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Abstract

We consider the asymptotic behavior of certain solutions to a quasi-
linear problem with large exponent in the nonlinearity. Starting with
the investigation of a Sobolev embedding, we get a sharp estimate for
the embedding constant. Then we obtain a crucial L'—estimate for the
N—Laplacian operators in RY. Using these estimates we prove that the
solutions obtained by the standard variational method will develop a spiky
pattern of peaks as the nonlinear exponent gets large, and we also have a
upper bound depending on N only of the number of the peaks. Stronger
results for some special convex domains and some special solutions are
also achieved.

1 Introduction

In this paper we shall study the asymptotic behavior of certain solutions, as
p — 00, of the quasilinear elliptic equation

P — 1
{ Ayu+u? =0 in Q (1)

’u|{jQ:O7 u>0in €

where p > 1, N > 2, Ayu = div(|Vu|Y~2Vu) is the N-Laplacian operator and
Q C RY is a smooth bounded domain. We shall only focus on the solutions of



the problem obtained by the following variational method. Let
Ay = {v e W™ (@) ¢ [Jollpsr = 1}
be the admissible set and define
Jp: Ap — R (1.2)
by
5(0) = [ Vol
Q

Clearly J, is bounded from below. Standard arguments show that .J, has at
least one nonnegative minimizer in A,. If we denote such a minimizer by wuj,,
then a suitable multiple of u;,, say u,, solves (1.1) and

||Vup||LN(sz)

_— (1.3)
||UP||LP+1(Q)

¢ (N) = inf{[/ VulNUN  we Ay} =
Q
A Hopf type boundary lemma, see M. Guedda and L. Veron [7], shows that w,
is positive in Q. It is also known that the solutions of (1.1) are C™* functions.
We refer to [7], [17] and [16] for the regularity, comparison principle and Hopf
boundary lemma for N-Laplacian operators.

Our goal is to understand the asymptotic behavior of the variational solu-
tions u, obtained above when p, serving as a parameter, gets large. The case
where N = 2 is studied in our earlier work [12]. In that article, we proved that
|up|| o are bounded both from below and above as p tends to infinity. We also
proved that w, approach zero except at one or two points. u, hence develop a
pattern of peaks in €. In this paper we shall show that our method developed
there can be successfully extended to higher dimensional cases with A replaced
by Apn. Our first result is

Theorem 1.1 Let u, be a variational solution of (1.1) obtained above. Then
there exist positive Cy, Csa, independent of p, such that

0 < Cr < upllre < Cy < 0
for p large.

To state the second theorem, let

Up

(Jo up)t/ V=1

’Up:

(1.4)

For a sequence {vy, } of v, we define the blow-up set B of {v;, } to be the subset
of Q such that x € B if there exist a subsequence, still denoted by v, , and a
sequence T, in () with

Up, (Xn) — o0 and z,, — x. (1.5)



We also define, with respect to {v,, },

S=BnNnQ,
§' = Bnox. (16)
We use #B (#S, #5’), to denote the cardinality of B (S, S’ respectively). It
turns out later that B (S, S’) will be the set of global (interior, boundary)
peaks of the subsequence vy, respectively. We also call them global (interior,
boundary) peak sets.

Theorem 1.2 Let N > 2. Then for any sequence {vp, } of v, with p, — oo,
the global peak set B of vy, is not empty and there exists a subsequence of v,
such that the interior peak set S of the subsequence has the property

1 N N1
< <|—(——
0<#5 <[ (7"
where N Neo
X#AY eRN | X — Y|V

s a positive number depending on N only.

From the above results, we see that the variational solutions develop a spiky
pattern as p approaches infinity and the number of peaks is controlled in The-
orem 1.2. If we impose more condition on the domain as well as solutions, we
can prove that they develop one single peak in the interior of the domain. We
would like to mention that single-peak spiky patterns also appear in the works
of W.-M. Ni and I. Takagi [9] [10], W.-M. Ni, X. Pan and I. Takagi [8] and X.
Pan [11] where some biological pattern formation problems are considered.

Our paper is organized as follows. In section 2, we prove a crucial sharp
estimate for c,(IN) defined in (1.3). Theorem 1.1 will be proved in section 3.
In section 4 We extend an estimate of H. Brezis and F. Merle [1] to the N-
Laplacian cases using the level set method. Theorem 1.2 will then be proved
in section 5. Stronger conclusions for some special convex domains and some
special variational solutions u, are obtained in section 6; namely, #S5 = 1 and

S =1{.

