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A Variational Approach to Multiple Layers
of the Bistable Equation in Long Tubes

XIAOFENG REN

Communicated by P. RABINOWITZ

Abstract

Multiple-layer solutions of the balanced bistable equation in infinite tubes are
constructed via a variational method. I start with a characterization of Palais-Smale
sequences which easily gives some global minima in the desired function classes
as single layers. Assuming these minima are isolated as critical points, I paste
them together to serve as an approximate multiple-layer solution. If there were no
exact solutions near the approximate one, the negative gradient flow of the energy
functional would significantly lower the energy. On the other hand, if the minima
are kept far from each other, the energy of a function near the approximate solution
is not much less than that of the approximate solution. This contradiction proves
the existence of a solution.

1. Introduction

I study the elliptic boundary-value problem

14

Au—f(u)=0in Q, ? =0on 0K (1.1)

where f is a balanced bistable function (see Figure 1), and 2 is an unbounded
tube-shaped domain in R9.
It is the Euler-Lagrange equation of the energy functional

E(u):/[%|Vu|2+W(u)] dx (1.2)

Q

where W(u) = f f(w)dw, and W is a balanced double-well potential function (see
—1

Figure 2).
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Fig. 2. The graph of W

Equation (1.1) and functional (1.2) are often used to study phase transitions.
The function u is an order parameter representing the state of a material. u = —1 and
u = 1 represent two different orientations of a perfect crystal. Intermediate values
of u then represent disordered states intermediate between the pure states. The first
term in the integral of (1.2) is the interfacial energy density, and the second term is
the bulk energy density. Note that the first term penalizes spatially inhomogeneous
materials while the second term penalizes states that take values other than —1 or
1. In this paper I assume

H-1. W is a C? function that has exactly two global minima at —1 and 1 where
W(=1)=Ww(1)=0,W"(—-1) >0, W’(1) > 0.

H-2. There is a positive number © such that W(u) = Ou? for all |u| > 2.

The second hypothesis has more of a technical nature. Indeed for each W sat-
isfying H-1 and the condition that W' (u) > O for |u| > 1, the maximum principle
implies that bounded solutions of (1.1) lie between —1 and 1, so one can always
modify W to satisfy H-2 without affecting bounded solutions. Except in Section 5,
I assume throughout the paper

H-3. Q is a smooth infinite tube that is 1-periodic in the x'-direction.

To be more specific, I assume that x = (x!,x') € R x R~! = R? is in Q if and
only if x + (1,0,...,0) is in . Furthermore, for every (x',x") € Q, x’ lies in a
bounded subset of R?~!. The two ends of 2 are denoted by e; and e, (see Figure
3).

The domain of the functional E is taken to be

A ={u €Ly (Q): Vue L), Wu) € L'(Q)}. (1.3)
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Here L () is the space of measurable functions that belong to L!(K) for every
compact subset K of €. It turns out that .Z can be naturally divided into four
mutually disjoint subclasses .7 :}, A 1_1, A fl and /5} where

A= {u €.7: lim u(x',x")=¢, lim u(x',x') = n}, ¢,me{-1,1}.
The limits above are understood in an appropriate sense (see (2.3)).
Obviously u = —1 is the global minimum of E in .2 :} ,and u = 1 is the global

minimum in. 7. I prove in Section 3 that E has global minima in.-Z"' | and. 2"
as well (see Theorem 3.1). Then in Section 4, I prove that given some isolated
global minima in .7 1_1 and .7 1_1, I can always “paste” them together to obtain
multiple-layer solutions of (1.1) (see Theorem 4.1). I believe that these solutions
are local minima of E. The isolation condition excludes perfect tubes. A perfect
tube Qis R x Q' for some bounded Q' in R¢~!. In a perfect tube, every translation
of a minimum is again a minimum. For more information about (1.1) in a perfect
tube, I refer the reader to BERESTYCKI & NIRENBERG [5].

The main difficulty (or advantage) of this paper is the unboundedness of the
domain 2. The usual compactness argument in variational problems is no longer
available. For instance, a Palais-Smale sequence does not necessarily converge
along a subsequence. A characterization of Palais-Smale sequences is given in
Section 3.

The key references of this work are COTI ZELATI & RABINOWITZ [7, §]
where multi-bump homoclinic-type solutions of some Hamiltonian systems in R
and semilinear elliptic equations in R? are studied. Another important reference is
RaBINOWITZ [13]. It treats a second-order Hamiltonian system of the form

q+Vyt,q) =0,

with ¢ : R — R”, which can be viewed as a one-dimensional version of (1.1).
There is also a paper of STROBEL [16] along this line. In this ordinary differential
equations setting, each function ¢ in its admissible set is Holder continuous. On
each interval the modulus of continuity of ¢ is controlled by its energy there. In
the partial differential equations setting (1.1), this property is lost. To perform an
estimate on a function u € .7, I often have to use a local average i : R — R (see
(2.2)) of u, whose modulus of continuity can be controlled. Then I consider two
cases: (1) u is close to % and (2) u is far from u. The argument for the first case is
usually simple, but the one for the second case is sometimes tedious (see the proof
of Lemma 2.2 and the comment after the proof).

A variational approach somewhat related to (1.1) is given by KOHN & STERN-
BERG [10] who deal with the singularly perturbed problem
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where €2 is a bounded domain. As ¢ approaches 0, the limiting problem can be
identified, and local minima can be found if the limiting problem has nondegenerate
local minima. I believe that the smallness condition of € in [10] is related to the
unboundedness and periodicity conditions of €2 in this paper.

Work for unbounded domains in the literature includes BRONSARD, GUI &
SCHATZMAN [6], which treats three layered solutions u : R> — R for a three-well
potential, and ALAMA, BRONSARD & GuI [1], which treats heteroclinic type
solutions u : R?> — R? for a two-well potential.

The existence of global minima in //Z was proved by BATES & REN [3,
4] where a higher order variational problem is considered. In those papers the
concentration-compactness principle (see [11]) is applied. Such an idea can also be
used here to yield global minima, but I choose to present a more elegant approach
to Theorem 3.1.

Iinclude a section to discuss further generalizations of my results. In particular,
I discuss tubes that are only periodic near infinity. I sketch a proof of existence of
global minima, with the help of the concentration-compactness principle.

2. Preliminary Results

Tuse C, Cy, C3, .. . todenote generic constants in this paper. They may vary from
line to line. Note that, by H-1 and H-2, there exists C > 0 such that f>(u) < CW(u)
for all u € R. Define a segment S(y', R) of Q to be

SOLR ={E"x)eq: x'—y'|<R}. 2.1)
For every u € .7 (defined in (1.3)), define

1

~ 1y _
I/l(.x )_ |S(_xl,%)|

/ u(y)dy, x'eR (2.2)

St 9

where [S(x!, %)| denotes the Lebesgue measure of S(x!, %) in R9. Note that 4 is
continuous. u can be used to describe phase transitions. The first lemma of this
paper says that no phase transition occurs on a segment if the energy there is small.

Lemma 2.1. Forevery e > 0, there exists § > 0 such that for every u € .4, every
y! € R and every R > 0, the inequality

/ [HVul* + Ww)] dx <6
SO R+1)

implies either that [ti(x") — 1| < eforallx' € (y' —R,y'+R) or that [u(x")+1| < ¢
forallx' € (y! —R,y' +R).



