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Abstract

Multiple layer solutions of the balanced bistable equation in infinite
tubes are constructed via a variational method. I start with a character-
ization of Palais-Smale sequences which easily gives some global minima
in the desired function classes as single layers. Assuming these minima
are isolated as critical points, I paste them together to serve as an ap-
proximate multiple layer solution. If there were no exact solutions near
the approximate one, the negative gradient flow of the energy functional
would significantly lower the energy. On the other hand, if the building
minima are kept far from each other, the energy of a function near the ap-
proximate solution is not much less than that of the approximate solution.
This contradiction proves the existence of a solution.

1 Introduction

I study the elliptic equation

Au— f(u)=0in Q
gu _ 0 on 0N2 (1.1)
v

where f is a balanced bistable function (see Figure 1), and ) is an unbounded
tube-shaped domain in R?. It is the Euler-Lagrange equation of the energy
functional

E(u) :/Q[%Wu\g—i—W(u)]dx (1.2)

where W(u) = / f(w)dw, and W is a balanced double well potential function
—1
(see Figure 2).
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Figure 1: The graph of f.

Figure 2: The graph of W.
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Figure 3: An example of periodic (2.

(1.1) and (1.2) are often used to study phase transitions. The function u
is an order parameter representing the state of a material. v = —1 and v = 1
represent two different orientations of a perfect crystal. Intermediate values of u
then represent disordered states intermediate between the pure states. The first
term in the integral of (1.2) is the interfacial energy density, and the second
term is the bulk energy density. Note that the first term penalizes spacially
inhomogeneous materials while the second term penalizes states that take values
other than —1 or 1. In this paper I assume

H-1 W is a C? function that has exactly two global minima at —1 and 1 where
W(-1)=W(1) =0, and W"’(-1) > 0, W”(1) > 0, and

H-2 There exists a positive number © such that W (u) = Ou? for all |u| > 2.

The second hypothesis is more of technical nature. Indeed for each W sat-
isfying H-1 and W”(u) > 0 for |u| > 1, the maximum principle implies that
bounded solutions of (1.1) lie between —1 and 1, so one can always modify W
to satisfy H-2 without affecting bounded solutions. Except in Section 5 I assume
throughout the paper

H-3 Q is a smooth infinite tube T-periodic in z!-direction.

To be more specific, I assume that there exists T = (7,0, ...,0) € R? such that
r=(r',2') € R x R1 = R?is in Q if and only if x+ T is in 2. Furthermore,
for every (z!,2') € Q, ' lies in a bounded subset of R?~1. The two ends of
are denoted by e; and es (See Figure 3).

The domain of the functional E is taken to be

A={uec L (Q): Vue (L*(Q)?% W(u) e L)} (1.3)

Here Lj, .(9) is the space of measurable functions that belong to L' (K) for every
compact subset K of €. It turns out that A can be naturally divided into four

mutually disjoint subclasses A~1, AL, A;' and A} where

Al ={ue A: lim u(zt,2') = ¢, lim u(zt,z’) =n}, (,ne{-1,1}.

zl——00 zl—o00

The limits above are understood in an appropriate sense (see (2.5)).



Obviously u = —1 is the global minimum of E' in Aj, and u = 1 is the global
minimum in A}. T prove in Section 3 that E has global minima in A" ; and A"
as well (see Theorem 3.2). Then in Section 4 I prove that given some isolated
global minima in A", and A7, T can always “paste” them together to obtain
multiple layer solutions of (1.1) (see Theorem 4.4). I believe these solutions are
local minima of E. The isolation condition excludes perfect tubes. A perfect
tube Q is R' x ' for some bounded €’ in R?*!. In a perfect tube, every
translation of a minimum is again a minimum. For more information about
(1.1) in a perfect tube, I refer the reader to [5] of Berestycki and Nirenberg.

The main difficulty (or advantage) of this paper is the unboundedness of the
domain 2. The usual compactness argument in variational problems is no longer
available. For instance, a Palais-Smale sequence does not necessarily converge
along a subsequence. A characterization of Palais-Smale sequences is given in
Section 3.

The key references of this work are [7] and [8] of Coti Zelati and Rabinowitz
where multi-bump homoclinic type solutions of some Hamiltonian systems in R*
and semilinear elliptic equations in R? are studied. Another important reference
is [13] of Rabinowitz. It treats a second order Hamiltonian system of the form

G+ Vy(t,q) =0,

with ¢ : Rt — R"™, which can be viewed as a one-dimensional version of (1.1).
There is also a paper [16] of Strobel along this line. In this ODE setting each
function ¢ in its admissible set is Holder continuous. On each interval the
modulus of continuity of ¢ is controlled by its energy there. In the PDE setting
(1.1) this property is lost. To perform an estimate on a function u € A, I often
have to use a local average u : R' — R! (see (2.2)) of u, whose modulus of
continuity can be controlled. Then I consider two cases: (1) u is close to u and
(2) w is far from @w. The argument for the first case is usually simple, but the
one for the second case is sometimes tedious (see the proof of Lemma 2.3 and
the comment after the proof).

A somewhat related variational approach to (1.1) takes place in Kohn and
Sternberg [10] that deals with the singularly perturbed equation

?Au— f(u) =0in Q
?:Oonaﬁ

v
where (2 is a bounded domain. As € approaches 0, the limiting problem can be
identified, and local minima can be found if the limiting problem has nondegen-
erate local minima. I believe that the smallness condition of € in [10] is related
to the unboundedness and periodicity conditions of 2 in this paper.

Work for unbounded domains in the literature includes Bronsard, Gui and
Schatzman [6] that treats three layered solutions u : R? — R? for a three
well potential, and Alama, Bronsard and Gui [1] that treats heteroclinic type
solutions u : R? — R? for a two well potential.

The existence of global minima in A has appeared in Bates and Ren [3],
[4] where a higher order variational problem is considered. In those papers the



concentration-compactness principle (see [11]) is applied. Such an idea can also
be used here to yield global minima, but I choose to present a more elegant
approach to Theorem 3.2.

I include a section to discuss further generalizations of my results. In par-
ticular, I discuss tubes that are only periodic near infinity. I sketch an exis-
tence result of global minima. It is proved with the help of the concentration-
compactness principle.

I would like to thank Professor Peter Bates for many stimulating conver-
sations. I am grateful to Professor Xinfu Chen who showed me the proof of
Lemma 2.3. Professor Paul Rabinowitz kindly shared his insight with me and
brought [13] and [16] to my attention. I thank the referee who pointed out more
references and corrected several errors in an earlier version of this paper.

2 Preliminary Results

I use C, Cq, Cs,.... to denote generic constants in this paper. They may
vary from line to line. Note, by H-1 and H-2, there exists C' > 0 such that
f?(u) < CW(u) for all u € R!. Define a segment S(y*, R) of 2 to be

S R):={(z,2) € Q: |2' —y'| < R}. (2.1)
For every u € A (defined in (1.3)), define
v
1S, T /2)] Js@r 1 /2)

where |S(z!,T"/2)| denotes the Lebesgue measure of S(z*,7"/2) in R?. Note
that u is continuous. @ can be used to describe phase transitions. The first
lemma of this paper says that no phase transition occurs on a segment if the
energy there is small.

a(zh) = u(y)dy, «* € R! (2.2)

Lemma 2.1 For every ¢ > 0, there exists § > 0 such that for every u € A,
every y' € R' and every R > 0,

1
/ EVul? + W (w)de < 6
S(yL,R+T1/2) 2

implies [u(z) — 1| < € for all ' € (y* — R,y' + R) or [u(z!) + 1| < € for all
zt € (y' = Ry' + R).