2 An Estimate for c¢,(V)
Recall ¢,(N) defined in (1.3). we first prove
Lemma 2.1 For every t > 2 there is Dy such that

lullze < Dyt =D |||



for allu € WOI’N(Q) where Q is a bounded domain in RN, furthermore

N -1
lim D, — ~(N-1)/N (N—1)/N
Jim Dy = (an) ()
1/(N-1) ; . . DN
where ay = Nwy and wy_1 is the area of unit N — 1 sphere in R".
Proof. Let u € Wy (). We know
1 S < xT
Ts+1) —°

for all x > 0, s > 0 where I' is the I" function. From Moser’s sharp form of the
Trudinger’s Inequality (see [5] page 160 and [6]), we have

__ % \N/(N-D14p < OO
J, el o e < clo

where ayy is defined in Lemma 2.1, C' depends on N only and || is the Lebesgue
measure of ). Therefore

1 t
— < udx
F(NNlt-‘rl)/Q

= FEmrr e () e 9l

_ N1
/ xplon () o) T Tl

< ClQl(an) ™ 7 IVul -

Hence

1 —(N—2)/N
t+ 1))V N TNVl px 0-

utda)l/t N —
</Q dx)* < (I(

Notice according to Stirling’s formula

N -1 N-—-1
DY oyt o (A (V=N (N -1)/N
(=t + D)~ (S

Choosing D; to be

N -1

(F( t+1))l/t(C|Q‘)l/toé;[(N—l)/Ntf(Nfl)/N

we get the desired result. O
We then prove a sharp estimate for ¢, ().



Lemma 2.2

lim cp(N) _ aye) NN

oo p-(N—D/N (¥ —1

Proof. Without loss of generality, we assume 0 € 2. Let L > 0 be such that
By, C Q where By, is the ball of radius L centered at origin. For 0 < [ < L
consider the so called Moser’s function

(log LYWN=1/N 0 < |z| <1

(z) : o8 o I<|z| <L
my(z) = S U
@= ) T LSE
; [ > L
Then m; € Wy ™ () and | Vul[,v = 1. Now
/mp+1 1/(p+1)
> ( mf“(:c)dm)l/(p“)
B
1 L nv_ 1
= (g DY NN (L Py VO,

WN-1

Choosing | = Lexp(—&zt(p+ 1)), we have

[[mlp41

1 N-1 N-1 1
- (N-1)/N (N-1)/N/ ~ N\1/(p+1)
Z l/N eXp( N )( N2 ) (p+ 1) (NwalL ) P N

WN_1
Therefore
cp(N)
1/N N-1_, N? _ o 1 B
SwN/ 1exp(T)(ﬁ)(N 1)/N(p—|—1) (N 1)/N(NWN71LN) 1/(p+1)

Combining this with Lemma 2.1, we get the conclusion. O
By the construction of the variational solutions u,, in section 1, we have

IVupll v )

c,(N) = .
") = Tl

If we multiply equation (1.1) by u, and integrate both sides on 2, we have

/ |V, |V = /u”"‘l.

Hence we derive from Lemma 2.2



Corollary 2.3

Define

vy = [/ ug]l/(N—l),
Q
L}, = Tim 22, (2.1)

p—o €

Lo = Lydy/ """

where dy is defined in Theorem 1.2. We have the following rough estimates for
LO and L6

Corollary 2.4 For any smooth bounded domain Q in RN

1/(N-1)

N
I< 104]\[, Ly <

.
0= D R

Proof. From Corollary 2.3 we have by Holder’s inequality

3 Proof of Theorem 1.1

To get a lower bound for ||u,||e, we define

[Vullx
[l L

A = inf{ cue WyN(Q), u#0}.

