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We construct local minimum solutions for the semilinear bistable equation by
minimizing the corresponding functional near some approximate solutions, under
the hypothesis that certain global minimum solutions are isolated. The key is a cer-
tain characterization of Palais—Smale sequences and a proof that the functional
takes higher values away from the approximate solutions.  © 1997 Academic Press

1. INTRODUCTION

In this note we continue to study the problem posed in [ 1]. Consider the
semilinear elliptic equation

—Au+fu)=0 in Q

1.1
%=O on 0Q. (1.
ov

where f'is a bistable function, and £ is an unbounded tube-shaped domain
in R? (1.1) is the Euler-Lagrange equation of the functional E defined by

E(u)zjg [L1Vul® + W(u)] dx (1.2)

where W(u)=|"“, f(w)dw, and W is a double well potential function of
equal depth. The domain of the functional FE is taken to be the class
o ={uel,

loc

(Q): Vue (L*(R2))% W(u)e L'(Q)}. (1.3)
Here L, () is the space of measurable functions that belong to L'(K) for
every compact subset K of Q.
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14 XIAOFENG REN

We present an alternative approach to the construction of multi-layer
solutions of (1.1) by minimizing £ near some proper approximate solu-
tions. The solutions being local minima of E reflects the advantage of this
approach since in Theorem 4.4 [ 1] solutions are found through an indirect
deformation argument and they are only known as critical points of (1.2).
The hypothesis here that guarantees the existence of the solutions is also
weaker than that in [1] (see Remark 2).

The precise conditions on f, W and Q2 are given as follows.

H-1. W is a C? function that has exactly two global minima at —1
and 1, where W(—1)=W(1)=0, W"(—1)>0, and W"(1)>0.

H-2. There exists @ > 0 such that W(u)= Ou? for all |u| > 2.

H-3. ©Q is a smooth infinite tube periodic in x'-direction, i.e.,
x=(x, x)eR'xR""'=R%is in Q if and only if x+(1,0,..,0) is in Q
and x’ lies in a bounded subset of R/~ "

Note that H-2 is more or less of technical nature. Indeed for each W
satisfying H-1 and W”(u) >0 for |u| > 1, the maximum principle implies
that bounded solutions of (1.1) lie between —1 and 1, so one can always
modify W to satisfy H-2 without affecting bounded solutions.

As a consequence of H-1 and H-2 there exists C>0 such that for all
ueR'

S u) < CW(u). (1.4)
Define a segment S(x', ¢), x' and re R!, of Q by
Sxl 0 :={(y,y)eQ: |y —x'| <t}. (1.5)

For every ue.o/ (defined in (1.3)) define a continuous function #: R' — R!
by
i(x") =

1
1S 1720 4 'eR! 1.6
|S(x', 1/2)] L(xl, 1/2) uly) dy. X enr, (1.6)

where |S(x', 1/2)| denotes the Lebesgue measure of S(x', 1/2) in R“.
Corollary 2.2 [1] states that for every ue., lim._, __ @(x') and
lim,i ,  #(x') exist and equal —1 or 1. Setting

X

.ﬂg:{ue&f: lim a(x')=¢, lim a(x1)=;7}, Lne{—1,1}, (1.7)

xlﬁfao 0

we decompose .of =.o/ “Ju.A AT UA].



MULTI-LAYER LOCAL MINIMUM SOLUTIONS 15

If ue .o/, then Lemma 2.3 [1] states that every vel] (Q) is in A7 At
and only if v —u e W' *(Q). Therefore each subclass .77 is a complete affine
space, a translate of W"?(Q), where the tangent space at each point is
W' 2(Q), the distance of u,ve .o/ is |u—v| 12, In /7 we use B(u,r)
to denote {ve.o/”: |u—vl yi2gq) <r}.

Lemma 2.5 [ 1] states that E: /7 —> R' belongs to C*(/%, R'), where

E’(u)¢=£2 [Vu-Vé+f(u)¢] dx, ue.dl, peWQ),

E"(u)(¢, ¥) = L [Vé-Vi+f"(u)ppldx, uedl, ¢ heW Q)

We use [|[E'(u)| (| E"(u)|, respectively) to denote the norm of the linear
(bilinear, respectively) form E'(u) (E"(u), respectively). It is clear from H-1
and H-2 that |E"(u)| is bounded uniformly in u.

u is a critical point of E if ue.oZ and for every ¢ e W' 3(Q)

j [Vi-Vé+f(u)d] dx=0.

