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Abstract

We find nucleation solutions of N interfaces and K spikes to the one-dimensional FitzhHugh-

Nagumo system. Each spike sits asymptotically in the middle between two interfaces. We use

the Lyapunov-Schmidt reduction method, in which the problem is split into a finite dimensional

problem related to the translation of the K spikes and an infinite dimensional complement

problem. However the complement problem remains near degenerate due to the translation of

the N interfaces. To overcome this difficulty we move the interfaces by a small distance and

solve the complement problem with the help of a Newton iteration argument.

Keywords. interface, spike, nucleation, Lyapunov-Schmidt reduction, Newton iteration.

1 Introduction

We consider the stationary FitzHugh-Nagumo system

ǫ2∆u + f(u) + δv = 0, (1.1)

∆v − γv − u = 0, (1.2)

on (0, 1) with the Neumann boundary condition. ǫ is a small positive parameter, and δ and γ are
fixed positive constants. The nonlinear function f is taken to be

f(u) = −u(u − a)(u − 1), 0 < a < 1/2. (1.3)

Since a ∈ (0, 1/2), on the graph of f the area of the region below the horizontal axis between 0 and
a, is less than the area of the region above the axis between a and 1, Figure 1 (1). The nonlinearity f
is therefore said to be unbalanced. For an unbalanced cubic nonlinearity, the concept of the Maxwell
line is often important. It refers to a number v∗ so that f + v∗ is a balanced nonlinearity. In other
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Figure 1: (1) The graph of f . The height of the dotted line is −v∗. (2) The graph of F .

words if the level −v∗, which is positive here while v∗ is negative, is used instead of the horizontal
axis, then the two new regions have the same area.

Associated with (1.1-1.2) is the functional

I(u) =

∫ 1

0

(
ǫ2

2
|∇u|2 − F (u) +

δ

2
|(γ − ∆)−1/2u|2) dx, u ∈ W 1,2(0, 1). (1.4)

Here F (b) =
∫ b

0
f(a) da, Figure 1 (2). The third term in the integrand of (1.4) is a nonlocal

expression. For each h ∈ L2(0, 1) let z be the solution of −∆z + γz = h, z′(0) = z′(1) = 0. h → z
defines a linear operator on L2(0, 1), which we denote by (γ − ∆)−1. Then z = (γ − ∆)−1h. The
operator (γ −∆)−1 is bounded, self-adjoint, and positive, so it has a positive square root, which we
denote by (γ − ∆)−1/2. If (u, v) is a solution of (1.1-1.2), then u is a critical point of (1.4), i.e.

−ǫ2∆u − f(u) + δ(γ − ∆)−1u = 0, u′(0) = u′(1) = 0. (1.5)

Conversely if u is a critical point of (1.4) then, setting v = (∆−γ)−1u, (u, v) is a solution of (1.1-1.2).
For each positive integer N , (1.5) admits a solution of N sharp interfaces that is a local minimizer

of (1.4), when ǫ is sufficiently small. Figure 2 (1) shows a local minimizer of 4 internal interfaces. In
general these interfaces are periodically positioned and the local minimizer has the internal mirror
symmetry so that it may be obtained by extending a piece of the solution with one interface anti-
periodically [17].

In this paper we are concerned with a type of saddle points of (1.4). They will be constructed
by “adding” spikes on local minimizers of finite interfaces. The width of the spikes is of order
ǫ. Existence of saddle points may be motivated by a mountain pass argument between two local
minimizers of different numbers of interfaces. To construct saddle points of the particular type we
use a rigorous singular perturbation approach. More detailed information on the saddle points will
be revealed in the process. Figure 2 (2) shows an example of 4 interfaces and 2 spikes. Note that the
interfaces are nearly periodically positioned and the spikes sit almost in the middle of two interfaces.

Such saddle points also help us understand the dynamic counterpart of (1.1-1.2). The negative
gradient flow of I in the L2(0, 1) space is the fast inhibitor limit of the dynamic FitzHugh-Nagumo
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system

ut = ǫ2∆u + f(u) + δv, (1.6)

0 = ∆v − γv − u, (1.7)

with the Neumann boundary condition. The attractor of this system is expected to be made of
the solutions of (1.5) and their unstable manifolds. A saddle point of K spikes is unstable whose
unstable manifold is at least of dimension K, Theorem 1.2. If in (1.6-1.7) the initial value of u is
close to the saddle point but with a slightly smaller spike, the spike is likely to disappear in time. On
the other hand if the spike is larger, it will probably grow to two interfaces. The latter phenomenon
is known as nucleation. For this reason the saddle points studied in this paper are termed nucleation
solutions of (1.5).

The main result is the following existence theorem.

Theorem 1.1 For every integer N > 0 and every integer K, 0 < K < N , when ǫ is sufficiently

small, there are (N−1)!
(N−1−K)!K! nucleation solutions to (1.5) of N interfaces and K spikes. Each spike

sits asymptotically in the middle of two interfaces.

A nucleation solution of K spikes will be constructed by “placing” K spikes on a local minimizer

of N interfaces. Because there are (N−1)!
(N−1−K)!K! ways to place the K spikes between the N interfaces

(one can at most put one spike between two adjacent interfaces), we claim that there are (N−1)!
(N−1−K)!K!

nucleation solutions for given N and K.
The proof of the theorem is a Lyapunov-Schmidt reduction argument. On a local minimizer of

N interfaces, located at x1, x2, ..., xN , we “add” K spikes at y1, y2, ..., yK arbitrarily between K
prescribed pairs of adjacent interfaces. When y = (y1, y2, ..., yK) moves, we obtain a manifold of
approximate solutions wy whose dimension is K. In the first step for each y = (y1, y2, ..., yK) we
will solve (1.5) to find gy in the space “orthogonal” to the manifold. Then in the second step by
minimizing I on gy with respect to y we will find a particular y∗ so that g := gy∗

also solves (1.5) in
the direction of the manifold. This g turns out to be a solution of (1.5).

In the literature when the Lyapunov-Schmidt method was used in this context, the first step,
solving an equation in the space “orthogonal” to the manifold, is done by a fixed point argument.
Examples include [1, 2, 3, 4, 5, 10, 11, 12, 15, 19, 20, 23, 24] and the references therein. The
minimization argument used in the second step was used in papers like [3, 7, 6, 11, 12]. Solutions
with only spikes were found in [14, 21]. [22] studied solutions with boundary and internal layers.

Here the situation is complex. Roughly speaking the problem is near degenerate even in the
direction perpendicular to the manifold. The first step can not be done just by a fixed point argument
near an approximate solution. Solving the problem in this direction requires some effort. To see this
difficulty more clearly, let us consider the critical eigenvalues of the linearized operator of (1.5) at a
nucleation solution of N interfaces and K spikes. Here a critical eigenvalue refers to an eigenvalue
λ that satisfies λ → 0 as ǫ → 0. We expect that there are N + K critical eigenvalues, corresponding
to the translation of the interfaces and the spikes. The presence of these critical eigenvalues means
that the nucleation solution is near degenerate. In the Lyapunov-Schmidt reduction method alluded
above, the critical eigenvalues related to the translation of the spikes no longer cause trouble in the
first step, for they are handled in the second step which is a finite dimensional problem. However
there are still the critical eigenvalues associated with the translation of the interfaces. They make
the first step highly nontrivial.
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Figure 2: The graph a local minimizer of 4 interfaces and the graph of a nucleation solution of 4
interfaces and 2 spikes.

The key idea in this paper is to “move” the interfaces xj to x′
j by a proper distance of order ǫ.

From this new function we will launch the Newton iteration. After two iterations we will find an im-
proved function near which we can apply a fixed point argument and solve the problem “orthogonal”
to the manifold.

The nucleation solutions are saddle points of (1.4) in the following sense.

Theorem 1.2 The Morse index of a nucleation solution of K spikes is at least K, i.e. the second
variation of I at the nucleation solution has at least K, counting multiplicity, negative eigenvalues.

The proof of this theorem is relatively simple. Corresponding to each spike we find a unstable
direction of perturbation to I. With K spikes, and hence K directions, we construct a subspace on
which I ′′ at the nucleation solution is negative definite. The theorem follows from the variational
characterization of the eigenvalues of I ′′ at the nucleation solution.

We organize the paper as follows. In Section 2 we summarize the properties of the finite interface
local minimizers. In Sections 3 and 4 we do the first step of the proof of Theorem 1.1. In Section 3 we
construct a K dimensional manifold of approximate solutions wy, from which we launch the Newton
iteration in Section 4 and solve (1.5) in the direction perpendicular to the manifold to obtain a new
manifold of gy. Then in Section 4 we find g in the new manifold, which solves (1.5), to complete
the proof. Theorem 1.2 is also proved in this section. Several technical lemmas are included in the
appendix.

