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Abstract

We find nucleation solutions dfl interfaces an spikes to the one-dimensional FitzhHugh—
Nagumo system. Each spike sits asymptotically in the middle between two interfaces. We use the
Lyapunov—Schmidt reduction method, in which the problem is split into a finite-dimensional
problem related to the translation of thH€ spikes and an infinite-dimensional complement
problem. However the complement problem remains near degenerate due to the translation of
the N interfaces. To overcome this difficulty we move the interfaces by a small distance and
solve the complement problem with the help of a Newton iteration argument.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

We consider the stationary FitzHugh—Nagumo system

e Au+ f(u)+dv = 0, (1.2)
Av—yv—u =0, (1.2)
* Corresponding author. Fax: +852-2603-5154.

E-mail address:wei@math.cuhk.edu.hkJ. Wei).
1Supported in part by a Direct Grant from CUHK and an Earmarked Grant of RGC of Hong Kong.

0022-0396/$ - see front matter © 2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jde.2004.08.019


http://www.elsevier.com/locate/jde
mailto:wei@math.cuhk.edu.hk

X. Ren, J. Wei / J. Differential Equations 209 (2005) 266-301 267

@ @

(u',-v") (um,-v -V

Fig. 1. (1) The graph of. The height of the dotted line is-v*. (2) The graph ofF.

on (0, 1) with the Neumann boundary condition.is a small positive parameter, and
0 andy are fixed positive constants. The nonlinear functids taken to be

fw)=—-uw—a)u—1), O<a <1/2. 1.3)

Sincea € (0,1/2), on the graph off the area of the region below the horizontal
axis between 0 and, is less than the area of the region above the axis betaesmd
1, Fig. 1(1). The nonlinearityf is therefore said to be unbalanced. For an unbalanced
cubic nonlinearity, the concept of the Maxwell line is often important. It refers to a
numberv* so that f + v* is a balanced nonlinearity. In other words if the level*,
which is positive here while* is negative, is used instead of the horizontal axis, then
the two new regions have the same area.

Associated with 1.1)—(1.2) is the functional

1 .2
1(u) :/ (%|Vu|2 — F(u) + gl(y — N Y2u? dx, uewb?Q0,1). (1.4)
0

Here F(b) = [é’ f(a)da, Fig. 1(2). The third term in the integrand ofL@) is a
nonlocal expression. For eadhe L2(0,1) let z be the solution of—Az + vz = h,
Z(0) = Z/(1) = 0. h — z defines a linear operator ob%(0, 1), which we denote by
(y—A)~L. Thenz = (y — A)~1h. The operatory — A)~! is bounded, self-adjoint, and
positive, so it has a positive square root, which we denoteyby A)~Y2. If (u, v) is
a solution of {.1)—(1.2), thenu is a critical point of (.4), i.e.

—&2Au— fw)+ 0y —ANu=0, u'©0) =u1)=0. (1.5)



268 X. Ren, J. Wei / J. Differential Equations 209 (2005) 266-301

1) )

0.8
0.6
0.4

0.2

0

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Fig. 2. The graph a local minimizer of 4 interfaces and the graph of a nucleation solution of 4 interfaces
and 2 spikes.

Conversely ifu is a critical point of (.4) then, settingyv = (A — )" 1u, (u,v) is a
solution of .1)—(1.2).

For each positive integed, (1.5 admits a solution oN sharp interfaces that is a local
minimizer of (L.4), whene is sufficiently small. Fig2(1) shows a local minimizer of 4
internal interfaces. In general these interfaces are periodically positioned and the local
minimizer has the internal mirror symmetry so that it may be obtained by extending a
piece of the solution with one interface anti-periodicdtly].

In this paper we are concerned with a type of saddle pointsldj.(They will be
constructed by “adding” spikes on local minimizers of finite interfaces. The width of the
spikes is of order. Existence of saddle points may be motivated bsnaeuntain pass
argument between two local minimizers of different numbers of interfaces. To construct
saddle points of the particular type we use a rigorous singular perturbation approach.
More detailed information on the saddle points will be revealed in the process. Fig.
2(2) shows an example of 4 interfaces and 2 spikes. Note that the interfaces are nearly
periodically positioned and the spikes sit almost in the middle of two interfaces.

Such saddle points also help us understand the dynamic counterpdril)ef(X.2).

The negative gradient flow df in the L2(0, 1) space is the fast inhibitor limit of the
dynamic FitzHugh—Nagumo system

u = 2Au+ fu) + ov, (1.6)
0=Av—9yv—u, 2.7)

with the Neumann boundary condition. The attractor of this system is expected to be
made of the solutions ofL(5) and their unstable manifolds. A saddle pointkospikes

is unstable whose unstable manifold is at least of dimen&ipTheorem1.2 If in
(1.6—(1.7) the initial value ofu is close to the saddle point but with a slightly smaller
spike, the spike is likely to disappear in time. On the other hand if the spike is larger,
it will probably grow to two interfaces. The latter phenomenon is known as nucleation.
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For this reason the saddle points studied in this paper are termed nucleation solutions

of (1.5).

The main result is the following existence theorem.

Theorem 1.1. For every integerN > 0 and every integer KO < K < N, wheneg is
sufficiently small there are(Nlef‘,lg;,K, nucleation solutions tq1.5) of N interfaces
and K spikesEach spike sits asymptotically in the middle of two interfaces

A nucleation solution ofK spikes will be constructed by “placingK spikes on a
local minimizer of N interfaces. Because there 51\1]:11())!% ways to place theK
spikes between th&\ interfaces (one can at most put one spike between two adja-
cent interfaces), we claim that there a@@% nucleation solutions for giveiN
and K.

The proof of the theorem is a Lyapunov—Schmidt reduction argument. On a local
minimizer of N interfaces, located a1, x2, ..., xy, we “add”K spikes aty1, y2, ..., yx
arbitrarily betweerK prescribed pairs of adjacent interfaces. Whyes (y1, y2, ..., k)
moves, we obtain a manifold of approximate solutians whose dimension i«. In
the first step for eacly = (y1, y2, ..., yx) we will solve (1.5 to find g, in the space
“orthogonal” to the manifold. Then in the second step by minimizingn g, with
respect toy we will find a particulary, so thatg := g, also solves 1.5 in the
direction of the manifold. Thig turns out to be a solution ofL(5).

In the literature when the Lyapunov—Schmidt method was used in this context, the
first step, solving an equation in the space “orthogonal” to the manifold, is done by a
fixed point argument. Examples inclufie-5,10-12,15,19,20,23,24Ind the references
therein. The minimization argument used in the second step was used in papers like
[3,6,7,11,12] Solutions with only spikes were found [i4,21] Reinecke and Sweers
[22] studied solutions with boundary and internal layers.

Here the situation is complex. Roughly speaking the problem is near degenerate even
in the direction perpendicular to the manifold. The first step cannot be done just by a
fixed point argument near an approximate solution. Solving the problem in this direc-
tion requires some effort. To see this difficulty more clearly, let us consider the critical
eigenvalues of the linearized operator @f5) at a nucleation solution o interfaces
and K spikes. Here a critical eigenvalue refers to an eigenvaltieat satisfiest — 0
ase¢ — 0. We expect that there ar¥ + K critical eigenvalues, corresponding to the
translation of the interfaces and the spikes. The presence of these critical eigenvalues
means that the nucleation solution is near degenerate. In the Lyapunov—Schmidt re-
duction method alluded above, the critical eigenvalues related to the translation of the
spikes no longer cause trouble in the first step, for they are handled in the second
step which is a finite-dimensional problem. However, there are still the critical eigen-
values associated with the translation of the interfaces. They make the first step highly
nontrivial.