From Poincaré’s Inequality, we have 0 < A < co. For u, we have

+1 _ N < \N N
/ug —/ [Vup|™ > A /up,
Q Q Q

/(ug'*'1 - )\Nuév) > 0.
Q

Therefore
||Up||111t017N > AN,



Letting p >> N — 1, we obtain
[tpl| oo = AN/ @H=N) > 0y > .
To get a upper bound for |[uy,| e, let
Vp = maxu,(z),
e

A={o: uylw) > 7/2), (3.1)
Q= {z: up(x) >t}

Both A and €; depend on p. From Lemma 2.1 and Corollary 2.3, we have

N
ol ey < Do (2

2o <D g () TV

Np
< O(—L_(N=-1)/N =(N-1)/N ~ pr
<C(g—7) p <

where M is a constant independent of p. Then

Np_ »
(yia < [ W7 < m (5:2)
2 Q
On the other hand
/ ub = — div(|Vau,| N "2Vu,) = / |V, |V~ tds
oN oH a9,

and
d ds

— 0, = -
dt‘ d /BQ V|

where the second is the co-area formula (see Federer [3]). By the Schwartz
inequality and the isoperimetric inequality we have

d N—
(g™ [

t

ds \N_1 / N-1
= Vu ds
(/am |Vup|) ( am' p' )

ds _ _ (N
z<j/ B 1p/’ Ty )N 00, [~V
o) o

Q [V, |

> |8Qt|2(N_1)|BQt\_(N_2) _ |8Qt|N > CN|Qt‘N_1

where |0€);| denotes the (N — 1)—dimensional Hausdorff measure of 02; and
Cy is the best constant in the isoperimetric inequality (we refer to [3] for more



information about the Hausdorfl measures and the isoperimetric inequality).
Now we define 7(t) for 0 <t < =, such that

1
] = om0

then
d

_ dr
P wy-1r (1)

E.
Hence we have

(meowar™ OGN [ )i 2 Ol N )N
Q

dr
%

dt 1
e p 1/(N-1)
ar = CNT(/Qt up () dx)

)N_l/ ug(x)dx > CnrV L
Q

1
/ N-1 1/(N—-1 / N-1)_1/(N-1
< C,,;%If/( )|Qt| /( ) = ¢ 75/( )pt/( )
Integrating the inequality from 0 to rg, we have

£(0) — t(ro) < Clp/ =1/ (V7D

—

Choosing 7 so that t(rg) = &,

we get

_ N/(N—-1
< C}wé’/(N 1)r0 /( );

Ty < Ohaf/ VD] A,
Combining this with (3.2), we obtain

Np
(M) FE -
Yo < Cyi/ &N 1)(7( Zé)v RARMRF
=1

Tp

1 Np
Yp < C1HNp/(N-DT=p/(N-1) (2M) v+ Np/(N-DZ=p/(N=1) < c’

for p large enough where the last C’ is a constant independent of large p. This
proves Theorem 1.1.
We derive a consequence of Theorem 1.1 which will be used later.

Corollary 3.1 There exist C; and Cy independent of p such that
G / < 2

o P~ pN-1
for large p.

Proof. The first inequality follows from Theorem 1.1 and the first limit of
Corollary 2.3; the second inequality follows from the first limit of Corollary 2.3
by an interpolation. O



4 A Priori Estimates for N-Laplacian Operators

In this section we extend the L' estimate of H. Brezis and F. Merle [1] to
N-Laplacian operators. Due to the nonlinearity of N-Laplacian operators for
N > 3, we use the level set argument here.

Lemma 4.1 Let u be a CY* solution of
—Anyu= f(x) in Q
u|aQ =0

where f € LY(Q), f > 0. Then for every § € (O,Nwllv/ijf_l)) = (0,an) we have

(an — 0)|u(z)| an
exp[————r——]dz < —|Q]
/sz ][50 0

where || denotes the volume of Q.

Proof. We prove this by the symmetrization method. Consider the symmetrized
problem
{ —div(|VU[N=2VU) = F(z) in Q*
Ulaox =0
where * is the ball centered at origin with the same volume as ) and F is the
symmetric decreasing rearrangement of f. We refer to G. Talenti [14] and [15]
for properties of the rearrangement. According to [15], we have

uw<U

where u* is the symmetric decreasing rearrangement of u. U clearly satisfies
the following O.D.E.

N -1
(|U/|N72U/)/ + - |U/|N72U/ +F(T) =0
U'(0) =0, U(R) = 0.