2 The finite interface local minimizer u

To make the proofs to the two theorems more readable, we assume, without the loss of generality,
that

δ = γ = 1. (2.1)

We always suppress the dependence on ǫ in notations. For instance we write I in (1.4) instead of
Iǫ. However when a quantity is independent of ǫ, we always emphasize. In the case that a quantity

4



independent of ǫ arises as a limit as ǫ → 0 of an ǫ-dependent quantity, we denote the limit with a
subscript 0 or a superscript 0. The L∞ norm is widely used so we simply write ‖ · ‖ for it. Other
norms are written with subscripts such as ‖ · ‖2 and ‖ · ‖2,2 for the L2 and W 2,2 norms respectively.
The inner product in L2(0, 1) is denoted by 〈·, ·〉. The second derivative operator is often denoted by
∆ even though we deal with the one dimensional case. The first derivative operator is occasionally
denoted by ∇.

Let v∗ be the particular number so that f + v∗ is balanced. Denote its three zeros by ul, um,
and ur, where ul < um < ur, Figure 1 (1). Let α = ur − ul.

In this section we summarize some properties of the finite interface local minimizers of I. We
will later “add” spikes on them and build nucleation solutions. To save space we take a formal style
to describe the local minimizers in this section. More detailed and rigorous statements are found in
Fife [9], Mimura et al [16], Ito [13], and Nishiura and Fujii [18].

Throughout the rest of the paper, we denote an N -interface local minimizer by u, and let v =
(∆ − 1)−1u. By convention we assume that the first interface of u goes downward, like in Figure 2
(1). The width of the interfaces is of order ǫ. The interfaces are defined by points xj , j = 1, 2, ..., N ,
where u(xj) = um. u has the internal mirror symmetry so that for x ∈ (0, 1/N),

u(x) = u(
2

N
− x) = u(

2

N
+ x) = u(

4

N
− x) = u(

4

N
+ x) = .... (2.2)

Asymptotically xj → x0
j as ǫ → 0. Meanwhile away from the interfaces u → u0, where u0 is the

discontinuous solution of
f(u0) + (∆ − 1)−1u0 = 0. (2.3)

At x0
j , u0 jumps between ul and ur, Figure 3 (1). If we take v0 = (∆ − 1)−1u0 (Figure 3 (2)), then

by (2.3) v0 satisfies
∆v0 − v0 + f−1(v0) = 0, v′

0(0) = v′
0(1) = 0. (2.4)

Here to define f−1 we set f̂ to be the restriction of f on (−∞, ul) ∪ (ur,∞) so it is decreasing, and

then let f−1 be the inverse of f̂ . f−1 has a jump discontinuity at −v∗. Away from the interfaces the
difference between u and u0 is of order ǫ. In the inner region near xj , u(xj + ǫs) approaches locally
to H which is a solution of

H ′′ + f(H) + v∗ = 0, H(0) = um, H(−∞) = ul, H(∞) = ur, (2.5)

if j is even, i.e. when the interface at xj goes upward. If j is odd, u(xj + ǫs) approaches locally to
H(−s). The ǫ-order inner expansion is denoted by Q, so that u(xj + ǫs) = H(±s) + ǫQ(s) + .... Q
satisfies

Q′′ + f ′(H)Q + v′
0(x

0
j )s = 0, Q(0) = 0. (2.6)

Note that v′
0(x

0
j ) changes sign between odd j and even j. Hence Q differs by a sign between odd j

and even j.
To better understand u, let us briefly describe the critical eigenvalues of the linearized operator

L(u) := ǫ2∆ + f ′(u) + (∆ − 1)−1. Suppose that λ is an eigenvalue that tends to 0 as ǫ tends to
0 and ϕ is an corresponding eigenfunction. λ has the expansion λ = ǫλ1 + O(ǫ2), ϕ has the outer
expansion ϕ = ϕ0 + ǫϕ1 +O(ǫ2), and the inner expansion around xj , ϕ(xj + ǫs) = Φ0 + ǫΦ1 +O(ǫ2).

In the leading order the outer expansion ϕ0 of ϕ satisfies

f ′(u0)ϕ0 + (∆ − 1)−1ϕ0 = 0 (2.7)
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which implies that ϕ0 = 0. In the inner region near an interface xj , Φ0, the leading order term Φ0

satisfies
Φ′′

0 + f ′(H)Φ0 = 0, (2.8)

so Φ0 = cjH
′ for some cj = O(1). In the ǫ-order ϕ1 satisfies

f ′(u0)ϕ1 + (∆ − 1)−1ϕ1 − α

N
∑

j=1

cjG(x, x0
j ) = 0. (2.9)

Here G is the Green function of 1 − ∆, namely G(x, z) satisfies

−Gxx(x, z) + G(x, z) = δ(x − z), Gx(0, z) = Gx(1, z) = 0. (2.10)

If we define p̃j to be the solution of

f ′(u0)p̃j + (∆ − 1)−1p̃j − αG(x, x0
j ) = 0, (2.11)

then ϕ1 =
∑N

j=1 cj p̃j . The inner term in the ǫ-order Φ1 satisfies

Φ′′
1 + f ′(H)Φ1 + cjf

′′(H)QH ′ − α

N
∑

k=1

ckG(x0
j , x

0
k) + (∆ − 1)−1ϕ1(x

0
j ) = λ1cjH

′. (2.12)

If we multiply (2.12) by H ′ and integrate over R, then

cj

∫

R

f ′(H)Q(H ′)2 ds −
N

∑

k=1

ck(α2G(x0
j , x

0
k) − α(∆ − 1)−1p̃k(x0

j )) = λ1cj

∫

R

(H ′)2 ds. (2.13)

(2.13) is an N dimensional eigenvalue problem for λ1.

Lemma 2.1 The matrix elements in (2.13)

δjk

∫

R

f ′′(H)Q(H ′)2 ds − α2G(x0
k, x0

j ) + α(∆ − 1)−1p̃j(x
0
k)

form a negative definite matrix. Here the constant
∫

R
f ′′(H)Q(H ′)2 ds is independent of j and is

equal to (−1)j+1αv′
0(x

0
j ).

Proof. The negativity of the matrix is proved in [17]. There Nishiura considered the more general
Fitzhugh-Nagumo system, where the left side of (1.7) is τvt instead of 0. We take τ = 0 when quoting
the result there. To see

∫

R
f ′′(H)Q(H ′)2 ds = (−1)j+1αv′

0(x
0
j ) we differentiate (2.6) with respect to

s, multiply by H ′ and integrate. Then

∫

R

((H ′′′ + f ′(H)H ′)Q + f ′′(H)Q(H ′)2 + v′
0(x

0
j )H

′) dx = 0,

which implies
∫

R
f ′′(H)Q(H ′)2 ds = (−1)j+1αv′

0(x
0
j ). Because of the internal mirror symmetry of u

and v, (−1)j+1αv′
0(x

0
j ) is independent of j.
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Figure 3: (1) The graph a of u0 where N = 4. The dotted lines indicate the discontinuity at x0
j . (2)

The graph of v0. The hight of the dotted line is v∗.

When λ1 is found from (2.13) we also obtain cj , the eigenvector of (2.13). Then we can write
down a uniform approximation for ϕ:

ϕ ≈
N

∑

j=1

cj(H
′(

x − xj

ǫ
) + ǫp̃j(x)). (2.14)

It includes the 0-order inner expansion and ǫ-order outer expansion. The ǫ-order inner expansion
Φ1 is not needed in this paper.

We end this section with the remark that u is not a global minimizer. The global minimizer must
have an unbounded number of interfaces as ǫ → 0. This phenomenon was studied for the Dirichlet
boundary problem in [8].

3 Approximate solutions wy

We look for a nucleation solution by “placing” spikes between the interfaces of u. First we move
each interface of u at xj by ǫtj . Let η be a C∞ cut-off function so that

η(x) =

{

1 if |x| ≤ d/2
0 if |x| ≥ d

. (3.1)

d is a small fixed number independent of ǫ. Let t = (t1, t2, ..., tN ) be an N vector and set

ut(x) = u(x − ǫ
N

∑

j=1

tjη(x − xj)). (3.2)

We have defined ut by moving each interface of u at xj by ǫtj . Let x′
j = xj − ǫtj .

We then add spikes. Let y = (y1, y2, ..., yK) be a K vector. Each yl is between two interfaces,
i.e. yl ∈ (x0

j , x
0
j+1). yl is arbitrary and independent of ǫ. We let Ul be the homoclinic solution of

U ′′ + f(u(yl) + U) − f(u(yl)) = 0, U(±∞) = 0, U ′(0) = 0. (3.3)
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Set

wt,y = ut +
K

∑

l=1

Ul(
x − yl

ǫ
). (3.4)

A subtle point in this paper is the choice of t. It is chosen depending on y. Let S from
{u : u ∈ W 2,2(0, 1), u′(0) = u′(1) = 0} to L2(0, 1) be defined by

S(u) = ǫ2∆u + f(u) + (∆ − 1)−1u. (3.5)

We will choose t so that S(wt,y) is not adversely affected by the translation of the interfaces x′
j (see

(3.16)). But first we must estimate S(wt,y).