The key idea in this paper is to “move” the interfacgsto x;- by a proper distance
of order &. From this new function we will launch the Newton iteration. After two
iterations we will find an improved function near which we can apply a fixed point
argument and solve the problem “orthogonal” to the manifold.
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The nucleation solutions are saddle points b#) in the following sense.

Theorem 1.2. The Morse index of a nucleation solution of K spikes is at legsteK
the second variation of | at the nucleation solution has at leastdtnting multiplicity
negative eigenvalues

The proof of this theorem is relatively simple. Corresponding to each spike we find
a unstable direction of perturbation to With K spikes, and henc& directions, we
construct a subspace on whidli at the nucleation solution is negative definite. The
theorem follows from the variational characterization of the eigenvalueg’ ait the
nucleation solution.

We organize the paper as follows. In Section 2, we summarize the properties of the
finite interface local minimizers. In Sections 3 and 4, we do the first step of the proof
of Theorem1.1 In Section 3, we construct -dimensional manifold of approximate
solutionswy, from which we launch the Newton iteration in Section 4 and solvg) (
in the direction perpendicular to the manifold to obtain a new manifolg,ofThen in
Section 4 we findg in the new manifold, which solvesl({5), to complete the proof.
Theorem1.2 is also proved in this section. Several technical lemmas are included in
the appendix.

2. The finite interface local minimizer u

To make the proofs to the two theorems more readable, we assume, without the loss
of generality, that

o=y=1 (2.1)

We always suppress the dependences @m notations. For instance we writein (1.4)
instead ofl,. However when a quantity is independentspfwe always emphasize. In

the case that a quantity independenteadrises as a limit ag — 0 of an ¢-dependent
quantity, we denote the limit with a subscript O or a superscript 0. Iffenorm is
widely used so we simply writ¢ - || for it. Other norms are written with subscripts
such as|| - |2 and || - ||2.2 for the L? and W22 norms, respectively. The inner product

in L2(0, 1) is denoted by(-, -). The second derivative operator is often denotedAby
even though we deal with the one-dimensional case. The first derivative operator is
occasionally denoted by'.

Let v* be the particular number so th#t+ v* is balanced. Denote its three zeros
by u!, u™, andu”, whereu! < u™ < u”, Fig. 1(1). Leta = u” — u'.

In this section, we summarize some properties of the finite interface local minimizers
of 1. We will later “add” spikes on them and build nucleation solutions. To save space
we take a formal style to describe the local minimizers in this section. More detailed
and rigorous statements are found in H8¢ Mimura et al.[16], Ito [13], and Nishiura
and Fujii [18].
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Throughout the rest of the paper, we denoteNximterface local minimizer by,
and letv = (A — 1)~1u. By convention we assume that the first interfaceucfoes
downward, like in Fig.2(1). The width of the interfaces is of order The interfaces
are defined by points;, j =1,2,..., N, whereu(x;) = u™. u has the internal mirror
symmetry so that fox € (0, 1/N),

u(x):u(%—x):u(%—l—x):u(%—x):u(%+x)=o~ . (2.2)

Asymptotically x; — x% as¢ — 0. Meanwhile away from the interfaces — uo,

whereug is the discontinuous solution of
fuo) + (A =1 tug=0. (2.3)

At x?, uo jumps between/ andu”, Fig. 3(1). If we takevy = (A —1)~1ug (Fig. 3(2)),
then by @.3) vg satisfies

Avo —vo + f~H(vo) =0, v5(0) = vp(1) = 0. (2.4)

Here to definef~1 we setf to be the restriction of on (—oo, u!) U (1", 00) so it
is decreasing, and then lgt-1 be the inverse off. =1 has a jump discontinuity at
—v*. Away from the interfaces the difference betweerand uq is of ordere. In the
inner region near;, u(x; + es) approaches locally tél which is a solution of

H' + f(H)+v* =0, HO)=u", H(—oco)=u', H(co) =u", (2.5)

if j is even, i.e. when the interface at goes upward. If is odd,u(x; +e&s) approaches
locally to H(—s). The e-order inner expansion is denoted Ry so thatu(x; + &s) =
H(£s) +¢eQ(s) + --- Q satisfies

Q"+ f'(H)Q + vp(x%)s =0, 0(0)=0. (2.6)

Note thatvé(x?) changes sign between oddand evenj. HenceQ differs by a sign
between odd and even.

To better understand, let us briefly describe the critical eigenvalues of the linearized
operatorL(u) := &2A + f'(u) + (A — 1)~1. Suppose thaf is an eigenvalue that tends
to 0 ase¢ tends to O andp is an corresponding eigenfunction. has the expansion
4 = ¢eJ1+ O0(c%), @ has the outer expansiop = ¢y + ¢p; + 0(£?), and the inner
expansion around;, ¢(x; + &s) = ®g+ @1 + 0(&?).

In the leading order the outer expansipg of ¢ satisfies

flwo)po+ (A—1)"1py =0 (2.7)
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Fig. 3. (1) The graph a ofigp where N = 4. The dotted lines indicate the discontinuity )eﬁ (2) The
graph of vg. The height of the dotted line is*. ‘

which implies thatpy = 0. In the inner region near an interfagg, ®o, the leading
order term®q satisfies

0" + f'(H)®o =0, (2.8)
S0 @¢ = ¢;H' for somec; = O(1). In the ¢-order ¢, satisfies

N

[ wo)pr+ (A =Dt —a) ¢;Gx,x)) =0. (2.9)
j=1

Here G is the Green function of + A, namelyG(x, z) satisfies
—Gax(x,2) + G(x,2) =(x —2), G4(0,2) =Gy(1,2) =0. (2.10)
If we define p; to be the solution of
f'@o)pj+ (A=) p; —aG(x, x7) =0, (2.11)

N
thenp, = Y c;p;. The inner term in the-order @, satisfies

j=1

N
G + f/(H)P1+cj f"(H)QH — ) aG(x?, xP) + (A = D7ty (x)
k=1

= Jic;H'. (2.12)
J
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If we multiply (2.12 by H’ and integrate oveR, then

N
o [ £ s =3 PGS ) — b = D)
k=1

= Jac; /R (H')?ds. (2.13)

Eqg. .13 is an N-dimensional eigenvalue problem fas.

Lemma 2.1. The matrix elements if2.13
Sk / fIH)QH"? ds — a*G (x). x9) + (A — D7 (x)
R

form a negative definite matritere the constany'R f"(H)Q(H")?ds is independent
of j and is equal to(—l)j+1aw6(x?).

Proof. The negativity of the matrix is proved if17]. There Nishiura considered the
more general Fitzhugh—Nagumo system, where the left-hand side®fi§ tv, instead
of 0. We taket = 0 when quoting the result there. To s¢g f"(H)Q(H)?ds =
(—1)j+1ow6(x?) we differentiate 2.6) with respect tos, multiply by H’ and integrate.
Then

/R (H" + f(HYH)Q + f"(H)Q(H")? + vy(x) H') dx = 0,

which implies [, f”(H)Q(H')?ds = (—1)j+1oc06(x?). Because of the internal mirror
symmetry ofu andv, (—1)/*1av;(x9) is independent of. [

When 4 is found from @.13 we also obtairr;, the eigenvector of2.13. Then we
can write down a uniform approximation fas:

N .
o~ Zc-j(H/()%) +epj (). (2.14)
j=1

It includes the 0-order inner expansion astdrder outer expansion. Theorder inner
expansion®; is not needed in this paper.

