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Abstract

The Seul-Andelman membrane is a system of two coupled fields: the compesitione of the two (A and B) constitutive
molecules, and the height profiteof the flexible membrane. The free energy of the system consists of two parts. The first part
is the usual Ginzburg—Landau free energypthe second part is attributed to the bending of the membrane and the coupling
of ¢ to h. The coupling term models the tendency that the two molecular constituents display an affinity for regions of the
membrane of different local curvature. In a particular parameter range we prove the existence of the soliton-stripe pattern,
using thel"-limit theory in perturbative variational calculus. This pattern, modeled by one-dimensional local minimizers of
the free energy of the system, consists of A-rich and B-rich stripes covering the membrane, delineated by sharp domain walls.
The optimal spacing between domain walls is determined from the global minimizer bflihat.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

We study a membrane problem considered by Seul and And€@8hnin a 2D sheet there are two partially
incompatible molecular species, say A and B, which can diffuse laterally. We assume that A and B molecules form
an incompressible film that fully covers the sheet. The state of the system is then characterized by selecting the
relative compositio to serve as an order parametgr= 1 indicates pure A composition, agd= 0 corresponds
to pure B composition. A value @f that is between 0 and 1 represents a mixture of the two types of molecules. The
incompatibility of the molecular constituents will favor segregation into large coexisting A-rich and B-rich domains
(Fig. 1(1)). This situation is modeled by the familiar Ginzburg—Landau free energy

b
/ (W(¢(r)> - §|V¢(r)|2) dr, (1.1)
2
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Fig. 1. (1) In the absence of bending, the A and B molecules form a large A-rich domain and a large B-rich domain. (2)2)vithand B
molecules form a lamellar pattern on the bending membrane.

where we may tak®(¢) = (1/4)((¢—1/2)2—1/4)2, ands2 C R?is the sheet. Because the number of A molecules
and the number of the B molecules are conserved quantities, we assugethatwherep = (1/|£2|) fg ¢(r)dr
is the average ap, andm € (0, 1), the average relative composition of A molecules, is given and fixed.

The situation is substantially altered when we allow for out-of-plane (bending) distortions of the sheet. Specifically
we assume that the two molecular constituents display an affinity for regions of different local curvature of the
sheet Fig. 1(2)). The molecules separate into A-rich and B-rich micro-domains. The tendency can be modeled
by introducing a coupling term between the local compositiop @hd the curvature of the sheet. Provided that
distortions remain small, we may add(th1)

o 2, K 2
f (§|Vh(r)| + §|Ah(r)| + Aqb(r)Ah(r)) dr, (1.2)
2
whereh represents the height profile of the sheet relative to a flat reference plasierevdbecomes the projection
of the sheet to the reference plaass its surface tension, ands its bending modulusg measures the strength of
the coupling of local curvatura/ and local compositiogh. The free energy is now a functional of bathandh.

The soliton-stripe pattern is a lamellar pattern gowhich varies in one direction. It is characterized by sharp

domain walls delineating fully segregated A-rich and B-rich regi®iig.(2(1)). The similar phenomenon occurs in
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Fig. 2. (1) A soliton-stripe pattern fas where sharp domain walls separate A-rich and B-rich regions. (2) A sinusoidal pattern which has no
sharp domain walls. A and B molecular constituents are more mixed in (2) than in (1).
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many other systems including diblock copolymjdik, 15], Langmuir monolayers of polar molecul@$, and smectic
films[27]. In the diblock copolymer theory this pattern, which occurs in systems with large polymerization indexes
at low temperature, is called the strongly segregated lamellar pattern, 4&d]iit is called the soliton-stripe
pattern. Here we follow the terminology §27]. We will show the existence of this pattern using thdimit

theory of De Giorgi5], which is a rigorous singular perturbation theory in variational calculus. More specifically
we will prove that the free energy of the system in one-dimension has local minimizers that have soliton-stripe
shape.