Proof. Suppose, on the contrary, there exist € > 0, and a sequence of u,, € A, a
sequence of S(yl, R,), such that

1
/ [=|Vu,|? + W (up)]de — 0 as n — oo, and (2.3)
Syl Ra+T1/2) 2
[T (z2)| — 1] > € for some z., € S(y.: — R,y + Ry). (2.4)



Estimate, with the help of Holder’s inequality and Poincare’s inequality,

/ W )do = [ W (@ (L) + i — () da
S(zl,T1/2) S(z},,T1/2)

FOw 5 @

= / {W (@ () + f (@ (@) [un = T (2)] + == [un = Un(2)]* o
S(zy,,T1/2)

> [ W@ - @ (k)] Sk T )
S(x7,,T"/2)

Nn = n@n) [ L2511 2)) — Culltn = Tn (@) |72 (501 71 /2
> W (tn ()| (3, T /2)| = Co f (@n (23)] - [Vnll L2 (s(or 1 12))
—C3[|VunlZ2(s1 11 /2))
> W (U (2,)[8 (3, T /2)| = Coler| f (@ (a))
+é||Vun||%2(3(x;,,T1/2))] =G3[| Vunl2(s(ar 71 /2))
> W (tn ()| S (25, T /2)] = Caer W (U ()

1
(= + Co)IVanllZe(s(ay 2 2

. 1
= (IS(an, T"/2)| = Caer) W (i (2y,)) — o+ Co)IVunllZ sy 1 /2))-

One chooses €; so small that |S(zL,T"/2)| — Cye; > 0. Then (2.3) implies that
the second term in the last line approaches 0, and (2.4) implies that the first
term is bounded from below by a positive number. Then

0= lim (= |Vun|2 + W(uy)] > liminf W (uy,) >0,
=00 Sy R+ T /2) 2 =0 Sy /2)

which is impossible.

Corollary 2.2 For every u € A, lim a(z') and lim a(zt) exist and equal
zl——00 T —00
-1 or 1.

With the help of Corollary 2.2, define

={ueA: lim a(z') =¢, lim a(zt) =9}, (ne{-1,1}. (2.5

zl——o0 zl—o0
Then A= A" UAL, UA UAL. About the function classes A7, T have

Lemma 2.3 Let u € A" ¢,m € {=1,1}. Then for every v € L}, .(Q), v € .Ag
if and only if v —u € W1 2(Q).



Wh2(Q) is the Hilbert space of measurable L?(£2) functions whose gradients are
in (L2(2))%. The norm in W2(Q) is

Jullwsa ={ [ V0 + u?lde} .
Q

Proof. Let u € Al and w € W"2(Q). Then V(u + w) € (L*(Q))? since Vu,
Vw € (L*(Q))%. To show / W (u + w)dz < oo, estimate
Q

= u) +wf(u f/(.)w2 T
/QW(u—Hu)d:v—/Q[W()-F f(u) + 5 |d

< / W (u)dz + 1wl 2oy 1 ()l 2y + CrllwlZa e

S/W(u)dx—i—Cz[/ W (w)da] /2 wll 20 + Crllwll3a0) < oo
Q Q

Now let u,v € Al. Clearly V(u —v) € (L2(Q))4. To see u —v € L?(9),
set QF = {z € Q:2! >0} and Q= = {x € Q: 2! < 0}. Without the loss of

generality, I only show (u —v)* < 0o. Note |u—v| < |u—n|+|v—n]so
+

Q
I proceed to show |u —n| € L2(QF). Let € be a small number such that for all
u € [n—en+e, (u—n)? < CW(u) for some C > 0. This is guaranteed by H-1.
I further divide QT into ; and Qo where Q; = {z € Q" :u(x) € [n —e,n+ €]}
and Qg = QT\Q;. Then

/ (u —n)?dx < Cy W(u)dx < oc.
Ql Q1

Note u —n € WH2(G) for every bounded subdomain G of ), since on every
bounded subset of , (u —1)? can be bounded by W (u) 4+ Co where Cy > 0 is
some constant. I therefore write

Qo = (NS0, T'/2)) U (U2, (N SETH, T /2))),
and I need to bound

/ (u—n)da
use, (NS(ETL,T1/2))

for large k. Since u(z') — n as 2! — oo by Corollary 2.2, choose k so large that
u(x') € [n—e/2,n+¢/2] for all 2t > KT —T* /2. For every x € QuNS(ETL.T/2)
with 7 > k,

u(z) =0l < fu(e) = GET)| + [AET) 9] < Ju(e) = G(@T")] + /2

< |u(z) — AETY)| + Ju(z) — GETY)| = 2Ju(z) — G6TY)).



Now estimate

/ (u(z) — 77)2dx < / 4(u(z) — a(iTl))de
Q2NS(ETL,T1/2) QNS (T, T1/2)

<C |Vul|*dz,
S(iT1,T1/2)
by Poincare’s inequality. Summing over ¢ from k to infinity, I deduce

/ . (u —n)%dx < / |Vu|?dx < / |Vul?dz < 00. o
U (QNS(T, T /2)) o+ Q

In the proof of this lemma the decomposition €2; and €25 is crucial. € is the
good set on which quantities are estimated directly by W. € is the bad set
on which quantities are estimated with the help of % and Poincare’s inequality.
This trick will be used often in this paper.

Therefore AZ can be treated as a Hilbert manifold, actually an affine space,

whose tangent space at each u € AZ is W2(Q), so a critical point of E in A7
is a classical solution of (1.1) by the standard elliptic regularity theory. The
distance of u,v € Al is set to be [lu — v|[w1.2(q).-

Remark 2.4 [t is easy to prove that for every u € AZ’, there exists v’ € .AZ’
as close to u as I wish so that for some R > 0, u/(z) = ¢ for 2! < —R, and
u'(z) =n for 2t > R.

Set
K={ueA: E'(u) =0} (2.6)

K is the set of all the critical points of E in A. About the functional E : Ag -
R', I have

Lemma 2.5 For each AZ, E: Ag — R isin CQ(.AZ’,Rl), and
E'(u)p = /Q[Vu Vo + flu)dlde, ue Al ¢ € wh2(Q),
B ()(6.9) = [ [V6- 0+ fwonlde, ue AL o € WH@)
Proof. First show the continuity of E. Let u € A!, $ € W"?(Q). Then
Bu+6) = B < [ [Vu- Vot 5Vollda+ [ [Wlat )= W(wlda
< |Vullp2@)IVol L2 @) + %Hvéﬁ“%mz) + 1f 2@ l|9llL20) + Cl||¢||2L2(Q) <

1
Vull 2@ IVl 22y + §||v¢||2L2(Q) +Cs [/Q W(U)d$]1/2||¢HL2(Q) + Ol||¢”%2(9)



— 0 as ||¢HW12(Q) — 0.

Hence E is continuous.
Follow the argument in [14] to show the differentiability. For every u € A7,

¢ € Wh2(Q),

[ 1V Vot Fuolde < [Vl ooVl 2 + Cal | Wiada] /26l < 0
so E'(u)¢ is defined. Note

Bt 0) - B~ Bl < 5 [ [VoPdat [ W)= W)~ fujolds

1
< 5IV6lita) + Co | 6o < Crllolfyn @y = ollélhwnaey)

Therefore E is Frechet differentiable. To see that E’ is continuous, let u, — u
in AZ. Then

|E' (un)¢ — E' (u)¢] < |/QV(un —u) - Vode| + || f(un) = f ()]l 2@ [9llwr2()

< lun = ullwrz@lldllwiz@) + Csllun — ullwr2@)ll9llwrz ),

so E’ is continuous. The existence and continuity of E” follow along the same
line. 5

Lemma 2.6 There exists Ao > 0 such that for every u € Ag N (K\{¢}), [Ju—
C”le(ﬂ) > Ag.

Proof. This is because the symmetric bilinear form E”(¢) is positive definite.
For every ¢ € W12(Q),

E"((0.6) = [ [IV6F + F(Q)de > Clllfnao

by H-1. ¢ is the only critical point in a neighborhood.
Recall that a sequence {u,, } in A is a Palais-Smale sequence if lim E(u,) =

n—oo

b for some b > 0 and lim E'(u,) = 0 in (WH2(Q))* where (W12(2))* is the

n—od
dual space of W12(Q). The next lemma says that every Palais-Smale sequence
is locally compact.

Lemma 2.7 For every Palais-Smale sequence {u,} € AZ, there exists u € K
such that along a subsequence of {u,}, on every bounded subdomain G of 2,

Up — u in WH(Q), and

YV, — Vu weakly in (L*(Q))%.