Lemma 3.1 S(wt,y) = O(ǫ) and more precisely

S(wt,y) = ǫv′(x)

N
∑

j=1

tjη(x − xj) + ǫα

N
∑

j=1

(−1)jG(x, xj)tj − ǫ

K
∑

l=1

(

∫

R

Ul(s) ds)G(x, yl)

+

K
∑

l=1

O(|x − yl|Ul(
x − yǫ

ǫ
)) + O(ǫ2).

Proof. We define

vt = v(x − ǫ

N
∑

j=1

tjη(x − xj)). (3.6)

Rewrite S(wt,y) = T1 + T2 + T3 + T4 where

T1 = ǫ2∆ut + f(ut) + vt (3.7)

T2 =
K

∑

l=1

ǫ2∆Ul + f(ut +
K

∑

l=1

Ul) − f(ut) (3.8)

T3 = (∆ − 1)−1ut − vt (3.9)

T4 =
K

∑

l=1

(∆ − 1)−1Ul. (3.10)

We now estimate these four terms.
Clearly T1 = 0 if x is not in ∪j((−d + xj ,−d

2 + xj) ∪ (d
2 + xj , d + xj)), because of the equations

(1.1-1.2) that u and v satisfy. Otherwise T1 = O(ǫ2) because u is bounded in C2 norm when x is in
∪j((−d + xj ,−d

2 + xj) ∪ (d
2 + xj , d + xj)). Overall

T1 = O(ǫ2). (3.11)

Since Ul is exponentially small away from yl,

T2 = f(u +
K

∑

l=1

Ul) − f(u) −
K

∑

l=1

(f(u(yl) + Ul) − f(u(yl))) + O(e−C/ǫ)

=

K
∑

l=1

O(|x − yl|Ul) + O(e−C/ǫ). (3.12)
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Regarding T3 we have

T3 = (∆ − 1)−1(ut − u) + v − vt

= (∆ − 1)−1(ut − u) + ǫv′

N
∑

j=1

tjη(x − xj) + O(ǫ2)

= −ǫ

N
∑

j=1

(

∫

R

(H(s − tj) − H(s)) ds)(−1)jG(x, xj) + ǫv′

N
∑

j=1

tjη(x − xj) + O(ǫ2)

For the first term we note
∫

R

(H(s − tj) − H(s)) ds = −
∫

R

s(H ′(s − tj) − H ′(s)) ds = −
∫

R

tjH
′(s) ds = −αtj .

Therefore

T3 = ǫv′

N
∑

j=1

tjη(x − xj) + ǫα
N

∑

j=1

(−1)jG(x, xj)tj + O(ǫ2). (3.13)

And finally

T4 = −ǫ
K

∑

l=1

(

∫

R

Ul ds)G(x, yl) + O(ǫ2). (3.14)

The lemma follows from (3.11-3.14).
Recall p̃j defined by (2.11). To see (2.11) more clearly we let qj = f ′(u0)p̃j . Then qj satisfies

∆qj − qj +
qj

f ′(u0)
+ αδx0

j
= 0, q′j(0) = q′j(1) = 0.

δx0
j

is the delta measure centered at x0
j . This equation is uniquely solvable because f ′(u0) < 0.

Moreover f ′(u0) is C1 on [0, 1], because of (2.3) that defines u0. Hence p̃j is C1 on [0, 1] and smooth
on (0, 1)\{x0

j}. We introduce a cut-off function κ to smooth p̃j at x0
j . Let κ ∈ C∞(R) be such that

κ(s) = 0 if |s| > µ, and κ(s) = 1 if |s| < µ/2,

to smooth out p̃j at x0
j . µ is a positive constant independent of ǫ. Define

pj(x) = (1 − κ(
x − x0

j

ǫ
))p̃j(x) + κ(

x − x0
j

ǫ
)p̃j(x

0
j ). (3.15)

Now motivated by (2.14) we choose tj so that

S(wt,y) ⊥ H ′(
x − x′

j

ǫ
) + ǫpj , j = 1, 2, ..., N. (3.16)

Here x′
j = xj −ǫtj . We denote H ′(

x−x′

j

ǫ ) by H ′
j . When t satisfies (3.16) we denote the corresponding

wt,y by wy.

9



To see that (3.16) is solvable, we note that by Lemma 3.1

∫ 1

0

S(wt,y)(H ′
j + ǫpj) dx =

∫ 1

0

S(wt,y)H ′
j + ǫ

∫ 1

0

S(wt,y)pj

= o(ǫ2) + ǫ2αv′
0(x

0
j )tj + ǫ2α2

N
∑

k=1

(−1)kG(x0
j , x

0
k)tk − ǫ2α

K
∑

l=1

(

∫

R

Ul ds)G(x0
j , yl)

+ǫ2α

N
∑

k=1

(−1)ktk

∫ 1

0

G(x, xk)pj dx − ǫ2
K

∑

l=1

(

∫

R

Ul ds)

∫ 1

0

G(x, yl)pj(x) dx.

Here we have used the estimate

K
∑

l=1

O(ǫ

∫ 1

0

|x − yl| |Ulpj | dx) = O(ǫ3).

For 〈S(wt,y),H ′
j + ǫpj〉 to be zero, we consider the leading order ǫ2 terms. After dividing by ǫ2 and

sending ǫ → 0, we deduce a linear system

αv′
0(x

0
j )t

0
j +

N
∑

k=1

[α2(−1)kG(x0
j , x

0
k) − α(−1)k(∆ − 1)−1p̃j(x

0
k)]t0k

=

K
∑

l=1

(

∫

R

Ũl ds)(αG(x0
j , yl) − (∆ − 1)−1p̃j(yl)), j = 1, 2, ..., N.

Here Ũ is a slightly altered version of Ul. Ũ solves

U ′′ + f(u0(yl) + U) − f(u0(yl)) = 0, U(±∞) = 0, U ′(0) = 0.

To solve for t0j we note that the matrix elements are the same as the ones in Lemma 2.1, after we

divide each column here by (−1)k+1. The matrix in Lemma 2.1 is shown to be negative definite
there. Hence the system for t0j here is non-singular and uniquely solvable. After perturbation we
find that (3.16) is solvable.

We would like to solve S(gy) = 0 up to U ′
l , l = 1, 2, ...,K in the following sense. Find gy near wy

with gy − wy ⊥ U ′
l (

x−yl

ǫ ), l = 1, 2, ...,K, and a K vector c = (c1, c2, ..., cK) so that

S(gy) =
K

∑

l=1

clU
′
l (

x − yl

ǫ
). (3.17)

Let us introduce the projection operator πy from {h ∈ L2(0, 1) : h ⊥ U ′
l , l = 1, 2, ...,K} to itself by

πyh = h −
K

∑

l=1

〈h,
U ′

l

‖U ′
l‖2

2

〉U ′
l . (3.18)

Then (3.17) may be written as
πy(S(gy)) = 0. (3.19)
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To solve (3.19) we have to complete three steps: two Newton iterations and a contraction mapping
argument. Let L(wy) be the linearized operator of S at wy, i.e.

L(wy)φ = ǫ2∆φ + f ′(wy)φ + (∆ − 1)−1φ. (3.20)

First we find some φ1,y ⊥ U ′
l (

x−yl

ǫ ), l = 1, 2, ...,K, so that

πy(L(wy)φ1,y + S(wy)) = 0. (3.21)

Then we find a φ2,y ⊥ U ′
l (

x−yl

ǫ ) so that

πy(L(wy + φ1,y)φ2,y + S(wy + φ1,y)) = 0. (3.22)

Finally we use the contraction mapping argument to find ψy ⊥ U ′
l (

x−yl

ǫ ) so that

πy(S(wy + φ1,y + φ2,y + ψy)) = 0. (3.23)

Then gy = wy + φ1,y + φ2,y + ψy.

4 Reduction to gy

Lemma 4.1 (3.21) is uniquely solvable and φ1,y = O(ǫ).

Proof. We first prove the estimate φ1,y = O(ǫ) assuming (3.21) is solvable. Suppose that the

estimate is false. Let φ̃1 = φ1,y/‖φ1,y‖ where 1/‖φ1,y‖ = o(1/ǫ). φ̃1 satisfies the equation

Lφ̃1 −
K

∑

l=1

〈Lφ̃1, U
′
l 〉

U ′
l

‖U ′
l‖2

2

= −S(wy)

‖φ1,y‖
+

1

‖φ1,y‖

K
∑

l=1

〈S(wy), U ′
l 〉

U ′
l

‖U ′
l‖2

2

, (4.1)

and ‖φ̃1‖ = 1. For simplicity in this proof we write L for L(wy). We decompose

φ̃1 =

N
∑

j=1

dj(H
′
j + ǫpj) + φ̃⊥

1 , H ′
j + ǫpj ⊥ φ̃⊥

1 .