A critical point of E is a classical solution of (1.1) by the standard elliptic
regularity theory. The set of all critical points in ./ is denoted by 7.

The global minima —1 in ./ _] and 1 in .o/ are isolated critical points
in the sense of Lemma 2.6 [1] which states that there exists 41,>0 such
that for every ue .o/ A", us0, we have |u—0| .20, > 2o-

Theorem 3.2 [ 1] asserts that in each .o/}, there is a global minimum of
E, ie., there exists u € .o/} such that

E(u)= inf E(v).

ves/?

We now take Uje /' |, Uye /[ ',., Uyes/Z" to be M global
minima of E in their own subclasses. We say that U,, U,,.., U,, are
isolated global minima if there exists u,>0 such that for every
ue B(U;, uo)\{U;} and every i=1,2,.., M, we have E(u)> E(U,). The
U;’s being isolated implies that the domain Q can not be a cylinder, i.e.,
Q#R'x Q' where Q' R, since in a cylinder no global minimum in
/' | or o/ ! is isolated due to the translational invariance.

Two important operators are defined on 7. Let k be an integer, and
define the shift operator 7,: ./ — .o/ for {,ne {—1, 1} by

Tu(x)=u(x—(k, 0, .., 0)), xeQ. (1.8)
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Define the paste operator 7: .o/ ¢ x .o/} — .o/ for {, 0,y {—1,1} by
w(u, v)=u+v—0. (L.9)
A recursive use of (1.9) extend = to = &/gzxdzzx o Xl § = ] by
(U Usy ey Uy) =T0(Uy, T(Uny Ty T(Ug_ 5 U)))). (1.10)

These two operators are often used together. If there is no danger of confu-
sion, we write 7;u for 7(t; uy, T, Uy, vy T Up)-
The main result in this paper is the following existence theorem, which
improves Theorem 4.4 [1].
M+l

THEOREM 1. Let Uyes/' |, Uyedd ',., UMer/ l)w be isolated
global minima in their own subclasses. Then for each

€ (0, min{g, 29, 2/[S(0, 1/2)[})

there exists L>0 such that as long as min{j,—j,js—js, s
Jar—Jn 1y > L there exists Ve B(n,U, r/2) with

EV)= inf Eu),

ue%(njU, r)

, there is a local minimum of E in #(n;U, r) C&/““MH

Recall that n,U=n(t; Uy, 7, U,, ..., 7, Uy), 1o measures how isolated
the U,’s are, 1, measures "how 1solated —1 and 1 are, and |S(0, 1/2)] is the

Lebesgue measure of S(0, 1/2).

Remark 2. In Theorem 4.4 [1] the U,’s are assumed isolated as critical
points, while here they are merely isolated as global minima.

Remark 3. Each U, can be regarded as a single layer and 7; U as a func-
tion of k layers. Since the local minimum V is close to 7;U, V'is a k-layer
solution.

2. PROOF OF THEOREM 1

To make the proof of Theorem 1 more readable, we assume M =2. The
general case can be handled along the same lines. We use C, C;, C,,... to
denote generic constants that may vary from line to line. We often do not
mention passing to a subsequence when we do so.

Let U, e/' | and U,e.o/; " be two isolated global minima of E, and
o be the radius of the balls around U, and U, in which there is no
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other global minima. Take two integers j, and j,, j, <j,, and look for a
local minimum of E in #(m;U,r)c .o/} for some re (0, min{uy, o,
1S(0,1/2)[}). Here n,U= n(:lUl,szz) serves as an approximate
solution.
We first show that E(u) is large for all ue #(n, U, r)\%(n; U, r/2).

LemMmA 4. Fix re(0, min{ug, 49, 2/[S(0, 1/2)|}). There exist L>0
and & >0 such that for every pair of integers (j,j,) with j,—j, > L

Eu)= inf E(v)+e

veE !'Z(nj U, r)

Sor all ue B(n, U, r)\#B(n,U, r/2).