Multiple Layers of the Bistable Equation 173

Proof 2.1. Givenu € .7 and x' € R, I estimate

/ W(u)dy

S(xl,%)
= / W@x") + u — u(x")) dy
S(xl,%)
= [ {waety ey -6t + 40 w7 @
St b
> / W@ ) dy — |fGe)| - [SG DIV - lu = |2 )
Seet b

-G Hu - ﬁ(xl)H/Z}(s(xl )

= WIS, DI = Colf o] - [1Vullpagseer, 1)
_C3Hvu||32(5(x17%))

= Wae)IS!, )| — Coerlf @'y

C 5
_ZHVMHLZ(S(XI,%)) — C3||VM

2
|L2(S(xl,%))
> Wiyl 11 ~ 1 G 2
2 WIS, Pl = Cier W@ = ( 22+ 6 ) [Vulfia y
= (56 ] = Ceenwaiey — (4 ¢y ) | Vul?
= I) 4c1 81 3 Lz(S(x],%))'
By choosing £; small enough, I find
Wax'hy = ¢ / (LVul* + W) dy.
S, 1)
This inequality and the fact that u is continuous prove the lemma.

Corollary 2.1. Foreveryu € .7, 1 lim #(x")and 1lirn T(x") exist and equal —1

X' ——00 X' —00

orl.

With the help of Corollary 2.1, define for {,n € {—1, 1}

Al = {u €.7: lim uxh =¢, lim akxh = 77}. (2.3)

X' ——00

Then.Z =2~ {U.2" U.#{"U. 7. The function classes. /ZZ are characterized
by
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Lemma 2.2. Letu € .7, (,n € {—1,1}. Then for every v € LL.(Q),ve AL
and only if v —u € WH(Q).

W12(Q) is the Hilbert space of measurable L*($2) functions whose gradients
are in (L*(R2))?. The norm in W'2(Q) is

1/2

|lw||wr2q) = / [[Vw]* + w?] dx
Q

Proof 2.2. Letu € %2’ and w € WH2(Q). Then V(u + w) € (L*())? since Vu,
Yw € (L*(2))“. To show that / W(u +w)dx < oo, I estimate
Q

/Wm+wmx=/pwm+wmngfow]w
Q

Q

< / W e+ [0 | 700l 2 + Ci ol
Q
1/2
é /W(u)dx+C2 /W(M) ||w||L2(Q)+C1HlU||%2(Q)
Q Q
< 0.

Now let u,v € 7. Clearly V(u — v) € (L*())?. To see that u — v € LX(R),
set QF = {x ceQ:xl > 0} and Q~ = {x eQ:xl < 0}. Without the loss of

generality, I only show that /(u —v)? < oc. Since [u —v| < Ju—n|+|v—mn|,I
Q+

show |u—n| € L*(22"). Let € be a small number such that (u —1)*> < CW(u) for all
u € [n—e,n+¢e]forsome C > 0. This is guaranteed by H-1. I further decompose
Q" into Q; and 2, where 2 = {x € Q* 1 u(x) € [n —¢,n+¢]} and 2 = Q*\Q;.
Then

/@—ngq/www<m

Q) Q
Note that u — n € W2(G) for every bounded subdomain G of €, since on every
bounded subset of €2, (« — 17)* can be bounded by W (u) + C, where C, > 0 is some
constant. I therefore write

Q= (22N 80, 3)) U (UZ (R N SG, 5))),

/ (u— ) d

U (N8, 1))

and I need to bound
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for large k. Since u(x') — 1 as x! — oo by Corollary 2.1, choose k so large that
u(x") € [n— 3e,n+ 3¢ forallx' > k1 —J. Foreveryx € Q,NS(, 3) withi = k,
Jux) = n| = fux) = @) + [a6) = nf = |uex) — @] + 3¢
< Jux) — )| + [u(x) — G| = 2Jux) - aG).

Now estimate

/ (u(x) — ) dx < / 4(u(x) — u(i)* dx

QN8G, %) QN8G, %)

<cC / |Vul|* dx,
8,3

by Poincaré’s inequality. Summing over i from k to infinity, I deduce that

/ (u—mn)dc < /|Vu|2dx < /|Vu|2dx < 00.
Q

U (RS, 1)) @

In the proof of this lemma the decomposition of * into £2; and 2, is crucial.
2, is the good set on which quantities are estimated directly by W. €2, is the bad
set on which quantities are estimated with the help of u and Poincaré’s inequality.
This trick will be used often in this paper.

Therefore fé’? can be treated as a Hilbert manifold, actually an affine space,
whose tangent space at each u € ﬁég is WH2(), so a critical point of E in fzﬁg is
a classical solution of (1.1) by the standard elliptic regularity theory. The distance
between u and v € .7 ! is taken to be [[u — v|[y12(q)-

Remark 2.1. 1t is easy to prove that for every u € .7/, there exists u’ € .7 as

close to u as I wish so that for some R > 0, u’(x) = ¢ for x' < —R, and u//(x) = 7
forx! > R.

Set
H={ue.Z: Eu=0}. 2.4)

7% is the set of all the critical points of E in .7 . The functional E : //,Z — R has
the following properties:

Lemma 2.3. For each #(, E : . #] — Risin C*(-#{,R), and

E'(uo = / (Vu-Vo+fap| dx, ue. 2], ¢ € W),
Q

E" (), ) = / (V- Vo +f ] de, ue .27, 6,0 € WA

Q
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Proof 2.3. I first show the continuity. Letu € .2/, ¢ € W12(Q). Then

E(u+6) — E@)| < /|W-V¢+%\V¢\2|+I|W<u+¢>>—w<u>\
Q
Q

[IA

[Vull 2@ Voll2@) + %||V¢||%2(Q)
+HIf @l 2@ |9l 2@) + Ci ”QS”IZ}(Q)
IVull 2 VOl + 311V 720

1/2

+Cr / Wads| 6l + Cilld] 2o,
Q

A

=0 asflgflwre) — 0.

Hence E is continuous.
I follow the argument in [14] to show the differentiability. For every u € .Z Z,
P € WH(Q),

1/2
/ V- Vo +£@d] < [Vale Vol + Cs / Wadr|  [6ll
Q Q
<0,
so E'(u)¢ is defined. Note
|[E(u+ ¢) — E(u) — E"(u)¢|
<5 [wePars 1w o) - wao - raol s
Q Q

1
< 51Vl + Co [ dx < Gl
Q

= o([|@[lw12(e)-

Therefore E is Fréchet differentiable. To see that E’ is continuous, let #, — u in
A Z . Then

|E' (up)p — E'(w)g]

A

/V(Mn —u) - Vodx| + || fun) — @2 |0llw2@)
Q

A

l[n = ullwr @) [ llwra@) + Csllun — ullwra@l|@llwi 2@,
so E’ is continuous. The existence and continuity of E” follow along the same lines.

Lemma 2.4. There exists Ao > 0 such that for every u € 7?52 NZ\{C}), |lu —

<||W1,2(Q) > /\0.
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Proof 2.4. This is because the symmetric bilinear form E”(¢) is positive-definite.
For every ¢ € W'(Q),

B0 )= [ [V +£/O] dx 2 Clélfnsa
Q

by H-1. ( is the only critical point in a neighborhood.

A sequence {u,}in. 72 2’ is a Palais-Smale sequence if lim E(u,) = b for some
b 2 0and lim E'(u,) = 0in (W"%(Q))* where (W!2(Q))* is the dual space of
n—oo

W12(Q). The next lemma says that every Palais-Smale sequence is locally compact.

Lemma 2.5. For every Palais-Smale sequence {u,} € .4 Z there exists u € J
such that along a subsequence of {u, }, on every bounded subdomain G of S,

u, —u in WG,
Vu, — Vu weakly in (L*(Q2))".

(The limit u is not necessarily in .4 Z.)