If we multiply the last equation by H ′
k + ǫpk and integrate over (0, 1), then the left side becomes

O(ǫ) and the right side becomes

N
∑

j=1

dj

∫ 1

0

(H ′
j + ǫpj)(H

′
k + ǫpk) dx =

N
∑

j=1

dj(ǫδjk

∫

R

(H ′)2 ds + O(ǫ2)).

δjk = 1 if j = k and 0 otherwise. dj satisfies the system

N
∑

j=1

dj(ǫδjk

∫

R

(H ′)2 ds + O(ǫ2)) = O(ǫ),

from which we conclude that dj = O(1) and consequently φ̃⊥
1 = O(1). We will show that actually

dj = o(1) and φ̃⊥
1 = o(1). They contradict ‖φ̃1‖ = 1, and hence follows the lemma.
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We first show that φ̃⊥
1 = o(1). For this we only need a weaker version

Lφ̃1 −
K

∑

l=1

〈Lφ̃1, U
′
l 〉

U ′
l

‖U ′
l‖2

2

= o(1) (4.2)

of (4.1), in which

〈Lφ̃1, U
′
l 〉 = 〈φ̃1, LU ′

l 〉 = 〈φ̃1, (f
′(wy) − f ′(u(yl) + Ul))U

′
l 〉 = O(ǫ2).

One then further simplifies (4.2) to
Lφ̃1 = o(1). (4.3)

On the other hand L(H ′
j + ǫpj) is small. More precisely we note first that

L(H ′
j) = (f ′(wy) − f ′(Hj))H

′
j − ǫαG(x, x′

j) + O(ǫ2) = ǫf ′′(Hj)QjH
′
j − ǫαG(x, x′

j) + O(ǫ2). (4.4)

The last equation is valid when j is even. When j is odd, the first term changes to −f ′′(Hj)QjH
′
j .

However Qj also differs by a sign because of (2.6) and the fact that v′
0(x

0
j ) alternates sign while

keeping the same absolute value. Next note by (3.15)

Lpj = ǫ2∆pj + f ′(wy)pj + (∆ − 1)−1pj

= ǫ2[ǫ−2κ′′(
x − x0

j

ǫ
)(p̃j(x

0
j ) − p̃j) − 2ǫ−1κ′(

x − x0
j

ǫ
)(p̃j)x + (1 − κ(

x − x0
j

ǫ
))(p̃j)xx]

+f ′(wy)pj + (∆ − 1)−1pj

= f ′(wy)pj + (∆ − 1)−1pj + O(ǫ),

since (p̃j)xx is bounded on (0, 1)\{x0
j}. By (2.11) we obtain

Lpj = (f ′(wy) − f ′(u0))pj + αG(x, x0
j ) + O(ǫ). (4.5)

Hence
L(H ′

j + ǫpj) = ǫf ′′(Hj)QjH
′
j + ǫ(f ′(wy) − f ′(u0))pj + O(ǫ2). (4.6)

For the moment we only need a weaker version L(H ′
j + ǫpj) = O(ǫ) of (4.6).

(4.3) becomes
Lφ̃⊥

1 := ǫ2∆φ̃⊥
1 + f ′(wy)φ̃⊥

1 + (∆ − 1)−1φ̃⊥
1 = o(1). (4.7)

Denote (∆ − 1)−1φ̃⊥
1 by ϕ. We multiply (4.7) by φ̃⊥

1 and integrate. Then

∫ 1

0

(−ǫ2|∇φ̃⊥
1 |2 + f ′(wy)|φ̃⊥

1 |2 − |∇ϕ|2 − |ϕ|2) dx = o(1).

Note that f ′(wy) is negative except in neighborhoods of the interfaces and the spikes, whose width
is of order ǫ. So we can write the last equation as

∫ 1

0

(ǫ2|∇φ̃⊥
1 |2 + c(x)|φ̃⊥

1 |2 + |∇ϕ|2 + |ϕ|2) dx = o(1)
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where c(x) > 0. Hence ‖φ̃⊥
1 ‖1,2 = o(1). This implies that ϕ := (∆ − 1)−1φ̃⊥

1 = o(1). And (4.7) is
simplified to

ǫ2∆φ̃⊥
1 + f ′(wy)φ̃⊥

1 = o(1). (4.8)

To show φ̃⊥
1 = o(1), we again argue by contradiction. Without the loss of generality we assume

‖φ̃⊥
1 ‖ = max φ̃⊥

1 = φ̃⊥
1 (x∗) which is bounded below away from 0. We claim that x∗ must lie in an

neighborhood, of size ǫ, of a x′
j or a yl. Otherwise ǫ2∆φ̃⊥

1 (x∗) ≤ 0 and f ′(wy)φ̃⊥
1 (x∗) < b < 0, which

are inconsistent with (4.8). Suppose x∗ is in an ǫ-neighborhood of x′
j . Then φ̃⊥

1 (x′
j + ǫs) approaches

in C2
loc(R), as ǫ → 0, to a function Φ which satisfies Φ′′ +f ′(H)Φ = 0 on R. Therefore Φ = cH ′ with

c 6= 0. And 〈H ′
j + ǫpj , φ̃

⊥
1 〉 = ǫc

∫

R
(H ′)2 + o(ǫ). But this contradicts the fact that H ′

j + ǫpj ⊥ φ̃⊥
1 .

Suppose that x∗ is in an ǫ-neighborhood of yl. Then φ̃⊥
1 (yl + ǫs) approaches in C2

loc(R), as ǫ → 0,
to a function Φ which satisfies Φ′′ + f ′(u0(yl) + U)Φ = 0 on R. The function U here is the positive
solution of

U ′′ + f(u0(yl) + U) − f(u0(yl)) = 0, U(±∞) = 0, U ′(0) = 0.

Therefore Φ = cU ′ with c 6= 0. Then 〈U ′
l , φ̃

⊥
1 〉 = ǫc

∫

R
(U ′)2 + o(ǫ). This contradicts the fact that

φ̃⊥
1 ⊥ U ′

l .
Next we show that dj = o(1). We multiply (4.1) by H ′

k + ǫpk and integrate. The right side
becomes

− 1

‖φ1,y‖

∫ 1

0

S(w)(H ′
k + ǫpk) dx +

1

‖φ‖〈S(w),
U ′

l

‖U ′
l‖2

2

〉
∫ 1

0

U ′
l (H

′
k + ǫpk) dx.

The first term is 0 because of (3.16). The second term is

K
∑

l=1

o(
1

ǫ
)O(ǫ)O(ǫ)

1

ǫ

∫ 1

0

ǫU ′
lpk dx = o(ǫ2).

So the right side now is o(ǫ2). The left side becomes

〈Lφ̃1,H
′
k + ǫpk〉 −

K
∑

l=1

〈Lφ̃1,
U ′

l

‖U ′
l‖2

2

〉〈U ′
l ,H

′
k + ǫpk〉

= 〈φ̃1, L(H ′
k + ǫpk)〉 −

K
∑

l=1

〈φ̃1, LU ′
l 〉O(

1

ǫ
)o(ǫ2)

=

N
∑

j=1

dj〈H ′
j + ǫpj , L(Hk + ǫpk)〉 + 〈φ̃⊥

1 , L(H ′
k + ǫpk)〉 + o(ǫ3)

=

N
∑

j=1

dj〈L(H ′
j + ǫpj),Hk + ǫpk〉 + o(ǫ2).

To reach the last line we have used 〈φ̃1, L(H ′
k + ǫpk)〉 = o(ǫ2), a consequence of φ̃1 = o(1) and (4.6).

We obtain a system of equations for dj :

N
∑

j=1

dj〈L(H ′
j + ǫpj),Hk + ǫpk〉 = o(ǫ2).
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The matrix elements 〈L(H ′
j + ǫpj),Hk + ǫpk〉 are computed in Lemma A.1. They are of order ǫ2,

and the matrix is negative definite, Lemma 2.1. By solving this system, we deduce dj = o(1). This
completes the proof that φ1,y = O(ǫ).

The existence and uniqueness of φ1,y are proved by appealing to the Fredholm Alternative. To
solve the linear equation

πy ◦ Lφ = ζ, ζ ∈ L2(0, 1), ζ ⊥ U ′
l , l = 1, 2, ...,K,

we apply the operator ǫ−2πy ◦ (∆ − 1)−1 to the equation and rewrite it as

ǫ−2πy ◦ (∆ − 1)−1 ◦ πy ◦ Lφ = ǫ−2πy ◦ (∆ − 1)−1ζ.