Remark 5. L is a lower bound of the distance between the layers. In
general the larger r is, the smaller L can be.

We postpone the proof of Lemma 4 to next section. Take u, € #(x; U, r)
such that
lim E(u,)= inf  E(v). (2.11)

n— oo l,‘e:’%(njU, r)

Because of Lemma 4, we can safely assume u, € #(n; U, r/2).

We now show that {u,} is a Palais-Smale sequence. Recall that a sequence
{g,} is a Palais-Smale sequence if E(g,)—ceR' and |E'(g,)|| -0 as
n—oo. If {u,} is not a Palais-Smale sequence, then we can assume
|E(u,)|| - >0 as n— oo. Therefore we can find ¢,e W"2(Q) with
¢, w12y =1 such that E'(u,) ¢,>J/2. Then consider for ¢ (0, r/2)

E(un - t¢n) = E(un) - tE/(un) ¢n + (tz/z) E’/(un - tn¢)1)(¢n> ¢n)
< E(u,) —(9/2) t + Cr?
< inf  E(v)+o(1)—(6/2) t+ Cr,

ue{%(njU, r)

where 7, € (0, t) is guaranteed by the Taylor expansion formula and the
constant C comes from the fact that £” is bounded. o(1) stands for a quan-
tity that approaches 0 as n— oo. Choosing » sufficient large and ¢ suf-
ficiently small, we deduce

E(u,—td,)< inf E(v),

ve%(n/U, r)

which is impossible since u, — ¢, € #(n;U, r). This proves that {u,} is a
Palais—Smale sequence.
We quote a characterization of Palais—Smale sequences from [1].
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ProposITION 3.1 [1]. Let {u,} be a Palais-Smale sequence in /", {
and ne{—1,1}. If lim, ,  E(u,)=0, then /"= Aj for some e {—1,1}
and

lim Hun — 0“ w2 @)= 0.
n— oo

If lim, ., E(u,)>0, then there exist wy, w,, .. wee A \{—1,1}, k>1,
wedyt, 0,=C and O,,,=n, and k integral sequences {I, ,},
(L Y {1y with Tim,,_, (I, ,—1,,) =0 for each i=1,2, ., k—1
such that

lim ||u, —n(‘c,].“wl, Ty Was e Ty Wil 2@y =0,

n— oo

lim E(u,)=E(w,)+ E(w,)+ - + E(w;)

n— oo

along a subsequence of {u,}.

Applying Proposition 3.1 [1] to u, we find k integral sequences {/, ,},
{L,.} s {li.n}, and k nontrivial critical points w,, w,,...,w, such that

[, — 7'51,,W” w2y =0(1).

Then |z, U—m;, w| 12 <r/2+o(1). If one of the /; ,’s approaches — oo
or oo, say [, ,— oo, as n— oo, then

122 |m,U—m, wllyr 2+ 0(1) 2w+ 1y @)+ o(1) = 4o+ o(1)

by Lemma 2.6 [ 1], which is inconsistent with the assumption on r. There-
fore k=1 and /, , is bounded in n. We can select a proper subsequence of
{1,.,} and shift w, to assume /, ,=0. Then with the help of (2.11)

llu, —wil w2 — 0, E(w,)=lim E(u,)= inf E(v),

n— oo vE;’Z(n]-U,r)

and w, e #(n;U, r/2), ie, w, is a local minimum of E in #(x;U, r). The
proof of Theorem 1 is complete after we set V'=w,.

3. PROOF OF LEMMA 4

Suppose the lemma is not true. Then there exist r satisfying

0 <r<min{ug, 49, 2/15(0, 1/2)|},
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a sequence of pairs of integers (j, .,/ ,), with j, ,—j, ,— o, and a
sequence {u,} = #(n; U, r)\#(n; U, r/2) such that

E(u,)— inf  E(v)=o(1) (3.12)

ve :’E(njn U,r)

as n— oo.
We can find a constant C independent of »n such that

E(u)<C (3.13)

for all ue #(mn; U, r). To see (3.13) we estimate for each ue #(n; U, r)

|E(u) — E(z, U)| = gfg V(u—n, U)+Vr, U|2_%L Vx, UJ?