Proof 2.5. Let {u, } be a Palais-Smale sequence in /452’ On an arbitrary bounded
subdomain G of , u, is bounded in L*(G) since by H-2,

/ u? < / {2+éW(un)} dx,
G G

which is bounded by the energy of u,. |Vu,| is bounded in L*(R2) by the energy of
u,. Pass to a subsequence of u,, still denoted by u,,, and find a function u € wW2(G)
for every bounded subdomain G with |Vu| € L?(2), such that

u, — u weakly in WH(G), (2.5)
Vu, — Vu weakly in (L2())?, (2.6)
u, — u inL*G), 2.7)

where the last convergence comes from the Sobolev embedding theorem. From the
weak lower semicontinuity of the quadratic term in E and Fatou’s lemma,

E() < lim E(uy,),
which implies that u € .Z. Take a smooth cut-off function £, 0 £ £ < 1 on R,

such that
i J 1 if x' e [-K,K],
g(x)‘{o if x' ¢ [-K — 1,K+1]. 2.8)

For x = (x!,x") € Q set £(x) = £(x!). Denoting the norm in (W'2(Q)* by || - |, I
find
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2/1E" )| + 31|t — w3120
= E'(uy) [(uy — w)€]

- / Vit -V [ty — €] d + / (i — 1) € 1)
Q Q

= / |V (u, — u)|2§dx + / [V(u, — u) - V& (u, — u)dx
Q Q

+/Vu-V[(un—u)§] dx+/(un—u)£f(un)dx.
Q Q

The second, third and forth terms approach 0 because of (2.5), (2.6), (2.7) and the
boundedness of f(u,) in L3*() by f W(u,). I deduce
Q

lim

1 1
/lvwn—u)lz&fE/W[(unfu)f] 22/<unu)252] =0.
Q Q

Q

n—oo

Since the last term on the left side approaches 0 by (2.7),

lim

/\V(un — u)|*Edx — %/|V[(un —u)€] |2dx] <0. (29
Q Q

n—oo

Note that

1

[ 196 - wPeas -5 [ 19w - weas

Q Q

= / |V (u, — u))*€ dx — %/\V(un —u)|*E dx
Q Q

—/[V(un—u>~v51 <un—u)£dxf%/(un—mwﬁdx,
Q

Q

where the last two terms approach 0 by (2.6) and (2.7). Then (2.9) becomes

Tim / IV — e — Sy dr <0,

n—oo Q

which implies that

lim /\V(un—u)\zdx=0
G

on each bounded subdomain G.
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Finally, I show that u € .%". Let ¢ € W!2(Q) have support in a bounded subset
of Q. Such ¢’s are dense in W!%(R2), so I only need to show that E'(u)¢ = 0.
Consider

E'(,)¢ — E'(w)¢ = /V(un —u)-Vodx +/ [fu) —f@)] ¢dx,  (2.10)

Q Q

where the first term of the right side approaches 0 by Vu,, — Vuweakly in (L*(2)),
and the second term approaches 0 by u, — u strongly in L>(G) for every bounded
G. Therefore, passing to the limit in (2.10), I find

E'(w¢ = lim E'(u,)$ = 0.

An important feature of Palais-Smale sequences is the following lemma that
asserts that uniform energy vanishing on segments of fixed size implies convergence
to a trivial solution.

Lemma 2.6. Let {u,} be a Palais-Smale sequence in 2. If there exists R > 0
such that
lim sup / [%\VM,JZ + W(un)} dx =0,

x'eR
S(x!',R)

then 7! = A for some 0 € {—1,1}, and lim ||u, — 0||w1.2) = 0.
n—oo

Proof 2.6. Let {u,} be a sequence satisfying the assumption. It follows that for
every R > 0,

1
lim sup / [|Vu,,|2+W(un)} dx = 0.
=00 xlgRr 2

S(x!',R)

Lemma 2.1 implies that for large n, 7,(x") lies in a small neighborhood of —1 or 1
for all x!, uniformly in n. Since %, is continuous, u, is in a small neighborhood of
0 € {—1,1}. Therefore .2/ = 7. Consider

[min {4, 47/@)}] " 11 @) |2 +min {1, 37/ O)} un — 0l

2 E/(Mn)(un - 9) (21 1)
= / (Vi * + 3 ' (O)un — 0)°] + / [ )ty — 0) = 3 ' (O)un — 6)7] .
Q Q

The lemma follows if

lim / [f )ty — 0) = 3 ' (O)un — 6)*] dx = 0. (2.12)

n—oo Q
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Assertion. / (u, — 0)* dx is bounded uniformly in n, and
Q

lim sup / (Un(x) — 0)* dx =0,

5G,3)
where 7. is the set of all integers.

To prove this assertion, I take € > 0 so small that (u — 6)> < CW () for some
C>0andallu € [0 —¢,0+¢]. Set Q, = {x € Q: |u,(x) — 0] < &} (the good
set). Then on €2,

/ (u, — 0y dx < C / W (u,) dx, (2.13)
Q Q,
/ (up — 0P dx < C / W (u,) dx. (2.14)
SG, HNg, SG, 1)

Choose 7 so large that [ii,(x') — 0] < 1 forall x! € R. For x € (2\£2,) N S@, 1)
(the bad set),
|un(x) - 0| § 2|un(x) - /’/Zn(i)|a

as in the proof of Lemma 2.2. I deduce that

/ (y — 0)dx <4 / (Un(x) — Tn(1))” dx

o\Q, )

<c)’ / |Vun|2dx=C/|Vun|2dx.
' Q

%6
Combining this with (2.13), I see that f (u, — 6)* dx is bounded uniformly in 7. The

Q
argument also shows, with the help of (2.14), that for every integer i,

/ (un — 0)*dx = C / [31Vual* + W(uy)]| dx.
SG,%) SG,3)
Since the right side approaches 0 uniformly in i as n — oo by the assumption of
the lemma, the assertion is proved.
I proceed to show (2.12). Find € so small that for all u € [0 —¢,0+¢],
Fuw)(u—0)— %f’(@)(u —60)> >20.SetQ, = {x € Q: |u,(x) — 0] < &} (the good
set). Then

lim / [f )ty = 0) = 3 'Oy — 0)] dx = 0. (2.15)

n—oo Q
n

On Q\Q, (the bad set) since |u,(x) — ] > ¢, by H-1 and H-2
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| f )t — 0)] < Clu — )P/ LF1O)uy — 0)?] S Cluy — 0)PHH/4

where C depends on €. Then with the help of Holder’s inequality and the Sobolev
embedding theorem I deduce that

/ £ )ty — 0) — L £/ @)y — 07 dx

LZ(S(i,%)) LZ"/("*Z‘(S(i,%))

Q\Q
sc [ oo
Q\Q,
o0
<c > / (tty — )P/ gy
Em@\e0nsi, 1)
oo
<cC Z / (u, — 0)P4H/4 gy
=%,
oo
2d+4)/d)(2/(d+2 2d+4) /d)(d /(d+2
<cC Z ||Mn _HH(( +4)/d)(2/(d+ ))Hun . 9| (2d+4)/d)(d /(d+2))
i=—o00

4/d
<cC Z |ty — 9\\L§(S(i’%)) / [[Vita|* + (u, — 0)*] dx
e G, 1))

= Cslelg fuen = GHg(dS(i,%))/ [IVun| + ey — 0)?] dx.

Q

This, the assertion and (2.15) imply (2.12), which proves the lemma.

Corollary 2.2. There is vy > 0 such that E(u) = v for everyu € 72\ {—1,1}.
Proof 2.7. Suppose, on the contrary, that there is a sequence {u, } in %Z of critical

points, hence a Palais-Smale sequence, such that lim E(u,) = 0. Then Lemma 2.6

n—oo

implies that ¢ =7 and ||u, — ¢||w1.2() — 0, which contradicts Lemma 2.4.

3. Global Minima

A characterization of Palais-Smale sequences is given in this section. The existence
of global minima follows easily from this characterization. First define two opera-
tors, the shift operator 7 and the pasting operator 7. Let k£ be an integer, and define

Teu(x) = u(x — (k,0,...,0)), x € Q, 3.1
for ¢,n € {—1,1}. Define 7 : ‘,7%2 x . Ay — 4 for(,0,n€{~1,1} by

m(u,v) =u+v— 0. (3.2)
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Through arecursive use of (3.2), w canbe extended tor : .72 22 X A zg XX A ZA —

» ZZ, ie.,

s - ue) = Ty, T, 7 - w1, 1)) (3-3)
These two operators are often used together. If there is no danger of confusion, I
write m;u for w(7j uy, ..., 7j,ux).

