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The soliton-stripe pattern in the Seul–Andelman membrane�
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Abstract

The Seul–Andelman membrane is a system of two coupled fields: the compositionφ of one of the two (A and B) constitutive
molecules, and the height profileh of the flexible membrane. The free energy of the system consists of two parts. The first part
is the usual Ginzburg–Landau free energy ofφ; the second part is attributed to the bending of the membrane and the coupling
of φ to h. The coupling term models the tendency that the two molecular constituents display an affinity for regions of the
membrane of different local curvature. In a particular parameter range we prove the existence of the soliton-stripe pattern,
using theΓ -limit theory in perturbative variational calculus. This pattern, modeled by one-dimensional local minimizers of
the free energy of the system, consists of A-rich and B-rich stripes covering the membrane, delineated by sharp domain walls.
The optimal spacing between domain walls is determined from the global minimizer of theΓ -limit.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

We study a membrane problem considered by Seul and Andelman[28]. In a 2D sheet there are two partially
incompatible molecular species, say A and B, which can diffuse laterally. We assume that A and B molecules form
an incompressible film that fully covers the sheet. The state of the system is then characterized by selecting the
relative compositionφ to serve as an order parameter:φ = 1 indicates pure A composition, andφ = 0 corresponds
to pure B composition. A value ofφ that is between 0 and 1 represents a mixture of the two types of molecules. The
incompatibility of the molecular constituents will favor segregation into large coexisting A-rich and B-rich domains
(Fig. 1(1)). This situation is modeled by the familiar Ginzburg–Landau free energy∫

Ω

(
W(φ(r)) + b

2
|∇φ(r)|2

)
dr, (1.1)
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Fig. 1. (1) In the absence of bending, the A and B molecules form a large A-rich domain and a large B-rich domain. (2) With(1.2), A and B
molecules form a lamellar pattern on the bending membrane.

where we may takeW(φ) = (1/4)((φ−1/2)2−1/4)2, andΩ ⊂ R2 is the sheet. Because the number of A molecules
and the number of the B molecules are conserved quantities, we assume thatφ̄ = m, whereφ̄ = (1/|Ω|) ∫

Ω
φ(r)dr

is the average ofφ, andm ∈ (0,1), the average relative composition of A molecules, is given and fixed.
The situation is substantially altered when we allow for out-of-plane (bending) distortions of the sheet. Specifically

we assume that the two molecular constituents display an affinity for regions of different local curvature of the
sheet (Fig. 1(2)). The molecules separate into A-rich and B-rich micro-domains. The tendency can be modeled
by introducing a coupling term between the local composition ofφ and the curvature of the sheet. Provided that
distortions remain small, we may add to(1.1)∫

Ω

(σ
2

|∇h(r)|2 + κ

2
|�h(r)|2 + Λφ(r)�h(r)

)
dr, (1.2)

whereh represents the height profile of the sheet relative to a flat reference plane andΩ now becomes the projection
of the sheet to the reference plane.σ is its surface tension, andκ is its bending modulus;Λ measures the strength of
the coupling of local curvature�h and local compositionφ. The free energy is now a functional of bothφ andh.

The soliton-stripe pattern is a lamellar pattern forφ which varies in one direction. It is characterized by sharp
domain walls delineating fully segregated A-rich and B-rich regions (Fig. 2(1)). The similar phenomenon occurs in

Fig. 2. (1) A soliton-stripe pattern forφ where sharp domain walls separate A-rich and B-rich regions. (2) A sinusoidal pattern which has no
sharp domain walls. A and B molecular constituents are more mixed in (2) than in (1).
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many other systems including diblock copolymers[11,15], Langmuir monolayers of polar molecules[1], and smectic
films [27]. In the diblock copolymer theory this pattern, which occurs in systems with large polymerization indexes
at low temperature, is called the strongly segregated lamellar pattern, and in[27] it is called the soliton-stripe
pattern. Here we follow the terminology of[27]. We will show the existence of this pattern using theΓ -limit
theory of De Giorgi[5], which is a rigorous singular perturbation theory in variational calculus. More specifically
we will prove that the free energy of the system in one-dimension has local minimizers that have soliton-stripe
shape.

This argument was first used by the authors to study strongly segregated lamellar patterns in di-and tri-block
copolymers[17,18,21]. We will also determine the optimal thickness of an A-rich, or B-rich, region by studying
the global minimizer of the free energy functional in one-dimension.