This argument was first used by the authors to study strongly segregated lamellar patterns in di-and tri-block
copolymerq17,18,21] We will also determine the optimal thickness of an A-rich, or B-rich, region by studying
the global minimizer of the free energy functional in one-dimension.

There is another lamellar pattern which has no sharp domain waflsrms a partially segregated, sine-like
function in spaceRig. 2(2)). This type is termed the weakly segregated lamellar pattern in the diblock copolymer
theory[11], and the sinusoidal pattern|ia7]. It may be studied by the standard bifurcation theory. We will give a
sketch of this method iGection 6

Mathematical studies on periodic patterns with sharp domain walls started rather recently. Many works have been
done to the block copolymer problem. The literature there includes Nishiura and Oli3E@hnishi et al[14],

Ren and We[17-22,25] Choksi[2], Fife and Hilhors{7], Henry[8], and Choksi and Rej3]. Elsewhere Ren and
Wei [24] studied this phenomenon in charged monolayers[2Bjdn chiral liquid crystals.

2. Soliton-stripe pattern

To study a lamellar pattern, it is natural to take the sanfibte be a square. L&2 = (0, L) x (0, L). The sizeL
of the sample will be determined mathematically. The consequence i& ibateveral times greater than but still
comparable to the thickness of one A-rich, or B-rich, region. Next we seate D = (0, 1) x (0, 1) to separate
the size effect of the sample from its shape effect. Namely wexlet) = (r1/L,r2/L) € D forr = (r1,r2) € £2.
Then the sum of1.1) and (1.2fivided by L2 becomes

b P o 2 K s A
W — |V —|Vh —|Ah —¢Ah | dxdy. 2.1
/D[ (@) + 551V + S5 VAT + 57 |ART + 56 ] x dy (2.1)

Here we have regardeglands as functions of the new variablesandy.

Since lamellar patterns vary in one direction we assumedilaid 2 depend onx only. So(2.1) becomes an
integral on(0, 1). To eliminate the boundary effect we identify 0 and 1 to t®nl) to R/Z, i.e. we assume the
periodic boundary condition, throughout this paper. This is the simplest boundary condition here. However we do
pay a price of taking care of the translation invariance RJ& there is the action by the translation group

¢() = ¢ -y, VyeR/Z,
so we will often use phrases like ‘modulo translation’ and ‘up to translation’. We re{@it¢as

ew?
2

€

1 2
Fe($,q) = /O [W(¢>)+%¢>§+ 7+ 2q§+ey¢qx} dx, (2.2)

where

¢.qge W(R/Z), ¢-m=g=0. 2.3)
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We have introduced new positive parameters, andy to replace the original physical parameterg2ri). The
new parameters are related to the original parameters through

bl/Z 1/2L ALl/Z
€= —, e YV e (2.4)
L 12 L4 12
The new functiony is proportional toz,, i.e.
12 ,
q= th (2.5)

Hereh, stands for the derivative df with respect tox. In (2.2) ¢ is the second variable of the functional. Ngw
is the average ap on (0, 1). g = 0 because of2.5). The functionW may be generalized from the exact formula
mentioned aftefl.1). We assume thav is smooth, it has a global minimum value 0 achieved at exactly two points:
0 and 1, and it grows too at least quadratically fast as its argument approagfres

We will show mathematically that the soliton-stripe pattern exists if

€ — 0, and w, y remain positive and fixed (2.6)

This condition may be interpreted in terms of the original parameters with the hépidfMore specifically(2.6)
is equivalent to

b1/20_1/2 bl/Zo_l/ZKl/Z

Note thatZ does not appear if2.7). This is natural sincé, the size of the membrane, is a chosen parameter, while
b, o, k and A are intrinsic physical parameters of the membrane. Once the physical parameterand A are in

the right rangd2.7), we take
12

The condition(2.6)is then satisfied.
Our main result is the following theorem regarding the existence of the soliton-stripe pattern as local minimizers
of F,. The proof of the theorem will spa®ections 3-5