Since 2 is unbounded, a Palais-Smale sequence does not necessarily have a
convergent subsequence. The loss of compactness can be caused by the translation
invariance of 2. Take u to be a non-trivial critical point and {i(n)} to be a integral
sequence with i(n) — oo as n — oo. Then {7,u} is a Palais-Smale sequence
without convergent subsequences.

A more subtle way to lose compactness is to have a sequence in which each
function is made of several critical points spreading apart. Let u; € .2 1_1, Uy €
%7 be two critical points, and {i;(n)} and {i>(n)} be integral sequences with
i1(n) —ip(n) — —oo as n — oo. Then {m(7;, (U1, Timu2)} is again a Palais-Smale
sequence without convergent subsequences.

The next result says that these are basically the only ways to lose compact-
ness. The reader should compare it with Lemma 2.5 that says every Palais-Smale
sequence is locally compact.

Proposition 3.1. Let {u,} be a Palais-Smale sequence in fz/{g If lim E(u,) =0,
then 7! = A§ for some 0 € {—1,1} and nlgg) llutn — Olw12q) = 0.

If im E(u,) > 0, then there exist wi,ws,...,wy € FZ\{—1,1}, k = 1,
7 0ix1

w; € Jzée,_ , 01 = ( and Oy = n, and k integral sequences I(1,n),...,I(k,n) with
lim (I(i,n) — I(i + 1,n)) = —oo for each i such that along a subsequence

lim |ju, — Tmw||wiag =0, lim E(u,) = E(w;) + E(wy) + - - - + E(wy).
n— oo n—oo

Proof 3.1. The first part of the proposition follows easily from Lemma 2.6. Now
assume lim E(u,) > 0.Iwill find the w;’s one at a time. Starting with the left most

n—o0

one, wi, I need

. . . . 1
Assertion 1. There exists an integral sequence {i(n)} such that for every R 2 3,

lim / [ Vuu|* + W(uy)] dx > 0,
OO S(i(n)1,R)
and for every other integral sequence j(n) with j(n) — i(n) — —oo, every R > 0,

lim / [%|Vun\2 + W(un)] dx =0.

OO S(j(m)1,R)
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Lemma 2.6 implies that there exists an integral sequence {i(n)} such that for
every R 2 1,
lim / [%\Vu,f + W(u,,)} dx >0,
=0 ¢(i(n)1,R)
for otherwise u, — @ — 0 in W!2(Q) for some # € {—1, 1}, which implies that
E(u,) — 0, contradicting lim E(u,) > 0.

Suppose there is not a leftmost i(n). Then there exist infinitely many sequences,
{j(,m}, {j2,m},..., with j(m + 1,n) — j(m,n) — —oo, such that along a sub-
sequence, for some R > 0,

lim / (1 Vu,|* + W(uy)] dx > 0. (3.4)

n—o0

S(j(m,n),R)

For each m, 7_jou mitn — v € 7% asn — oo in the sense of Lemma 2.5. Note that
E(v,,) > 0 because of (3.4) and Lemma 2.5. Now take k many v,,’s, and k is so
large that E(vy) + - - - + E(vg) > 2 lim E(u,). This can be done by Corollary 2.2.

Enlarge R so that foreverym =1,2,. ..k,

/ [%|V’Um|2 + W(Um)] > %E(Um).

S(0,R)
Then I deduce that
k
nll>nolo E(u,) = Z lim [%|VT,j(m,n)un|2 + W(T,j(m,n)un)] dx

m=1 n—00 g((,R)

k
Z / [%|va\2+W(vm)] dx
m=Lg Ry

%

k
1
2 2D E@) > lim E(uy),

m=1

which is impossible, and Assertion 1 is proved.

Denote the integral sequence {i(n)} in Assertion 1 by {I(1,n)},and letw;, € .7
be the limit of 7_j( ,yu, given by Lemma 2.5. Note E(w;) > 0 by Assertion 1 and
Lemma 2.5, so w; £ —1 or 1. It follows from Assertion 1 and Lemma 2.1 that
?,1(17,,)un(x1) — Casx! - —oo, uniformly in n. Then w; € ./Zz for some
6 € {—1,1}. To find the rest of the w;’s set u, = u, — 71wy +6 € 2. Twill
show that {u],} is again a Palais-Smale sequence with energy close to that of {u, }
minus E(w;), so I can repeat the above argument on {u), }.

Assertion 2. lim E(u)) = lim E(u,) — E(w;).
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Write

E(u,) = E(u,) + E(wy) + / (W (up) — W(u) — W(wy)]
Q

+/Vu:l . VTI(L,,)wl.
Q

The last term on the right side approaches 0 since V7_ »u, — Vw; weakly in
(L*(2))?. T now show that

nlingo [W(un) — W(u) — W(wy)] dx = 0. (3.5)
Q
To this end, write Q = Q; U Q¢ U Qg where
Q ={reQ:x' <-K},
Qc={xeQ:-K<x'<K}, (3.6)
QR:{xGQ:K<x1},

and K is a large integer to be determined. Note that

/ W) — W) — W)
Q
= / (W(T—1a,min) — WT—iamul) — W(wy)] .
Q
On QC
lim [W(T_1(|7n)un) — W(T_](lm)uil) — W(w])] dx = 0 (37)

n—o0

Qc
by Lemma 2.5. Let € > 0 be an arbitrary small number. On Qg choose K so large
that

/ (W(T—1a,mun) — W(T— i mitl) — W(wy)] dx

Qr
< / (WE—1a,min) = W(T—1a,muy)] dx| +¢
Qp

= / |f(T—iamup)wy — 0) + 3 f/(Y(wy — )| dx +¢
Qr

1/2

§ C /W(T—I(l,n)u;/l)dx ||U.)1 -0
Qg

L2(QR) +e+e.



Multiple Layers of the Bistable Equation 185

It / W (T_1(1.ny1,,) dx is bounded uniformly in 7, then choosing large K makes the

Qr
first term on the last line smaller than ¢. To this end, I estimate

/ W(T—1(1 ity
Qr

- / W t1mttn) + (0 — w1 f (11 myitn) + L /YO — w1)]
QR

1/2
< wWu)+C | | Wa)| 110 — willi2g, + Cll0 — wi|?
= n n 1IIL2(Q2R) LIL2(Qg)»
Q Q

which is obviously bounded uniformly in n. Find large K so that for all n,

/ (W(T—1a,mun) — W(T— i mity) — W(wy)| dx| < 3e. (3.8)

Qp

I now turn to ;. Again by choosing large K I find that

/ [W(T—I(l,n)un) — W(T—1(1 mytty) — W(wl)] dx
Qr

§ /W(T_1(17,1)un)dx+/W(T_I(l,,,)u;)dx+€.
Q Q

Assertion 3. || 7_;¢1 nun — (|lw12(q,) approaches 0 uniformly in n as K — oo.

This implies that ||7_;¢1 nuy, — 0|l w12(q,) — 0 uniformly in n as K — co. From
this together with Assertion 3, I deduce that for large K and all n

/W(T—I(l,n)un) dx < ¢, /W(T—l(l,n)uil)dx Se.
QL QL
Then I can find large K so that for all n

/ (W(T—1a,mun) — W(T— i mitl) — W(wy)| dx| < 3e. (3.9

QL

I now prove Assertion 3. The proof is similar to that of Lemma 2.6. Take a
smooth cut-off function

1 ifx'<—-K+1
1N _ 2
5()‘)‘{0 if x' > (K +1)+ 1,
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and £ € [0,1], |¢/| £2.Forx = (x!,x") € Q set £(x) = £(x'). Consider
[min {4, 1O} IE (1w
+min {3, 1O} 10 mitn — O340,

2 E' (71 mtn) [(T—11 myttn — Q€] (3.10)

= /V(Tfl(l,n)un) -V [(Tfl(l,n)un - C)g]
Q
10 / Tttt — O2E2
Q

+/ [Tttt — QEFT—10mUn) — 31 (O 10 mttn — (€] .