Therefore
_ppy < Yo s TIE@d) YT 1 L ey
B r = 1/(N-1) p L1(Q*)
WN-1
Hence ) R
1/(N—1
U(r)| < WHF”L/l((Q*) 'log -
WN-1

1/(N—1 U R n_.
/* exp[(N — e)uwy )W]dx < /B(R) explog(m)lv dx
L1



R R
sz_l/ (?)N_ETN_ldr =e ‘wy_1RVN.
0

1/(N-1)

Letting ew =, we have

N/(N
U(r w
/ exp[(ay — 0) 1/((]3[71)] <N 51 RN.
- 1l 2

According to the properties of the symmetric decreasing function, we have

IEl oy = I fll @)
X -4 716(:6) = X 7u*(x)
J eolion — 9o = | explion Ry
NN

U(r _
S/*exp[(aN—é)”FHl/(J?, 1)] < N; RN

an
= —19Q].
Yoy

O
An interesting consequence is

Corollary 4.2 Let u, be a sequence of C*® solutions of

Anuy, + Vpe' =0 in Q
un|8§2 =0

such that
HVn”Lq <Cy;

/ [Vale" <€ < OL,V
Q q

for some 1 < g < oo and ¢ = qz—l. Then

[unllze@) < C
where C depends on N, C1, ||, € only.
Proof. Fix § > 0 so that ay — d > €g(¢’ + ). By Lemma 4.1 we have

/ expl(d’ +8)lunl] < C
Q

for some C independent of n. Therefore e~ is bounded in L7 *3(Q); hence
Vpetr is bounded in L'*< (). Then the standard Moser iteration method
implies that u,, is bounded in L*° (). O

Next we give a version of Lemma 4.1 without homogeneous boundary con-
dition.

10



Lemma 4.3 Let u and ¢ be C1*(Q) solutions of
Anu+ f(z)=0in Q, f>0

and
{ Anp=01in Q
Ploo =u

respectively. Then there exists a constant C' depending on €2 only such that

(ay — &)dy NV c
exp| L (u-g) <=
/n LA J

where dy is defined in Theorem 1.2.
Proof. Let u. and @, be solutions of the non-degenerate equations

{ —div((e + |[Vu > )N=22Vu) = fin Q, f >0
Ue|69 =u
and
{ —div((e + |V 2 )N =2/2Vp.) = 0 in Q
@e|3§l =u

respectively. (These solutions are smooth and obtained easily by the variational
method. Furthermore

lim ue = u,
e—0
lim pe = ¢
e—0

in C1P for some 3. See [16].) Let Q; = {z € Q: ue — ¢, > t}.

Claim:

Oue(x) - Ope(x)
ov ov
on 0, for almost all ¢ > 0.

Let xg € 0. For almost all ¢ > 0 we can find a ball Bs(xz1) C Q¢ with
Bs(z1) N Qy = x¢ by Sard’s theorem. Let w = ue — ¢ — t. Then w verifies

0 ow
_;Tw(aij@)_f>o

where

ai; = (€ + [t Vue + (1 — ;) Voo P) V"92{5,5 (e + [t: Vue + (1 — ) Vo |?)

11



4 Oue
! (’)xz

e, Oue Ope

) tig - )}

o0x; Ox; Ox;

and t; € (0,1). Because this equation is non-degenerate, we can apply Hopf’s
lemma. Therefore

+(N —2)(t +(1—1t) +(1—1t)

ow

hence we proves the claim.
Following the standard level set argument, we have

f@)=— [ div((e+|Vu > )N =22Vu)+ [ div((e+|Ve )N =2/2¥,)
Q Q Qy

(Vue — Vo)

_ €+ |Vu, 2 (N*Q)/QVue — (€| Vepe 2 (N72)/2V<,06
/aszt(( Vel (Ve ) |Vue — V|

> di\,/ | Ve — V|V 1
o

where

g = g (R X)X — (e + [V NTHRY)(X - V)
N xgvery X — Y|V

is a positive number,
lim dy = dn
e—0

and dy is defined in Theorem 1.2. Also by the co-area formula we have

d ds
— ] = s —
dt| d /mt [Vue — V|

Hence by the Schwartz inequality and the isoperimetric inequality,

d ds
10 N-1 f ) > / Nflde / VUE -V . N—-1
o [ sz (S ([ 19ne— v ¥y

ds N—1 / N—-1 —(N-2
> —_— d5 Vue — Ve 90|~ V=2
> ([ ) 19 V) o

> dig 9PN [00, |2 = ds |00
> diyon ANV VT = dyay QYT
Define r(t) so that
1] = w7 0);
then
Ay 1

T NwN,lNerl(t)— = wN,erfl(t)—.