(The limit u is not necessarily in A’.)
Proof. Let {u,} be a Palais-Smale sequence in AZ. On an arbitrary bounded
subdomain G of €, u, is bounded in L?(G) since by H-2

/Gui S/G[2+éW(un)]dx

which is bounded by the energy of u,,. |Vu,| is bounded in L?(2) by the energy
of u,. Pass to a subsequence of u,, still denoted by u,, and find a function
u € WH2(Q) for every bounded subdomain G with |[Vu| € L?(Q), such that

up, — u weakly in WhH%(Q), (2.7)
Vu, — Vu weakly in (L*(Q2))¢, and (2.8)
u, — u in L*(G), (2.9)

where the last convergence comes from the Sobolev embedding theorem. From
the weak lower semicontinuity of the quadratic term in E and Fatou’s lemma,

E(u) < lim E(uy,),

n—oo

which implies u € A. Take a smooth cut-off function &, 0 < ¢ <1 on R, such

that L ifal € LK. K]
, L € |—K,
&) = { 0, if el & [—K — 1, K +1]. (2.10)

For z = (2%, 2') € Q set £(x) = &£(x'). Denoting the norm in (W12(Q))* by
|1, I find

20 ()2 + 5t~ )Elnagy > B () (i — w)E]
= / Vg, - V[(un — w)é]dx + / (upn, — w)Ef (uy)dx
Q Q
= / IV (u, — u)|?&dx + / [V (up —u) - VE (uy — u)dz
Q Q
+ /Q Vu - V[(u, — uw)é]dz + /Q(un —u)éf (uy)dx

The second, third and forth terms approach 0 because of (2.7), (2.8), (2.9) and
the boundedness of f(u,) in L?(Q)) by / W (uy,). 1 deduce
Q

lim [ |V n —u)|*édr — 7/ IVI(u V€| dx — %/(un —u)?¢%dx] <0.
Q

’I’L‘)OO

Since the last term on the left side approaches 0 by (2.9),

Tim | [V —w)] fd:z:—f/ IV [(un — w)€][?dz] < 0. (2.11)

n~>oo

10



Note

/|V —u|§dx—f/|V )€]|*dx
:/Q|V(un—u)|2§dx—§/Q|V(un—u)|2§2dx

— Up —U) - Up — U I’*l U7U2 2:E
190 =0 Vel — wjéds = 5 [ (0, = w? Vel

where the last two terms approach 0 by (2.8) and (2.9). Then (2.11) becomes

T [ [ [9(un — u)[?6de — /|v w)P€2da) < 0,
n—oo Q
which implies

T [ 190, —w)Pedr < 0. el / IV (1 — )[2dz = 0

n—oo

on each bounded subdomain G.

Finally show u € K. Let ¢ € W12(Q) whose support is in a bounded subset
of Q. Such ¢’s are dense in W'2(Q), so I only need to show E'(u)¢ = 0.
Consider

E(un)é — E'(u) = /Q V(un — ) - Voda + /Q Flun) — flu)léde,  (2.12)

where the first term of the right side approaches 0 by Vu, — Vu weakly in
(L2(£2))?, and the second term approaches 0 by u, — u strongly in L?(G) for
every bounded G. Therefore, passing to the limit in (2.12), I find

E'(w)¢ = lim E'(u)é = 0.

An important feature of Palais-Smale sequences is the following lemma that
asserts that uniform energy vanishing on segments of fixed size implies conver-
gence to a trivial solution.

Lemma 2.8 Let {un} be a Palais-Smale sequence in Al. If there exists R >0
such that

1
lim  sup / V2 + W (u)]dz = 0,
n—o0 s1c Rt JS(x1,R) 2

then Al = AY for some 0 € {—1,1}, and lim_|Ju, — 6 w1.2(0) = 0.

Proof. Let {u,} be a sequence satisfying the assumption. It follows that for
every R > 0,

1
lim sup / [=|Vun|? + W (uy)]dr = 0.
S(xt,R) 2

N0 gleR!

11



Lemma 2.1 implies that for large n, i, (z!) lies in a small neighborhood of —1 or
1 for all !, uniformly in n. Since @, is continuous, 2, is in a small neighborhood

of 0 € {~1,1}. Therefore A! = AY. Consider

L f10) L 19
[min{3, = 2 4

HHIE (wn)|? + min Hivn = 0llfr200) = (2.13)

B (wn)wn=0) = [ 190+ L2 =021+ [ (100 000~ (002,

The lemma follows if

lim [f (up)(uy, — 0) — F'9)

n—oo [o 2

(tn — 0)?)dz > 0. (2.14)
Claim / (u,, — 0)2dz is bounded uniformly in n, and
Q
lim sup/ (un(z) — 0)%dx = 0,
N0 4eZ JS6GTY,T/2)

where Z is the set of all the integers.

Take € > 0 so small that (u—60)? < CW (u) for some C > 0 and all u € [#—e¢, O+¢].
Set Q, = {z € Q: |up(x) — 0] < €} (the good set). Then on €,

/Qn (up — 0)*dar < c/ﬂn W (uy,)dz, (2.15)

/ (u, — 0)*dr < C’/ W (uyp,)dz. (2.16)
ST, T1/2)NQ, S(iTY,T1/2)

Choose n so large that |G, (z') — 6] < ¢/2 for all ' € R'. For z € (Q\Q,) N
ST, TY/2) (the bad set),

|un (2) = 0] < 2Jun () — T (7T))],
as in the proof of Lemma 2.3. T deduce

/ (tn —0)2dz <4 Y / (un (2) — Ty (iT"))dx
A\, ST, T /2)

i=—00

Sij/S

1=—00

|V, |*dr = C’/ |V, |?dz.
(T, 171 /2) Q

Combing this with (2.15), I see that / (t,, — 0)*dz is bounded uniformly in n.
Q
The argument also shows, with the help of (2.16), that for every integer 4,

1
/ (u,, — 0)%dz < C [51Vun|* + W (uy,))da.
SGTY, T /2) SGT T )2) 2

12



Since the right side approaches 0 uniformly in i as n — oo by the assumption
of the lemma, the claim is proved.

I proceed to show (2.14). Find e so small that for all u € [0 — €,0 + €],
fw)(u—0)—(f(0)/2)(u—0)? >0. Set Q,, = {z € Q: |up(x) — 0] < €} (the
good set). Then

lim [f (un) (upn, — 0) — 1'9) (ty, — 0)?]dz > 0. (2.17)

On Q\Q,, (the bad set) since |u,(z) — 0| > €, by H-1 and H-2

() — )] < ol — 0 and [T 0, 02 < o, — gy

where C' depends on e. Then with the help of Holder’s inequality and the
Sobolev embedding theorem I deduce

/ |f (un) (un — 0) — flée) (un — 0)?|da < o/ (1, — §)2d+D/ gy
O\Q, 200,

<C Z / (un — 0)C4H4/ g

(\Q,)NSGETL,T/2)

1=—00
< C / ) (2d+4)/dd.’l,'
z;oo S(3iT1, T1/2) )
((2d+4)/d)(2/(d+2 2d+4)/d)(d/(d+2
<C Z lun — O sah syl = O a0
<C [e—TA ; / [[Vn|? + (uy — 6)?)da
i;oo PASELTYD) Jsarn 12y

d
< Cs_,uZp ||r — 0||ié(s(iT1,T1/2)) /QHVun‘? + (un — 0)?]de.
1€
This, the claim and (2.17) imply (2.14) that proves the lemma.
Corollary 2.9 There is vy > 0 such that for every u € K\{—1,1}, E(u) > vp.

Proof. Suppose, on the contrary, there is a sequence {u, } in .AZ of critical points,
hence a Palais-Smale sequence, such that lim E(u,) = 0. Then Lemma 2.8

n—oo

implies that ( = » and |lu, — {|lw1.2(q) — 0, which contradicts Lemma 2.6.