Q

I first show that

lim SUP/ (11 mttn — OELT—101 myttn) — 5 1 (OT 11yt — C)zfz}

neN
K—oo Q

=0 (3.11)

where N is the set of all positive integers. Note that

(T—1(1,mUn — ()2 is bounded uniformly in n, (3.12)

{¥'<(=k+D+}}ne

and for every R > 0 and every integral sequence i(n) — —oo,

(7101 wytn — €)* — 0. (3.13)
S(i(n),R)
To see these I argue as in the proof of the assertion of Lemma 2.6. Let € be so

small that for all u € [( —e;,(+¢&1], (u — ()?> £ CW(u) for some C > 0. Let
Q,={xeQ:x! <(=K+1)+3,|7_qmun(x) — {| < &1} (the good set). Then

/ Tttt — O £ C / W(T— 101 mttn) (3.14)
sG, e, s, Hne,

for all i £ —K + 1. Decompose {x cEQ:x' <(—K+D+ %} \ 2, (the bad set)
XL (SG, $)\Q). Assertion 1 implies that

i=—o00

into U

171t mytn — C||Loo(_oo,(_K+l)+%) —0 as K — oo
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uniformly in n. Choose K so large that
17— 11yt — C||L°°(7oc,(7K+1)+%) < %5
for all n. Then for x € S(i, %)\Qn, i< —K+1,
| T— 11 mytn(x) — €| S 2|7 11wy ttn(X) — Tyt iyt ()]

as in the proof of Lemma 2.2. Then

/ 17— 1 mtn () — €

S(i, 1)\
<4 / 7101 myn(X) — T 11 U0
SG, 1)
=C / IV (T— 101 ytn)|* dx.
SG,5)

This, (3.14) and Assertion 1 imply (3.13).

To prove (3.11) let &; > 0 be such that for all |u — (| < e, fwW)(u — ¢) =
(fF'(O)/2)(u — ¢)*. Set , = {x € Q: |u,(x) — ¢| < g1} (the good set). I deduce
that

/ (101 mttn — OF (T—1,mtn) — 3 F1(OT— 11 yttn — C)Zfz]

Q,

= / L.1+ / [L..],

Qun{x'<—k+}} Q:NS(—K+1),1)
The first term of the right side is nonnegative and the second is bounded by
C / (10, mtn — €)? (3.15)
S((—K+1),3)

that vanishes uniformly in # if K is large by (3.13). Therefore

lim sup sup /[(T—l(l,n>un — Q& f(T—1(1,n)t4n)
@,

K—oo neN

— 3 O mun — O] 2 0. (3.16)
On Q\, (the bad set) note

/ [(T—I(l,n)un - C)ff(T—I(l,n)un) - %f,(C)(T—I(l,n)un - C)252]

Q\Q,
= / [.]+ / L..].

@\Qn{x'<—K+1} (@\QINS(—K+1),3)
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The second term approaches 0 uniformly in n as K — oo as in (3.15). The first
term is estimated as follows.

/ [...]dx

@\e)n{x'<-k+1}

=C (T—1(1,mUn — )@/ gy
@\eon{x'<-k+i}
K
2d+4)/d
<) / (T ayttn — Q)34 dix
m=—o00 |
S(m,3)
< C sup r—pamin — €Il
=" e )

[V (1 mun) | + (T g mttn — )] dx
{¥'<(=k+1+1}
(as in the assertion of Lemma 2.6), which approaches 0 uniformly in n as K — oo

by (3.12) and (3.13). This and (3.16) imply (3.11).
Returning to (3.10), I find that

/V(Tfl(l,n)un) Y [(Tfl(l,n)un - C)f] - / ‘v [(Tfl(l,n)un - C)g] |2
Q Q

2 / {IVGE_10.mUn) - VE] (T_1 mttn — )

S(—K+1),4)

=2 V(=i mitn) - VENT_ 11 myttn — OE — IVEH(T—101 pyltn — C)z} .

By (3.13)

lim sup Sllp/ [ V(T_](Ln)lztn) . V[(T_/(m)u,, — C)f]
Q

K—oo neN
~|VI(T— 11 myttn — O)EN*1 2 0.

Combining this with (3.11) and (3.10) I find

(T—11,mttn — Q& |lwr2@) — 0as K — oo,

uniformly in n. This proves Assertion 3.
From (3.7)—(3.9) I deduce (3.5). Hence the proof of Assertion 2 is complete.

Assertion 4. {u),} is a Palais-Smale sequence in .7 ).
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Let ¢ € WH2(Q). Consider

E'(T_10,muy)$ = /V(Tﬂ(l,n)uﬁz) Vo + /f(T—la,n)M;,)f/)
& &

- / Vi) - Vo — / V- Vo + / Frramill )
Q Q Q

= E/(Tfl(l,n)un)gZS

+/ [f 1) +F (T mup)P — f(T—1(1 myttn) D] -

Q

Assertion 4 follows if

lim sup / [f(wl)qb +f(7'_1(17,,)u,’1)¢ —f(T_](17n)un)(]ﬂ dx| =0. (317)

n— oo Sl
lolly12w=t |8

I again decompose €2 into 2;, Q¢ and Qg by (3.6). On ¢, I have

lim  sup / [fw)o +f(T—10,mu)d — F(T—1(1mitn)P] dx =0

n—0o0
”¢'HW1,2(¢)§IQC

since 7'_1(17,1)u; — @ and 7_;q ylty — wy in L3(Q20) by Lemma 2.5. On Qg, [ have
172

/ﬂmm»gc /me> 18]z
Qr Qr

which is bounded by a small quantity times the W'2(£2) norm of ¢ if K is large,
and

/ [fT—iamity) — (i mun)] ddx| < Cllwy — 0] 200 1]l 120

Qr

which again is bounded by a small quantity times the W!2(Q2) norm of ¢ if K is
large. On 2;, I have

1/2
/ﬂmW§C /Wwo 16ll20
Q Q

/f(T—I(l,n)“n)¢ = C”T—/(l,n)un - <||L2(QL)H¢||L2(Q)7
Q

/f(T—I(l,nW;)(b = C||7'—1(l,n)”; - ‘9||L2(QL>||¢HL2(Q>~
Qr
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Assertion 3 implies that the right sides of these three inequalities are all bounded by
small (uniformly in 7) quantities times the W'-2(2) norm of ¢. This gives (3.17),
and Assertion 4 is proved.

To prove the proposition, repeat the argument on u), and find w,, ws, . . . . Lemma
2.5 and Assertion 3 imply that for every K > 0, 7_jq », — w; in wh2(Qn
{xl < K}) as n — oo. This forces I(1,n) — I(2,n) — —oo. Corollary 2.2 and
Assertion 2 ensure that there are only finitely many wy,’s. I therefore have w;, w,,
.oowg, and {I(1,n)}, {12,n)}, ..., {I(k,n)} such that extracting the w,,’s along
the {I(m, n)}’s implies that

lim E(u, — 10 w1 + 02 — Tiomw2 + 03 -+ - — Tre myWi + Ok1) = 0,

n—oo

where 0,,.1 = lim w,, (xl). Then the first part of the proposition implies

lim [Ju, — 7(T501 W15 TIQm W2, s Tre,myWi) || w2y = 0.

n—oo

The proof of Proposition 3.1 is complete.

Theorem 3.1. In each .7 2’ there is a global minimum of E, i.e., there exists u €

ré’g such that
EG= inf E@).