We end this section with the remark thatis not a global minimizer. The global
minimizer must have an unbounded number of interfaces-as0. This phenomenon
was studied for the Dirichlet boundary problem[B].
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3. Approximate solutions wy,

We look for a nucleation solution by “placing” spikes between the interfaces of
First we move each interface afat x; by ¢t;. Let n be aC cut-off function so that

1 if x]<d/2,
whered is a small fixed number independent afLet r = (11,12, ...,1y) be anN
vector and set
N
ur(x) = u(x —Sthn(x—xj)). (3.2)

j=1
We have defined;; by moving each interface af atx; by ef;. Let x; = x; — ¢t;.
We then add spikes. Let = (y1, y2, ..., yx) be aK vector. Eachy; is between two

interfaces, i.ey; € (x?, x?H). y; is arbitrary and independent ef We let U; be the
homoclinic solution of

U"+ fu(y) +U) = fu@y)) =0, U(£oo) =0, U'(0) =0. (3.3)

Set

X =

K
Wy y = Uy + ZU[(
=1

). (3.4)
A subtle point in this paper is the choice bflt is chosen depending on Let S

from {u :u € W22(0,1), u/(0) = u'(1) =0} to L?(0, 1) be defined by
Sw) = Au+ fu) + (A -1 tu. (3.5)

We will chooset so thatS(w; ) is not adversely affected by the translation of the
interfaceSx} (see 8.16). But first we must estimatd(w;,y).

Lemma 3.1. S(w,,,) = O(¢) and more precisely
N N ‘ K

S(wy) = a'(x) Y tinx —xp)+exy (=1 Glx,x))tj—e Z(/ Ui(s) ds)G(x, y)
j=1 j=1 =1 /R

X = Ve
&

K
+Y_ 0(x — yilUi( ) + 0.

=1
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Proof. We define
N
vy = v(x —Sthn(x—xj)). (3.6)
Jj=1

Rewrite S(w; y) = T1 + T> + T3 + T4 where

Ty = e2Au; + f(u;) + vy (3.7)
K K

Tp =Y AU+ fQur + Y U — f(ur) (3.8)
=1 =1

T3=A-1"tu —v (3.9)
K

Ta =) (A-D7'U. (3.10)
=1

We now estimate these four terms.

Clearly 71 = 0 if x is not inU;((—d +xj, =% +x;) U (% +x;,d + x;)), because of
Egs. (L.1)—(1.2) that u and v satisfy. Otherwisel1 = O(¢?) becauseu is bounded in
€2 norm whenx is in U;((=d +xj, =% +x;) U (4 + x;,d + x;)). Overall

i = O(&2). (3.11)

Since U; is exponentially small away frony;,

K K
To= fu+ ) U)—f@) =Y (ful)+U)— fuGm))+ 0 /%

=1 =1

K
=Y O(x = y|Un) + 0(e™“/%). (3.12)
=1

Regarding7s we have

T3=A-)"Yu —uw+v—y

N
A=) —u) + e’ Y i — xj) + 0P
j=1

N N
—SZ(/ (H(s —t}) — H(5)) ds)(=1)/ G (x, x;) + &’ thn(x —xj) + 0(?).
j=17R

j=1
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For the first term we note

/(H(s — 1)) — H(s))ds = —/ s(H'(s —tj) — H'(s)) ds = —f tjH'(s)ds = —ou).
R R R

Therefore
N N '
Ts=av' Y tin(x —xj) +exy (1) G(x, xptj + O(). (3.13)
j=1 =1
And finally
K
Ty= —¢ Z(/ U ds)G(x, y) + O(&2). (3.14)
=1 YR

The lemma follows from .1)—(3.14. O

Recall p; defined by 2.11). To see 2.11) more clearly we ley; = f'(uo)p;. Then
g; satisfies

4qj N 1Oy — o (1) —

Agj —q; + 7 (ug) —i—oc()x? =0, ¢;(0=4;(1)=0.

0.0 is the delta measure centeredxé’t This equation is uniquely solvable because
J

f'(ug) < 0. Moreover f'(ug) is C* on [0, 1], because of2.3) that definestg. Hence
pjis ¢! on [0, 1] and smooth on0, 1)\{x§.)}. We introduce a cut-off function to

smooth j; at x?. Let k € C*(R) be such that
K(s) =0 if |s| > u, andx(s) =1 if |s| < u/2,

to smooth outp; at x?. u is a positive constant independent &ofDefine

0 0

I3)5i) + (L
& &

X —X

pj(x) = (1 —x(

)i (). (3.15)

Now motivated by 2.14 we choose; so that

/

Ly tep;, j=1.2.....N. (3.16)

X —X

S(wy,y) L H'( .
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xX—

Herex;. =x; —stj. We denoteH’(%) by H]f. Whent satisfies 8.16) we denote the
correspondingu; , by w.
To see that3.16 is solvable, we note that by Lemn&al

1
/OS(w,,y)(HJ/»—}-spj)dx
1 1
_ /0 Stwe ) H) + ¢ /0 S(wi)p)

N K
= 0(¢?) + 2oy (xNtj + %o Z(—l)kc(xj?, Dy — e Z( f Urds)G(x). y)
k=1 =1 R

N 1 K 1
+82062(—1)ktk/ G(x,xk)pjdx—EZZ(/ U,ds)/ G(x, y)pj(x)dx.
k=1 0 =1 'R 0

Here we have used the estimate
K 1
> 0(8/0 v =yl |Urpjldx) = O().
=1

For (S(w,,y),H]f + ¢p;) to be zero, we consider the leading ordgr terms. After
dividing by ¢ and sending: — 0, we deduce a linear system

N
oDt + Y [ (- DFG (9, 1) — a(—DF(A = DT D)1
k=1

K
= Y([ GiaDGGGS 0~ A= D00 j =12 N,
=1

Here U is a slightly altered version of/;. U solves
U" + fuo(y) +U) = f(uo(y)) =0, U(£oo) =0, U'(0) =0.

To solve fort? we note that the matrix elements are the same as the ones in Lemma
2.1, after we divide each column here Igy-1)*1. The matrix in Lemma2.1 is shown
to be negative definite there. Hence the systemr%drere is non-singular and uniquely
solvable. After perturbation we find thaB.(6 is solvable.

We would like to solveS(gy) = 0 up toU/, I = 1,2,...,K in the following

sense. Findg, nearw, with ¢, —w, L U/(*2*), I =1,2,..., K, and aK vector
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¢ = (c1,¢2,...,ck) SO that

K
S(gy) = U2, (3.17)

=1

Let us introduce the projection operataf, from {h e L?0,1) : h L U, 1 =
1,2,..., K} to itself by

K
nyh=h— (3.18)
’ Z ||Ul 'Y
Then B.17) may be written as
7y (S(gy)) = 0. (3.19)

To solve 8.19 we have to complete three steps: two Newton iterations and a contraction
mapping argument. LeL(w,) be the linearized operator & at w,, i.e.

L(wy) ¢ = e?Ad + f'(wy)d + (A — 1)1, (3.20)

First we find somep, , L Ul’(x_sy’), 1=1,2,...,K, so that

Ty (L(wy)py , + S(wy)) = 0. (3.21)

Then we find ap, , L U/(*5*) so that
Ty (L(wy + ¢1 )b, + S(wy + ¢y ) = 0. (3.22)
Finally we use the contraction mapping argument to im,dJ_ U[(’%) so that
Ty (S(wy + ¢y + ¢y + ) = 0. (3.23)
Theng, = wy + ¢y, + ¢, + .