There is another lamellar pattern which has no sharp domain walls.φ forms a partially segregated, sine-like
function in space (Fig. 2(2)). This type is termed the weakly segregated lamellar pattern in the diblock copolymer
theory[11], and the sinusoidal pattern in[27]. It may be studied by the standard bifurcation theory. We will give a
sketch of this method inSection 6.

Mathematical studies on periodic patterns with sharp domain walls started rather recently. Many works have been
done to the block copolymer problem. The literature there includes Nishiura and Ohnishi[13], Ohnishi et al.[14],
Ren and Wei[17–22,25], Choksi[2], Fife and Hilhorst[7], Henry[8], and Choksi and Ren[3]. Elsewhere Ren and
Wei [24] studied this phenomenon in charged monolayers, and[23] in chiral liquid crystals.

2. Soliton-stripe pattern

To study a lamellar pattern, it is natural to take the sampleΩ to be a square. LetΩ = (0, L)× (0, L). The sizeL
of the sample will be determined mathematically. The consequence is thatL is several times greater than but still
comparable to the thickness of one A-rich, or B-rich, region. Next we scaleΩ to D = (0,1) × (0,1) to separate
the size effect of the sample from its shape effect. Namely we let(x, y) = (r1/L, r2/L) ∈ D for r = (r1, r2) ∈ Ω.
Then the sum of(1.1) and (1.2)divided byL2 becomes∫

D

[
W(φ) + b

2L2
|∇φ|2 + σ

2L2
|∇h|2 + κ

2L4
|�h|2 + Λ

L2
φ�h

]
dx dy. (2.1)

Here we have regardedφ andh as functions of the new variablesx andy.
Since lamellar patterns vary in one direction we assume thatφ andh depend onx only. So(2.1) becomes an

integral on(0,1). To eliminate the boundary effect we identify 0 and 1 to turn(0,1) to R/Z, i.e. we assume the
periodic boundary condition, throughout this paper. This is the simplest boundary condition here. However we do
pay a price of taking care of the translation invariance. OnR/Z there is the action by the translation group

φ(·) → φ(· − y), ∀y ∈ R/Z,

so we will often use phrases like ‘modulo translation’ and ‘up to translation’. We rewrite(2.1)as

Fε(φ, q) =
∫ 1

0

[
W(φ) + ε2

2
φ2
x + εω2

2
q2 + ε

2
q2
x + εγφqx

]
dx, (2.2)

where

φ, q ∈ W1,2(R/Z), φ̄ − m = q̄ = 0. (2.3)
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We have introduced new positive parametersε, ω, andγ to replace the original physical parameters in(2.1). The
new parameters are related to the original parameters through

ε = b1/2

L
, ω = σ1/2L

κ1/2
, γ = ΛL1/2

b1/4κ1/2
. (2.4)

The new functionq is proportional tohx, i.e.

q = κ1/2

b1/4L3/2
hx. (2.5)

Herehx stands for the derivative ofh with respect tox. In (2.2)q is the second variable of the functional. Nowφ̄
is the average ofφ on (0,1). q̄ = 0 because of(2.5). The functionW may be generalized from the exact formula
mentioned after(1.1). We assume thatW is smooth, it has a global minimum value 0 achieved at exactly two points:
0 and 1, and it grows to∞ at least quadratically fast as its argument approaches±∞.

We will show mathematically that the soliton-stripe pattern exists if

ε → 0, and ω, γ remain positive and fixed. (2.6)

This condition may be interpreted in terms of the original parameters with the help of(2.4). More specifically(2.6)
is equivalent to

b1/2σ1/2

κ1/2
→ 0,

b1/2σ1/2κ1/2

Λ2
∼ 1. (2.7)

Note thatL does not appear in(2.7). This is natural sinceL, the size of the membrane, is a chosen parameter, while
b, σ, κ andΛ are intrinsic physical parameters of the membrane. Once the physical parametersb, σ, κ andΛ are in
the right range(2.7), we take

L ∼ κ1/2

σ1/2
. (2.8)

The condition(2.6) is then satisfied.
Our main result is the following theorem regarding the existence of the soliton-stripe pattern as local minimizers

of Fε. The proof of the theorem will spanSections 3–5.