The last two equations are equivalent if we can show that

ǫ−2πy ◦ (∆ − 1)−1 : {ζ ∈ L2(0, 1) : ζ ⊥ U ′
l , l = 1, 2, ...,K}

→ {ϕ ∈ W 2,2(0, 1) : ϕ′(0) = ϕ′(1) = 0, ϕ ⊥ U ′
l , l = 1, 2, ...,K}

is one-to-one and onto. To see that it is one-to one, we consider ǫ−2πy◦(∆−1)−1ζ = 0, which implies

that there exist cl, l = 1, 2, ...,K, such that (∆ − 1)−1ζ =
∑K

l=1 clU
′
l . Therefore ζ =

∑K
l=1 cl((∆ −

1)U ′
l ). Multiply the last equation by U ′

l′ and integrate to find 0 =
∑K

l=1 cl〈(∆ − 1)U ′
l , U

′
l′〉, which

implies that cl = 0 since

〈(∆ − 1)U ′
l , U

′
l′〉 =

{

−
∫ 1

0
(‖∇U ′

l‖2
2 + (U ′

l )
2) dx 6= 0 if l = l′

0 if l 6= l′
.

Thus ǫ−2πy ◦ (∆− 1)−1ζ = 0 becomes (∆− 1)−1ζ = 0. Then ζ = 0. To see that ǫ−2πy ◦ (∆− 1)−1 is
onto, we consider the equation ǫ−2πy ◦ (∆− 1)−1ζ = ϕ for a given ϕ. We look for cl, l = 1, 2, ...,K,
so that

ǫ−2(∆ − 1)−1ζ = ϕ −
K

∑

l=1

clU
′
l , i.e. ζ = ǫ2(∆ − 1)ϕ −

K
∑

l=1

clǫ
2((∆ − 1)U ′

l ). (4.9)

We multiply the last equation by U ′
l′ and integrate. Then

0 = 〈(∆ − 1)ϕ,U ′
l′〉 −

K
∑

l=1

cl〈(∆ − 1)U ′
l , U

′
l′〉,

from which we find cl. And then ζ follows from (4.9).
The operator ǫ−2πy ◦ (∆ − 1)−1 ◦ πy ◦ L is defined from the space

{φ ∈ W 2,2(0, 1) : φ′(0) = φ′(1) = 0, φ ⊥ U ′
l , l = 1, 2, ...,K}

to itself. Moreover it is a sum of the identity operator and a compact operator, for

ǫ−2πy ◦ (∆ − 1)−1 ◦ πy ◦ Lφ

= ǫ−2πy ◦ (∆ − 1)−1(Lφ −
K

∑

l=1

〈Lφ,
U ′

l

‖U ′
l‖2

2

〉U ′
l )
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= πy(φ + ǫ−2(∆ − 1)−1(ǫ2φ + f ′(wy)φ + (∆ − 1)−1φ) − ǫ−2
K

∑

l=1

〈Lφ,
U ′

l

‖U ′
l‖2

2

〉(∆ − 1)−1U ′
l )

= φ −
K

∑

l=1

〈φ,
U ′

l

‖U ′
l‖2

2

〉U ′
l +

πy(ǫ−2(∆ − 1)−1(ǫ2φ + f ′(wy)φ + (∆ − 1)−1φ) − ǫ−2
K

∑

l=1

〈Lφ,
U ′

l

‖U ′
l‖2

2

〉(∆ − 1)−1U ′
l ).

So the existence and uniqueness of φ1,y follow if we can show that the homogeneous equation

πy(Lφ) = 0 (4.10)

only has the trivial solution. Assume this is not true. We have a nontrivial solution φ with ‖φ‖ = 1.

we decompose φ =
∑N

j=1 ej(H
′
j + ǫpj) + φ⊥, in which ej = O(1) and φ⊥ = O(1). Argue as in the

first half of this proof to show that φ⊥ satisfies Lφ⊥ = o(1) and hence φ⊥ = o(1). Then as before

we find that ej satisfy the system
∑N

j=1 ej〈L(H ′
j + ǫpj),H

′
k + ǫpk〉 = o(ǫ2), from which we conclude

that ej = o(1). A contradiction to ‖φ‖ = 1.

Lemma 4.2 (3.22) is uniquely solvable and φ2,y =
∑N

j=1 cjH
′
j + O(ǫ2), where cj = O(ǫ).

Proof. We will only show the estimate for φ2,y. The existence of φ2,y follows from the same

argument as in Lemma 4.1. Let us denote L(wy + φ1,y) by L̃. By (3.21) the equation (3.22) for φ2,y

may be written as

πy(L̃φ2,y +
1

2
f ′′(w)φ2

1,y + O(‖φ1,y‖3)) = 0.

In this proof it suffices to write
πy(L̃φ2,y + O(ǫ2)) = 0. (4.11)

Repeating the proof of Lemma 4.1 with minor modifications, we find

φ2,y = O(ǫ). (4.12)

In this process we need the fact that the matrix elements 〈L̃(H ′
j + ǫpj),Hk + ǫpk〉 are the same as

those of L in the leading order, which is provided by Lemma A.2. (4.12) simplifies (4.11) to

L̃φ2,y = O(ǫ2). (4.13)

We decompose φ2,y into

φ2,y =

N
∑

j=1

cj(H
′
j + ǫpj) + φ⊥

2 . (4.14)

Multiplying (4.14) by H ′
k + ǫpk and integrating yield cj = O(ǫ) and hence φ⊥

2 = O(ǫ). It remains to
show that φ⊥

2 = O(ǫ2).
Using the fact that L̃(H ′

j + ǫpj) = O(ǫ), we find from (4.13) and cj = O(ǫ) that

L̃(φ⊥
2 ) = O(ǫ2). (4.15)
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We again argue by contradiction. Suppose that φ⊥
2 = O(ǫ2) is false. Then let φ̂ = φ⊥

2 /‖φ⊥
2 ‖ so

L̃(φ̂) = o(1). (4.16)

If we multiply (4.16) by φ̂ and integrate, then

∫ 1

0

(−ǫ2|∇φ̂|2 + f ′(wy + φ1,y)|φ̂|2 − |∇ϕ|2 − ϕ2) dx = o(1)

where ϕ = (∆ − 1)−1φ̂. Note that f ′(wy + φ1,y) is negative except near the interfaces x′
j and the

spikes yl. So we find ‖ϕ‖1,2 = o(1). Hence ϕ := (∆ − 1)−1φ̂ = o(1). Thus (4.15) becomes

ǫ2∆φ̂ + f ′(wy + φ1,y)φ̂ = o(1). (4.17)

This equation and the facts that φ̂ ⊥ H ′
j + ǫpj and φ̂ ⊥ U ′

l imply that φ̂ = o(1). A contradiction to

‖φ̂‖ = 1.
To solve (3.23) we rewrite it as

πy(S(wy + φ1,y + φ2,y) + L(wy + φ1,y + φ2,y)ψ + Myψ) = 0.

Here we have defined

Myψ = f(wy + φ1,y + φ2,y + ψ) − f(wy + φ1,y + φ2,y) − f ′(wy + φ1,y + φ2,y)ψ. (4.18)

The operator L(wy + φ1,y + φ2,y) has the following properties.

Lemma 4.3 πy ◦ L(wy + φ1,y + φ2,y) is invertible on {φ ∈ W 2,2(0, 1) : φ′(0) = φ′(1) = 0, φ ⊥
U ′

l , l = 1, 2, ...,K}. For every φ ⊥ U ′
l , ‖φ‖ ≤ C

ǫ ‖πy ◦ L(wy + φ1,y + φ2,y)φ‖.

Proof. The proof is similar to that of Lemma 4.1 so we only sketch a few steps. We denote

L(wy+φ1,y+φ2,y) by ˜̃L. Suppose that the lemma is false. There is φ, ‖φ‖ = 1, so that πy(˜̃Lφ) = o(ǫ).

We decompose φ to φ =
∑N

j=1 aj(H
′
j + ǫpj) + φ⊥. Then φ⊥ satisfies ˜̃Lφ⊥ = O(ǫ) which implies that

φ⊥ = O(ǫ). Then one finds that aj satisfies

N
∑

j=1

aj〈 ˜̃L(H ′
j + ǫpj),H

′
k + ǫpk〉 = o(ǫ2).

The matrix elements 〈 ˜̃L(H ′
j +ǫpj),H

′
k +ǫpk〉 are the same as those of L, to the leading order, Lemma

A.3. This implies aj = o(1). A contradiction to ‖φ‖ = 1.

Lemma 4.4 Let φ be the solution of

πy(L(wy + φ1,y + φ2,y)φ + f ′′(wy + φ1,y)φ2
2,y) = 0.