13



3 Global Minima

A characterization of Palais-Smale sequences is given in this section. The ex-
istence of global minima follows easily from this characterization. First define
two operators, the shift operator 7 and the pasting operator w. Let k£ be an
integer, and define 7, : A? — Al by

Tru(z) = u(x — kT), © € Q, (3.1)
for ¢,n € {—1,1}. Define 7 : Ag x Ay — Al for ¢,0,n € {~1,1} by
m(u,v) =u+v—0. (3.2)

Through a recursive use of (3.2), 7 can be extended to 7 : Ag"’ X Ag; X..x A —
A7 ie.,
(U ey U ) = T(ur, (g, (oo, m(ug—1,ug))))- (3.3)

These two operators are often used together. If there is no danger of confusion,
I write mju for m(7j,u1, ..., Tj, Ug)-

Since €2 is unbounded, a Palais-Smale sequence does not necessarily have a
convergent subsequence. The loss of compactness can be caused by the transla-
tion invariance of Q. Take u to be a non-trivial critical point and {i(n)} to be
a integral sequence with i(n) — oo as n — oo. Then {7;,,ju} is a Palais-Smale
sequence without convergent subsequences.

A more subtle way to lose compactness is to have a sequence in which each
function is made of several critical points spreading apart. Let uy € AL, us €
AT be two critical points, and {i;(n)} and {iz(n)} be two integral sequences
with i1(n) —i2(n) — —oo as n — oo. Then {7(7;, (n)u1, Tiy(nyu2)} is again a
Palais-Smale sequence without convergent subsequences.

The next result says that these are basically the only ways to lose compact-
ness. The reader should compare it with Lemma 2.7 that says every Palais-Smale
sequence is locally compact.

Proposition 3.1 Let {u,} be a Palais-Smale sequence in Al. If lim E(u,) =
0, then .AZ' = AY for some 6 € {—1,1} and nan;o | — Ol w12q) = 0.
If lim E(uy) > 0, then there exist wi,we, ..., wy € K\{-1,1}, k > 1, w; €

AZZ“, 01 = ¢ and 041 = 1, and k integral sequences I(1,n),...,I(k,n) with
lim (I(i,n) — I(i+ 1,n)) = —oo for each i such that along a subsequence

11120 lwn = Trmywllwiz) =0 and lim E(uy,) = E(wi) + E(w2) + ... + E(wg).

n— n—oo

Proof. The first part of the proposition follows easily from Lemma 2.8. Now
assume lim E(u,) > 0. I will find the w;’s one at a time. Starting with the

n—oo

left-most one, wy, I need the following.
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Claim 1 There exists an integral sequence {i(n)} such that for every R > T /2,

- 1
lim [ |V, |? + W (uy)]dz > 0,
n—o0 J5(i(n)T1,R) 2
and for every other integral sequence j(n) with j(n) — i(n) — —oo, every
R >0,
—_ 1
lim [=|Vun|? + W (u,)]dr = 0.
n=o0 sy R) 2
Lemma 2.8 implies that there exists an integral sequence {i(n)} such that for
every R >T'/2,

—_ 1

lim [=|Vun|* + W (uy)]dz > 0,

=% Js(im) T, R) 2
for otherwise u, — — 0 in W12(Q) for some § € {—1, 1} which implies E(u,,) —
0 contradicting lim E(u,) > 0.

Suppose there is not a left-most i(n). Then there exist infinitely many

sequences,{j(1,n)}, {j(2,n)},..., with j(m 4+ 1,n) — j(m,n) — —oo, such that
along a subsequence, for some R > 0,

1
lim [=|Vun|? + W (uy,)]dz > 0. (3.4)
eSS (i (myn),R)
For each m, T_j(,n)Un — vm € K as n — oo in the sense of Lemma 2.7. Note
E(v.,) > 0 because of (3.4) and Lemma 2.7. Now take k many v,,’s, and k is so
large that E(v1) + ... + E(vg) > 2 lim E(uy). This can be done by Corollary

2.9. Enlarge R so that for every m = 1,2, ..., k,

/ [%|va|2 FW o)) > E(vm)/2.
S(0,R)

Then I deduce

nan;oE Up) Z nlln;o/(o o2 |VT,J (o) Un|> + WI(T—j(mn) un )| d

= Z/ |va|2 + W(vp)lde > = Z E(vy) > lim E(uy,),
5(0, R) m=1 nee
which is impossible, and Claim 1 is proved.
Denote the integral sequence {i(n)} in Claim 1 by {I(1,n)}, and let w; € K
be the limit of 7_;(; »)u, given by Lemma 2.7. Note E(w;) > 0 by Claim 1
and Lemma 2.7, so w; # —1 or 1. It follows from Claim 1 and Lemma 2.1
that 5'\,](1’,1)11”(1}1) — ( as #! — —oo0, uniformly in n. Then w; € Ag for some
6 € {—1,1}. To find the rest of the w;’s set u;, = up — 771 pyw1 +6 € Aj. T will
show that {u/,}’s is again a Palais-Smale sequence with energy close to that of
{un} minus E(w;), so I can repeat the above argument on {u/,}.

15



Claim 2 lim E(u,) = lim E(u,)— E(w;).

n—oo n—oo

Write

E(uy) :E(u%)—l—E(wl)+/Q[W(un)—W(u;)—W(wl)]+/S2Vu;~VTI(17n)w1.

The last term on the right side approaches 0 since V7_r (1 nyun — Vw weakly
in (L2(2))?. T proceed to show

lim [ [W(u,)— W(ul,) — W(wy)]dz = 0. (3.5)

n—oo Q n
To this end, write Q = Qr, U Q¢ U Qr where
Q={reQ:a2! < -KT'},
Qo={reQ: —KT' <a2! < KT}, (3.6)
Op={ze€Q: KT' <z'},

and K is a large integer to be determined. Note
W ) = W) = W) = [ W samyn) = WO samy) = W)l
On Qc

lim (W(T_1(1,0)tn) — W(T—1(1,n)up,) — W(w1)]dz =0 (3.7)

n—oo QC

by Lemma 2.7. Let € > 0 be an arbitrary small number. On Qg choose K so
large that

| W (T—1@mytn) = W(T—11,n)Uy) — W (w1)]dz|
Qr

< Wi mytun) — W(T—ia,nyun,)]dz] + €
Qr

< / |f(T—ra,myu,) (wy — 0) + @(wl —0)|dx + €
Qr

<Ol W(r_ranyu,)de] 2wy — 0| 12p) + € + €.
Qr

If / Wi(r_ I(Ln)u;)dx is bounded uniformly in n, then choosing large K makes
Qr

the first term on the last line smaller than e. To this end, I estimate

W(T—I(l,n)u;z)
Qr

16



= [ WG i) + 0= w0 s ym) + L0 - wn)?

Qr
< [ W)+ L W20 = willaan + €16 = wr .
which is obviously bounded uniformly in n. Find large K so that for all n,
| . W (T_1(1,n)tn) — W(T—1(1,myu,) — W(ws)]dz| < 3e. (3.8)
R
I now turn to Q. Again by choosing large K I find

| W (1 m)tn) = W(T_r(1,nyty,) — W (w:)]dz|
Qr

§/ W(T_](Ln)un)dl'-i-/ W(T_1(1,n)ty,)da + €.
QL QL

Claim 3 ||7_;(1 n)un — ¢||lw1.2(0,) approaches 0 uniformly in n as K — ooc.

This implies [|[7_ (1 n)uy, — 8llw12(q,) — 0 uniformly in n as K — oc. To-
gether with Claim 3, I deduce that for large K and all n

W(T_1(1,n)tn)dx < € and W(T_1(1,n)ty,)dx < €.
QL QL
Then I can find large K so that for all n
| W (T_1(1,0)tn) = W(T—1(1,myuy,) — W(wr)]dz| < 3e. (3.9)
Qr

I now proceed to show Claim 3. The proof is similar to that of Lemma 2.8.
Take a smooth cut-off function

£(!) = 1, ifal < KT +T'/2
TITV 0, 2l > (K 4+ DT+ T2,

and € € [0,1]. For z = (z!,2) € Q set £(x) = &(2!). Consider

1 7
[mm{Q, 4 4

_ 1
HHIE (710 myun) [I* + min{ 5, HI=2(1,mytn = Q81,20

> E,(T—I(l,n)un)[(T—I(l,n)un - C)f]

! ;C) /Q(T—I(l,n)un -()2¢?

