t| > Z.
We can find C' such that for all ¢

(2.7) 07 DI < C+Cltl, o~ (O < C + CJeP.

To prove that {u,} is relatively compact we show that every subsequence of {u,} has
an L2-convergent further subsequence. Let us recall Vitali’s convergence theorem [5,
p. 203].

Vitali’s convergence theorem. Let {f,} be a sequence in LP(Q,pn), 1 < p <
oo, and f be an p-measurable function such that f, — f p-a.e.. Then f € LP(Q, )
and || fr — fll, — 0 if and only if
(1) for each € > 0, there exists a p-measurable set Ac C Q such that pu(As) < oo
and fQ\As |fnlP du < € for all n; and
(2) foreache >0, thereisd > 0 such that for every pn measurable set E, j(E) < 6
implies [ |fnlP dp < e for all n.
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Part 1 of Vitali’s convergence theorem is not needed here because (0,1) itself
has finite Lebesgue measure. Let {u,,} be a subsequence of {u,}. Then there are
a subsequence of {v,, = ¢(uy,)}, denoted by {v,, }, and v € LP(0,1) such that
Uy, — v in LP(0,1) and v,, — v a.e. Then u,, — ¢~*(v) a.e. Applying Vitali’s
convergence theorem to vy, , we find that for every € > 0 there is 6 > 0 such that
for every measurable set E, |E| < 6 implies [, |v,, [Pdzr < e for all n. Then (2.7)
implies

/ [tp,  |Pdr < / (C+ Clup, |P)dx < C6 + Ce.
E E

Now Vitali’s convergence theorem applied to {u,, } asserts that u,, —— ¢~'(v) in
LP(0,1), particularly in L?(0,1).

Let u be a cluster point of {u,}, i.e., there exists a subsequence {u,,} such that
Up, — u in L%(0,1) as [ — oo. Fatou’s lemma and the boundedness of Z., (u,) imply
that

1 1
0< / W(u) < llim / W (up,) dx < llim €nLe,, (Un,) = 0.
0 —o0 Jo —0o0
Then for a.e. z € (0,1), u(z) = —1 or 1. If we consider v,, = ¢(uy,), then
the boundedness of {v,,} in W11(0,1), proved earlier, implies that ¢(u), the L!-
limit of {v,,}, is a BV function [4, Thm. 1, p. 172]. ¢(u) only takes two values,
¢(—1) and ¢(1). Then ¢(u) = ¢(—1) + %(u + 1). Hence w is also a BV
function. d
A useful property following Propositions 2.1 and 2.2 is that isolated local minima
of the I'-limit persist under small perturbation. It was used in Kohn and Sternberg [6],
(see also Dal Maso [3]). We include this property and its proof below for completeness.
PROPOSITION 2.3. Let 6 > 0 and up € A, be such that To(ug) < Zo(u) for
all u € Bs(ug) with u # ug. Then there exists €9 > 0 such that for all € < €
there exists ue € Bsja(uo) with Tc(ue) < Zc(u) for all uw € Bgjo(ug). In addition
1im6H0 Hue — UOHQ =0.
Proof. Let uc, be a sequence in Bs/(uo) so that

lim Z(ueyn) = inf  Z.(u).

n—oo u€Bs/2(uo)

The standard argument shows that after passing to a subsequence, again denoted by
Ue,n, there exists ue € Bgo(ug) such that uc, — u, in L2(0,1), Ue,n — Ue weakly in
W1t2(0,1), and

T(ue) = lim Z.(tep) = inf  Z.(u).

n—00 u€EBg /2 (uo)

Next we claim u. € Bg/so(ug) if € is small enough. Otherwise there exists a
sequence ¢ — 0, such that ||ue, — ugll2 = 6/2 and

T (u,) = inf T, (u).
() = ot T (w)

Part 2 of Proposition 2.1 asserts that there exists a sequence v, in B/ (uo), if [
is large enough, such that

limsup Z, (ve,) < Zo(uop).

l—o00
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Therefore,

limsup Z, (ue,) < limsupZe, (ve,) < Zo(ug).

l—o0 l—o0

Proposition 2.2 then asserts that, after passing to a subsequence, again denoted by
ue,, there exists Uy such that u., — g in L?(0,1), and ||y — uo||2 = §/2. Part 1 of
Proposition 2.1 now implies

Io(ﬂo) < lilm ianel (uq) < Io(’uO).