Then φ = o(ǫ).
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Proof. Since f ′′(wy + φ1,y)φ2
2,y = O(ǫ2), we find as in Lemma 4.2 that

φ =
N

∑

j=1

bj(H
′
j + ǫpj) + φ⊥ (4.19)

where bj = O(ǫ) and φ⊥ = O(ǫ2). It suffices to show that bj = o(ǫ).
We multiply H ′

k + ǫpk to the equation

N
∑

j=1

bj
˜̃L(Hj + ǫpj) + ˜̃Lφ⊥ −

K
∑

l=1

〈 ˜̃Lφ,
U ′

l

‖U ′
l‖2

2

〉U ′
l

= −f ′′(wy + φ1,y)φ2
2,y +

K
∑

l=1

〈f ′′(wy + φ1,y)φ2
2,y,

U ′
l

‖U ′
l‖2

2

〉U ′
l (4.20)

and integrate. Then

N
∑

j=1

bj〈 ˜̃L(H ′
j + ǫpj),H

′
k + ǫpk〉 + 〈φ⊥, ˜̃L(H ′

k + ǫpk)〉 −
K

∑

l=1

〈φ,
˜̃LU ′

l

‖U ′
l‖2

2

〉〈U ′
l ,H

′
k + ǫpk〉

= −〈f ′′(wy + φ1,y)φ2
2,y,H ′

k + ǫpk〉 +
K

∑

l=1

〈f ′′(wy + φ1,y)φ2
2,y,

U ′
l

‖U ′
l‖2

2

〉〈U ′
l ,H

′
k + ǫpk〉

The second term on the left side is O(ǫ4) and the third term on the left side is o(ǫ4). The second
term on the right side is o(ǫ4). The last equation is now written as

N
∑

j=1

bj〈 ˜̃L(H ′
j + ǫpj),H

′
k + ǫpk〉 = −〈f ′′(wy + φ1,y)φ2

2,y,H ′
k + ǫpk〉 + O(ǫ4).

However Lemma 4.2 implies that the first term on the right side is

ǫc2
k

∫

R

f ′′(H)(H ′)3 + o(ǫ3), ck = O(ǫ).

But
∫

R
f ′′(H)(H ′)3 = 0. For if we differentiate H ′′ + f(H) = 0 twice, we find H ′′′′ + f ′(H)H ′′ +

f ′′(H)(H ′)2 = 0. Multiplying by H ′ and integrating yield the result. So we find that bj satisfy the
linear system

N
∑

j=1

bj〈 ˜̃L(H ′
j + ǫpj),H

′
k + ǫpk〉 = o(ǫ3).

Then we deduce bj = o(ǫ).
We write (3.23) in the fixed point form

ψ = Tyψ (4.21)

where
Tyψ = −(πy ◦ L(wy + φ1,y + φ2,y))−1πy(S(wy + φ1,y + φ2,y) + Myψ), (4.22)

and My is a nonlinear operator defined by (4.18).
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Lemma 4.5 When c0 is small enough, Ty is a contraction map on D(Ty) = {ψ ∈ C[0, 1] : ψ ⊥
U ′

l , l = 1, 2, ...,K, ‖ψ‖∞ ≤ c0ǫ}. The unique fixed point ψǫ,y solves (3.23).

Proof. We must first show that Ty maps D(Ty) to itself. We know from Lemma 4.3 that

‖(πy ◦ ˜̃L)−1ω‖ ≤ C

ǫ
‖ω‖, ω ⊥ U ′

l . (4.23)

Also

‖πy ◦ Myψ‖ ≤ ‖Myψ‖ +
K

∑

l=1

‖〈Myψ,U ′
l 〉

U ′
l

‖U ′
l‖2

2

‖

≤ C‖ψ‖2 + C
K

∑

l=1

‖Myψ‖ ≤ C‖ψ‖2. (4.24)

We have used the fact

‖〈Myψ,U ′
l 〉

U ′
l

‖U ′
l‖2

2

‖ ≤ ‖Myψ‖ · ‖U ′
l‖1 · ‖U ′

l‖
‖U ′

l‖2
2

≤ C‖Myψ‖.

To estimate πy ◦ S(wy + φ2,y + φ2,y), we write

S(wy + φ1,y + φ2,y) = S(wy + φ1,y) + L(wy + φ1,y)φ2,y + M1φ2,y := M1φ2,y

where

M1φ2,y = f(wy +φ1,y +φ2,y)− f(wy +φ1,y)− f ′(wy +φ1,y)φ2,y =
1

2
f ′′(wy +φ1,y)φ2

2,y +O(‖φ2,y‖3).

(4.25)
and

πy ◦ S(wy + φ1,y + φ2,y) = πy ◦ M1φ2,y = πy(
1

2
f ′′(wy + φ1,y)φ2

2,y) + O(‖φ2,y‖3). (4.26)

Combining (4.23), (4.24), (4.26) and Lemma 4.4 we find

Tyψ = o(ǫ) +
C

ǫ
(O(ǫ3) + C(c0ǫ)

2) = o(ǫ) + C(c0)
2ǫ. (4.27)

Hence Ty maps D(Ty) to itself as long as we choose c0 sufficiently small.
Next we show that Ty is a contraction. Let ψ1 and ψ2 be in D(Ty). Then

‖Tψ1 − Tψ2‖ ≤ C

ǫ
‖πy ◦ Myψ1 − πy ◦ Myψ2‖ ≤ C

ǫ
‖ψ1 − ψ2‖2 ≤ Cc0‖ψ1 − ψ2‖.

Hence Ty is a contraction if we take c0 small.
In conclusion we have found a function gy := wy + φ1,y + φ2,y + ψy so that πy(S(gy)) = 0.
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5 The reduced problem

In this section we will show that there exists a K vector y∗ so that (3.23) becomes

S(g∗) = 0. (5.1)

To find such a y∗ we consider I at gy and view it as a function of y. We will show that this
function is minimized at some y∗ at which (5.1) is satisfied.

Lemma 5.1 With respect to y, I(gy) is minimized at some y∗. Asymptotically each y∗,l in y∗ =
(y∗,1, y∗,2, ..., y∗,K) lies in the middle of two interfaces, i.e. for each l there exists j such that

y∗,l =
x0

j+x0
j+1

2 + o(1).

Proof. We will show that I(gy) depends on y in the ǫ-order. Higher orders are negligible. Let
φy = gy − wy = φ1,y + φ2,y + ψy. We first note the expansion

I(gy) = I(wy) −
∫ 1

0

S(wy)φy dx − 1

2

∫ 1

0

(L(wy)(φy))φy dx + O(‖φy‖3). (5.2)

Since S(wy) = O(ǫ) and φy = O(ǫ), we find that
∫ 1

0

S(wy)φy dx = O(ǫ2). (5.3)

Also because φy satisfies the equation πy ◦ S(wy + φy) = 0, which may be written as

πy ◦ (S(wy) + L(wy)φy + O(‖φy‖2)) = 0,

we deduce, since φy ⊥ U ′
l , that

∫ 1

0

(L(wy)(φy))φy dx = −
∫ 1

0

S(wy)φy dx + O(‖φy‖3) = O(ǫ2). (5.4)

Hence we obtain from (5.2), (5.3) and (5.4) that

I(gy) = I(wy) + O(ǫ2). (5.5)

By the remark earlier we will only consider I(wy).

For this we recall that wy = ut +
∑K

l=1 Ul where t is determined from y by (3.16). However the
exact dependence of t on y is not needed in this proof. Then

I(wy) = I(ut +

K
∑

l=1

Ul)

= I(ut) + ǫ

∫ 1

0

u′
t

K
∑

l=1

U ′
l dx +

∫ 1

0

(
1

2
|

K
∑

l=1

U ′
l |2 − (F (ut +

K
∑

l=1

Ul) − F (ut))) dx

+

∫ 1

0

(1 − ∆)−1/2ut(1 − ∆)−1/2(
K

∑

l=1

Ul) dx +
1

2

∫ 1

0

|(1 − ∆)−1/2
K

∑

l=1

Ul|2 dx

= I(ut) +

∫ 1

0

[
1

2
|

K
∑

l=1

U ′
l |2 − (F (ut +

K
∑

l=1

Ul) − F (ut) − f(ut)

K
∑

l=1

Ul)] dx + O(ǫ2),
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where we have used that fact that u solves (1.5) so

ǫ

∫ 1

0

u′
t

K
∑

l=1

U ′
l dx −

∫ 1

0

f(uǫ,y)

K
∑

l=1

Ul dx +

∫ 1

0

(1 − ∆)−1/2ut(1 − ∆)−1/2(

K
∑

l=1

Ul) dx = O(ǫ2),

and the fact
∫ 1

0

|(1 − ∆)−1/2
K

∑

l=1

Ul|2 dx = O(ǫ2).

Moreover we deduce

I(wy) = I(ut) + ǫ

K
∑

l=1

∫

R

[
1

2
|U ′

l |2 − (F (u(yl) + Ul) − F (u(yl)) − f(u(yl))Ul)] ds + o(ǫ). (5.6)

We compare I(ut) with I(u). Let ϕ = ut − u. Then

I(ut) = I(u) +
ǫ2

2

∫ 1

0

|ϕ′|2 dx + ǫ2
∫ 1

0

u′ϕ′ dx −
∫ 1

0

(F (ut) − F (u)) dx

+

∫ 1

0

(1 − ∆)−1/2u(1 − ∆)−1/2ϕ +
1

2

∫ 1

0

|(1 − ∆)−1/2ϕ|2 dx.