Theorem 2.1. Under the conditior{2.6) for each positive even integdf the functionalF, has a local minimizer
(¢e, ge) Whene is sufficiently small. It satisfies the Euler—Lagrange equation
—pux+ W' (§) + eygx = Const, (2.9)
—gxx+ ©°q — yp: =0, (2.10)
and has the propertigim._.oll¢c — ¢oll2 = 0 andlim_,ollge — goll2,2 = 0 modulo translationand

¥2K sinh(wm/K) sinh(w(1 — m)/K)
2w sinh(w/K) '

lim € YF.(¢e, ge) = 1K — (2.11)
€—>

The Const. in(2.9)is a Lagrange multiplier coming from the constragnt= m. || - ||» denotes thd.2-norm and
|| - Il2.2 the W22-norm.  in (2.11)is a positive constant defined by

1
t:/ V2W(u) du. (2.12)
0
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It is called the interfacial tension, not to be confused with the surface temsian(1.2). That ¢. develops a
soliton-stripe pattern as— 0 lies in the fact that the limiting profileg of ¢. is a step function withk regularly
distributed jump points:

1_
0 on (O, —m>
K

$o(x) =11 on (2.13)

o

=
/N
>

I
x|
+
qS

[y

N———"

The limiting profile ofg. is go which is the solution 0f2.10)with ¢ = ¢g. While ¢g is discontinuousgg is of class
w22,

One of the local minimizers aof, in Theorem 2.1s a global minimizer. Our second result describes this global
minimizer and gives the number of its domain walls. The existence of a global minimizer follows from the standard
argument. Letd] denote the greatest integer less than or equal to

Theorem 2.2. Let(¢., ¢) be a global minimizer of-.. Then under the conditio(2.6) limc_.oll¢c — ¢optll2 = 0
up to translation ¢opt is (2.13)whose number of jumpSopt is either[t.] or [#.] + 1, wheret, is the minimum of
the function

Y2t sinh(wm /1) sinh(w (1 — m) /1)

h(t) i= 1 = 20 sinh(w/ 1)

defined orf1, co).

Straight calculations show thatr) is convex inz. Hence there is a uniqug. For larger we can expand(¢) and
obtain, up to an additive constant, that

)/20)21112(1 _ m)2

h(t) ~ 1t + 2 (2.14)
We then find
202m2(1 — m)? 13
¢, & (%) . (2.15)

From(2.15)the optimal spacing may now be determined in terms of the original parameters

2L 2L _ 2(30)Y/3p1/6,2/3 -
Kopt Tt A2BGR23(1 = )23 '
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which is the optimal thickness of a cycle of an A-rich layer plus a B-rich layer. Note, as it should be, the last quantity
in (2.16)is independent of..

Even though the last quantity {8.16)is an approximate formula in this context, it is indeed a physically accurate
description of optimal spacing. As expands in the rang@.8), bothy andw increase. The approximati¢@.14)
becomes more accurate neafThen(2.15)is more effective. The right side of formu|a.16)is actually the optimal
spacing in the thermodynamic limiL.(— oo).

Now we begin to prove the two theorems. We h¢ldnd minimizeF, with respect tgz. The unique minimizer
g satisfieq2.10) Substituting thig; into (2.2) and using2.10) we turn the local variational proble(g2.2) of two
variablesp andq to a nonlocal variational probleify of one variablep:

. L € 2 ey2
I(¢) :=min F (¢, q) = / <W(¢) + E¢X - 7¢xG[¢x]) dx, (2.17)
q 0
where
¢ e WHR/Z), ¢=m. (2.18)

HereG = G(x, y) is the Green function of
—qgxx+ a)zq =48(C—y), (2.19)

which is also viewed as a nonlocal, solution operator, i.e.

1
Gl () = /0 G(x, @ () dy.

For technical reasonk is trivially extended taX,,:
Xm={¢p e L>R/Z): ¢ =m) (2.20)
by taking/.(¢) = oo, for ¢ € X,, \ WH2(R/Z).