Theorem 2.1. Under the condition(2.6) for each positive even integerK the functionalFε has a local minimizer
(φε, qε) whenε is sufficiently small. It satisfies the Euler–Lagrange equation

−ε2φxx + W ′(φ) + εγqx = Const., (2.9)

−qxx + ω2q − γφx = 0, (2.10)

and has the propertieslimε→0‖φε − φ0‖2 = 0 and limε→0‖qε − q0‖2,2 = 0 modulo translation, and

lim
ε→0

ε−1Fε(φε, qε) = τK − γ2K sinh(ωm/K) sinh(ω(1 − m)/K)

2ω sinh(ω/K)
. (2.11)

The Const. in(2.9) is a Lagrange multiplier coming from the constraintφ̄ = m. ‖ · ‖2 denotes theL2-norm and
‖ · ‖2,2 theW2,2-norm.τ in (2.11)is a positive constant defined by

τ =
∫ 1

0

√
2W(u)du. (2.12)
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It is called the interfacial tension, not to be confused with the surface tensionσ in (1.2). That φε develops a
soliton-stripe pattern asε → 0 lies in the fact that the limiting profileφ0 of φε is a step function withK regularly
distributed jump points:

φ0(x) =




0 on

(
0,

1 − m

K

)
,

1 on

(
1 − m

K
,

1 + m

K

)
,

0 on

(
1 + m

K
,

3 − m

K

)
,

1 on

(
3 − m

K
,

3 + m

K

)
,

...

1 on

(
K − 1 − m

K
,
K − 1 + m

K

)
,

0 on

(
K − 1 + m

K
,1

)
.

(2.13)

The limiting profile ofqε is q0 which is the solution of(2.10)with φ = φ0. Whileφ0 is discontinuous,q0 is of class
W2,2.

One of the local minimizers ofFε in Theorem 2.1is a global minimizer. Our second result describes this global
minimizer and gives the number of its domain walls. The existence of a global minimizer follows from the standard
argument. Let [c] denote the greatest integer less than or equal toc.

Theorem 2.2. Let (φε, qε) be a global minimizer ofFε. Then under the condition(2.6) limε→0‖φε − φopt‖2 = 0
up to translation. φopt is (2.13)whose number of jumpsKopt is either[t∗] or [t∗] + 1, wheret∗ is the minimum of
the function

h(t) := τt − γ2t sinh(ωm/t) sinh(ω(1 − m)/t)

2ω sinh(ω/t)

defined on[1,∞).

Straight calculations show thath(t) is convex int. Hence there is a uniquet∗. For larget we can expandh(t) and
obtain, up to an additive constant, that

h(t) ≈ τt + γ2ω2m2(1 − m)2

6t2
. (2.14)

We then find

t∗ ≈
(
γ2ω2m2(1 − m)2

3τ

)1/3

. (2.15)

From(2.15)the optimal spacing may now be determined in terms of the original parameters

2L

Kopt
≈ 2L

t∗
≈ 2(3τ)1/3b1/6κ2/3

Λ2/3σ1/3m2/3(1 − m)2/3
, (2.16)
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which is the optimal thickness of a cycle of an A-rich layer plus a B-rich layer. Note, as it should be, the last quantity
in (2.16)is independent ofL.

Even though the last quantity in(2.16)is an approximate formula in this context, it is indeed a physically accurate
description of optimal spacing. AsL expands in the range(2.8), bothγ andω increase. The approximation(2.14)
becomes more accurate neart∗. Then(2.15)is more effective. The right side of formula(2.16)is actually the optimal
spacing in the thermodynamic limit (L → ∞).

Now we begin to prove the two theorems. We holdφ and minimizeFε with respect toq. The unique minimizer
q satisfies(2.10). Substituting thisq into (2.2)and using(2.10), we turn the local variational problem(2.2)of two
variablesφ andq to a nonlocal variational problemIε of one variableφ:

Iε(φ) := min
q

Fε(φ, q) =
∫ 1

0

(
W(φ) + ε2

2
φ2
x − εγ2

2
φxG[φx]

)
dx, (2.17)

where

φ ∈ W1,2(R/Z), φ̄ = m. (2.18)

HereG = G(x, y) is the Green function of

−qxx + ω2q = δ(· − y), (2.19)

which is also viewed as a nonlocal, solution operator, i.e.

G[φx](x) =
∫ 1

0
G(x, y)φ′(y)dy.

For technical reasonsIε is trivially extended toXm:

Xm = {φ ∈ L2(R/Z) : φ̄ = m} (2.20)

by takingIε(φ) = ∞, for φ ∈ Xm \ W1,2(R/Z).