= /QV(T_[(Ln)un) : v[(T—I(l,n)un - C)g] +

+ [ 1ty = QD st myn) = B0 s e = P (310
Q

17



I first show

f'(¢)
2

lim sup /2[(T—I(l,n)un - C)ff(Tfj(l,n)un) o
<

rmtn — 0223 >0
Koo e pr (7' I(1,n)W C) ¢ ] =

(3.11)
where ZT is the set of all the positive integers. Note that

/ (T—1(1,m)tn — €)? is bounded uniformly in n, (3.12)
{zl<(—K+1)T'+T1/2}NQ

and for every R > 0 and every integral sequence i(n) — —o0,

/ (T_1(1,n)tn — ¢)* — 0. (3.13)
S(i(n)T1,R)

To see these I argue in a way similar to the claim of Lemma 2.8. Let ¢; be so
small that for all u € [ — €1, + 1], (u — ¢)? < CW(u) for some C' > 0. Let
Qp ={z€Q:a2" < (-K+1)T"+T/2,|7_1(1,n)un(x) — | < e1} (the good
set). Then

/ (T_1(1,m) Un — €)*dx < C/ WA(T_1(1,n)Un)d,
Q

n

/ (T—1(1,n)Un — 0)? < C/ WA(T_1(1,n)Un)dx (3.14)
SGTY,T1/2)N SGT, T /2)N,

for all i < —K +1. Divide {x € Q : 2! < (=K +1)T* +T"/2}\Q,, (the bad set)
into U TH(SETY, T /2)\Q,). Claim 1 implies

17— 1(1,m)Un — Cll Lo (o0, (K +1)T1 471 j2) — 0, as K — o0

uniformly in n. Choose K so large that

~ €
17— r1,n)Un — C||Loo(—oo,(—K+1)T1+T1/2) <3

2
for all n. Then for x € ST, T /2)\Qp, i < —K + 1,
1 myn () = C| < 207 @ nyun(®) = T2 myun ((T))|

as in the proof of Lemma 2.3. Then

/ ™1y n@) - G
SGTL,T/2)\Qy

< 4/ \771(1,n)un(33) - ?fl(l,n)un(iTl)P
ST, T1/2)
S C/ |V(T_I(17n)un)|2d1'.
ST, T1/2)

18



This, (3.14) and Claim 1 imply (3.13).
To see (3.11) let €3 > 0 be such that for all |u — (] < €1, f(u)(u—¢) >
(f'(¢)/2)(u— )% Set Q, = {x € Q: Juy(x) — (] < €1} (the good set). I deduce

/Q [(T—I(l,n)un - C)ff(T—I(Ln)Un) - ! ;C) (T—I(l,n)un - 4)252]

(Tramyun — QU (T-r@myun) — ! éC) (T—1(1,n)Un — Q)]

/Qnﬂ{x1<—KT1+T1/2}

+/ (T-1(1,m)tn — €)€
QuN{—KT1+T!/2<a' <(—K+1)T*+T1/2}

f(T_1(1,m)Un) — f ;O (T—1(1,n)Un — €)E].

The first term of the right side is nonnegative and the second is bounded by

C (T_1(1,m)Un — €)* (3.15)
{~KT 4T j2<al < (~ K+1)T1+T1 /2}

that vanishes uniformly in n if K is large by (3.13). Therefore

Klgnoo nseuZp+ /Qn[(T—I(l,n)un - C)ff(T—I(l,n)un) - f ;C) (T—I(l,n)un - C)2£2] > 0.

(3.16)
On Q\Q,, (the bad set) note

/ [(T—I(lm)un - C)ff(T—I(l,n)Un) - ! éC) (T—J(l,n)un - C)sz]
O\,

]+ / [...]
/(Q\Q,L)ﬁ{zl <—KT14+T1/2} (O\Q)N{—KT 4T j2<z) <(— K+1)T1+T1/2}

The second term approaches 0 uniformly in n as K — oo as in (3.15). The first
term is estimated as follows.

(Q\Qp )N {2l <—KT'+T1'/2}

<C

/ (Tfl(l,n)un - C)(2d+4)/dd$
(N2, N {2t <—KT1+T1/2}

—-K
< (T_1(1,m)ttn — )Ty
Z /S(mTl,Tl/z) fim)

m=—0o0

4/d
< CmsgllPK HT—I(I,n)un - <HL2(S(mT1,T1/2))

~ / IV 1myun)? + (r—1t.myttn — €)?)da
{2l <(—K+1)T'4T1/2}
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(as in the claim of Lemma 2.8), which approaches 0 uniformly in n as K — oo
by (3.12) and (3.13). This and (3.16) imply (3.11).
Back to (3.10), I find

/ V(- 11mytin) - V(T r(1mytin — O)E] — / V(711 — €]
Q Q

>

/ V(10700 - 9E 10y — €)-
S((—K+1)T1,T1/2)

2[v(TfI(l,n)un) : vf](Tfl(l,n)un - C)E - |v€|2(7—71(1,n)un - C)Q}dx
By (3.13)

T sup /Q V(11 ttn) V(11— )]~ /Q V(11— )] > 0.

K—oo nez+

Together with (3.11) and (3.10) I find

|(T—I(1,n)un - C)fHMAQ(Q) — 0 as K — oo,

uniformly in n. This proves Claim 3.
From (3.7), (3.8) and (3.9) I deduce (3.5). Hence the proof of Claim 2 is
complete.

Claim 4 {u,} is a Palais-Smale sequence in A].

Let ¢ € W12(Q). Consider

E'(T—I(l,n)uil)éb:/V(T—I(l,n)uil)'V(bdier/ fr—ranyu,)pdx
Q Q

:/QV(T_I(l’”)u")‘vqb*/val'V¢+/Qf(7_1(1,n)u/n)¢

= E'(T_1(1,n)un)9 + / [f(w1) + f(T—1(1,m)tn) @ — F(T—1(1,n)Un) @]dz.

Q
Claim 4 follows if

lim sup <1|/Q[f(w1)¢+f(7—1(1,n)%)¢—f(T—1(1,n)Un)¢}d$| =0. (3.17)

n—eo HQSHWLQ(Q) >

T again divide Q into Qr,, Q¢ and Qg by (3.6). On Q¢, I have

lim sup /Q [f(w1)o + f(T—1(1,n)U/n)¢ - f(T—I(l,n)un)¢]dx =0

nmee ”d)”leQ(Q)Sl

since 7_y(1,nyu), — 0 and 7_;(1 pyun — wy in L?(Q¢) by Lemma 2.7. On Qg, I
have

[ fwnel <Cl] W(w)]?¢llL2n)
Qg Qr
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that is a small quantity times the W12(Q) norm of ¢ if K is large, and
I/Q [f (- 1,myun) = F(T-1(1,nyun)]ddz| < Cllwr — 0] L2 8] L2(0),
R

that again is a small quantity times the W2(Q) norm of ¢ if K is large. On
Qr, I have

[ fw)gl <CL[ W(w)]Y2[6llr2oy),
Qr Qp

|/Q Fr—ranyun)@| < Cllm—r1,n)un — Cll2p) |9l L2(0), and
L

I/Q Fr_ramyun)ol < Clm1amyuy, — 02 ) l1dll 2 -
L

Claim 3 implies that the right sides of the above three inequalities are small
(uniformly in n) quantities times the W2(£2) norm of ¢. This gives (3.17), and
Claim 4 is proved.

To prove the proposition, repeat the argument on w), and find ws, ws,....
Lemma 2.7 and Claim 3 imply that for every K > 0, 7_;¢ nyu, — w1 in
Wh2(Qn{z! < KT'}) asn — oo. This forces I(1,n)—1(2,n) — —oc. Corollary
2.9 and Claim 2 ensure that there are only finitely many w,,’s. I therefore have
w1, Wa,...,wg, and {I(1,n)}, {I(2,n)},....,{I(k,n)} such that extracting the w,,’s
along the {I(m,n)}’s implies

lim E(u, — TI(1,n)W1 + 0y — TI(2,n)W2 + 0s... — TI(kn) Wk + Or+1) =0,

n—oo

where 6,11 = lim @,,(z'). Then the first part of the proposition implies
n—oo

Hm |un, — (77 (1,0) W1, TI2,m) W25 o TI (k) W) [w12(0) = 0.

n—oo
The proof of Proposition 3.1 is complete.