4. Reduction to Oy

Lemma 4.1. Eq. (3.2]) is uniquely solvable and; , = O().
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Proof. We first prove the estimaté, , = O(¢) assuming §.21) is solvable. Suppose
that the estimate is false. Lét1 = ¢1,,/ld1, Il where ¥[lpq || = o(1/¢). &)1 satisfies

K K /

- U/  S(wy) 1 U,
L (Lo, = + 4.1
#1= ,; b1.U ||Ul||2 RN E . b, >||U,||2 @4

and ||§51|| = 1. For simplicity in this proof we writed for L(w,). We decompose

N N -1 -1

$1=> dj(H}+ep)+dy. Hj+ep; L.

j=1
If we multiply the last equation by, +¢p; and integrate ove0, 1), then the left-hand
side become®) (¢) and the right-hand side becomes
Zd / (H} +&pj)(Hj + epi) dx = Zd (eéjk/(H) ds + 0(c%).
j=1

djx =11if j =k and O otherwised; satisfies the system

Zd (s(sjk/(H) ds + 0(%) = 0(e)

j=1

from which we conclude thaf; = O(1) and consequently];f = 0(1). We will show

that actuallyd; = o(1) and q?)i_ = o(1). They contradict|¢,|| = 1, and hence follows
the lemma. n
We first show thaip; = o(1). For this we only need a weaker version

K /

~ U

of (4.2), in which
(L, Uj) = (1. LUJ) = (1. (f (wy) — f'u(y) + UNU]) = O().
One then further simplifies4(2) to

Ly = 0(D). (4.3)
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On the other hancL(H;. +¢pj) is small. More precisely we note first that
L(H]’-) = (f'(wy) — f/(Hj))H,’- —eaG(x, X}) + 0@
= ef"(H;)Q;H} — 3G (x, x}) + O(c%). (4.4)

The last equation is valid whepis even. Whenj is odd, the first term changes to
—f”(Hj)QjH]’.. However Q; also differs by a sign because &.¢) and the fact that

vé(x?) alternates sign while keeping the same absolute value. Next notd.by (

EAp;+ f(wy)pj + (A -1)7"1p;

Lp;
0 0

X — X X — X

a2 (——) (B () = pj) — 2 (——

)P

0

X=X ~ / 1
. NPj)ax] + fwy)pj +(A—=1)""p;

+(1— x(
= fl(wy)pj +(A=D71p; + 0,

since (p;)xx is bounded on(0, 1)\{x?}. By (2.11) we obtain

Lpj = (f'(wy) — f o) p; + 2G(x.x9) + O (o). (4.5)

Hence
L(H} +epj) = ef"(H) Q H} + e(f'(wy) — f'(uo))pj + O (). (4.6)

For the moment we only need a weaker verslo(ﬂ-(/’. +¢epj) = O(e) of (4.6).
Eq. @.3) becomes

~1 ~1 <1 ~ 1
Ly = &Ady + f'(wy))dy + (A -1 hy = o(D). 4.7)
Denote (A — 1)_1q7)i_ by ¢. We multiply @.7) by &)f and integrate. Then
Loaoite . L2 2 2
|| VAR + 11 = Vo o dx = oD

Note that f’(w,) is negative except in neighborhoods of the interfaces and the spikes,
whose width is of ordee. So we can write the last equation as

l ~ ~
/0 @@IVPy 2+ c)|d1 12+ [Vol? + 9|2 dx = o(D),
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wherec(x) > 0. Hence||¢; I|1.2 = o(1). This implies thatp := (A — 1)~1; = o(1).
And (4.7) is simplified to

@ADL + [ (wy) ) = o). (4.8)

To show&f = 0(1), we again argue by contradiction. Without the loss of generality we
~1 ~L -1 L .

assume||¢; | = max¢, = ¢4 (x,) which is bounded below away from 0. We claim

that x, must lie in an neighborhood, of size of ax} oray. OtherwisesZA(}bf(x*)go

and f’(u)y)&)f(x*) < b < 0, which are inconsistent with4(8). Supposex, is in ane-

neighborhood ofx}. Then &Sf(x} + es) approaches irC%C(R), as¢ — 0, to a function
® which satisfies®” + f'(H)® = 0 on R Therefore® = c¢H’ with ¢ # 0. And
’ ~L n2 R R ’ ~L
(Hj +epj, ) =ec fR(H) + o(¢). But this contradicts the fact tha‘fj +ep; Loy
Suppose that, is in ane¢-neighborhood ofy;. Then&)f(yﬂrss) approaches i|tt‘|%c(R),

ase¢ — 0, to a function® which satisfiesp” + f'(ug(y;) +U)® = 0 onR. The function
U here is the positive solution of

U" + fuo(y) +U) = f(uo(y)) =0, U(£oo) =0, U'(0) =0.

Therefore® = cU’ with ¢ # 0. Then (U, &f) =&c fR(U’)2 + 0(¢). This contradicts

the fact thatg; L U],
Next we show thatd; = o(1). We multiply @.1) by H; + ¢p; and integrate. The
right-hand side becomes

/

1 1 7 1
—— = | Sw)(H+epr)dx + — / UCH + epe) dx.
||<f>1,y||/o O+ 1) -+ (500 o), Vit + epods

The first term is 0 because 08.06). The second term is
K 1
1 1 ) )
Zo(;)0<s)0<e>5/0 S pr dx = o(D),

=1

So the right-hand side now is(¢?). The left-hand side becomes

/

K
(Lo, Hy + epk) Z Lo, W (U], H; + epi)
=1 2

K
~ ~ 1
= (3. LCH{ +p0)) = Y (1. LU O()oe?)
=1
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dj(H} +epj. L(Hi + &pp)) + (b1 . LCH| + epi) + 0(3)

I
Mz

1

~.
[

Il
M=

dj(L(H} +&pj), Hi + epi) + 0(6).
1

~.
|

To reach the last line we have usQ&l,L(H,g + epr)) = o(e?), a consequence of
&Sl = o0(1) and @.6). We obtain a system of equations fdy:

N
> dj(L(H} +epj). H + ep) = 0(e?).
j=1

The matrix elementsL(H]’. +epj), Hy + epy) are computed in LemmA.1. They are

of order ¢2, and the matrix is negative definite, Lemr@al By solving this system,
we deduced; = o(1). This completes the proof thdtl,y = 0(e).

The existence and uniqueness ¢f , are proved by appealing to the Fredholm
Alternative. To solve the linear equation

myolLp={ (eL?0,1),{LU,1=12.. K,
we apply the operatorzny o (A —1)~1 to the equation and rewrite it as
e 2myo(A—Dtony oL =c2my0(A—-171L
The last two equations are equivalent if we can show that

ey o(A=11: {{el?0,): (LU, I=12,... K}
= {peW?20,1): ¢ =¢' Q=0 ¢ LU, 1=12...,K)

is one-to-one and onto. To see that it is one-to one, we consT&m;,o(A—l)*lC =0,

K
which implies that there exist;, I = 1,2, ..., K, such that(A — 1)~ = Y qUj.
=1

K
Thereforel = Y~ ¢;((A—1)U;). Multiply the last equation byJ;, and integrate to find
I=1

Z ((A=1U/, U},), which implies thatc; = 0 since

JXAVUI2+ (U)Ddx £0 if 1 =1,

(A=1U,, U}y = { it 1 21,
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Thus ¢ 727ty o (A — 1)7Y{ = 0 becomes(A — 1)"1{ = 0. Then{ = 0. To see that
¢?n, o (A—1)~1 is onto, we consider the equation?m, o (A — 1)71{ = ¢ for a
given ¢. We look fore;, 1 =1,2,..., K, so that