This contradicts the condition that Zo(ug) < Zo(u) for all u € Bs(ug) with u # wo.
Therefore u. is in the open ball Bs/s(ug), i.e., uc is a local minimum.

To show u, — ug in L?(0,1) as € — 0, we assume that there exists a sequence
€, — 0 such that ||ue, — ugll2 = 6o < 6/2. Then arguing like above, we have @y such
that, after passing to a subsequence, again denoted by u.,, v, — %o and ||y —ug|]2 =
69. Then by part 1 of Proposition 2.1,

To(tp) < lilm inf Z, (ue;) < Zo(uo),

which is again a contradiction. 0O

3. The local minima of Zy. A function v in BV ((0,1),{—1,1}), up to a set
of Lebesgue measure 0, is a step function. u(z) switches between —1 and 1 at finitely
many points 1, Lo, ...,T,, with 0 < x1 < 9 < -+ < x, < 0. A formal description is
as follows.

For v € BV((0,1),{—1,1}) we define set E,, = {z € (0,1) : u(xz) = —1}. The
perimeter of F, in (0,1) is ||Dxg,||(0,1), where xg, is the characteristic function of
E,. The measure |Dxg,| is often written as ||0E,]||. Clearly |0F,| = %.

The reduced boundary of E,, a subset of (0,1), is denoted by 0*F, (see
[4, section 5.7, pp. 194-207] for the definition and properties of reduced boundaries).
The structure theorem for sets of finite perimeter [4, Thm. 1 (iii), p. 189] asserts that
|OE,| = H°|0*E,, the 0-dimensional Hausdorff measure restricted on 9*E,. The
0-dimensional Hausdorff measure is the counting measure. Therefore 0*F,, is a set of

finitely many points in (0,1) and ||0E,]|(0,1) = % is the number of the points
in O*FE,.
O*E,, is simply {x1,x2,...,2,}, the set of points where u(x) switches, and
|Dul0,1)
2

If ue A, NnBV((0,1),{-1,1}), W has to be nonzero. Otherwise u would
be a constant. Then u = —1 for a.e. z € (0,1) or u =1 for a.e. z € (0,1). In either

case fol u # m. So we have the following mutually disjoint decomposition:
(3.1) A, NBV((0,1),{-1,1}) = UA,, where

A, = {u € A, N BV((0,1),{~1,1}) : W = y} .

PROPOSITION 3.1. For everyu € Ay, u # U, 1, and u # U, 2, we have Zy(U, 1) =
IO(UV’Q) < Io(u)
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Proof. For each u € A,, let us denote 0*E,, by {x1,z2,...,z,}, where 0 < z1 <
g < x, < 1. Since ||Dul|(z;,x;i41) = 0 for each ¢ and (z;,x;41) is connected,
u=—1for ae. x € (z;,x;41) or u=1for a.e. z € (x;,x;41). And it follows from the
definition of reduced boundaries [4, p. 194] that u(x) must jump from —1 to 1 or 1
to —1 when z moves from (z;_1, ;) to (z;,2;11). We can further decompose A4, into
two disjoint sets:

A1 ={ue A, :u=—1forae ze€(0,z1)},

(3.2) Ayo={ue€ A, :u=1forae. z€(0,z1)}

For u € A, 1 the constraint fol u = m becomes —2x1 +2x3 —- - - +2(—1)z, — (-1)" =
m, and for u € A, » the constraint fol u = m becomes 2x1 — 2x9 — -+ — 2(—1)x, +
(-1 =m.

Now A, 1 can be identified with the set
Sy1 = {(xl,...,x,j) ER:0< a1 <1y, <1,

+ (=1)
(3.3) E Ay — et (=1)Ya, = %}7
and A, o can be identified with the set
Sy = {(xl,...@,,) ERV:0<z1 <2, <1,
m— (—1)”}

5 .
Sy.1 and S, 2 are two bounded open subsets of two v — 1 dimensional hyper-planes of
R.