Theorem 3.2 In each .AZ’, there is a global minimum of E, i.e., there exists
u € Ag such that

Proof. Clearly u = —1 is the global minimum in A~} and u = 1 is the global
minimum in A}. T need only to consider A ,. The case of A;! is analogous.
Let u,, C Al be a minimizing sequence, i.e.,

lim E(u,) = inf E(u).

n—00 ueAl |

According to Corollary 4.1 [12], there exists another minimizing sequence {v,,} C
A, such that
E(vn) < E(uy)
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lvn — tnllwiz@Q) — 0 asn — oo
|E' (v,)]] — 0 as n — oo.

The first part of Proposition 3.1 implies that lim E(v,) > 0 since {v,} C A,

n—oo

and the second part then implies that there exist wi,we,...,wr € K, k > 1,
w; € Agi“, 01 = —1 and 01 = 1 such that

lim E(v,) = E(w1) + ... + E(wg).

n—oo

Obviously at least one of the w;’s, say w;, is in AL, and E(w;) > lim E(v,).

n—oo

Therefore k = 1 and along a subsequence of {v, }
lvn = Tr(n)ywjllwiz@@) — 0 as n — oo
for an appropriate integral sequence I(j,n). Hence w; is a global minimum.

Remark 3.3 Corollary 4.1 [12] is stated for a Banach space. However the
same proof works for AL, a complete affine space.

4 Multiple Layer Solutions

M+1
Take Uy € AL, Uy € Afl,...,UM € AE:%;MJF to be M global minima in their
own subclasses. The existence of these minima is guaranteed by Theorem 3.2.
In each A7 set

B(u,R) = {v € AL : |lv—ullwizgq) < R}. (4.1)

A key assumption in this section is that the U;’s are isolated, i.e., there exists
po > 0 such that B(U;, o) NK = {U;} foralli =1,2,..., M.

Note that given integers ji, ..., jar I write m;U for n(7;, Ui, ..., 7j,,Unr). The
reader may think it as an approximate solution near which a real solution is to
be found if ji,...,jp are chosen properly.

Proposition 4.1 Let 0 < r < Ao, where Ag is defined in Lemma 2.6, be fized.
For integers j1 < jo < .. < jum, there exists 6 = 6(j,U,r) depending on

J1y s Jaas Ury oo, Ung, and v such that either ||[E'(w)|| > § for allu € B(m;U,r) C
oYM +1 _
A(_ll) , or E'(u) =0 for some u € B(m;U,r), the closure of B(m;U,r).

If the U;’s are isolated and ug is the corresponding small number, then for
every 0 < r < min{)\g, uo} and every positive integer L there exists § = §(U,r, L)
depending on Uy, ...,Upr, v and L such that for all integers j1 < jo < ... < jum
with | < jiv1 —j4s < Ll, i =1,2,.... M — 1, for some positive integer I, either
|E (w)|| > 6 for all w € B(m;U,r)\B(m;U,7/2), or E'(u) = 0 for some u €

B(m;U,r).
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The second part of the proposition is the key step of this paper. It basically im-
plies that if there were no critical points in B(7;U, r), then E’ would significantly
pushes the energy down under the deformation (4.10) in B(w;U, r)\B(7;U, r/2).
I will show in the proof of Theorem 4.4 that this could not happen since the
energy of a function u € B(m;U, r) is not much lower than E(r;U).

Proof. Suppose there exists a sequence {u,,} in B(m;U,r) with lim [|E'(u,)|| =
n—oo

0. By Proposition 3.1, there exist wy, ..., wj, in K and sequences I(1,n), ..., I(k,n)
with I(i,n) — I(i + 1,n) — —oo such that along a subsequence of {u,}

nh_)H;O ltr, — Tr(TI(l,n)w17 ey TI(k’n)’wk)HWLz(Q) =0. (4.2)
Therefore
nlLH;OHW(leUl, ooy Tind Un) = T(Tr(1 ) W1y ooy Tr ey W) w2y <7 (4.3)

If one of the I(i,n)’s, say I(j,n), is unbounded in n, then for given R > 0
observe that for some 6 € {—1,1}

r? > i |70y (nyw — T U2 ()

> lim [|V(7r1(n)w) — V(ﬂ'](n)U)F + |771(n)w — W'](H)UP]
N0 JS(1(5,m)T,R)

— [ 1T+ - 6P
S(0.R)
Sending R — oo, I deduce
r=> T}LIEOHWI(n)W = mrm)Ullwiz) 2 [[wj = 0llwiz@) > Ao

by Lemma 2.6, but » > )¢ is inconsistent with the assumption. So k& = 1,
TrmyW = Tr(1,myw1 and I(1,n) is bounded in n Therefore 77 w1 € K is in
B(m;U,r) for large n. This proves the first part.

Assume that the U;’s are isolated. Suppose there exist integral sequences
J(1,n),...,J(M,n) with I(n) < J(@ + 1,n) — J(i,n) < Li(n), and {u,} €
B(m 1)U, m)\B(7 y(n)U, 7/2) with ||E"(u,)|| — 0. If {l{(n)} is bounded in n,
the first part of the proposition implies the conclusion of the second part.

Suppose I(n) — oo. To use Proposition 3.1, I have to show that E(u,) is
bounded in n. First note

nlLII;OE(FJ(n)U) ZE(Ul)-i—...-‘rE(UM). (4.4)
Then consider
|E(un) — E(m 50 U)

1 1
= |/ §|V(un —TymU) + VWJ(n)U|2d5'3 - / §|V7"J(TL)U|2dJ'j
o Q
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—|—/Q[W(un) — W(7mjm)U)]d|
1
_ |/Q 5|V (Un = 7y U)Pdz + /Q V(un = mymU) -V Ude
—|—/[W(un) — W(7m s(m)U)]d|
)

< SV (un = 7y D Z20) + 1V (Un = 71y D) 2@ VT Ull L2 ()

N |

T2 @ llun = 75y Ull2(@) + Cllun = 71m)UllZ2 (0
<GV ey Ull2 ) + 1 (o) D L2 @) [tn — Trey Ullwrz o)
+Calltn — Ty U 1,20

< Cry E(m sy U)un = Ty Ullwr2 ) + Colltn = 75y Ullf1.2(q)-

The last inequality follows from the fact f2(u) < CW (u). And the last line
is bounded uniformly in n by (4.4) and ||u, — WJ(n)UH%/VLQ(Q) < r. Hence
E(uy) is bounded, and along a subsequence of {u,} F(uy) converges. Applying
Proposition 3.1, I find wy, ..., wg, [(1,n),..., I(k,n) with

lim ||un — Wl(n)w”Wl,?(Q) = 0, and (4.5)
i — <r .
nlLII;O||FJ(n)U F[(n)’wHWl,z(Q) =T (4 6)

Claim 1 I(1,n) — J(1,n) is bounded in n.

Otherwise I(1,n)—J(1,n) — —oc or oo along a subsequence. Assume I(1,n)—
J(1,n) — —oo. The other case is similar. Fix R > 0 and consider

A >r?> lim IV (7 r(myw) = V(msyU)|?
n=o0 JS(I(1,n)TL,R)

+|mrmw — T3y U)?] =/ [IVws | + [wy + 1%,
S(0,R)

Sending R — oo, I find [Jwy + 1|[w1.2(q) < Ao that violates Lemma 2.6.
Once I know I(1,n) — J(1,n) is bounded, I can further shift w; and assume
I(1,n) = J(1,n) for all n.

Claim 2 w1 = Ul.