3. Γ -Limit

TheΓ -limit theory is a singular perturbation theory in the calculus of variations. An introduction to the theory
may be found in[4]. In this theory there is a perturbed variational problem, which is often a standard one with a
small parameter, sayε. The Euler–Lagrange equation of this problem is often a differential equation, although in
our case the Euler–Lagrange equation is an integro-differentialequation (6.2). The limiting problem, asε → 0, is
usually a geometric problem, whose Euler–Lagrange equation is a free boundary problem. Certain properties of the
limiting problem are carried over to the perturbed problem. In this sense the perturbed problem is reduced to the
limiting problem.

In this paper we need the property,Corollary 3.2, that near isolated local minimizers of the limiting problem
there exist local minimizers of the perturbed problem. Then the construction of local minimizers ofIε becomes the
search for local minimizers of the limiting problem.

The singular limit (theΓ -limit) of ε−1Iε, denoted byJ in this paper, is a variational problem initially defined in

A = {φ ∈ BV(R/Z, {0,1}) : φ̄ = m}. (3.1)

HereBV(R/Z) is the class of periodic functions of bounded variation with values in{0,1}. Each function inA
has a finite number of jumps between 0 and 1. A more formal description of these functions may be found in
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[6, Chapter 5]. Naturally for each positive, even integerK we set

AK = {φ ∈ A : φ hasK jumps}. (3.2)

Then we have a decomposition

A =
∞,even⋃
K=2

AK. (3.3)

For eachφ in A we define

J(φ) = τK − γ2

2

∫ 1

0
φxG[φx] dx, if φ ∈ AK. (3.4)

Here the positive constantτ is defined in(2.12). Again we extendJ trivially to Xm by takingJ(φ) = ∞ if φ ∈ Xm\A.
Unless otherwise indicated, convergence of functions inXm means convergence under theL2-norm.

Proposition 3.1. LetXm be equipped with theL2 metric.

1. Asε → 0, ε−1Iε Γ -converges toJ in the following sense:

(a) For every familyφε ⊂ Xm with lime→0 φε = φ, lim inf ε→0 ε−1Iε(φε) ≥ J(φ).
(b) For everyφ ∈ Xm, there is{φε} ⊂ Xm such thatlimε→0 φε = φ and lim supε→0 ε−1Iε(φε) ≤ J(φ).

2. Let εj be a sequence of positive numbers converging to0, and{φj} a sequence inXm. If ε−1
j Iεj (φj) is bounded

above inj, then{φj} is relatively compact inXm and its cluster points belong toA.

Proof. We viewε−1Iε as a sum of a local part

Kε(φ) :=
∫ 1

0

[
1

ε
W(φ) + ε

2
φ2
x

]
dx, (3.5)

and anε-independent, perturbative, nonlocal part

L(φ) := −γ2

2

∫ 1

0
φxG[φx] dx. (3.6)

RegardingL, we note thatφ → L(φ) is continuous fromL2(R/Z) to R by the elliptic regularity theory.
After making some minor modifications (changeL1 to L2) in the proof of Propositions 1 and 2 of[12], we find

thatKε Γ -converges toK0. Here

K0(φ) := τK if φ ∈ AK. (3.7)

SinceL : Xm → R is a continuous functional, by the definition ofΓ -convergenceε−1Iε = Kε + LΓ -converges
to J = K0 + L.

Part 2 of the proposition is type of uniform coercivity property. If we rewrite

−γ2

2

∫ 1

0
φxG[φx] dx = γ2

2

∫ 1

0
(−φ2 + ω2φG[φ])dx,

then the property follows from[16, Lemma A.3]. �

The next result proved by Kohn and Sternberg[9] asserts that as a corollary ofProposition 3.1near every isolated
local minimizer ofJ there exists a local minimizer ofIε. The original result in[9] deals with a domain with a
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boundary. Here onR/Z we must take care of the translation invariance ofIε and state the result a little differently.
Define a manifold of translates ofφ0

M(φ0) := {φ ∈ Xm : φ(·) = φ0(· − y), y ∈ R/Z},
and a tube like neighborhood ofM(φ0)

Nδ(φ0) := {φ ∈ Xm : ‖φ(·) − φ0(· − y)‖ < δ, for somey in R/Z}.

Corollary 3.2. Let δ > 0 andφ0 ∈ Xm be such thatJ(φ0) < J(φ) for all φ ∈ Nδ(φ0) \ M(φ0). Then there exist
ε0 > 0 andφε ∈ Nδ/2(φ0) for all ε < ε0 such thatIε(φε) ≤ Iε(φ) for all φ ∈ Nδ/2(φ0). In additionφε → φ0 up to
translation.

Proposition 3.3. If (x1, x2, . . . , xK) strictly minimizesJ in AK locally, up to translation, then the corresponding
φ is a strict local minimizer ofJ in Xm, module translation.