#[ U=, 0]

%L |V(u—7zjnU)|2+£2 V(u—n, U)

.Vn,.”UJrj [W(u)— Wi, U)]‘

Q

< % [V(u— T, Ol 2LZ(Q) +[V(u— T, U)| L2(Q) anjn Ul L2(Q)
+ Hf(nj” U)| L2(Q) floe — ;. Ul 2@+ Cllu— ; Ul iz(g)

< Cy( HV77-'jn Ul 2@+ Hf(njn U)HLZ(Q))”u -7 Ul . 2(Q)
+C2 Hu—ﬂj”UH2W1,2(Q)

<C E(”j” U) llu— T, Ul w2+ Cy llu -7 UH%/V‘«Z(Q)'

The last inequality follows from (1.4). The last line is bounded independent
of n since E(n; U)=E(U,)+ E(U,)+0o(1) and |u—mn; Ul 12 <r. This
proves (3.13).
If we write Q=U7___ S(k,1/2), we can find a sequence {m,} of
integers with
lim (m,—j, )= lim (j,,—m,)=o0 (3.14)

n— oo

and

lim J [L1Vu,|? + W(u,)] =0 (3.15)
n— 0 YSim,, 1)
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by (3.13). (3.14) and (3.15) actually imply
1imj [1V(u,— 1)]>+ |u, — 1]2] =0. (3.16)
n— o JS(m,, 1/2)

To see (3.16) we use Lemma 2.1 [1] to obtain

lim sup li,(x")—0]=0

n— o xle(m,—1/2,m,+1/2)
for some 0e {—1, 1}. In particular,

a,(m,)—0=o0(1). (3.17)
Consider

[IV(,—0)? + |u, — 0]

S(m,, 1/2)

From (3.15) we know

f IV(u, —0)]>=o(1). (3.18)
S(m,, 1/2)

About (u, — 0)* we set
G,=1{xeS(m,, 1)2): lu,(x)—0| <o},  B,=S(m,, 1)2)\G,,

where 6 is so small that for all ue(0—6,0+3), c,(u—0)>< Wu)<
¢5(u—0)? for some positive ¢, and ¢,. The reader may think of G, as a
good set and B, as a bad set. On the good set G,, by (3.15) we find

f |un—9|2<cf W(u,)=o(1). (3.19)

n n

On the bad set B, we note that |u,(x) — 0| <2 |u,(x) —i,(m,)| if we choose
n large enough because of (3.17). Therefore with the help of the Poincaré
inequality

| —or<af

B S(m,,, 1/2)

n

ju,—d,m,)P<C [ |Vu,P=o(1) (3.20)

S(m,, 1/2)

by (3.15). Then (3.18)~(3.20) imply

[IV(, —O)* + |u, — 01?1 =o(1).

S(m,, 1/2)
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We need to show 0=1. Assume 6 = —1. Then it follows
r*=u,—m; Ul = [IV(u,—7;, U)]? + |u,—n, UI*]
Z Uy =T Ullwt2g) Z St 12) n T, n T

=| (—1—1)>+0(1)=4S(0, 1/2)| +o(1)
S(m,,, 1/2)

with the help of (3.14). This is inconsistent with our assumption on r, and
(3.16) is proved.
We then truncate u, at S(m,,, 1/2) to define

:{un(x) if x¢S(m,, 1/2) (321)

(u,(x)—1)&(x—m,)+1 if xeS(m,, 1/2),
where ¢ is a smooth function such that

0 if x'e[—1/4,1/4]
1 if x'¢[—1/2, 127

=1
It follows from (3.16) and (3.21)
E(v,) —E(u,)=0(1), and  |lv,—u, w120 =0(1). (3.22)
We set