12



Hence we have from above

1
(_wN—er_l(t)g)N_l f(z)dz > d?VNN_luJN—l(*wN—N“N(t))N_l;
t Q. N

d
(*i’)N*1 f(x)dz > dyywn 17V 71

dt
dt 1 1
_— <
( dr) ~dywn_1 N7 g, f()dz

L
- 1Q);
= d?va—l rN-1 L1(Q)

< . LI
dr T (ds) /(N1 1/(N 1) L)

Integrating the last inequality over (r, R) (Note |Q| = twy_1RY), we have

L 1/(N-1)
t(r) < log
(r) < (d})l/(Nﬂ)w]lV/EJ;/_l) ||f||L1(Q)
deN/(N=1), 1/(N,1) N .
eXp(( N) ( Eo)t(r)) S (7)N—50;
LD .
R (ds )1/(N—1)w1/(N71)(N B 60)
/ eXP( N Vo t(?“))?“N_ld'r
’ LA
R
= / (E)Nieoerldr = g
o T o
However, the left hand side of the last inequality,
' (d5y) /N 1)“} /( )(N— €0)
/ eXP( N 1/(N t(T))’/‘Nﬁldr
’ 1714 "
? p( Dy )( —c) 1
:/ exp(—2 1/(1\/ t)w ||
= LA —
€ _ 1 N—l
1 / exp((dN)l/(N Dy /(N=1) _60)(u .
) 1/(N=1 € € .
e anL/Jm )

/(N 71)60, we have the desired estimate for u. and .. Finally

Letting § = wy
letting € — 0, we get the estimate for v and ¢ themselves. O

In order to have a local analogy of Corollary 4.2, we state a result in J. Serrin
[13] which can be proved following the Moser’s iteration scheme.

13



Proposition 4.4 Let u be a weak solution of
Anu+ f(z)=0
in Bap C Q and f € LN/WN=9)(Byg). Then we have
[ull L= 5y < CR™ ([l L5 (o) + K R)

where
K = (RE||fHLN/<Nfe>(BZR))U(N_I)

and C' depends on N only.

Corollary 4.5 Let
Anuy, + Vpe' =0 1in Q

and
||UnHLN(Q) < (h, ||Vn||L‘?(BR) < Ca.

where 1 < g < 0o and Bgr is a ball compactly contained in ). Assuming

dl/(N—l)
/ Vieln << SNON
Br q

where ¢' = q/(q — 1), we have
[unllzoe(Br/) < C
for some C depending on N, Cy, Cy, R and €y only.

Proof. Consider on B
ANSOn =0in BR
Sﬁn|aBR = Un|BBR

By the comparison principle in [7], we have
n < un; llenlloyr) < C1-
Using Proposition 4.4, we conclude
lenllLoc(Bry) < C (4.1)

for some constant C' depending on N, C7, Cy and R only. From Lemma 4.3 we

also know N-1)
ay —0)d -
/ exp[( ) = (U — )]
Br €0

(an — 8)dy ™Y c
< exp Up — @ < —.
L, ool T =5

14



Combining this with (4.1), we obtain

o 1/(N-1)
/ exprlon =0y~ L C (4.2)
Br/2 0

€0
Choosing ¢ small enough so that
(an = 8)dy Y > eo(q +9),

we get from (4.2)
|| €Xp un||L<1’+5(BR/2) <C.

Therefore
Vi expunll piver (1) < C

for some €1 > 0. Using Proposition 4.4 again, we finally conclude
unllLoe (Bg, ) < C-

O
We close this section with a positive lower bound for dy.

Proposition 4.6 Let

: (XN 72X — Y|V ?Y) (X - Y)
dy = inf .
X#YERN | X — YN

Then 5 1
dy > —(=)V-2
vz 57
in particular do = 1.

Proof. Without loss of generality, let 0 < |Y| < |X|, X #Y and X # 0. Let

t= m cosf = =45 > X’Y>.
X[’ | XY
Then
(IX1Y-2X = [V[V2Y)(X =Y) 1= (V1 +#)cosf+ Y
X —Y|V (1 —2tcos + t2)N/2
Let

e G N L
f(t,(ﬂ): ( )2N2
(1 — 2tz +t2)N/

for0<t<1land —1<gz<1. Fixt and set

of _
or

0.