Proof. Suppose that the conclusion is false. There would be a sequence ofφj such thatφj �= φ modR/Z, φj → φ

andJ(φj) ≤ J(φ). TheL2-continuity ofL implies limj→∞L(φj) = L(φ). Therefore

lim sup
j→∞

K0(φj) ≤ K0(φ).

On the other hand the lower semicontinuity theorem of BV functions[6, Theorem 1, p. 172]states

lim inf
j→∞

K0(φj) ≥ K0(φ).

We deduce that

lim
j→∞

K0(φj) = K0(φ). (3.8)

Hence for largej, φj has exactlyK jumps and is inAK. But this is inconsistent withφj → φ, J(φj) ≤ J(φ), and
the assumption of the proposition. �

Now the study ofJ in Xm is reduced to the study inAK. View the jumps ofφ: x1, x2, . . . , xK asK points on
(0,1), with 0 < x1 < x2 < · · · < xK ≤ 1, so that

φ(x) =




0 on(0, x1),

1 on(x1, x2),

0 on(x2, x3),

...

1 on(xK−1, xK),

0 on(xK,1).

(3.9)

Then

φx = δx1 − δx2 + δx3 − · · · − δxK . (3.10)

The constraint̄φ = m becomes

x2 − x1 + x4 − x3 + · · · + xK − xK−1 = m. (3.11)
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L is now viewed as a function ofxj, and

L(x1, . . . , xK) = −γ2

2

K∑
j=1

K∑
k=1

(−1)j+kG(xj, xk). (3.12)

Proposition 3.4. Any critical point (x1, . . . , xK) of L (3.12) in AK is x1 = (1 − m)/K, x2 = (1 + m)/K,
x3 = (3−m)/K, x4 = (3+m)/K, x5 = (5−m)/K, . . . , xK−1 = (K−1−m)/K, xK = (K−1+m)/K, modulo
translation.

We postpone the proof of this proposition toSection 4.

Proposition 3.5. At(2.13)or any of its translates,we havezTL′′(x1, . . . , xK)z ≥ 0 for all vectorsz = (z1, z2, . . . , zK)

satisfyingz2 − z1 + z4 − z3 + · · · + zK − zK−1 = 0, and the equality holds if and only ifz ∝ (1,1, . . . ,1)T. So
(2.13)is a strict local minimum ofL in AK, modulo translation.

The constraint onzj is a consequence of the constraint(3.11). We postpone the proof of this proposition toSection
5.

Proof of Theorem 2.1. The existence of a local minimizerφε of K jumps follows fromCorollary 3.2, Propositions
3.3 and 3.5. φε satisfies thatφε → φ0 andε−1Iε(φε) → J(φ0) asε → 0. J(φ0) is calculated in(5.19):

J(φ0) = τK − γ2K sinh(ωm/K) sinh(ω(1 − m)/K)

2ω sinh(ω/K)
. (3.13)

The convergence ofqε to q0 under theW2,2-norm follows from the elliptic regularity theory for(2.10). �

Proof of Theorem 2.2. Letφε be a global minimizer ofIε. Then Part 2 ofProposition 3.1implies thatφε → φopt ∈ A

in L2. From Part 1 of the same proposition we conclude thatφopt is a global minimizer ofJ . By Proposition 3.4,
φopt must be a critical point ofJ , i.e. one of theφ0’s. Kopt must minimize the right side of(3.13)among all positive
integersK. HenceKopt = [t∗] or [t∗] + 1. �

4. Proof of Proposition 3.4

The Green function of(2.10)is

G(x, z) = cosh(ω(1/2 − |x − z|))
2ω sinh(ω/2)

, x, z ∈ [0,1]. (4.1)

At a critical point ofL, because of the constraint(3.11), we have

2
K∑

k=1,�=j

Gxj (xj, xk)(−1)k = λ, (4.2)

whereλ is the Lagrange multiplier. Let

P(x) =
K∑

k=1

G(x, xk)(−1)k. (4.3)
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ThenP satisfies

−P ′′ + ω2P =
K∑

k=1

(−1)kδxk . (4.4)

At eachxk

P ′(xk−) − P ′(xk+) = (−1)k. (4.5)

From(4.3)we also have

P ′(xk−) + P ′(xk+) = 2
K∑

j=1,�=k

Gxk (xk, xj)(−1)j. (4.6)

By (4.2)we deduce

P ′(xk−) + P ′(xk+) = λ. (4.7)