VeSO ¢

Proof 3.2. Clearly u = —1 is the global minimum in. 2 j and u = 1 is the global
minimum in . Z1. I need only to consider . 2" |. The case of .7 is analogous.
Letu, C .7 Ll be a minimizing sequence, i.e.,

lim E(u,) = inf E(u).
n—oo 1

uc. o _,

According to Corollary 4.1 of [12], there exists another minimizing sequence
{v,} € .#", such that

E(v,) = E(uy),
lvn — tn|| w12y — 0 asn — oo,
|lE"(v)|| = 0 asn— oc.
The first part of Proposition 3.1 implies that nli}rgo E(v,) > O since {v,} ¢ 2",

and the second part then implies that there exist wy,ws,...,wy € %, k = 1,
w; € .,7695”, 0, = —1 and 6, = 1 such that

lim E(v,) = E(wy) + - - - + E(wy).

Obviously at least one of the w;’s, say wj, is in .ﬁfél_l, and E(w) = nlinolo E(vy).
Therefore k = 1 and along a subsequence of {v, }

l[vn = T1¢j,mwjllwia@) — 0asn — oo
for an appropriate integral sequence /(j, n). Hence wj is a global minimum.

Remark 3.1. Corollary 4.1 of [12] is stated for a Banach space. However the same
proof works for .2 1_1, a complete affine space.
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4. Multiple-layer Solutions

" 9 — p— M+1 . . .
Take U, € ,//;171, U, € 4, L. LUy € "/ZEJ;M to be M global minima in
their own subclasses. The existence of these minima is guaranteed by Theorem 3.1.

In each 7742’ set
B(u,R) = {v €A1 o —ullwie <R}. (4.1)

A key assumption in this section is that the U;’s are isolated, i.e., there exists
to > 0 such that . Z(U;, uo) N 7% = {U;} foralli=1,2,... M.

Note that given integers ji,...,ju, I write m;U for 7(7;, Uy, ..., 7j,, Up). The
reader may think it as an approximate solution near which a real solution is to be
found if ji, ...,y are chosen properly.

Proposition 4.1. Let 0 < r < Ao, where )\ is defined in Lemma 2.4, be fixed. For
integers ji < jp < --- < jy, there exists § = 0(j, U, r) depending on ji,. .., ju,
Ui, ..., Uum, andr such that either |[E'(w)|| > 6 forallu € 2 (m;jU,r) C L/%(:ll)ml,
or E'(u) = 0 for some u € %(WjU, r), the closure of (U, r).

If the U;’s are isolated and g is the corresponding small number, then for
every 0 < r < min {\g, uo } and every positive integer L there exists 6 = 6(U, r, L)
dependingon Uy, ..., Uy, r and L suchthat for all integers ji < jy < ... < jy with
I <jiwm—Jji<LlLi=1,2,...,M—1, for some positive integer I, either ||[E' (w)|| > ¢
forallu € Z(mU, N\ 2 (mU, %r), or E'(u) = 0 for some u € .5 (m;U,r).

The second part of the proposition is the key step of this paper. It implies that
if there were no critical points in %(WJU , 1), then E’ would significantly push the
energy down under the deformation (4.10) in .2 (m; U, r)\.Z(m;U, %r). I will show
in the proof of Theorem 4.1 that this could not happen since the energy of a function
u € B(mU,r) is not much lower than E(m;U).

Proof 4.1. Suppose that there exists a sequence {u, } in .Z(m;U, r) with the prop-
erty lim ||E'(u,)|| = 0. By Proposition 3.1, there exist wy,. . ., wy in .7 and se-
quences I(1,n),. .. I(k,n) with [(i,n) — I(i+ 1,n) — —oo such that along a subse-
quence of {u,}

nlingo lun — 7(T10 WIS - - -5 TigmWE) || w12y = 0. 4.2)
Therefore
Iim ||m(7, U, ... 75 Un) — T(Ta mwi, - - Tikmwo)wiagy S v (4.3)
n—oo

If one of the I(i, n)’s, say I(j, n), is unbounded in n, then for given R > 0 and
for some 0 € {—1,1},
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r 2 limy oo ||y w — W/(")U”%VLZ(Q)

> lim,— 00 / [|V(7T1(n)w) — V(i) + | mrmw — 7TJ(n)UH

SUGm1,R)
= / [[Vwj|* + Jw; — 6] .
S(0,R)

Sending R — oo, I deduce that

rz Im ||mmw — mmUllwiag 2 [lw — 0llwiag 2 Xo

n—oo

by Lemma 2.4, but r = )\ is inconsistent with the assumption. So k = 1, mymw =
Tia1,mw; and I(1, n) is bounded in n. Therefore 7, yw; € .7 is in E(WJU, r) for
large n. This proves the first part.

Assume that the U;’s are isolated. Suppose there exist integral sequences
J(L,n),....J(M,n) with I(n) < J@G + L,n) — J(@,n) < Ll(n), and {u,} €
B(mywU, D\LB (7w U, %r) with ||E'(u,)|| — 0. If {I(n)} is bounded in n, the
first part of the proposition implies the conclusion of the second part.

Suppose that I(n) — co. To use Proposition 3.1, I have to show that E(u,) is
bounded in #n. First note that

lim E(?T](H)U)=E(U])++E(UM) (44)
Then consider

|E(uy) — E(my)U)|

= /%|V(un—7rJ(,,)U)+V7rJ(,L)U|2dx—/%|V7TJ(,1)U|2dx
Q Q

+ / (W(up) — W(msomU)] dx

Q

’/ %|V(Lin — WJ(,,)U)|2dx+/V(u,, — 7T](,1)U) . VTFJ(n)de
Q Q

+ / (W(up) — W(msomU)] dx
Q

[IA

IV = T D720y + 1V Wt = a6 D 2@ | V0 Ul 12020

+F @y Dl 2@ lltn — T Ul + Clltn — T Ull7a

A

IV Ul + L o D lz@)[un — Ty Ullwr2 e
+Co[|uy — 7TJ(n)U”%VLZ(Q)

§ Cl V E(ﬂ-J(n)U)”un - 7TJ(n)U||W1,2(Q) + C2H“n - 7TJ(n)UH%Vl,2(Q)~
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The last inequality follows from the fact that f>(u) < CW(u). And the last line is
bounded uniformly in n because of (4.4) and the inequality ||u, — 7, U|[3, 2@ <
r. Hence E(u,) is bounded, and E(u,) converges along a subsequence of {u,}.
Applying Proposition 3.1, I find wy, ..., wy, I(1,n),. .., I(k,n) with

lim ||I/ln — TI'[(n)’UJ”Wl,Z(Q) = 0, (45)
n—oo
lim sup H7TJ(11)U — 71'1(")’LU||W1,2(Q) § r. (46)

n—oo

Assertion 1. I(1,n) — J(1, n) is bounded in n.

Otherwise I(1,n) — J(1,n) — —oo or oo along a subsequence. Assume that
I(1,n) — J(1,n) — —oo. The other case is similar. Fix R > 0 and consider
/\(2) > 2
Z lim sup / [|V(7T](n)’w) — V(Tfj(n) (])‘2 + ‘T[(n)w — Wj(n)U‘Z]

n—o0o

S((1,n),R)

_ / (V01> + ) + 17 .

S(0,R)

Sending R — oo, I find that ||w; + 1{|yy1.2q) < Ao, Which violates Lemma 2.4.
Once [ know that I(1,n) — J(1, n) is bounded, I can further shift w; and assume
that I(1, n) = J(1, n) for all n.

Assertion 2. w; = U,.

Fix R > 0 and consider
g >r’
2 limsup / (V@ mw) = Vman U
e SU(1,n),R)

1 mw = 71w U]

- / [IVwr — VUL + Jun — U]
SO,R)

Sending R — oo, I find ||[w; — Uj||w1.2q) < po. Since Uj is isolated, w; = U;.