K

K
e2A-DH=¢p— ZC[U/, ie. (=&A-1gp— quz((A —1HU)).
=1 =1

(4.9)

We multiply the last equation by/;, and integrate. Then

K
0= ((A—Do.Up) = Y _al(A— DU/, Uy)
=1

from which we find¢;. And then( follows from (4.9).
The operator—2n, o (A—1)"1om, o L is defined from the space

{pe W?2(0,1): ¢'(0)=¢'(1) =0, ¢ LU/, [=1,2,...,K}
to itself. Moreover it is a sum of the identity operator and a compact operator, for

8_27'cy o(A—1)1o my oL
/

Uj
= 2my0(A— D)L~ Z ) U)
MLk

=1y (¢ + e 2A - DD+ f(wy)d+ (A - D7)

*ZZLeb 2>(A D7)
U113

K Uy
=¢—> (). —)\U + 1y (e 2A = D)HEP + f(wy)dp+ (A— D7)
K /
-2 -7,
; M7 ||2

So the existence and uniqueness¢gf, follow if we can show that the homogeneous
equation

my(L¢) =0 (4.10)
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only has the trivial solution. Assume this is not true. We have a nontrivial solution
N

¢ with [|¢]| = 1. we decompose) = zlej(H; +epj) + ¢F, in which e; = 0(2)
J:

and qﬁl = 0O(1). Argue as in the first half of this proof to show th&ﬁ satisfies

Lot =0(1) and hencep™ = o(1). Then as before we find tha satisfy the system
N

> ej(L(H]’. +epj), H + epr) = o(g2), from which we conclude that; = o(1). A
=1

contradiction to||¢|| = 1. O

Lemma 4.2. Eq. (3.29 is uniquely solvable and, , = Z?’zl chJ’. + 0(?), where
cj = 0(e).

Proof. We will only show the estimate fop, ,. The existence otp, , follows from

the same argument as in Lemma. Let us denotel (wy + ¢4 ,) by L. By (3.21) Eq.
(3.29 for ¢, may be written as

my(Loby, + 31" )3, + Ol ¢y, 1) = 0.
In this proof it suffices to write
ty(Lepy,, + 0() = 0. (4.11)
Repeating the proof of Lemmé&.1 with minor modifications, we find
¢y = O(o). (4.12)

In this process, we need the fact that the matrix elementss’ +epj), He+epy) are
the same as those af in the leading order, which is provided by Lemma2. Eq.
(4.12 simplifies @.11) to

Ly, = 0. (4.13)
We decomposep, , into
N
boy =Y ci(Hj+ep))+ ¢3. (4.14)
Jj=1

Multiplying (4.14) by H; +¢pi and integrating yield:; = O(e) and hencepy = O(¢).
It remains to show thaty = O(¢?).
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Using the fact thatZ(H//. +epj) = O(e), we find from @.13 andc¢; = O(e) that
L(¢3) = O(e?). (4.15)

We again argue by contradiction. Suppose tlﬁét = 0(¢?) is false. Then Iet&ﬁ =
¢3/ll$3 1l so

L(}) = o(D). (4.16)

If we multiply (4.16 by c}) and integrate, then
L aonp 412 2 2
/O (—2IVOI2 + f'(wy + 1 I = IVol? = 9?) dx = o(D),

wherep = (A — 1)‘1&5. Note that f’(wy + qﬁl,y) is negative except near the interfaces

x} and the spikes;. So we find||¢||1.2 = o(1). Henceg = (A — 1)‘165 = 0(1). Thus
(4.15 becomes

EAd + f'(wy + ¢1 )¢ = 0(D). (4.17)

This equation and the facts th&tJ_ Hj’. +epj and<2> L U/ imply that&) =o(1. A
contradiction to||q?>|| =1 0O

To solve 3.23 we rewrite it as
Ty (S(wy + ¢1y + b)) + L(wy + @1, + ¢ )Y + Myy) = 0.

Here we have defined

My = f(wy +¢1y+ by +¥) — fwy + 1y + P2 y)
—f'(wy + b1y + P Y. (4.18)

The operatorL(wy + ¢, , + ¢, ) has the following properties.
Lemma 4.3. yoL(wy+¢y ,+¢, ) is invertible on{¢ € W2(0,1) : ¢'(0) = ¢'(1) =
0, ¢ LU/, 1=12 ... K} Forevery¢ LU, || < %HnyoL(wy—l—gf)l’y—l—(i)z’y)(f)ﬂ.

Proof. The proof is similar to tha~t of Lemmd.1 so we only sketch a few steps.
We denoteL(wy + ¢q, + ¢o ) by L. Suppose that the lemma is false. Therepis
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- N
gl = 1, so thatr, (L) = o(z). We decomposep to ¢ = >° a;(H} +ep;) + ¢~
=]

Then ¢+ satisfiesi(bL = O(e) which implies thatp~ = O(z). Then one finds that,
satisfies

N
> ai(L(H} +epj). H + epi) = 0(e?).
j=1

The matrix eIement$I:(H]’. +¢pj), H +¢pi) are the same as those lofto the leading
order, LemmaA.3. This impliesa; = o(1). A contradiction to|¢|| =1. O

Lemma 4.4. Let ¢ be the solution of

Ty (L(wy + dyy + bp )+ [ (wy + by )d5 ) =0
Then¢ = o(¢).

Proof. Since f"(w, + qsl,y)qsg,y = 0(¢?), we find as in Lemmat.2 that

N
b= bi(Hj+ep))+ ¢, (4.19)

j=1

whereb; = O(¢) and c;SL = 0(£?). It suffices to show thab; = o(e).
We multiply H; 4 ep; to the equation

N x ~ K x U’
> bjL(Hj +epj) + Lo™ = (Lp, ——)U]

2
j=1 =1 ”Ul ||2

/

K
U,
= —f"(wy+ 1 )5, + Y (f(wy+ 1 )5, — AR —5)U (4.20)
=1 2

and integrate. Then

N - -

D bi(LH] +epj). H] + epi) + (™, LIH, + epi)
j=1

£ i; -

Z TE WU/, H + epr)

=
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K

= —(f"(wy + ¢1, Vb5 . Hi +epi) + Y _(f"(wy + ¢1 )93 .

=1

~

U

X —L VU], H] + epx).
10/ 113

The second term on the left-hand side 4¢*) and the third term on the left-hand
side iso(¢*). The second term on the right-hand sideis*). The last equation is now
written as

N ~

D bi(L(H] +epj), Hy + epi) = —(f"(wy + 1 )5 .. H + epi) + O ().

j=1

However Lemma4.2 implies that the first term on the right-hand side is
ect / I HYHY + o), o= 0.
R

But [, f”(H)(H)® = 0. For if we differentiateH” + f(H) = 0 twice, we find
H" + f'(H)H" + f"(H)(H")?> = 0. Multiplying by H’ and integrating yield the
result. So we find thab; satisfy the linear system

N =

Y bi(L(H] +ep)). Hy + ep) = o).

j=1

Then we deducé; = o(¢). [

We write (3.23 in the fixed point form
Y =Ty, (4.21)
where
Ty = —(my o L(wy + 1y + d2 ) 'y (Swy + p1y + ¢2) + Myyh)  (4.22)

and M, is a nonlinear operator defined b%.19.