Using the fact that u is a solution of (1.5) and

∫ 1

0

|(1 − ∆)−1/2ϕ|2 dx = O(ǫ2),

we find

I(ut) = I(u) +
ǫ2

2

∫ 1

0

|ϕ′|2 dx −
∫ 1

0

(F (ut) − F (u) − f(u)ϕ) dx + O(ǫ2). (5.7)

Note that ϕ satisfies

ϕ′′ = u′′(x− ǫ
N

∑

j=1

tjη(x− xj))(1− ǫ
N

∑

j=1

tjη
′(x− xj))

2 + u′(x− ǫ
N

∑

j=1

tjη(x− xj))(ǫ
N

∑

j=1

tjη
′′(x− xj)).

Hence
ǫ2ϕ′′ + f(ut) − f(u) + (vt − v) = O(ǫ2). (5.8)

Recall that vt is defined in (3.6). Therefore

ǫ2
∫ 1

0

|ϕ′|2 dx =

∫ 1

0

(f(ut) − f(u))ϕ +

∫ 1

0

(vt − v)ϕ + O(ǫ2) =

∫ 1

0

(f(ut) − f(u))ϕdx + O(ǫ2).

(5.7) now becomes

I(ut) = I(u) +
1

2

∫ 1

0

(f(ut) − f(u))(ut − u) dx −
∫ 1

0

(F (ut) − F (u) − f(u)(ut − u)) dx.
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The two integrals on the right side satisfy

1

2

∫ 1

0

(f(ut) − f(u))(ut − u) dx −
∫ 1

0

(F (ut) − F (u) − f(u)(ut − u)) dx

= ǫ
N

∑

j=1

[
1

2

∫

R

(f(H(s − tj)) − f(H(s)))(H(s − t) − H(s)) ds

−
∫

R

(F (H(s − tj)) − F (H(s)) − f(H(s))(H(s − tj) − H(s))) ds] + o(ǫ).

It is shown in Lemma A.4 that each term in the sum after ǫ is zero. Therefore

I(ut) = I(u) + o(ǫ).

Combining this with (5.5) and (5.6) we find

I(gy) = I(u) + ǫ

K
∑

l=1

∫

R

[
1

2
|U ′

l |2 − (F (u(yl) + Ul) − F (u(yl)) − f(u(yl))Ul)] ds + o(ǫ). (5.9)

The first term on the left side of (5.9) is independent of y. We only need to show that the second
term is minimized by some y = y∗.

There are two cases of yl. In the first case yl is between an upward interface and a downward
interface. In the second case yl is between a downward interface and an upward interface. Without
the loss of generality we consider the second case. u(yl) is between ul and the smaller of the two
critical points of f . Lemma A.5 shows that

∫

R

[
1

2
|U ′

l |2 − (F (u(yl) + Ul) − F (u(yl)) − f(u(yl))Ul)] ds

is minimized when u(yl) is maximized. It is known [17] that between the two interfaces x0
j and x0

j+1,

u0, the outer limit of u, has a maximum at exactly the middle point
x0

j+x0
j+1

2 . Therefore we conclude

that I(gy) is minimized at some y∗ = (y∗,1, y∗,2, ..., y∗,K) where y∗,l =
x0

j+x0
j+1

2 + o(1).
When y = y∗, we denote gy, wy, φ1,y, φ2,y and ψy by g, w, φ1, φ2 and ψ respectively.

Lemma 5.2 g satisfies (1.5).

Proof. Since y∗ is an interior minimum of I(gy), regarded as a function of y, at y = y∗ we have,
for each l,

0 =
∂I(gy)

∂yl
=

∫ 1

0

(−ǫ2∆gy − f(gy) + (1 − ∆)−1gy)
∂gy

∂yl
dx =

K
∑

m=1

cm

∫ 1

0

U ′
m

∂gy

∂yl
dx.

Here we have assumed that at y∗, −S(gy) =
∑K

m=1 cmU ′
m, because πy(S(gy)) = 0. The last equa-

tion asserts that the coefficients cm satisfy a linear homogeneous system whose ml matrix entry is
∫ 1

0
U ′

m
∂gy

∂yl
dx.
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Recall that gy = wy + φ1,y + φ2,y + ψy and U ′
m ⊥ φ1,y + φ2,y + ψy. We differentiate 0 =

∫ 1

0
U ′

m(φ1,y + φ2,y + ψy) dx with respect to yl to obtain

∫ 1

0

U ′
m

∂(φ1,y + φ2,y + ψy)

∂yl
= −

∫ 1

0

∂U ′
m

∂yl
(φ1,y + φ2,y + ψy) dx.

Therefore, since φ1,y + φ2,y + ψy = O(ǫ),

∫ 1

0

U ′
m

∂gy

∂yl
dx =

∫ 1

0

(U ′
m

∂wy

∂yl
− ∂U ′

m

∂yl
(φ1,y + φ2,y + ψy)) dx = δml

∫

R

(U ′)2 ds + O(ǫ).

Therefore the coefficient matrix is non-singular and cm = 0, i.e. S(g) = 0.

We have thus completed the proof of Theorem 1.1.

Proof of Theorem 1.2. Let g be the K spike nucleation solution constructed above. In defining
the Morse index of I at g, one views I ′(g) as a functional on W 1,2(0, 1):

I ′(g)(φ) =

∫ 1

0

(∇g∇φ − f(g)φ + g(1 − ∆)−1φ) dx.

Then I ′′(g) is a quadratic form on on W 1,2(0, 1):

I ′′(g)(φ, φ̃) =

∫ 1

0

(∇φ∇φ̃ − f ′(g)φφ̃ + φ(1 − ∆)−1φ̃) dx.

The eigenvalues of I ′′(g) may be characterized variationally by

λl = max
Bl

min
φ∈Bl

{I ′′(g)(φ, φ) : ‖φ‖2 = 1},

where Bl ranges over all l dimensional subspaces of W 1,2(0, 1). We will show that there is a linear
subspace of dimension K on which I ′′(g) is negative definite. From this we conclude that there are
at least K negative eigenvalues, i.e. the Morse index of I ′′(g) is at least K.

To define this subspace, consider the eigenvalue problem

Ω′′ + f ′(u(yl) + Ul)Ω = ΛΩ

on the real line. The principal eigenvalue is positive which we denote by Λl. Its corresponding
eigenfunction is denoted by Ωl with ‖Ωl‖ = 1. Let the subspace be made of functions of the form
∑K

l=1 clΩl(
x−yl

ǫ ). Taking cl = O(1) we find

I ′′(g)(

K
∑

l=1

clΩl(
x − yl

ǫ
),

K
∑

l=1

clΩl(
x − yl

ǫ
))

=

∫ 1

0

(ǫ2|∇
K

∑

l=1

clΩl(
x − yl

ǫ
)|2 − f ′(g)(

K
∑

l=1

clΩl(
x − yl

ǫ
))2
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+(

K
∑

l=1

clΩl(
x − yl

ǫ
))(1 − ∆)−1

K
∑

l=1

clΩl(
x − yl

ǫ
)) dx

=

∫ 1

0

(ǫ2|∇
K

∑

l=1

clΩl(
x − yl

ǫ
)|2 − f ′(g)(

K
∑

l=1

clΩl(
x − yl

ǫ
))2) dx + O(ǫ2)

= −ǫ
K

∑

l=1

Λlc
2
l (

∫

R

Ω2
l ds) + O(ǫ2) < 0.

Theorem 1.2 then follows.

A Appendix

We again denote L(w), L(wy+φ1,y), and L(wy+φ1,y+φ2,y) respectively by L, L̃, and ˜̃L. We calculate

the matrix elements 〈L(H ′
j + ǫpj),H

′
k + ǫpk〉, 〈L̃(H ′

j + ǫpj),H
′
k + ǫpk〉 and 〈 ˜̃L(H ′

j + ǫpj),H
′
k + ǫpk〉.

Lemma A.1

〈L(H ′
j + ǫpj),H

′
k + ǫpk〉 = ǫ2(δjk

∫

R

f ′′(H)Q(H ′)2 ds − α2G(xk, xj) + α(∆ − 1)−1pj(xk)) + O(ǫ3).

Proof. For 〈L(H ′
j + ǫpj),H

′
k + ǫpk〉 we note from (4.4)

〈LH ′
j ,H

′
k〉 = ǫ2δjk

∫

R

f ′′(H)Q(H ′)2 ds − ǫ2α2G(xj , xk) + O(ǫ3). (A.1)

Note that
∫

R
f ′′(H)Q(H ′)2 ds is independent of j because of the remark after (4.4). Next we note

that
L(ǫpj) = ǫ3∆pj + ǫf ′(wy)pj + ǫ(∆ − 1)−1pj ,

for which

∫ 1

0

(ǫ3∆pj + ǫf ′(wy)pj)H
′
k = ǫ

∫ 1

0

(ǫ2∆H ′
k + f ′(wy)H ′

k)pj = ǫ

∫ 1

0

(f ′(wy) − f ′(Hk))H ′
kpj = O(ǫ3).