Solving(4.5) and (4.7)we obtain

P ′(xk−) = λ + (−1)k

2
, P ′(xk+) = λ − (−1)k

2
. (4.8)

We solve(4.4)on (xk−1, xk) to find

P(x) = P ′(xk−1+)
coshω(x − xk)

ω sinhω(xk−1 − xk)
+ P ′(xk−)

coshω(x − xk−1)

ω sinhω(xk − xk−1)
, (4.9)

which, together with(4.8), yields

P(xk) = −P ′(xk−1+)
1

ω sinhωlk
+ P ′(xk−)

coshωlk

ω sinhωlk

= −λ − (−1)k−1

2

1

ω sinhωlk
+ λ + (−1)k

2

coshωlk

ω sinhωlk
= λ + (−1)k

2ω
coth

ωlk

2
, (4.10)

we have setl1 = x1, l2 = x2 − x1, l3 = x3 − x2, . . . , lK = xK − xK−1, lK+1 = 1− xK. Similarly if we considerP
on (xk, xk+1)

P(xk) = λ + (−1)k+1

2ω
coth

ωlk+1

2
. (4.11)

From (4.10) and (4.11)we conclude that((λ + (−1)k)/2ω) coth(ωlk/2), k = 2,3, . . . , K, is independent ofk.
Therefore

l2 = l4 = · · · = lK−2 = lK, l3 = l5 = · · · = lK−1, (4.12)

l1 andlK+1 are handled differently. Translatingx1, . . . , xK if necessary, we may assumeP ′(0) = 0. Then

P(x1) = P ′(x1−)
coshωl1

ω sinhωl1
= λ − 1

2ω
cothωl1. (4.13)

On the other hand(4.11)implies

P(x1) = λ + 1

2ω
coth

ωl2

2
= λ − 1

2ω
coth

ωl3

2
. (4.14)

Combining(4.13) and (4.14)we findl1 = l3/2. Similarly we havelK+1 = lK−1/2 = l3/2.
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5. Proof of Proposition 3.5

In this section we translate(2.13)to

y0 = 0, y1 = 1 − m

ν
, y2 = 1

ν
, y3 = 2 − m

ν
, y4 = 2

ν
, . . . , y2ν−1 = ν − m

ν
, (5.1)

whereν = K/2. For(5.1)

φ0(y) =




0 if y ∈ (y0, y1),

1 if y ∈ (y1, y2),

0 if y ∈ (y2, y3),

...

1 if y ∈ (y2ν−1,1).

(5.2)

The second derivatives ofL of (3.12)with respect toxj are

∂L

∂xj∂xk

=
{

γ2ω2(−1)j+kG(xj, xk) if j �= k,

−γ2ω2∑
l �=j(−1)j+lG(xj, xl) if j = k.

(5.3)

It is more convenient to study the spectrum ofL′′ in the complex spaceCK. In this context i is the imaginary unit.
We decompose

1

γ2ω2
L′′ = E + F (5.4)

at (5.1). The (j, k) entry ofE is (−1)j+kG(yj, yk). The matrixF is a scalar multiple of the identity matrix, i.e.

F =
(

−
K−1∑
l=0

(−1)j+lG(yj, yl)

)
IK. (5.5)

Note that the sum in(5.5) is independent ofj. Let us divideE into 2× 2 blocks:

E =




e00 e01 · · · e0(ν−1)

e10 e11 · · · e1(ν−1)
...

e(ν−1)0 e(ν−1)1 · · · e(ν−1)(ν−1)


 . (5.6)

These blocks are labeled by indicesβ, ξ ∈ {0,1, . . . , ν − 1}. A typical eβξ is

eβξ :=
[

G(y2β, y2ξ) −G(y2β, y1+2ξ)

−G(y1+2β, y2ξ) G(y1+2β, y1+2ξ)

]
. (5.7)

The spectral analysis is done in two steps. First we perform a “coarse” discrete Fourier transform to convertL′′ to
a matrix with vanishing off-diagonal 2× 2 blocks. In the second step we study the spectra of the diagonal blocks.

The coarse discrete Fourier transform, used in[21] for tri-block copolymers, treats a cycle of two interfaces as a
single unit. It is given by the matrixP whose (α, β) block is

1√
ν

exp

(
−2πi

αβ

ν

)
I2, α, β ∈ {0,1, . . . , ν − 1}, (5.8)
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whereI2 is the 2× 2 identity matrix.P is unitary so its inverseP−1 is its adjoint, i.e.(5.8)with the−2πi’s replaced
by 2πi’s in the exponents.