Fix R > 0 and consider

pd >r? > Tim V(71 mw) — V('H—J(l,n)U)F
n—=o0 JS(I(1,n)TY,R)
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+Hmramyw — T UP] = / (IVwy = VUL + [wy — U [?].
S(0,R)
Sending R — oo, I find [Jwy — Urllw1.2(q) < po- Since Uy is isolated, wy = Uy.
Now take 7(77(2,n)U2; s Tr(ar,n)Unr) and 70(T(2,n) W2, ..y Tr(k,n)Wk) to be the
new m;(,)U and 7y, w. Clearly

Tim |17 yw = T Ullwee) < 7

Repeat the same argument to deduce we = U,. This process ends up with one
of the following three cases.

Case 1l k> M.

After M steps of extraction, m(,,)U becomes (—1)M+1

T(TI(M4+1,m) WM 415 -+, TI(k,n)Wk)- Fix R > 0 and observe

and 7y(,)w becomes

A2 > 72 > lim [|V(7r1(n)w)|2 + T ryw — (—1)M+1|2]
n—=o0 JS(I(M+1,n)T!,R)

— [ [Vwaral + loare - DY
5(0,R)

Sending R — oo, I find [lwas41 — (=1 |ly12¢0) < Ao that is inconsistent
with Lemma 2.6.

Case 2 k< M.
This case can be ruled out in the same way.
Case 3 k=M.

For large n, I find 7;(,yw = 7;(,)U. Therefore for large n, u, € B(m;(,)U,7/2)
that violates the assumption about u,. Proposition 4.1 is proved. 5

Remark 4.2 The role of Ll may be replaced by g(l) where g is a positive in-
creasing function of . Then § in the second part depends on U,r,g.

M1
Set U to be the function class in A(_ll) such that v is in ¢/ if and only if
there exist intervals —oo = 51 < t1 < 89 <ty < ... < ...8p < tpr = oo such that

u(zt ') = (1) if t; <2t < sy, i=1,2,.., M — 1. (4.7)

Lemma 4.3 1r61£ E(w)=EU)+ EUs) + ...+ E(Up).

Proof. Clearly for every u e U, i =1,2,.... M,

1
/ [Z|Vul> + W(u)|de >  inf  E(v) = B(U;).
QN{z1€(s;,t:)}

(—1yi+1
”G'A(,ly
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Then E(u) > E(Uy) + ... + E(Up). With the help of Remark 2.4, for every
e > 0, take a function U] near U; and choose a large integer K independent of
i so that U/(x) = (=1)¢ for 2* < —KT*, Ul(z) = (—1)"*! for 2! > KT!, and
|E(U;) — E(U!)| <e/M. Then it U* = n(roxri Ui, Taxr1 U8, ooy Tone k2 Uy ) s

E({U*)=EU))+ EUY) + ...+ E(Uy) < BE(U1)+ ...+ E(Uy) +¢,
which proves the lemma.

Theorem 4.4 Assume the U;’s are isolated. Then for every r, L in the second
part of Proposition 4.1, there exists a positive integer ly such that for all integers
J1 < Jo < .o <gp owithly <1< jiy1—gi < Ll, i =1,2,..., M — 1, for some
positive integer |, B(m;U,r) N K # 0.

Proof. Let r and L be the same as in Proposition 4.1, and § = §(U, r, L) be the
number in the second part of Proposition 4.1.
Note that as lg — oo, E(m;U) — E(U1) + ...+ E(Unm) = inlflE(u). Find Iy
ue

so large that

) T
E(m;U) < ulIgl]f;{E(u) + 5 (4.8)
Take a vector field F'(u) on .A(:ll)MH\IC to be
18 E'(u)
F(u) = 4.9
W )

where E’(u) is the Riesz representation of E'(u) in W12(Q). Assume U & K,

M1
otherwise the theorem is proved. Consider in .A(_ll) the ordinary differential
equation

L (t) = F(z), 2(0) = m,U. (4.10)

It serves as a deformation along which the energy decreases. Note that Lemma
2.5 implies that (4.10) gives a unique local solution. Let o be the maximum
time of the existence of (4.10). Consider two cases:

Case 1 o <1.

If 2(t) € OB(m;U,r) for some t < o, then there exist 0 < s1 < so < ¢ such that
z(s1) € 0B(m;U,r/2), z(s2) € OB(m;U,r), and

T‘/2 < HZ(t) — 7TjUHW1‘2(Q) <r

for s1 <t < 8. Then

/2 < |l2(s1) — 2(s2) w2 (@) = ||/ (t)dt|lwr2) = ||/ F(z)dt|lw.2(
52 52 pd
?/Hﬂmmeﬁg/ i < /1, (4.11)
S1 S1
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a contradiction. Here I have assumed B(m;U,r) N K is empty, otherwise the
theorem is proved.
Therefore z(t) € B(m;U,r) for all t < 0. Then along a sequence ¢, — o,
z(t,,) satisfies
1B/ (=(tn))| — 0 s n — o

which yields the theorem by the first part of Proposition 4.1.
Case 2 0 > 1.

If 2(t) € OB(m;U,r) for some t < 1, the argument in (4.11) gives a contradiction.
Therefore z(t) € B(m;U,r) for all t <1 (in particular z(1) € B(w;U,r)), and

1 1 1
B(2(1)) — B(m,U) = / E'(2) (t)dt = / E'(2)F()dt = / LT
0 0 0 4 4
which implies, with the help of (4.8),
B((1)) < inf B(u) - 2 (4.12)

What has been proved so far is that if B(w;U,r) N K = 0, there is z(1) €
B(m;U,r) whose energy is less than ug{ E(u)—(rd)/8. If (1) € U, I would have

a contradiction. In general z(1) € U, so I have to show that z(1) is almost in U.

Fix R > 0 and large [y, and decompose 2, from left to right, into segments
Ql, S(lel,R), QQ, S(ngl,R),..., S(j]\/[Tl,R), QM+1 SO that

Q=0 USGTHL R UQUS(LTHL R U...US(GuT, R) UQra

where the €;’s and S’s are mutually disjoint. This decomposition depends on
lop. When [y gets larger, the ;’s get longer.

Claim For cach i = 1,2..., M + 1, / V(02 + ;U — (=1)1[2] < T where
Q;
C' is independent of .

To see this, send lj — co. Then

J V@O + 1m0 - (-1 -

/ (VU1 + Uiy — (~1)dar + / VUL +|U; — (~1)]de.
{z'>R} {z1<—R}
This proves the claim.

Note for each i, ||z(1) = (—=1)*||wr.2(q,;) < C+r. Forlarge ly, I can find M +1
integers my, ma, ..., mas+1 such that S(m;Tt, T /2) is contained in Q; and

12(1) = (=1)"lwr2($(mrr 1 /2)) — 0 as I — oc. (4.13)
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Such integers m; exist since the €2;’s get longer as [y gets larger. Define a smooth
function ¢ € [0, 1] satisfying

[0, i g < T /4
¢ )_{ 1, if |21 > T /2.

For z = (21, 2) € Q set £(x) = £(x!). Define

2(1)(x), if v & S(m; T, T /2)
#e) = {@@(

#\r z) = (=1)) 7. & + (=17, if @ € S(m; T, T/2).

Clearly z € U. Also

M+1
_ _ (1) 2
=l = 3 [ IV~ 60 - G0
)~ (1))~ 7 ] = 0 as g — 0
by (4.13). Then as in the argument following (4.4)

[E(z) — EG)] < [IV2(Dll2@ 7 = 2(Dllwr2@) + %IIE = 2(Dl72 (0

HF D 2@ I = 2(Dllwre) +ClI7 = 21D 2120
< CVEEM)IZ = 2(Dllwr 2@ + Callz = 2D [fr2()

that approaches 0 as Iy — oo if E(z(1)) is bounded uniformly in ly. To see that
E(2(1)) is bounded uniformly in lo, observe that [|2(1) — m;Ul[w1.2(q) < r and
E(m;U) — E(U1)+...4+E(U) as lgp — co. The same argument as before shows
that |E(z(1)) — E(m;U)| and E(2(1)) are bounded uniformly in ly. Therefore
E(zZ) — E(2(1)) — 0 as lgp — oo. Combining this with (4.12), I find that for Iy
large enough

SN rd

This is impossible since z € U, and the proof of Theorem 4.4 is complete.