So we deduce
〈Lǫpj ,H

′
k〉 = ǫ2α(∆ − 1)−1pj(xk) + O(ǫ3). (A.2)

For 〈Lǫpj , ǫpk〉 we note by (4.5)

〈Lǫpj , ǫpk〉 = −ǫ2α(∆ − 1)−1pk + O(ǫ3). (A.3)

From (A.1-A.3) we conclude that

〈L(H ′
j + ǫpj),H

′
k + ǫpk〉 = ǫ2(

∫

R

f ′′(H)Q(H ′)2 −αG(xk, xj) + α(∆− 1)−1pj(xk)) + O(ǫ3). (A.4)
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Lemma A.2

〈L̃(H ′
j + ǫpj),H

′
k + ǫpk〉 = ǫ2(δjk

∫

R

f ′′(H)Q(H ′)2 ds − α2G(xk, xj) + α(∆ − 1)−1pj(xk)) + o(ǫ2).

Proof. The proof is similar to that of Lemma A.1. The main difference is that

L̃H ′
j = ǫ2∆H ′

j + f ′(wy + φ1,y)H ′
j + (∆ − 1)−1H ′

j

= (f ′(wy + φ1,y) − f ′(Hj))H
′
j − ǫαG(x, xj) + O(ǫ2)

= ǫf ′′(H)QjH
′
j + f ′′(H)φ1,yH ′

j − ǫαG(x, xj) + O(ǫ2).

So in the calculations of 〈L̃H ′
j ,H

′
k〉 we have an extra term

∫ 1

0
f ′′(H)φ1,yH ′

jH
′
k dx. Of course it is

negligible if j 6= k. We will show that when j = k, this quantity is o(ǫ2). Then the argument in the
proof of the last lemma will yield this one.

At the first glance
∫ 1

0
f ′′(H)φ1,y(H ′

j)
2 dx = O(ǫ2) since φ1,y = O(ǫ) and H ′

j decays exponentially
away from x′

j . To improve this estimate recall the equation (3.21)

πy(Lφ1,y + S(wy)) = 0.

We multiply it by H ′′
j and integrate. Then

∫ 1

0

(Lφ1,y)H ′′
j dx +

∫ 1

0

S(wy)H ′′
j dx = O(e−C/ǫ). (A.5)

From Lemma 3.1 we conclude
∫ 1

0

S(wy)H ′′
j = o(ǫ2). (A.6)

And moreover because of the equation H ′′′′ + f ′(H)H ′′ + f ′′(H)(H ′)2 = 0 satisfied by H ′′,

∫ 1

0

(Lφ1,y)H ′′
j dx =

∫ 1

0

(ǫ2∆H ′′
j + f ′(wy)H ′′

j + (∆ − 1)−1H ′′
j )φ1,y dx

=

∫ 1

0

(−f ′(Hj)H
′′
j − f ′′(Hj)(H

′)2 + f ′(wy)H ′′
j )φ1,y dx + o(ǫ2)

=

∫ 1

0

(f ′(wy) − f ′(Hj))H
′′
j φ1,y dx −

∫ 1

0

f ′′(Hj)φ1,y(H ′
j)

2 dx + o(ǫ2)

= −
∫ 1

0

f ′′(Hj)φ1,y(H ′
j)

2 dx + o(ǫ2)

Combining this to (A.5-A.6) we find
∫ 1

0
f ′′(H)φ1,y(H ′

j)
2 dx = o(ǫ2).

Lemma A.3

〈 ˜̃L(H ′
j + ǫpj),H

′
k + ǫpk〉 = ǫ2(δjk

∫

R

f ′′(H)Q(H ′)2 ds − α2G(xk, xj) + α(∆ − 1)−1pj(xk)) + o(ǫ2).
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Proof. Like in the proof of the last lemma here we need to show that
∫ 1

0
f ′′(H)φ2,y(H ′

j)
2 dx =

o(ǫ2). We write the equation (3.22) for φ2,y as

πy(L̃φ2,y + O(‖φ1,y‖2)) = 0.

After multiplying this by H ′′
j and integrating, we find

∫ 1

0

(L̃φ2,y)H ′′
j dx + O(ǫ3) = 0. (A.7)

Using the equation for H ′′ again, we deduce
∫ 1

0

(L̃φ2,y)H ′′
j dx =

∫ 1

0

(L̃H ′′
j )φ2,y

=

∫ 1

0

ǫ2(∆H ′′
j + f ′(wy + φ1,y)H ′′

j )φ2,y dx + o(ǫ2)

=

∫ 1

0

(f ′(wy + φ1,y) − f ′(Hj))H
′′
j φ2,y dx −

∫ 1

0

f ′′(Hj)(H
′
j)

2φ2,y dx + o(ǫ2)

= −
∫ 1

0

f ′′(Hj)φ2,y(H ′
j)

2 dx + o(ǫ2).

When this is combined with (A.7), we find
∫ 1

0
f ′′(H)φ2,y(H ′

j)
2 dx = o(ǫ2).

Lemma A.4 Let Ht = H(· − t). Then

1

2

∫

R

(f(Ht) − f(H))(Ht − H) −
∫

R

(F (Ht) − F (H) − f(H)(Ht − H)) = 0.

Proof. . We let f∗(a) = f(a)+v∗ be the balanced cubic nonlinearity and F ∗(a) = F (a)+v∗a+ c
be the corresponding equal depth, double well potential with maximum value 0. The left side in the
lemma becomes

1

2

∫

R

(f∗(Ht) − f∗(H)(Ht − H)) −
∫

R

(F ∗(Ht) − F ∗(H) − f∗(H)(Ht − H))

=
1

2

∫

R

(f∗(Ht) − f∗(H)(Ht − H)) +

∫

R

f∗(H)(Ht − H)

=
1

2

∫

R

(f∗(Ht) + f∗(H)(Ht − H)) =
1

2

∫

R

(f∗(H)Ht − f∗(Ht)H)

=
1

2

∫

R

(f∗(H)Ht − f∗(H)H−t) =
1

2

∫

R

f∗(H)(Ht − H−t).

The last quantity is zero because f∗(H) is odd and Ht −H−t is even. To see that Ht −H−t is even,
we note that H is asymmetric with respect to the line um, i.e.

H(−s) + H(s)

2
= um.

This gives

H(−s − t) − H(−s + t) = 2um − H(s + t) − (2um − H(s − t)) = H(s − t) − H(s + t).
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Lemma A.5 Let z be greater than ul and less than the smaller of the two critical points of f . Let
Uz be the homoclinic solution of

U ′′
z + f(Uz + z) − f(z) = 0, Uz(±∞) = 0, U ′

z(0) = 0.

Define

E(z) =

∫

R

(
1

2
|U ′

z|2 − Fz(Uz)) ds

where Fz(b) = F (b + z) − F (z) − f(z)b. Then E(z) is decreasing in z.
Similarly if z is greater than the larger of the two critical points of f and less than ur. Then

E(z) is increasing in z.

Proof. We only consider the first part of the lemma. The second part may be proved similarly.
The solution Uz has an first integral 1

2 |U ′
z|2 + Fz(Uz) = 0. So we can rewrite E(z) as

E(z) = 2

∫ 0

−∞

(
1

2
|U ′

z|2 − Fz(Uz)) ds = 2

∫ 0

−∞

2
1√
2

√

−Fz(Uz)U
′
z ds = 2

√
2

∫ Mz

0

√

−Fz(b) db

where Mz is the middle zero of Fz and Uz(0) = Mz. The lemma will be proved after we show
∂(−Fz)

∂z < 0 and dMz

dz < 0.
Straight calculations show that

−Fz(b) =
b2

4
(b2 + (4z − 4(a + 1)

3
)b + 6z2 − 4(a + 1)z + 2a). (A.8)

Hence
∂(−Fz)

∂z
=

b2

4
(4b + 12z − 4(a + 1)).

One also finds

f(b + z) − f(z) = b(−b2 + (a + 1 − 3z)b + 1 − a − z + 2az − z2).

b is always less than the largest zero of f(· + z) − f(z). Hence b < a + 1 − 3z which is the sum of

the two positive zeros. This implies ∂(−Fz)
∂z < 0.

Since Mz is the middle zero of −Fz, we deduce from (A.8) that

M2
z + (4z − 4(a + 1)

3
)Mz + 6z2 − 4(a + 1)z + 2a = 0.

Implicit differentiation yields

dMz

dz
= −12z − 4(a + 1) − 4Mz

4z − 4
3 (a + 1) + 2Mz

. (A.9)

The top of the last fraction is negative since 12z − 4(a + 1) = −4(a + 1 − 3z) < 0 for a + 1 − 3z, as
the sum of the two positive zeros of f(·+ z)− f(z), is positive. Denote the greatest zero of −Fz by
M ′

z. Then from (A.8)

Mz + M ′
z =

4(a + 1)

3
− 4z.

The bottom of the fraction on the right side of (A.9) is Mz − M ′
z < 0. Therefore dMz

dz < 0.
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