We take u € 4,1 =2 S, 1 and {z1,22,...,2,}, z1 < --- < x,, to be 0*E,. We
compute K(u). Let v be the solution of

(3.4) 1 —x9 — - — (=1)"x, =

1
_’721}” =u—m, U/(O) = U'(l) =0, / v=0.
0
Denote the Green’s function of this equation by G(z,y). Then

1

K = 5 [ (=202 m)da

;/Ol(u—m)vdx
;[/O“umm/:am>v+-~-+/:<<1>”“m)v]

v

Treating K as a function of (z1,22,...,2,) in S, 1, we calculate
oKk 1 ! v
— == =2 —m)—dx| .
0z, ~ 2 { v(z1) —1—/() (u—m) Do :v}
Since
ov 0

{/Oxl(—l —m)G(z,y)dy + /:2(1 — )Gz, y)dy + - -

orr T Omy

+/:((1)V+1 - m)G(x,y)dy]

v

= —2G(z,x1),
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we deduce

oK 1 '
%~ 2 [QU(xl) +/O (u—m)(—2)G(z, 1) dx

= —2v(x1).

The same argument applied to other x; yields

(3.5) VK = 2(=v(z1), 0(@s), .., (~1)0(z,).

Since fol u=m,or —x1 +x3—- -+ (—1)"z, = w, the Lagrange multiplier
method asserts that if (z1,z9,...,2,) is a critical point of K in S, 1, there exists A
such that

VK =A=1,1,-1,...,(-1)"),

which, together with (3.5), implies

(3.6) v(zy) =v(zg) = =v(xy).

On (z1,22), v solves the linear equation —y?v” = 1 — m. Then v(x;) = v(z2)
implies that v is symmetric about (z1 + z2)/2, and hence v'(z1) = —v'(22). On
intervals (0,z1) and (z2,3), v satisfies the linear equation —y%v” = —1 —m. Since
v also satisfies the conditions v(z1) = v(xs), v'(z1) = —v'(x2), v(z2) = v(xs), and

v'(0) = 0, we conclude by solving the equation on (0,z1) and (z2,z3) that v on
(0,x1) is a reflection of v on (z2, (x2 + x3)/2). Hence the length of (0, 1) is half that
of (z2,23). In the next step we compare intervals (z3,x3) and (x4, z5) and similarly
find that they have the same length. By repeating this argument we conclude that
the intervals where u = —1 all have the same length with the exception of (0, x;) and
(z,,1) if u = —1 there, whose length is half. The same can be said for the intervals

mE(=1)"
2

where u = 1. Taking —zy + x5 —---+(—1)"z, = into consideration, we find

1—m 1+m 1+ (=1)Ym

T4 = ———
2v v v

We have proved that K has a unique critical point (z1,2,...,2,) in S, 1. We
denote the function in A, ; whose reduced boundary is {x1, z2,...,2,} by U, 1 (also
defined in (1.5)). We proceed to prove that U,; minimizes K in A, ;. We first
compute (U, 1). Let v be the solution of

Then

On (0,21) v'(z) = =532 +v'(0) = 253" Then

2

:
2 x1 2

T e Ty 3
R = e e
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On (z1,22) v'(x) = =2 (2 — 1) +v/'(21). Then

. 2 ez . .
After finding % ["""" [v/|? on each (x;, ;41) and summing over i, we deduce

Zi

4
KU) = g7 Ly [((@0)° = (0(@2))° + (0 @) 4+ (1) ),
Since we also know v'(z1) = —v'(z2) = v/'(23) = --- = (=1)""1/(z,) and v'(21) =

=lopiom — 1wt we find
(1 —m?)?
(3.7) K1) = RV

A similar computation in A, finds U, » (defined by (1.6)) and again

(1—m?)?
3.8 KU,2) = ——5——
( ) ( V72) 24721/2

We now show that K(u) > (U, 1) for every u € 4,1 = Sy1, u # U, 1. If this
is not the case, since there is only one critical point, U, 1, in S, 1, there must be a
sequence {(Tn,1,Tn,2,---,Tn,)} converging to a point (yi1, Y2, - .., ¥y, ) on the boundary
of S, 1 (Sy1 is considered as a subset of R”) such that

nh_)rréo K(TnisTno, - Tny) < KUy1).