ClearlyPFP−1 = F. The calculation ofPEP−1 is more involved. The (α, η) block of this product is∑
β,ξ

1

ν
exp

(
−2πi

αβ

ν
+ 2πi

ξη

ν

)
eβξ. (5.9)

The computation of(5.9) is done on the entries ofeβξ individually, so for anys, t ∈ {0,1} the (s, t) entry of(5.9) is

(−1)s+t

ν

∑
β,ξ

exp

(
−2πi

αβ

ν
+ 2πi

ξη

ν

)
G(ys+2β, yt+2ξ). (5.10)

Let us first set

g(z) = cosh(ω(1/2 − z))

2ω sinh(ω/2)
(5.11)

on [0,1] and periodically extended toR, and define

Q(α, s, t) =




∑
σ exp

(
−2πi

ασ

ν

)
g
(σ
ν

)
if s = t,

∑
σ exp

(
−2πi

ασ

ν

)
g

(
σ

ν
− 1 − m

ν

)
if s = 0, t = 1,

∑
σ exp

(
−2πi

ασ

ν

)
g

(
σ

ν
+ 1 − m

ν

)
if s = 1, t = 0.

. (5.12)

Straight calculations show that

Q(α,0,0) = Q(α,1,1) = 1

2ω

(
eω/ν

eω/ν − e−2πiα/ν
− e−ω/ν

e−(ω/ν) − e−2πiα/ν

)
,

Q(α,0,1) = 1

2ω

(
e−ωm/ν

e2πiα/ν − e−ω/ν
− eωm/ν

e2πiα/ν − eω/ν

)
,

Q(α,1,0) = 1

2ω

(
eωm/ν

eω/ν − e−2πiα/ν
− e−ωm/ν

e−ω/ν − e−2πiα/ν

)
. (5.13)

Note thatQ(0,0,1) = Q(0,1,0) = g(y1)+ g(y3)+ · · · + g(yK−1) > 0 andQ(α,0,1) is conjugate toQ(α,1,0).
Then

(−1)s+t

√
ν

∑
β

exp

(
−2πi

αβ

ν

)
G(ys+2β, yt+2ξ) = (−1)s+t

√
ν

exp

(
−2πi

αξ

ν

)
Q(α, s, t) (5.14)

is the (s, t) entry of the (α, ξ) block ofPE. From(5.9)we conclude that the (α, η) block ofPEP−1 vanishes ifα �= η

and the (α, α) block is[
Q(α,0,0) −Q(α,0,1)

−Q(α,1,0) Q(α,1,1)

]
.

This way(1/γ2ω2)L′′ = E + F is diagonalized to 2× 2 blocks, where theαth diagonal one is

mα =
[

Q(α,0,0) −Q(α,0,1)

−Q(α,1,0) Q(α,1,1)

]
− (Q(0,0,0) − Q(0,0,1))I2. (5.15)
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Here we have used the fact that∑
k

(−1)j+kG(yj, yk) = Q(0,0,0) − Q(0,0,1) = sinh(ωm/K) sinh(ω(1 − m)/K)

ω sinh(ω/K)
, (5.16)

where the last quantity follows from(5.13).
In the second step of our spectral analysis we studymα. Note that

m0 =
[

Q(0,0,1) −Q(0,0,1)

−Q(0,1,0) Q(0,1,0)

]
. (5.17)

One of the eigenvalues ofm0 is 0 and the second is 2Q(0,0,1). Although it is positive, the second eigenvalue
is irrelevant. Note that an eigenvector of the eigenvalue 0 is(1,1, . . . ,1,1), in the coordinates before the coarse
Fourier transform. The invariant subspace corresponding tom0 is the linear span of the first two columns ofP in
(5.8), i.e.

c1(1,0,1,0, . . . ,1,0)T + c2(0,1,0,1, . . . ,0,1)T.

In this two-dimensional subspace(1,−1,1,−1, . . . ,1,−1) is an eigenvector corresponding to the second eigen-
value ofm0. However, this vector does not satisfy the conditionz2 − z1 + z4 − z3 + · · · + zK − zK−1 = 0 in
Proposition 3.5. The vector is indeed normal to the condition hyperplane. Other eigenvectors ofL′′ all satisfy the
condition.