Lemma 4.5. Whencq is small enoughT, is a contraction map onD(T,) = {y €
ClO.1]1: Yy LU/, 1=12....K, |[Ylloo<coe}. The unique fixed poinqt/&y solves
(3.23.
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Proof. We must first show thaf, mapsD(T)) to itself. We know from Lemma}.3
that

2 C
I(my o L)t < ;||w||, o LU/ (4.23)

Also

!/

K
U
Iy o Myl < Myl + D My, U —|
=1

U113
K
< CIYIP+C Y IMll < ClyllP. (4.24)
=1
We have used the fact
Ul Ml U] 1]
KMy, U)— | < — oL LMy
U/ 13 107115

To estimater, o S(wy + ¢, , + ¢ ), We write

S(wy + @1y + ¢2)) = S(wy + ¢1 ) + L(wy + @1 ), + Migy , := M1,

where

Migy, = fwy+ 1y + b)) — fwy + 1) — f/(wy + b1 ) da

$F(wy + ¢y )¢5, + O, 1) (4.25)

and

Ty o S(wy + @1, + ¢o ) = Ty o Migy

Ty " (wy + 1 )5, + Ol o, I1°).  (4.26)

Combining @.23, (4.24), (4.26 and Lemma4.4 we find
Ty = o(e) + %(0(83) + C(coe)?) = 0(e) + C(co)e. (4.27)

HenceT, mapsD(Ty) to itself as long as we choosg sufficiently small.
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Next we show thafl, is a contraction. Lety; andy, be in D(T,). Then

C C
1TV — Tyl S lmyo My — 1y o Myis| Szllllfl —YallP< Ceollyy — Yol

HenceT, is a contraction if we takep small. [

In conclusion we have found a functiogy, := wy + ¢1, + ¢, + ¢, so that
7y (S(gy)) = 0.

5. The reduced problem
In this section we will show that there existskavector y, so that 8.23 becomes
S(g+) =0. (5.1)

To find such ay, we consider at g, and view it as a function of. We will show
that this function is minimized at somg. at which 6.1) is satisfied.

Lemma 5.1. With respect to y/(g,) is minimized at some.. Asymptotically each
Yl Ny = (Vs,1, Y525 - - - 2. k) lies in the middle of two interfaces.e. for each |

0,.0
xj+xj+1

there exists j such that,; = ~—= +0(1).

Proof. We will show that 7(g,) depends ony in the e-order. Higher orders are
negligible. Letg, = g, — wy = ¢4, + P5 , + . We first note the expansion

1 1 1
I(gy) = I(wy) — /0 Sy, dx — /0 (L) (G )b, dx + 0, 1. (5.2)
Since S(wy) = O(¢) and d>y = 0(e), we find that
1
/ S(wy)p, dx = O(?). (5.3)
5 )

Also becausep, satisfies the equationy o S(wy + ¢,) = 0, which may be written as

my o (Swy) + L(wy)d, + O(ll,1%) =0,

we deduce, since, L Uj, that

1 1
/0 (Lwy) (), dx = — /O S(wy)p, dx + 0(lp, 1% = 0. (5.4)
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Hence we obtain from52)—(5.4) that
1(gy) = I(wy) + O(6%). (5.5)

By the remark earlier we will only considdr(w‘)

For this we recall thatw, = u, + Z U; wheret is determined fromy by (3.16).

=1
However, the exact dependencetocbn y is not needed in this proof. Then

K
I(wy) = I+ Uy

=1

1 K 1 1 K K
I + 8/0 W3 U dx + /0 GI DS UIP = (Fla + 3 U — Fu)) d
=1 =1 =1

/(1 A V2,1 A 1/2(ZU,)dx+ / (1= A)~ 1/2ZU1| dx

=1

=1(ut>+/[ |ZU,|2 (F(ut+ZUz>—F(ut)

=1

K
—f(u) Y Upldx + 0,

=1

where we have used that fact thatsolves (.5 so

1 K 1 K 1
a/ u; Ul dx —f fluzy) Y Urdx +/ 1- A2, - A2
0 = 0 =1 0

K
X(Z U)dx = 0@

=1

and the fact

1 K
/ A=A Y2 UPdx = 0().
0 =1
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Moreover we deduce

Kora
IGwy) = Tw) + SZ/R[EW/F — (F() + U — Fa(mn)
=1

—fwyNUplds + o(e). (5.6)

We comparel (u,) with 7(u). Let ¢ = u; —u. Then
82 1 1 1
I(u) = I(u) + E/ |<p’|2dx+82/ u'¢ dx —/ (F(u;) — F(u)) dx
0 0 0
1 1 1
+ [ (a0 - 54 5 [ A= a7 gl ar.
0 0

Using the fact thau is a solution of 1.5 and

1
/ 11— A Y202 dx = 0,
0
we find
82 1 1
) = 1)+~ /0 1¢'|? dx — /0 (F(us) — F(w) — f)@)dx + 0. (5.7)

Note thatp satisfies

N N
¢ =u"(x =&Y tinx —x)(A—e Yt (x —x)))?

j=1 j=1

N N
+u'(x — SZtﬂ’](-x — xj'))(eztjﬂ”(x —Xj)).

j=1 j=1

Hence
20" + flu) — fu) + (v, —v) = O(%). (5.8)

Recall thatv, is defined in 8.6). Therefore
1 1 1
2 [Coar = [ "G = fane+ [“w—vo+ 06

1
_ /O (Flur) = F)pdx + 0.
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Eq. 6.7) now becomes

1 1
I(ug) = 1(u) + 5/0 (fQu) — f@)wu, —u)dx

1
- /O (Fur) — F@) — £ (s — u)) dox.

The two integrals on the right-hand side satisfy
1 1 1
E/o (f(uy) — fw)(wm; —u)dx — /0 (F(u;) — F(w) — f(w)(u; —u))dx
N1
= SZ[E /R(f(H(S — 1)) — f(H(s)(H(s —1) — H(s)) ds
j=1

- /R(F(H(s —tj)) — F(H(s)) — f(H(s))(H(s —tj) — H(s))) ds] + o(¢).
It is shown in LemmaA.4 that each term in the sum afteris zero. Therefore,
I(uy) = I(u) + o(e).

Combining this with .5 and 6.6) we find

o 1 /2
1(gy) = I(u) +SZfR[§|U1| — (F(u(y) + Up) — Fu()
=1
—fw(y)Uplds + o(e). (5.9)

The first term on the left-hand side d.9) is independent of. We only need to show
that the second term is minimized by some= y,.

There are two cases 0of. In the first casey; is between an upward interface and
a downward interface. In the second cagds between a downward interface and an
upward interface. Without the loss of generality we consider the second 0gsgis
betweenu! and the smaller of the two critical points &f LemmaA.5 shows that

1
/R[§|U’/|2 — (Fu(y) +Up) — Fu() — fuyn)Uplds

is minimized whenu(y;) is maximized. It is known[17] that between the two
interfaceSx? and x?+1, up, the outer limit of u, has a maximum at exactly the
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04,0
middle point%. Therefore, we conclude thdt(g,) is minimized at somey, =

x?+x?+l
(Y*,l, Vi, 2y oo vy y*,K) Wherey*,l = ) +o0(1). O

When y = y., we denotegy, wy, ¢1,, ¢, andy, by g, w, ¢;, ¢, and y,
respectively.

Lemma 5.2. g satisfies(1.5).