For the point (y1,¥2,...,¥,) to be on the boundary of S, 1, at least two of 0,
Y1s--.,Yv, 1 must be identical. Then (y1,y2,...,y,) is identified as a point in S,/ 1
or S, 9, corresponding to A,/ 1 or A,/ o for some v/ < v. Let us denote this point
by (z1, 22, ..., 2,) and assume, without the loss of generality, (21, 22,...,2,) € Sy 1.
We ask whether U, ; is the strict global minimum of K in A, ;. If so,

KUya) <K(z1,22,...,200) = nhj& K(TnisTnz,- s Tny) < KUyp1),
which, since v/ < v, is inconsistent with (3.7), where K(U, 1) = K(U,2) decreases in
v. If Uy, ;1 is not the strict global minimum of K in A,/ 1, we use the same argument
on U, ; and end up in a A,» 1 or A, o with v/ < v/. This process stops at v = 1,
and there, since A;; has only one element U; ; and A; 2 has only one element Uj o,
we find K(U1,1) = K(U12) < K(U,,1), which is inconsistent with (3.7) or (3.8). So
we have proved that U, ; is the strict global minimum of K in A, ;. And since for
u € A1, Zo(u) = cov + K(u), Proposition 3.1 is proved. d
PROPOSITION 3.2. Let N be a positive integer. One can find 6 > 0 such that
(1) {Bs(Uy1),Bs(Uy2) : v = 1,2,...,N} is a family of 2N mutually disjoint
open balls in A,,;
(2) for alluw € Bs(U,1), v=1,2,...,N, with w # U, 1, Zo(Uy1) < Zo(u), and
for allu € Bs(U, 2) with u # Uy, 2, To(U,2) < Zo(u).
Proof. Let N be a positive integer and v € {1,2,...,N}. We consider U, ;. The
study of U, » is the same.
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Take § to be a positive number to be specified later. Let u € Bs(U, 1), w # Uy 1.
If w € A,, then Proposition 3.1 implies Proposition 3.2. So we assume u € A,,\A,.
Then if u € (A, \A,)\BV((0,1),{-1,1}), Zo(U,1) < Zo(u) = 0o. So we need only
to consider u € (A,\A4,) N BV ((0,1),{-1,1}).

Because of (3.1), the positive integer W
study these two cases separately.

First we prove that the case W < v—1 does not happen if ¢ is small enough.

We claim that there is § > 0 such that for all w € Bs(U, 1) N BV((0,1),{—-1,1}),
% > v. Otherwise there exist 6,, — 0 and u,, € Bs, (U,,1)NBV((0,1),{-1,1})
such that 124000 < _ 1 Then u, — U, in L2(0,1) implies (see [4, Thm. 1,
p. 172])

is either < v —1or >v+1. We

2v =||DU,1(0,1)|| <liminf ||Du,|/(0,1) < 2(v —1),

a contradiction.

. Dul|(0,1
Second we consider the case %

> v+ 1. Here

11
Zo() > ofo+ 1)+ [ (=2 —m)P do
=Zo(Up1) + co + K(u) = KU, 1)-

Denote the norm of bounded linear operator (—yA)~/2 from {u € L*(0,1) : fol u =0}
to L2(0,1) by ||[(—yA)~/2||. Estimate

K (u) = KUyl
= %I 1(=y2) "2 (w = m) |13 = I(=y2)"2(Usa — m)|3 ]

= (=782 = m)lls ~ (=8 2Ty =)
AU=2) 2w = m) 2+ [ (=vA) 2 Uy = m) 2
< I8 2= Ul

A)

ANr2) 72w = Uy )2 + 201 (=7 A) "2 Uy —m) 2}

_ )

- 2

J(=r8) 2|2
2

lw = Uvallo{lle = Usalla +2[Usmll2 + 2[mll2}

< {6 +2+2m}.

We obtain, choosing § sufficiently small,

(=) 122

To(uw) > Zo(Up1) + co — >

§{6+2+2m} > Io(U, ).