15



Then Noo
tN-2 41
-+ )+t = 7+(1—2tx+t2).

Therefore at the critical points = of f(t, ),

tN=2 41 1
ft,z) = 2\(N—2)/2
N (1 —2tw + t2)( )/
1 N2 41 1 NP4
N (1—2tx+t2)(N=-2/2 = N (¢t + 1)N-2
S l ) tN_2+1
- N orgntlgl (t+1)N-2"
Let N_o
th 724+ 1
9(t) =~~~
(t+1)
Then ( )N 5
roy 1) - N-3
and 5
iz, 90 =90 = g
Hence 5 1
d T \N-=-2
v =)
O

Remark 4.7 An upper bound for #5S in Theorem 1.2 can therefore be

N 2N o
1'N -1

i

which equals 2 when N = 2.

5 Proof of Theorem 1.2

Recall (1.4) and (2.1)

Up
vy = , v z[/ u?
P G = U

Define
uP
fp =L =P (N=1)yp
j2 f u? p P
o Up

16
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Then we have
Anvp + fp =0. (5.2)

We first prove B # () for any sequence {v,} = {v,, } of v, with p,, — oo.
Let z,, be such that

max y, ()
Un(zy) = max v, (2) = ———— v
(#a) = miaxone) =
> G
= Upubr) /=1 %

by Theorem 1.1 and Corollary 3.1. Therefore cluster points of {z,} belong to
B; hence B # 0.
Since fQ fp = 1 and f, > O,(for any sequence of {f,} we can subtract a

subsequence
{fu} ={/fp.}

which converges to a measure p weakly in M () where M () is the space of
real bounded measures on €2 and pu is a positive measure with () < 1. From
now on in the rest of this section we shall work on this subsequence {f,} and
the corresponding {v,} = {v,,}. For any 6 > 0, we call zp € Q a d-regular
point if there is a function ¢ € Cy(2), 0 < ¢ < 1 with ¢ = 1 in a neighborhood
of xg, such that

AN \N-1
dp < 5.3
/Q@ <) (5:3)
where Lg is defined in (2.1). We also define d-irregular set
%(8) = {yo : yo is not a & — regular point}.

Clearly

pluo) > ()" (5.4)

for all yo € X(J). We shall frequently say ‘regular’, ‘irregular’ not mentioning o
if there is no confusion.

Lemma 5.1 If g is a regular point, then sequence {v,} is uniformly bounded
in L (BRry(,)) for some Ry.

Proof. Let xzp be a regular point. From (5.3), we can find Ry > 0 such that

AN  \N-1
fn < . 5.5
/BW@ (T2 (5.5)

Applying Lemma 4.1 to f, on Q (Notice: [|f,|r1(q) = 1), we have

/Q expl(an — e)onldz < &,

€

17



especially [|vn[|Ly By, (20)) < C for some C' independent of n.
Let ¢, be a solution of

{ _ANSOn =0in BR1 (1‘0),
‘Pn|8BRl (wo) = IUH‘BBRl (wo)

Then by Proposition 4.4, we have (Note ¢,, < v, by the comparison principle)

H(pn||L°°(BR1/2(IO)) <C.

By lemma 4.3 and (5.5), if we choose ‘¢’ in Lemma 4.3 small enough,
[ elko+ O, - )] < €
Br, (wo)

hence
/ exp|(Lo + 8)dY N D,z < C. (5.6)
Br, /2(z0)

Let t = L + dzlv/(N_l)é/Q. Observe

x
logz < —
e
for x > 0. We get
P log ——2 Pn__tn
n yN=D/pn = "¢ [ (N=1)/pn
_ Lo+ dy™ V53w t=dy"™V5/6u,
- Up VT(lel)/pn o VT(LNfl)/pn U,
Un
<t— =tv,
VTL

for n large enough where v, = v, is defined in (2.1) and the last inequality is
based on
lim Vy(LNfl)/p" =1

which follows from Corollary 3.1. Hence
fn < efvm.
Notice
t="Ly+dy N V8/2= (Lo +6/2)dy N < (Lo + 8)dy Y,
hence with the aid of (5.6) we see that f, is bounded in L9(Bg, j2(z0)) where

Lo+

= 070 o
Lotd/2

q

18



Using Proposition 4.4 again, we conclude that for large n there exists C' > 0
such that

||U71HL°°(BR1/4($U)) < C.
This proves Lemma 5.1 if we choose Ry = R;/4. O

Back to the proof of Theorem 1.2, we claim

S = X(6) for any 6 > 0 where S is the interior peak set with respect to {v,}
defined in (1.6).