Now take ’/T(T](z’n) U, ... ,T_](MJ,)UM) and W(T](zﬁn)wz, ... ,T[(k,n)wk) to be the
new ;U and mp,yw. Clearly

lim ||7yw — 7 Ullwi 2y S 7.

n—oo

Repeat the same argument to deduce that w, = U,. This process ends up with one
of the following three cases.
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Case 1. k > M. After M steps of extraction, 7, U becomes (—1)”*! and 7w
becomes T(Ty(m+1,0WM+15 - - - > Tik,nyWk)- Fix R > 0 and observe that

)\5 > r? > lim sup / [|V(ﬂ-l(n)w)|2 + | Trmw — (_1)M+1|2]

SUM+1,m)1,R)

= / HVU)MH‘Z + w1 — (—1)M+l|2] .

S(O0,R)

Sending R — o0, I find that ||wys1 — (— DM |12y < Ao, which is inconsistent
with Lemma 2 .4.

Case 2. k < M. This case can be ruled out in the same way.

Case 3. k = M. For large n, I find that m;,yw = 7y U. Therefore for large n,
u, € B(mymU, %r) that violates the assumption about u,,. Proposition 4.1 is proved.

Remark 4.1. The role of LI may be replaced by g(/) where g is a positive increasing
function of /. Then § in the second part depends on U, r, g.

M+1
Let 77 be the function class in .7 (:11) such that u is in 77 if and only if there
exist intervals —oco =51 < f; < 8§, < th < ---85y < ty = oo such that

uGx', x)= (=" if < x' <sipp, i=1,2,..., M — 1. 4.7)

Lemma 4.1. in/f Ew)=EWU)+EWU)+---+EUy).

ue?l

Proof 4.2. Clearly foreveryu € z2,i=1,2,...,M,

[3|Vul* + Wu)] dx = inf L E@) =EWU).
(=it

QN{x'esi,n} VST (i

Then E(u) = E(Uy) + - - - + E(Uy). With the help of Remark 2.1, for every € > 0,

take a function U/ near U; and choose a large integer K independent of i so that

Ul(x) = (=1) for x' < —K, Ul(x) = (=)™ for x! > K, and |E(U;) — E(U})| <

E/M IfU* = W(TQKUI, 7'4[(Ué, . 77-2MKU}/V[)’ then

E(U*)=EWU)+EWUy) +---+EWUy) S EWU)+---+EWUy) +e¢,
which proves the lemma.

Theorem 4.1. Assume that the U;’s are isolated. Then for every r, L in the second
part of Proposition 4.1, there exists a positive integer ly such that for all integers
J1 < jo < oo < jywithly £1<jiyq—ji <Lli=12,....,M — 1, for some
positive integer 1, B(m;U,r) N7 % ).
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Proof 4.3. Let r and L be the same as in Proposition 4.1, and § = §(U, r, L) be the
number in the second part of Proposition 4.1.
Note that as Iy — oo, E(m;U) — E(Uy) + -+ E(Uy) = inf E(u). Find [y so

ue?t

large that
E(mU) < inf E(u)+ §ré. (4.8)

ue?l

Take a vector field F(u) on .7 fpml \.7 to be

r§ E'®u)

T e W

(4.9)

where E'(u) is the Riesz representation of E'(u) in W'2(£2). Assume that ;U & .77

otherwise the theorem is proved. In .7 (__II)MH consider the ordinary differential
equation
Z(t) =F(2), 2(0) = mU. (4.10)

It serves as a deformation along which the energy decreases. Note that Lemma 2.3
implies that (4.10) gives a unique local solution. Let o be the maximum time of the
existence of (4.10). Consider two cases:

Case 1.0 < 1. If z(t) € 0.2(m;U, r) for some t < o, then there exist sy, s, with
0 < 51 < 55 < o such that z(s1) € 0.7(mU, %r), 2(s2) € 0.8(m;U, r), and

ir <|lz@) = MU ||y < r
for s; <t < s,. Then

%” < ||Z(Sl) - Z(SZ)HWIJ(Q)

52 52
||/Z'(f)df||wl=2<sz> = ||/F(Z)df||wl=2(sz>
81 §1

5

/ﬁwgh, 4.11)

[IA

1,2 S
/Hf(Z)HW’(Q)dt, 15

§1

a contradiction. Here I have assumed that % (m;U, r) N 7% is empty; otherwise the
theorem is proved.
Therefore z(t) € % (m;U, r) for all t < o. Then along a sequence #, — o, z(t)
satisfies
||E,(Z(tn))H —0 as n— oo,

which yields the theorem by the first part of Proposition 4.1.
Case 2. 0 > 1. If z(tr) € 0.%(m;U,r) for some ¢+ < 1, the argument in (4.11)

gives a contradiction. Therefore z(r) € .Z(m;U,r) for all + < 1 (in particular
z(1) € B(m;U, r)), and
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1 1
E(Z(l))—E(WjU)=/E/(Z)Z'(t)dt=/E'(Z)F(Z)dl
0 0
1
=/—%r5dt=—%r5,
0

which implies, with the help of (4.8),

E(z(1)) < inf E(u)— §ré. (4.12)

ue?o

What has been proved so far is that if .Z(m;U,r) N7 = 0, there is z(1) €
A (m;U, r) whose energy is less than inf E(u) —rd/8.1f z(1) € 77,1 would have
ue'?t
a contradiction. In general z(1) ¢ 77, so I have to show that z(1) is almost in 77.
Fix R > 0 and large Iy, and decompose €2, from left to right, into segments €2,

S(j1,R), 22, 8(j2, R),. .., S(jm, R), S2m41 so that
Q= US>, R U US>, R)U---US(jn, R) U Q1
where the 2;’s and S’s are mutually disjoint. This decomposition depends on /.

When [, gets larger, the 2;’s get longer.

Assertion. For eachi = 1,2... .M + 1, / (V@) +|mU — (=] < c
where C is independent of l. Q

To see this, I send [; — oo. Then
/ [V + |mU — (= 1)[]
Q,
- / (VUi +|Ui—y — (=D'] dx
{x'>R}
+ / [[VU|* + U — (=1)|?] dx.
{x'<—R}

This proves the assertion.
Note that for each i, ||z(1) — (—1)||y1.2(q,) < C+r. For large [y, I can find M +1
integers mj,my, . .. ,my41 such that S(m;, %) is contained in €2; and

||Z(1) - (71)i||wl,2(s(mi’%)) — 0 as l() — OQ. (413)

Such integers m; exist since the €2;’s get longer as [y gets larger. Define a smooth
function £ € [0, 1] satisfying
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0 iflx'| <4,
£ =
1ifx!) > 1

For x = (x',x') € Q set £(x) = £(x'). Define

z(1)(x) if x ¢ S(m;, %),
Z(x) =
(D) = (D)7 + (1) if x € S(m;, %)-

Clearly 7 € 7Z. Also

M+1

2= 2w = [ 1960 =G0 - D)moP
= s,

+(z(1) = (= D)1 = 7,1 — Oas I — O
by (4.13). Then as in the argument following (4.4)

|E(@) — E(z(1)] = [|[Vz(D|| 2 [IV@ — z()||122)
+3IVE =27
+ || f | 2@ llz — 2Dz
+Clz - Z(l)”iz(ﬂ)

= CVEG@()|Z = z(D)][wiae + Col|Z — Z(l)”%vl,z(g),

which approaches 0 as [y — oo if E(z(1)) is bounded uniformly in /. To see
that E(z(1)) is bounded uniformly in Iy, observe that ||z(1) — 7mjU||y12q) < 7
and E(m;U) — E(Uy) + --- + E(Uy) as [y — o0o. The same argument as before
shows that |E(z(1)) — E(m;U)| and E(z(1)) are bounded uniformly in /y. Therefore
E®) — E(z(1)) — 0 as ly — oo. Combining this with (4.12), I find that for [, large
enough,

s . 1
E@<£%ﬂm—ﬁm

This is impossible since 7 € %7, and the proof of Theorem 4.1 is complete.

Corollary 4.1. Let V be a solution constructed in Theorem 4.1, and r, | be the
corresponding numbers. Asr — Qandly < 1 — oo, E(V) — E(Uy)+...+E(Uy).