Since there are only finitely many v, we can choose § so that it is independent
of v. We can also make {Bs(U,1),Bs(Uy2) : v = 1,2,..., N} mutually disjoint by
having 6 small enough. O

PROPOSITION 3.3. {U,1,U,2:v=1,2,3...} is the set of all local minima of I
(07" jo)

Proof. According to Proposition 3.2, each element in {U,1,U, 2 :v=1,2,...} is
a local minimum of Zy. On the other hand, if w is a local minimum of Zy, it must be
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in A, ; for somei=1or2and v=1,2,.... And in each A, ; = S, ; there is only one
critical point U, ; of Zy considered as a function on S, ;. Then u ="U, ;. O

Theorem 1.1 follows immediately from Propositions 2.3 and 3.2. To prove Theo-
rem 1.2, we note from (3.7) and (3.8) that

(1 —m?)?
(3.9) To(Una) = Zo(Un2) = cov + 55 5
Set
B (1-m?)?
g(t) - Cot + 24"}/2t2

for t > 1. Denote the global minimum of this convex function by tq:

1/3
(1 —m?)?
tg = 1, | —————— .
0 max{ ,< 12726,

Let [to] be the greatest integer less than or equal to tg. Compare g([to]) and g([to+1]).
_m2)2

G, we have g([to]) = g([to+1]) or g([to]) # g([to+1]). Let C C R

be the set so that when g;ﬁigz € C, g([to]) = g([to+1]). In this case we set v, = [to].

And it & o ¢ je., g([to]) 2 9([to + 1]), we set

- { [to] if g([to]) < g([to] +1),
* [to] +1 if g([to]) > g([to] +1).

Depending on

2,2
So if (1227"2’63) ¢ C, for every v # v,

Zo(Uy. 1) =Zo(Us, 2) < Zo(Upn) = Zo(U,2),
and if (122;';22 € C, for every v, v # v,, and v # v, + 1,

Zo(Up, 1) =Zo(Us, 2) = Zo(Up,41,1) = Zo(Up.41,2) < Zo(Up1) = Zo(Uy,2).

(1—m?)? : : :
The case 5 7 ¢ C is generic. C is a countable set.

Let u. be a global minimum of Z.. The existence of u, follows from the standard
argument as in the proof of Proposition 2.3. Propositions 2.1 and 2.2 imply that
every sequence {u., } of u. has a convergent subsequence, and if ug is the limit of a
subsequence, ug must be a global minimum of Zy in A, N BV((0,1),{-1,1}). The
decomposition (3.1) and Proposition 3.1 imply that ug = U, or U, for some v.
And by the definition of v, v = v, if %4_;7;22 gCandv =v, orv,+1if (1227"2’22 eC.
This proves Theorem 1.2.

4. The study of J.. All results in sections 2 and 3 are valid for J.. In this
section we indicate the modifications needed to prove these results for J..

The condition (1.2) implies that for all small €, 7. is bounded from below. The
lower bound can be made independent of small e.

The I'-limit of 7, is

© () - £ +/ S8+ ) 2 as,
1) Jolw =1 2 2 a2
. o(u) = if ue A, NBV(Q,{~1,1}),

0o ifue A, \BV(Q,{-1,1})
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for u € A,,. Define
(4.2) L(u) = / %{ﬂﬁ +[(—=PA+ 1)V 2P da
Q

foru € A,,. Thus J. = He + L and Jy = Ho + L.
As in the proof of Proposition 3.1, we study L(u) for u € A,1 = S,1. Let
{x1,29,...,2,} be O*E,. Let v be the solution of

2" 4 v =u, v'(0) =v'(1) =0,

and let G(x,y) be the Green’s function of this equation. Then

L(u) = %/0 (—u? + uv)

;[1+/0“<1)v+/:v+.--+/:<1)““1)]

v

We then find, treating £ as a function of x1,zo,...,x,,
VL = 2(—0(w1), v(@2), - (=1) 0(3,)).

Again we see that at a critical point (x1,...,2,), v(z1) = v(z2) = -+ = v(z,). The
same symmetry argument as in the proof of Proposition 3.1 shows that
1-m 14+m 1+ (-1)"m

T = T2 =21+ ——, ..., Ty =Tp_1+
2u v v

We again obtain U, ;.
The calculation of £(U, 1) is a bit more complex. Let v be the solution of

—v*" + v ="U,1, v'(0) =2'(1) =0.
Then

1

1 1
L:(Ul,yl) = —5 + §A Ul,_rlv dLE

On an subinterval of (0,1), say (a,b), where U, = a € {—1,1},

1 a 2

b b b 2 o
i/a Uy1v= a/a v= %/ﬂ (Y2 +a) = %[v’(b) —v'(a)] + 7(1) —a).
This implies
LU, 1) =W (21) — V' (z2) + 0/ (23) — -+ + (=1)" T/ (z,)]
= v/ (21).