Clearly, S C 3. In fact, letting o ¢ X, then we know that x( is a regular
point. Hence by Lemma 5.1, {v,} is uniformly bounded in a neighborhood of
xg. Therefore xg ¢ S. Conversely, suppose g € ¥. Then we have for every
R>0

a2 (Ba(w0)) = 00

Otherwise, there would be some Ry > 0 and a subsequence of v,,, again denoted
by v, such that

anHLOO(BRO(IO)) <C

for some C independent of n. Then
fn — Vgn_(N_l)UZn < Vgn_(N_l)Cpn
— 0

uniformly on Bgr,(xo) as n — co. Then

—(N-— AN \N-1
f — / l/p" (N 1)Upn S €0 < ( )
/BRO(zo) " Bry (z0) " " Lo+ 36

for large n which implies that zq is a regular point. This proves the claim.
Back to the measure u defined earlier in this section. We have from (5.4)

aN  (N-1 _ ON  \N-1

Hence
Lo + 35)1\/—1

anN
Letting § — 0, we get with the aid of Corollary 2.4

0<#8 <(

0<#5< (1o (K

N—-1 ;-1
an _(N—].) dN.

This proves Theorem 1.2.
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Remark 5.2 From the proof of Theorem we see that the measure p is atomic.
Actually

#5
p= Z ard(zy)
k=1

where S = {z1,x2, ..., x5} and

aN)Nfl.

= (g,
0

The subsequence v, approaches a function G in CZIO’S‘(Q\S) and G is N-
harmonic in Q\S but singular on S.

Remark 5.3 It is also clear from the proof of Theorem 1.2 and Corollary 5.1
that the subsequence

Uy, — 0
in LS (Q\S).

loc

6 Further Results

So far, we haven’t touched the boundary peak sets S’ yet. Our next result shows
that when € is strictly convex and u, are generic in some sense, S’ is empty;
ie. B=S.

Recall that u, are solutions of (1.1) obtained by minimizing

50 = [ Vel
Q
in the class
1,N
Ap ={v e Wy (Q) + ullp+1 =1}

Let
Jy i Ap = R (6.1)

defined by
Ty0) = [ (e (902
We call u, a generic solution if there exist a sequence ¢, of € with
€, — 0

s e / _ p .

and a sequence of positive minimizers {u,,. } of J5» such that {uj, } converges

to uf, weakly in W (Q) as ¢, — 0 where u, = cu/, for some scalar ¢. Clearly
PP L . p

{u.pe.n } is a minimizing sequence of Jp in Ap. Actually any sequence {up-en} of

minimizers of J;» is a minimizing sequence of J,, so generic solutions exist for

all smooth bounded domains.
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Theorem 6.1 Let 2 be a strict convex domain. Assume u, are generic solu-
tions for all p. Then S’, the boundary peak set of {u,}, is empty; i.e. B=S.

Proof. Let
/ !/
{upﬁn} - Up
weakly in W~ (€) where uj, = cu,, for some ¢ and u/,. ~are positive minimizers
of Jen. Then u),  solve
2 Pen

div((e + [Vuy, PNV ) + Ay, = 0'in Q
u;€n|3g = 0

for some A, > 0.

Therefore using the moving plane method for non-degenerate equations de-
veloped by B. Gidas, W.-M. Ni and L. Nirenberg in [4], we can find a neigh-
borhood w of 92 and a cone I' of fixed size both depending on 2 only such
that

I 1 !/
Uy, (7) < m/gupen (x)dx (6.2)

for all z € w. We refer to D. G. DeFigueiredo, P. L. Lions and R. D. Nussbaum
[2] for details of this trick.

Since {uj, } — uj, weakly in W"N(Q), we have

Upye, — u% strongly in L(£);
P

Uy — Uy, almost everywhere.
Hence passing limit in (6.2), we get

/ 1 /

u, () < /s u,,(z)dx

for almost all x € w. Therefore

1
up(z) < FI/Qup(x)dx

1
vp(x) < m/gvp(m)dm

for almost all € w. But [,v,(x)dz < C by Lemma 4.1. Therefore v, are
uniformly bounded in L*°(w); hence S’ = . O
It is interesting to see when the peak set BB contains one point only.