Remark 4.2. The solution constructed in Theorem 4.1 is close to ;U and each
7;Ui, i =1,...,M, corresponds to a transition layer. [ measures the distance of
the layers. The more isolated the U;’s are, the smaller /o can be.
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5. Further Remarks

Remark 5.1. In H-1, the function class C?> may be weakened to C'.

I have used E’ to construct the differentiable vector field F in the proof of
Theorem 4.1 to perform the deformation argument. Such a vector field can be
replaced by a pseudo-gradient field if E’ is only continuous, and the argument also
goes through (see [14]).

Remark 5.2. The gradient term in (1.2) can be generalized.
As proposed by BATES, FIFE, REN & WANG [2], phase transitions can be

modeled by the Helmholtz free-energy functional

F(u) = // J(x — y)(ulx) — u(y))2 dxdy + / W(u) dx 5.1
QQ Q

where J is nonnegative, even, and scaled so that / J(x)dx = 1. As calculated in

R4
Fi1FE [9], the gradient flow in L*() associated with (5.1) is

uf = / J(x — yyu(y)dy — Koou — f(u) (52)

Q

where K (x) = / J(x—y)dy.If Q = R and W is not necessarily balanced (see Figure

Q
4), traveling waves of (5.2) are found in [2]. When W is balanced and 2 C R9 is
periodic in x'-direction, REN & WINTER [15] find global minima of (5.1) in the
class of Young measure valued functions.

1‘ Ww)
\ . T~
N—" 0 )

u

Fig. 4. An example of unbalanced W

If I change variables in the first integral of (5.1) using n = %(x —y),&= %(x +y),
and then expand u(x) = u(¢ + 7)) and u(y) = u(§ — n) about &, I get

> 1
22 [sany Y ptuen P ddn,

- k=1 |o|=2k—1
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where a = (a1, q2,...,q), | = ay + 2 + -+ ag, D* = 02022 - -- O,
al = ajlap!---aq!, and n® = n"'n3? ---ng”. II is the corresponding region for
(¢,m) inRY x R,

Truncate the infinite sum at k = N and integrate with respect to 7. This “trun-

cated” free energy is given by

N
Ews= [ > Y AasD*uD’u+Wu)| dx (5.3)
@ [Wely
where
J@nyn°+?
_ _ ~d+2 A=
Aag —Aaﬁ(x)—z oz!ﬂ!
{n:(x,me}

is convex in all its indices. Note that A, is periodic in the x!-direction if 2 is so.

As in (1.3), define . Z = {u S Llloc(Q) c E(w) < oo} . %2 is again defined by
(2.3). When N > i(d + 2), it is not necessary to introduce (2.2). One can just use
the continuity of u to define . 7 27 See [4] for this simpler case.

The Euler-Lagrange equation of (5.3) is

N
Y > DY[(Aap +As)D u] = W) =0 inQ,
ij=1 |a|=2i—1

181=2j—1

Bi(u)=0on0Q, j=1,2,...,2N — 1,

where the B;’s are the natural boundary conditions. All the results in this paper are
valid for this higher order problem.

Remark 5.3. One may study an unbounded €2 that is only periodic near infinity.

It has been shown in [4] that for N > %(d + 2), when 2 is not periodic in
one direction, the existence of global minima depends on the shape of Q2. Let
me reproduce a sufficient condition for all N = 1. Assume that £ is a smooth
unbounded domain. Suppose it can be divided into three disjoint open domains,
Q,, Q, and Q, such that Q = Q; U 2, U Q. Further assume that €, is bounded
and 2 and €2, are “half periodic”. That €2,,, m = 1,2, is half periodic means that
there exists T, € R?, m = 1,2, such that for every X, € Quu, Xy + T, € Q, and
for every x,, € €2, there exist y,, € € and a non-negative integer n,, satisfying
Xm = Ym + 0, T 1 and 2, are indeed the two half-periodic tails of €2. I associate
the end e; with €2; and the other end e, with €2, (see Figure 5).

Treat 2 as a metric space equipped with a distance function p : 2 x Q@ — R
defined by

1
= inf )| d
p(x,y) ;rér/lv (0| dt
0
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2 €
ad
o} e
2
e ey
G
A e
e e e e e e e e e e PN
G,

Fig. 5. An example of €2, G; and G»

where I is the class of all smooth paths 7 : [0, 1] — Q with v(0) = x and (1) = y.
Define

Bo(x,r)={y € Q: p(y,x) <r}
to be the ball centered at x with radius r in the metric space (€2, p).

Define . Z and %g by some formulae similar to (1.3) and (2.3) where {,n €
{=1,1}. Loosely speaking .2/ = {u € .7 : lim,—, u(x) = (, limy—., =0} . To
state an existence theorem in. %4 1_1, define G,,, m = 1,2, to be the periodic extension
of 2, 1.e.,

Gy ={x € R?: x +n,T, € Q, for some integer n,, } .

Irequire that G,, have bounded cross sections perpendicular to 7;,. Denote the other
end of G,, by ¢/, (see Figure 5). Define two auxiliary functionals:

N
E,(u) = Z Z AasDuDPu+ W) | dx, (5.4)
G M= g2

where u € ./Zil(m), m=1,2. Here .,//le(m) is defined to be

{u € Lho(Gyn) : En(u) < 00, lim u(x) = (—1)", lim u(x) = (—D’"“}

where the limits are interpreted in a way similar to (2.3). The following theorem
gives a sufficient condition for the existence of a global minimum in .7 1,1.
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Theorem 5.1. If Q is a tube half-periodic near the two ends, then

inf E(u) < min inf  Ei(w), inf E)(u) ;.
ue A ue A () ue A @

—1
If the strict inequality

inf  E(u) < min inf  E((w), inf E(u)
we A" ue A" (1) e

holds, then (5.3) has a global minimum in .4 a 1

A similar result holds for. 2 fl. I give the outline of the proof. The reader may
consult [4] for details and applications.

Sketch of the proof. The first part follows from a comparison argument.

The second part is proved with the help of the concentration-compactness prin-
ciple (see [11]). Take an energy minimizing sequence {u, } from AL 1- Define the
concentration function of u, to be

N
0,(t) = sup Z Z AaﬁDo‘u,,Dﬁun + W(u,)| dx
cQ — =
N O L

forr = 0. {Q,} is a sequence of nonnegative, nondecreasing, uniformly bounded
functions on [0, co) and

lim lim Q,(f) = A where A = inf E(u).

1
n—o0 —00 MEer/é,l

By a classical result about monotone functions, there exist a subsequence of
Q.. again denoted by Q,,, and a nonnegative, nondecreasing function Q(¢) such that
lim Q,(t) = Q(¢) forallr = 0.Let A = lim Q(¢). Then A € [0, A]. Consider three
n—oo — 00
cases.

Case 1. A = 0 (Vanishing). This implies that for every R > 0,

N
lim sup AosD*u,Du, + W(u)| dx = 0.
timsw [ 5 A

ij=1 |a|=2i—1
Bo(vR) |7 G5

It does not occur by a result similar to Lemma 2.1 and the fact that u,, € .2 ]_1.

Case 2.\ € (0, A) (Dichotomy). This case does not occur since {u, } is a minimizing
sequence. The proof involves a careful estimate on the energies of the sequence.
Roughly speaking, for a sequence with A € (0, A) one can always construct another
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sequence with lower energies. Therefore an energy minimizing sequence cannot be
in this case.

Case 3. A = A (Compact). In this case for every € > 0,1 find R > 0 and a sequence
{yn} C €2 such that

N
im Z Z AapD*u,DPu, + W(u,) | dx > A —e.
"B OB | S

The sequence {u,} converges to a limit in %1_1 if y, is bounded in . It turns
out by a comparison argument that under the strict inequality in Theorem 5.1 y, is
bounded. This gives the convergence and a global minimum.
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