We now need to calculate v'(x1). On (0,21) v(z) = —1 + C’ cosh(z/7) and on
(z1,22) v(z) = 1+ C" cosh((z — ©-4*2) /) for some appropriate C' and C”. They
and their derivatives match at x;. Therefore,

—1+ C’ cosh (ﬂ) =1+ C"cosh (xl —xg)7
Y 2y

g sinh (ﬂ> = C’;H sinh <$12—ry$2>'
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Solving this system we find
- 2sinh(#225)
sinh(y—ly) ’
" -2 sinh(%)
sinh(,y%)

Recall that z1 = 152, 25 — 1 = 122 and 2422 = 1. Then

2 sinh( 12+T’;’) sinh( 12;7;1 )

vy sinh(,y%)

V' (z1) =

Going back to £(U, 1), we find

2~yv sinh( 12"‘7”;) sinh( 127”” )

E(Uu,l) = E(UVQ) = sinh(i) 5
yv

and hence the key formula

2vyv sinh( 12772”) sinh( 1;;” )

sinh( ’%v) ’

(4.3) Jo(Up1) = To(Uy2) = cov —

analogous to (3.9).

We need to show that (1) L(U,1) = L(U,2) is decreasing in v in order to prove
Proposition 3.1 for Jo, and (2) Jo(Uy.1) = Jo(Uy,2) is convex in v in order to prove
Theorem 1.2 for 7.

For ¢t > 0 define

2yt sinh(lgTT) sinh(LEm)

24t
g(t) - Cot — - -
smh(%)
Compute ¢’ and g”.
27 : b1 . P2 . P1 + D2
"(t) = ¢g — —————— < tsinh = sinh == sinh ———=
g'(t) 0 #(sinh @)2 ¢ n ;
—p1 cosh p?l sinh % sinh 21 + P2
—p2 sinh p71 cosh %2 sinh 2! T D2
+(p1 + p2) sinh - sinh 22 cosh Pljm} ’

4y 1 . . D2 2 .. D1 2
! - . 2( « 2(
g'(t) = (¢sinh 'ylt)B {C%h o l}h (blﬂh N ) + p5|( sinh -

— 2p1pso sinh p71 sinh p% }7

where p; = 1577771 and ps = 1'2*'—7’" Since cosh % > 1,

4y A A P P2
9H(t)>(tsinhwlt)3{p%<smht> + p? smh? f2p1pgsmh781nh7 > 0.



924 XIAOFENG REN AND JUNCHENG WEI

Like (3.9), g(t) is convex in t. So Jo(U,.1) = Jo(U,2) is convex in v.
To show that £L(U,.1) = L(U,2) is decreasing in v, we set

B 2t sinh(lgT’tn) sinh(LEm)

24t
sinh( %)

h(t) =

Then h' = ¢’ — ¢y and " = ¢”. Near t = co we can find Taylor’s expansion

(1-m?)? 1 1

Therefore lim;_,o, h'(t) = 0. Then A" > 0 implies that A'(¢) < 0 for all ¢ > 0. So
L(U,1) = L(U,2) is decreasing in v. We also note

1-m
2
The global minimum ¢y of g(¢), ¢ > 1, in the case of Jy, cannot be obtained
explicitly. But its existence and uniqueness are guaranteed by the convexity of g and
the fact limy—, o ¢'(t) = co > 0. Taylor’s expansion

fn (1-m?)? 1 1
g =cw-—5a mtols

implies that if ¢y is small, then tg, and v, in Theorem 1.2, is close to (
This number is the same as the one for Z.

Therefore it can be argued heuristically that as ¢y becomes small, the problems
Z. and J. start to converge.

lim £L(U,1) = lim L(U,2) = tlim h(t) = —

V—00 V—00

(1—m2)2)1/3
12y2¢q '
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