Theorem 6.2 Let () be a strict convex domain and u,, be a sequence of generic
solutions. If we further assume

N -1 N —1 (y_1y

L Ty < @) )V CE )
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for some y € Q, then there exists a subsequence of up,, again denoted by uy, ,
such that the peak set B of the subsequence equals the interior peak set S and it
contains one point only.

Proof. The assertion B = S follows from Theorem 6.1. We also know #B > 1
from Theorem 1.2.

Now we state a Pohozaev type identity for (1.1). The proof of this integral
identity can be found in ([7], Theorem 1.1). Let uw € L>(2) N W1 4(2) solve

—div(|Vu|?72Vu) = g(z,u) in Q
u|ag =0

where g is smooth with its growth bounded by |u\ St qg < N or like a
polynomial in u if g = N. Let G(x, u) fo x,r)dr. Then

N
/QNG(x,u)d;L’—&— (1- E)/ng(m,u)d:c—l—/Q <z —y,VoG(z,u) >dx (6.4)

1 ou
=(1-- <x—y,n(x)>|=—|%s
-2 [ <o-yni)> |5
for all y € RN.

Apply it to (1.1). Let ‘y’ in the integral identity be ‘y’ in the statement of
Theorem 6.2. Without loss of generality, we can assume y = 0. Then

N 1

0
/ugdx:/ ﬁ|N_1ds.
Q oo On

Hence by the Holder’s inequality
/ ubdx
Q

1 ou
< d 1/N/ < > (24PN o) (N=1)/N
_</m<x7n<x)>N_1 9] <) > |52

On the other hand

1 1N N? pt1 g N(N—1)/N
S Aa] (. — (PSS PR .
oo < T,n(r) > ) Jo

(N-Dp+1

Therefore ,
(&)Nfl _ LO N-1

QN dN aN

= T ([ apday Y
Q
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1 pN-! fQ ubdz

= EPLOO (eaN)N71

1 1 1
< lim — ds)V/N
- pggodN (ean)N-1 (/39 < ax,n(x) >N-1 )

pN_l( N2 )¥( 1 1 <N04N€)N_1)NJG1
N_1 pP+1pV-1'N_1
2
_ 1 1 ( N )N];l(NaNe)(NEnZ’ (/ ;ds)m\r
dy (ean)N-1'N —1 N-1 aq < x,n(x) >N-1
< 2.

Hence from the last inequality in the proof of Theorem 1.2 we have #S < 1;
and in turn #5 =1. O

Remark 6.3 It turns out that when N = 2 the assumptions that € is strict
convex and that u, are generic solutions are both superfluous for Theorem 6.1
and Theorem 6.2. In our earlier article [12], we proved the corresponding results
of Theorem 6.1 and Theorem 6.2 without these two conditions. In that work we
used Kelvin transform to take care of non-convex domains and we applied the
moving plane method to u, directly since the equations (1.1) are non-degenerate
when N = 2.

Finally we confine ourselves to the problem when ) = Bpg, the ball of radius
R centered at origin. We also consider generic solutions. Applying the moving
plane method to each approximate solutions ., of u,, we conclude that wuy.,
are all radially symmetric, so are u,. Therefore u, solve the following O.D.E.

-1
(| |V=2u) + Nf|u’|N_2u' +u? =0in (0, R)
uw'(0) =0, u(R) =0.

Applying Theorem 1.2, we know B = S = {0}; otherwise there would be in-
finitely many peaks by the symmetry. A straightforward argument shows

fp_>5

in the sense of distribution where f), is defined in (5.1) and ¢ is the Dirac mass
at 0. We can actually prove the following. We leave the proof to readers.

Theorem 6.4 Let u, be generic variational solutions of (1.1) on Bg, the ball
of radius R. Then as p — oo
Up 1

R
I/ (N—1) 1/ (N=1) log(—)
(fBR up) wal r

’Up:

in Cll(;g(ER\{O}) for some o > 0 and also in the sense of distribution on Bg.

Acknowledgement The authors would like to thank their adviser, Professor
Wei-Ming Ni, for bringing solutions with spiky pattern to their attention.
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