Whenα > 0, the two eigenvalues ofmα areQ(α,0,0)+|Q(α,0,1)|−Q(0,0,0)+Q(0,0,1) andQ(α,0,0)−
|Q(α,0,1)| − Q(0,0,0) + Q(0,0,1). From(5.13)we find them to be

sinh(ω/ν) ±
√

sinh2(ωm/ν) + 2 sinh(ωm/ν) sinh(ω(1 − m)/ν) cos(2πα/ν) + sinh2(ω(1 − m)/ν)

2ω( cosh(ω/ν) − cosh(2πα/ν))

− sinh(ωm/2ν) sinh(ω(1 − m)/2ν)

ω sinh(ω/2ν)
. (5.18)

Both of them are positive. To see this we consider the smaller one in(5.18)which is the one with− in ±. The
quantity is minimized if cos(2πα/ν) is 1. When this happens, the entire(5.18)is exactly 0. However, here we have
α = 1,2, . . . , ν − 1 and cos(2πα/ν) < 1. Therefore(5.18)is positive.

One byproduct here is the value ofJ at (2.13). According to(3.12) and (5.16)

J(φ0) = τK − γ2

2

K−1∑
j,k=0

(−1)j+kG(yj, yk) = τK − γ2K

2
(Q(0,0,0) − Q(0,0,1))

= τK − γ2K sinh(ωm/K) sinh(ω(1 − m)/K)

2ω sinh(ω/K)
. (5.19)

6. Remarks

Theorem 2.1shows the existence of infinitely many solutions of(2.9) and (2.10)as local minimizers of the free
energy. One of them is a global minimizer which is described inTheorem 2.2. All the local minimizers have the
desired soliton-stripe shape, and hence model the soliton-stripe pattern in 1D.

It is natural, as done by the authors in the diblock copolymer problem[22], to study the 2D stability of the 1D
solutions viewed in 2D. In the diblock copolymer problem only the 1D local minimizers with sufficiently many
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domain walls are stable in 2D. The 1D global minimizer in the diblock copolymer problem is near the borderline
between the stable ones and the unstable ones in 2D. We suspect, based on our experience in[22], that not all the
1D local minimizers constructed inTheorem 2.1are stable in 2D. It is interesting to see whether the 1D global
minimizer inTheorem 2.2is stable in 2D. There is also the possibility, as in the diblock copolymer problem[25],
that there could be stable lamellar solutions with wriggled domain walls in 2D.

The approximate dependence ofJ(φ0) onK, according to(2.14), is

J(φ0) ≈ τK + CL3

K2

for some proper positive constantC independent ofL, whenK is large. This asymptotic formula that leads to the opti-
mal spacing shows up in many other physical systems, including di- and tri-block copolymers[17,21]and chiral liq-
uid crystals[23,27]. It is minimized atK = (2C/τ)1/3L. Another important formula that leads to optimal spacing is

τK + CL2

K
, (6.1)

which is minimized atK = (C/τ)1/2L. The difference between the exponents 1/3 and 1/2 may be significant. In[24]
we showed that(6.1)appears in a charged Langmuir monolayer problem proposed by Andelman et al.[1]. It is also
found in the studies of the domain structures of ferromagnets[10], and superconductors in the intermediate state[29].

The sinusoidal lamellar pattern (Fig. 2(2)) is of very different nature. It bifurcates out of the constant state (m,0)
of Fε. Note that the Euler–Lagrange equation of(2.17)is

−ε2φxx + W ′(φ) − W ′(φ) + εγ2G[φx]x = 0. (6.2)

The eigenvalue problem of(6.2)atφ is

−ε2ψxx + W ′′(φ)ψ − W ′′(φ)ψ + εγ2G[ψx]x = λψ. (6.3)

Eq. (6.2)is satisfied byφ = m. At this solutionm, we have, in(6.3)

ψ = cos(2nπx) or ψ = sin(2nπx), n = 1,2,3, . . . , (6.4)

and the corresponding

λ = 4ε2n2π2 + W ′′(m) − εγ2 + εγ2ω2

4n2π2 + ω2
, n = 1,2,3, . . . (6.5)

In (6.5) λ is convex with respect ton2. Depending on the values ofε, γ, ω andm the principal eigenvalue (i.e.
the smallestλ) may be positive, negative, or zero. This allows one to use the bifurcation theory to find solutions
bifurcating out ofm. Such solutions differ frommby a function proportional to(6.4), to the first order approximation.
We then obtain a sinusoidal lamellar pattern. The stability of such solutions may also be determined.

This construction is rather standard, so we omit the details. The reader may find all the necessary tools in[26].
It should be noted that this bifurcation phenomenon appears in a parameter range different from(2.6).
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