Proof. Since y, is an interior minimum of/(g,), regarded as a function of, at
y = y. we have, for each,

0l (gy
0= (g) /( szAgy

, 0
gydx—Zcm/ m gyd

3
m=1 o

Here, we have assumed thatyat —S(g,) = Z cmU,,, becauser,(S(gy)) = 0. The

last equation asserts that the coefﬂman,ts%atlsfy a linear homogeneous system whose
ml matrix entry is [y U}, Lf‘ dx

Recall thatg, = w, +q’)1,y +¢2,y +y, andU,, L ¢y, + b, +,. We differentiate
0= fol U (¢1y + ¢oy + ) dx with respect toy, to obtain

1 b Y, m
0 ayl 0

Therefore, sincepy , + ¢o , + ¥, = O(2),

1 a 0 /
/ Uy, 22 dx /( Wy _ OUn <¢1>+¢2}+¢>>dx—5mz/w) ds + 0(z).
0 oyl FYI

Therefore, the coefficient matrix is non-singular apd= 0, i.e. S(g) =0. O

We have thus completed the proof of Theorér.

Proof of Theorem 1.2 Let g be theK spike nucleation solution constructed above. In
defining the Morse index of at g, one views!’(g) as a functional orWw12(0, 1):

1
I'(g)($) = /0 (Vv — F(9)b+ 51— A1) dx.
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Then I”(g) is a quadratic form o120, 1):

~ l ~ ~ ~
@@ D = [ (V6D 0d+ o0 -m7 ) dx.
The eigenvalues of”(g) may be characterized variationally by

A =max min{l"(g)(¢, P) : [Pl =1},
B ¢eB

where B; ranges over all-dimensional subspaces a%2(0, 1). We will show that
there is a linear subspace of dimensignon which 7”(g) is negative definite. From
this we conclude that there are at leshegative eigenvalues, i.e. the Morse index of
I"(g) is at leastK.

To define this subspace, consider the eigenvalue problem

Q"+ fuly) +UnQ = AQ

on the real line. The principal eigenvalue is positive which we denoteApy Its
corresponding eigenfunction is denoted By with ||| = 1. Let the subspace be
made of functions of the forn}_; ¢;2;(*=2). Taking ¢; = O(1) we find

1”<g><2 a >

=1

! X X =y
=/ G IR
0 =1

), ZCIQI(

K
W= @O a@—2)?
=1

+(Z a -

ya- A)*lzczle(

=1

™)) dx

2))2)dx + 0(e?)

/0 (& |VZCIQI<

e (g)(ZCIQz(

=1

Z_SZA,CZ(/ Q2ds)+0(s%) < 0.

=1

Theorem1.2 then follows. O
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Appendix

We again denotd (w), L(wy +¢q ), and L(wy + ¢4, + ¢, ) respectively by, L,
and L. We calculate the matrix elements (H; +ep;), H +ep), (E(Hj/. +epj), H +
ep) and (i(H/’- +epj), Hy + ep).

Lemma A.1.
mw}mmxw+ww=¥@MAWWDmem—¥QMJn
+a(A = D7 p () + O(E).

Proof. For (L(H; +epj), H, + ¢pr) we note from 4.4
(LH}, H)) = gzéjkf FI(H)Q(H)?ds — e0%G (x}, xi) + O(3). (A1)
R

Note that [, f"(H)Q(H")?ds is independent of because of the remark afte4.4).
Next we note that

L(epj) = &Apj +ef (wy)pj +e(A — 1) 1p;

for which

1 1
/o (&Ap; +ef (wy)p)H, = ¢ /0 PAH + f'(wy) H)p,

ﬁfwmm—fmmﬂm=0@m
So we deduce
(Lepj, HY) = (A = D)7 pj(u0) + O ). (A.2)
For (Lep;, epr) we note by 4.5)
(Lepj, epi) = —e%(A = D)7 pr + O (). (A3)
From A.1)—(A.3) we conclude that
(L(H} +epj), Hy +epr) = 82(/R f/(H)QH")? — aG (xy., x ;)

+aA=D7pj)) + 0@, O (A4)
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Lemma A.2.
(L(H} +ep)), Hi +epr) = e2(0j /R f"(H)Q(H")? ds — o*G (xg, x))
+a(A —1)7pi ) + o(ed).

Proof. The proof is similar to that of LemmaA.1. The main difference is that

2 -1
LH} = AH] + f'(wy + ¢1 ) H; + (A — D7 H]

(f'(wy + ¢1,) — £ (H))H} — eaG(x, x)) + O(&%)

= of "(H)Q Hj + f"(H)$py ,Hj — eaG (x, x;) + O(&%).

So in the calculations o{ZH]’., H;) we have an extra terrfb1 f//(H)qSLyHJ/.H,; dx. Of
course it is negligible ifj # k. We will show that whenj = k, this quantity iso(e?).
Then the argument in the proof of the last lemma will yield this one.

At the first glancefo1 f”(H)qblgy(H]’.)zdx = 0(&?) sincedy , = O(e) and H; decays
exponentially away fromc}. To improve this estimate recall E¢3.21)

my (L, + S(wy)) = 0.
We multiply it by H/j’ and integrate. Then
1 1
/ (Lqﬁl’v)H/j’dx +/ S(wy)H/j/dx = 0(e~ /%), (A.5)
0 ’ 0
From Lemma3.1 we conclude
1
/ S(wy)H' = o(£?). (A.6)
0

And moreover because of the equatish” + f/(H)H” + f”(H)(H')? = 0 satisfied
by H,

1 1
fo (Ldy )Hdx = fo EAH + f'(wy)H + (A= 1) H )¢y, dx

1
= /O (—f'(HDH' — f"(H)H? + [ (wy)H) ¢y, dx + 0(?)
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1
/O (F'wy) — f/(H)H by, dix

1
- /0 fIHpr (H)? dx + 0(6%)

1
- fo f"(Hp) by (H)Pdx + o(6?).

Combining this to A.5)—(A.6) we find fol f”(H)qbl‘y(H]’.)zdx =o0(?). O
Lemma A.3.
(L(H] + ep)). B +epi) = 2@ /R [ (H)QH? ds — #°G (xx., x))
(A =17 pj(x)) + o(e?).

Proof. Like in the proof of the last lemma here we need to show yifaf”(H)d)z,y
(H))?dx = o(c%). We write Eq. 8.2 for ¢, , as

ty(Lpy, + Oy, 1) = 0.

After multiplying this by H/jf and integrating, we find
1 ~
/ (L ) H' dx + O (%) = 0. (A7)
0 .

Using the equation forH” again, we deduce
1 1
/0 (Lgp)H' dx = [O (LH) 5,

1
= /O (AH + f'(wy + ¢y VH )y, dx + 0(c%)

1
/O (Fwy + dr,) — /) H g d

1
- /0 FIH)H)D?y , dx + 0(e2)

1
= [ ) 5 50,

When this is combined withA(7), we find fol f”(H)(;Bz’y(Hj’.)2 dx =o0(%). O
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Lemma A.4. Let H, = H(- — ). Then

1
E/R(f(Ht)_f(H))(Ht_H)_/R(F(Ht)_F(H)_f(H)(Ht_H)):0~

Proof. We let f*(a) = f(a) + v* be the balanced cubic nonlinearity amt (a) =
F(a)+v*a+c be the corresponding equal depth, double well potential with maximum
value 0. The left-hand side in the lemma becomes

1
5 /R (F*(Hy) — f*(H)(H, — H)) - /R (F*(Hy) — F*(H) — f*(H)(H, — H))
1
-3 / (f*(Hy) — f*(H)(H, — H)) + f F*(H)(H, — H)
R R
1 1
-3 f (F* CHp) + FCH)(Hy = H) = 5 f (F*(H)Hy — f*(H)H)
R R
1 1
=3 f (B H, — [ H) = 5 / FHCH)(H, — H_,).
R R

The last quantity is zero becaug& (H) is odd andH; — H_; is even. To see that
H; — H_; is even, we note thatl is asymmetric with respect to the ling", i.e.