>

v,(x) if x'<m,
it x'>m,

1 if x'<m,

03.,(x) = {

v,(x) if x'>m,’
Clearly v, ,e /" |, v, , €/, v,=n(v, ,, v, ,) and

E(v,)=E(v, )+ E(v, ). (3.23)
From E(v, ,) = E(U,), E(v,,,) = E(U,), (3.12), (3.22) and (3.23) we deduce

inf  E(v)>E(U,)+ E(U,) +o(1). (3.24)

ve J'ﬂ‘(n/-n U, r)
On the other hand by (3.14)

E(n; U) = E(U;) + E(U) + o(1),
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which implies

inf  E(v) <E(U,)+EU,)+o(1). (3.25)

veA(n;, U,r)
In

Combining (3.24) and (3.25) we deduce
inf  E(v)=E(U,)+ E(U,)+o(1)
ve%‘(n/-n U, r)
and
E(vy,,)=EU)+o(l),  E(v,,)=EU,)+o(l). (3.26)

We turn our attention to the distance between v, , and 7, U, and the
distance between v, , and 7, U,. Clearly

Hvl,n T U, | w2+ HUZ,n -7, U, | wl2(Q)

Z v, =7 Ul w22 r/2+0(1)
by the triangle inequality and (3.22). Then either

o1, =7, Urllwi 20 =1/4+0(1) (3.27)

J1
or

H UZ, n— sz_

Us w2y =1/4+ o(1). (3.28)
Assume without the loss of generality that the former occurs. We look for

an upper bound for [v, ,—7; Ully12q). Consider, with the help of
(3.14), ’

f |an—V7zA,-”U|2>JI Vo, —Vx, UJ?

Q X' <m,

ZJI |(VUl,n_VTj1_,lU1)+Vrfz,le2|2

1/2

>‘“ |Vul,n—vf,1_”U1|2}

1/2
- j Ve, de
| 2

1/2
:‘Ul |Vu1,n—vf.nul|2} +o(1)

2

2

(3.29)

1,
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Also note

J, Vo1, =Ve, U= 2

X <

VoL, = Ve, UiP+[ Ve

j],n Ul
x'>m,

=[ Ve, =Ve, U P+oa(l) (3.30)

1,
X <mn

again by (3.14). Then we deduce from (3.29) and (3.30)

| 1vor, =V, ORIV, —Vr, UP +o(1).
o . n o n

J1

A similar argument shows
[ o=z, U2 <] Jo,= 7, UP +o(1)
Q : Q

We then find, with the help of (3.22),
o1 =7, Uillwize < v, =7 Ullprzg)+o(1) <r+o(l). (3.31)

We shift v, , back by —j, , to consider 7 _
we deduce

U1, From (3.27) and (3.31)

i,

r/A+o(l)< |t vy, — U2y <r+0(1). (3.32)

—Jin
Note that (3.26) implies

E(v,,)— E(U))= inf E(v)

ve.o/

as n— oo, ie., {v;,} is a global minimizing sequence of E in /' |. As in
the proof of Theorem 1, {v, ,} (as well as {z_; v, ,}) is a Palais-Smale
sequence. Applying Proposition 3.1 [1] to {z,jl‘nvl,n}, we find k integral
sequences {/, .}, {lo,}rw {I o}, and k nontrivial critical points w,,
Ws,..., W, satisfying Hr,jL 1= W2 — 0 as n— oo, which implies
with the help of (3.32)

r/4+o(l)<| Ul—n,an w2 ST+ o(l). (3.33)

If one of the /; ,’s approaches —oo or oo as n— oo, say [, ,— oo, then
(3.33) implies

r=| Ul—”/"W” lez(Q)+0(1)> [wi + 1] W1=2(Q)+0(1)>/10+0(1)a



24 XIAOFENG REN

which is again inconsistent with the assumption on r. We conclude that
k=1 and [, , is bounded in n. By passing to a subsequence of {/, ,} and
shifting w, we can assume /, ,=0. Then we deduce with the help of (3.33)

|‘T—Aj1>nvl,n_}vl w20 =o(1), rA<|IU —wy | w2 <.
Since {7_; v, ,| is a minimizing sequence in /"' |, wefind E(w,)=E(U,)
and r/4< Uy —w || pr2o) <7 <p. This is inconsistent with the assump-

tion that U, is the only minimum in #(U,, y,). The proof of Lemma 4 is
complete.
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