Corollary 4.5 Let V be a solution constructed in Theorem 4.4, and r, l be the
corresponding numbers. Asr — 0 and lg <1 — oo, E(V) — E(U1) + ... +
E(Uy).

Remark 4.6 The solution constructed in Theorem 4.4 is close to m;U and each
75U, © = 1,..., M, corresponds to a transition layer. ly measures the distance
of the layers. The more isolated the U;’s are, the smaller ly can be.
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\ g

Figure 4: An example of unbalanced W.

5 Further Remarks

Remark 5.1 In H-1, the function class C? may be weakened to C*.

I have used E’ to construct the differentiable vector field F' in the proof of
Theorem 4.4 to perform the deformation argument. Such a vector field can be
replaced by a pseudo-gradient field if E’ is only continuous, and the argument
also goes through (see [14]).

Remark 5.2 The gradient term in (1.2) can be generalized.

Proposed by Bates, Fife, Ren and Wang in [2], phase transitions can be modeled
by the Helmholtz free energy functional

F(u) :/Q/QJ(x—y)(u(:v)—u(y)) dmdy—l—/QW(u)dx (5.1)

where J is nonnegative, even, and scaled so that / J(xz)dz = 1. As calculated

Rd
in Fife [9], the gradient flow in L%(Q) associated to (5.1) is
w = [ I = y)uts)y - Kayu = 5 () (52

where K (z) = / J(x —y)dy. If @ = R! and W is not necessarily balanced (see
Q

Figure 4), traveling waves of (5.2) are found in [2]. When W is balanced and
Q C R% is periodic in z!-direction, in [15] Ren and Winter find global minima
of (5.1) in the class of Young measure valued functions.

If change variables in the first integral of (5.1) using n = (z — y)/2, £ =
(x +y)/2, then expand u(z) = u(§ + 1) and u(y) = u({ —n) about & to get

242 [ 30, Y D un) e

k=1|a|=2k—1

29



where a = (o, 2, ..., q), |a| = a1 + g + ... + aq, D* = 091092...09¢, ol =
ailasl..aq!, and n® = ni"n32..n . 11 is the corresponding region for (§,n) in
R? x R4,

Truncate the infinite sum at ¥ = N and integrate with respect to n. This
“truncated ” free energy is given by

N
B(u) = /Q[_Z S A DOuDPu+ W (w))de (5.3)
2,J=1 |a|=2i—1

[Bl=2j—1

where

2 o+
Anp = Agp(x) = 2d+2/ J(2n)n dn

(r@meny  a'f!

is convex in all its indices. Note that A,g is periodic in x!-direction if © is so.

As in (1.3), define A = {u € L},.(Q) : E(u) < oo}. Al is again defined by
(2.5). When N > (d+2)/4, it is not necessary to introduce (2.2). One can just
use the continuity of u to define .Ag. See [4] for this simpler case.

The Euler-Lagrange equation of (5.3) is

N
Z Z D[(Aap + Aga)DPu) — W (u) =0 in 9,

1,j=1 |a|=2i—1
[Bl=2j—1

Bj(u)=00n 0%, j=1,2,...,2N — 1;

where the B;’s are the natural boundary conditions. All the results in this paper
are valid for this higher order problem.

Remark 5.3 One may study unbounded Q) that is only periodic near infinity.

It has been shown in [4] that for N > (d + 2)/4, when § is not periodic in
one direction, the existence of global minima depends on the shape of Q. Let
me reproduce a sufficient condition for all N > 1. Assume that 2 is a smooth
unbounded domain. Suppose it can be divided into three disjoint open domains,
Q1, Q9 and Qyp, such that Q = Q; UQ,UQ. Further assume that g is bounded
and ©y and Qg are “half periodic”. That Q,,,, m = 1,2, is half periodic means
there exists T,,, € R?, m = 1,2, such that for every z,, € Qm, Tm + T € Qim,
and for every x,, € §,, there exist y,, € Qy and a non-negative integer n,,
satisfying =, = ym + nmTm-. Q1 and sy are indeed the two half periodic tails
of . T associate the end e; to € and the other end ey to 5 (see Figure 5).

Treat 2 as a metric space equipped with a distance function p: Q2 x Q2 — R
defined by

1
= inf '(t)|dt
plavy) = inf [ 1/e)

where T is the class of all smooth paths v : [0,1] — Q with v(0) = 2z and
~v(1) = y. Define
Bo(xz,r) ={y € Q:p(y.z) <r}
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Figure 5: An example of Q, G; and Gs.
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to be the ball centered at « with radius r in the metric space (€, p).
Define A and A! by some formulae similar to (1.3) and (2.5) where (,7 €

{-1,1}. Loosely speaking A! = {u € A : limy_., u(z) = ¢, limy—., = n}.
To state an existence theorem in A',, define G,,, m = 1,2, to be the periodic
extension of {2,,, i.e.,

G ={z € RY: 2 +n, T, € Q,, for some integer N }-

I require that G,,, has bounded cross sections perpendicular to 7},,. Denote the
other end of G, by e}, (see Figure 5). Define two auxiliary functionals:

N
Ep(u) = /G > Y AupDuDu+ W (u)lda, (5.4)
m 4,j=1 |a|=2i—1
|Bl=2j—1

where u € AL (m), m = 1,2. Here AL (m) is defined to be

{u€ L}, (G) i Em(u) < 0o, lim u(z) = (=1)", lim wu(z) = (~1)"*}
T—em z—el,
where the limits are interpreted in a way similar to (2.5). The following theorem
gives a sufficient condition for the existence of a global minimum in A* ;.

Theorem 5.4 If Q is a tube half-periodic near the two ends, then

inf FE(u) <min{ inf FEj(u), inf Fs(u)}.
i (u) < {ueAil(l) 1 ( )ueAal(Q) 2(u)}

If the strict inequality

inf E(u) < mi i Ei(u), inf FE
(b Blw) <min{ inf Ei(w), inf o Es(u)}

holds, then (5.3) has a global minimum in AL .

A similar result holds for .Afl. I give the outline of the proof. The reader may
consult [4] for details and applications.

Sketch of the proof. The first part follows from a comparison argument.

The second part is proved with the help of the concentration-compactness
principle (see [11]). Take an energy minimizing sequence {u,, } from A" ;. Define
the concentration function of u,, to be

N

Qn<t>=suP/B< 2 3 AaaD"unD o+ Wlua)lda

yeQ 1,j=1 |a|=2i—1

18l=2j-1
fort > 0. {Q,} is a sequence of nonnegative, nondecreasing, uniformly bounded

functions on [0,00) and lim tlim Qn(t) = A where A = in\fl E(u).
n—oo t—oo u€Al |
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By a classical result about monotone functions, there exist a subsequence
of @, again denoted by @Q,, and a nonnegative, nondecreasing function Q(t)
such that lim Q,(¢t) = Q(¢) for all t > 0. Let A = tlim Q(t). Then A € [0, A].

Consider three cases.
Case 1 X =0 (Vanishing).
This implies for every R > 0,

N
lim sup/ [Z Z AapDup DPuy + W (u)]dz = 0.
Baq(y,R)

n—oo
yeQ 1,j=1 |a|=2i—1

181=2j-1
It does not occur by a result similar to Lemma 2.1 and the fact u,, € AL;.
Case 2 \ € (0,A) (Dichotomy).

It does not occur since {u,} is a minimizing sequence. The proof involves
a careful estimate on the energies of the sequence. Roughly speaking, for a
sequence with A € (0, A) one can always construct another sequence with lower
energies. Therefore an energy minimizing sequence can not be in this case.

Case 3 X\ = A (Compact).

In this case for every € > 0, find R > 0 and a sequence {y,,} C Q such that

N
lim [Z Z AusD%up DPuy + W (uy)ldz > A — e
"I Ba(ynoR) 21 jaj—2ia
181=2j-1

The sequence {u,} converges to a limit in A, if y, is bounded in Q. It turns
out by a comparison argument that under the strict inequality in Theorem 5.4
Yn is bounded. This gives the convergence and a global minimum.
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