H(=s)+ H(s) _
- _

This gives
H(—s—t)—H(—s+t)=2u" —H(s +1t) — (2u™ — H(s — 1))

—H(—1t)—H(s+1). O

Lemma A.5. Let z be greater than/ and less than the smaller of the two critical
points of f Let U, be the homoclinic solution of

U. + f(Us+2) — f(z) =0, Us(£o0) =0, U/(0) =0,
Define
1 /12
E@) = / (GIULP = F(Uo) ds,
R

where F,(b) = F(b+z) — F(z) — f(z)b. Then E(z) is decreasing in .z
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Similarly if z is greater than the larger of the two critical points of f and less than
u”. Then E(z) is increasing in z

Proof. We only consider the first part of the lemma. The second part may be proved
similarly. The solutionU, has an first integra%|UZ/|2+ F.(U;) = 0. So we can rewrite
E(z) as

0 1

0
E(z) = 2/ (%|UZ’|2 — F,(U.))ds = 2/ 272w/—FZ(UZ)UZ’ ds

M,
— zﬁ/ V—F.(b)db
0

where M, is the middle zero ofF, and U,(0) = M.. The lemma will be proved
after we showa(g—fz) <0 and% < 0.
Straight calculations show that

4(a+1) )b + 62° — 4(a + 1)z + 2a). (A.8)

b2
—Fx(b) = 7 (07 + (42—

Hence

_ 2
0CF) 2 12— 4t 1),
0z 4

One also finds
f+2)— f@) =b(=b?+(a+1-32)b+1—a—z+42az —7?).

b is always less than the largest zero fof + z) — f(z). Henceb < a + 1 — 3z which

is the sum of the two positive zeros. This impliéfs:{—z) <0.
Since M, is the middle zero of-F,, we deduce fromA.8) that

M? 4 (47 — YM, + 622 — &(a + 1)z + 2a = 0.

d(a + 1)
3

Implicit differentiation yields

dM,  12:—4(a+ 1) — 4M,

- . . (A.9)
dz 4z — z(a+1) +2M;

The top of the last fraction is negative sincez324(a +1) = —4(a+1—3z) < 0 for
a+1-— 3z, as the sum of the two positive zeros - +z) — f(z), is positive. Denote
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the greatest zero of F, by M.. Then from A.8)

M+M’:w_

. . 3 4z.

The bottom of the fraction on the right-hand side Af9) is M, — M, < 0. Therefore
4L <0. O

References

[1] N. Alikakos, G. Fusco, M. Kowalczyk, Finite dimensional dynamics and interfaces intersecting the
boundary I, Indiana Univ. Math. J. 45 (1996) 1119-1155.

[2] N. Alikakos, M. Kowalczyk, Critical points of a singular perturbation problem via reduced energy
and local linking, J. Differential Equations 159 (1999) 403-426.

[3] P. Bates, E.N. Dancer, J. Shi, Multi-spike stationary solutions of the Cahn-Hilliard equation in
higher-dimension and instability, Adv. Differential Equations 4 (1999) 1-69.

[4] P. Bates, G. Fusco, Equilibria with many nuclei for the Cahn-Hilliard equation, J. Differential
Equations 160 (2) (2000) 283-356.

[5] P. Bates, J. Shi, Existence and instability of spike layer solutions to singular perturbation problems,
J. Funct. Anal. 196 (2002) 211-264.

[6] E.N. Dancer, S. Yan, Multipeak solutions for a singular perturbed neumann problem, Pacific J. Math.
189 (1999) 241-262.

[7] E.N. Dancer, S. Yan, Interior and boundary peak solutions for a mixed boundary value problem,
Indiana Univ. Math. J. 48 (1999) 1177-1212.

[8] E.N. Dancer, S. Yan, A minimization problem associated with elliptic systems of FitzHugh—Nagumo
type, Ann. Inst. H. Poincaré Anal. Non Linéaire 21 (2) (2004) 237-253.

[9] P.C. Fife, D. Hilhorst, The Nishiura—Ohnishi free boundary problem in the 1D case, SIAM J. Math.
Anal. 33 (3) (2001) 589-606.

[10] A. Floer, A. Weinstein, Nonspreading wave packets for the cubic Schrodinger equation with a bounded
potential, J. Funct. Anal. 69 (1986) 397-408.

[11] C. Gui, J. Wei, Multiple interior peak solutions for some singular perturbation problems, J. Differential
Equations 158 (1999) 1-27.

[12] C. Gui, J. Wei, On multiple mixed interior and boundary peak solutions for some singularly perturbed
neumann problems, Canad. J. Math. 52 (2000) 522-538.

[13] M. Ito, A remark on singular perturbation methods, Hiroshima Math. J. 14 (1985) 619-629.

[14] G.A. Klaasen, E. Mitidieri, Standing wave solutions for a system derived from the FitzHugh—-Nagumo
equations for nerve conduction, SIAM J. Math. Anal. 17 (1) (1986) 74-83.

[15] M. Kowalczyk, Multiple spike layers in the shadow gierer—-meinhardt system: existence of equilibria
and approximate invariant manifold, Duke Math. J. 98 (1999) 59-111.

[16] M. Mimura, M. Tabata, Y. Hosono, Multiple solutions of two-point boundary value problems of
Neumann type with a small parameters, SIAM J. Math. Anal. 11 (1980) 613-631.

[17] Y. Nishiura, Coexistence of infinitely many stable solutions to reaction-diffusion system in the singular
limit, in: C.R.K.T. Jones, U. Kirchgraber, H.O. Walther (Eds.), Dynamics Reported: Expositions in
Dynamical Systems, Vol. 3, Springer, New York, 1994.

[18] Y. Nishiura, H. Fujii, Stability of singularly perturbed solutions to systems of reaction diffusion
equations, SIAM J. Math. Anal. 18 (1987) 1726-1770.

[19] Y.G. Oh, Existence of semi-classical bound states of nonlinear Schrddinger equations with potentials
of the class(v),, Comm. Partial Differential Equations 13 (12) (1988) 1499-1519.

[20] Y.G. Oh, On positive multi-bump bound states of nonlinear Schrédinger equations under multiple-well
potentials, Comm. Math. Phys. 131 (1990) 223-253.



X. Ren, J. Wei / J. Differential Equations 209 (2005) 266-301 301

[21] Y. Oshita, I. Ohnishi, Standing pulse solutions for the FitzHugh—Nagumo equations, Japan J. Indust.
Appl. Math. 20 (1) (2003) 101-115.

[22] C. Reinecke, G. Sweers, Solutions with internal jump for an autonomous elliptic system of
FitzHugh—-Nagumo type, Math. Nachr. 251 (2003) 64-87.

[23] J. Wei, M. Winter, Stationary solutions for the Cahn-Hilliard equation, Ann. Inst. H. Poincaré Anal.
Non Linéaire 15 (1998) 459-492.

[24] J. Wei, M. Winter, Multiple boundary spike solutions for a wide class of singular perturbation
problems, J. London Math. Soc. 59 (1999) 585-606.



	Nucleation in the FitzHugh--Nagumo system: Interface--spike solutions
	Introduction
	The finite interface local minimizer uuuu
	Approximate solutions wwwwyyyy
	Reduction to ggggyyyy
	The reduced problem
	References