3. I'-Limit

The I'-limit theory is a singular perturbation theory in the calculus of variations. An introduction to the theory
may be found irf4]. In this theory there is a perturbed variational problem, which is often a standard one with a
small parameter, say The Euler—Lagrange equation of this problem is often a differential equation, although in
our case the Euler-Lagrange equation is an integro-differaagizdtion (6.2) The limiting problem, ag — 0, is
usually a geometric problem, whose Euler—Lagrange equation is a free boundary problem. Certain properties of the
limiting problem are carried over to the perturbed problem. In this sense the perturbed problem is reduced to the
limiting problem.

In this paper we need the properGprollary 3.2 that near isolated local minimizers of the limiting problem
there exist local minimizers of the perturbed problem. Then the construction of local minimizZetsemomes the
search for local minimizers of the limiting problem.

The singular limit (the/™-limit) of e~11., denoted by in this paper, is a variational problem initially defined in

A ={¢eBV(R/Z, {0,1}): ¢ = m}. (3.1)

HereBV(R/Z) is the class of periodic functions of bounded variation with value®jri}. Each function inA
has a finite number of jumps between 0 and 1. A more formal description of these functions may be found in
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[6, Chapter 5] Naturally for each positive, even integ€rwe set

Ax = {¢ € A: ¢ hasK jumps. 3.2)
Then we have a decomposition
o00,even
A= J Ak (3.3)
K=2

For eachp in A we define

2 1
J(@$) = 1K — %/ 6.Glp:]dx, if ¢ e Ax. (3.4)
0

Here the positive constants defined in(2.12) Again we extend trivially to X,, by takingJ(¢) = ooif ¢ € X, \ A.
Unless otherwise indicated, convergence of functions,jrmeans convergence under th&norm.

Proposition 3.1. LetX,, be equipped with th&? metric

1. Ase — 0,¢ 11, I'-converges td in the following sense

(a) For every familyp. C X,, with lim._.o ¢ = ¢, liminf._oe 1. (¢pe) > J().
(b) For everyg € X, there is{¢p¢} C X, such thalim._,o ¢ = ¢ andlimsup._, o e (g0 < J(9).

2. Lete; be a sequence of positive numbers convergir@ émd{¢;} a sequence iX,,. If ejfllej (¢;) is bounded
above inj, then{¢;} is relatively compact irX,, and its cluster points belong t4.

Proof. We viewe 11, as a sum of a local part
ir € 5
Ko@) = fo W)+ 502 a (3.5)

and are-independent, perturbative, nonlocal part
2 [t
L(¢) := _7/0 ¢+ G[¢x] dx. (3.6)

RegardingL, we note thatp — L(¢) is continuous fron.2(R/Z) to R by the elliptic regularity theory.
After making some minor modifications (changéto L2) in the proof of Propositions 1 and 2 [if2], we find
that K. I'-converges tKo. Here

Ko(p) =K if ¢ € Ag. (3.7

SinceL : X,, — R is a continuous functional, by the definition btconvergence 11, = K. + L I'-converges
toJ =Ko+ L.
Part 2 of the proposition is type of uniform coercivity property. If we rewrite

v2 [t v [t
-5 f $:Glg.ldx = / (—=¢° + 0*$Glg]) dr,
0 0
then the property follows frorfil6, Lemma A.3] O

The next result proved by Kohn and Sternb@ijgasserts that as a corollary®foposition 3.hear every isolated
local minimizer ofJ there exists a local minimizer dt. The original result i9] deals with a domain with a



284 X. Ren, J. Wei/Physica D 188 (2004) 277-291

boundary. Here oR /Z we must take care of the translation invariancd.adnd state the result a little differently.
Define a manifold of translates o

M(¢o) '={¢p € Xin 1 ¢() = ¢o(- — y), y € R/Z},
and a tube like neighborhood 8f(¢o)
Ns(¢o) :={p € Xm : lp(-) — ¢o(- — y)|I < 8, forsomeyinR/Z}.

Corollary 3.2. Lets > 0and¢g € X, be such that’/(¢g) < J(¢) for all ¢ € Ns(¢o) \ M(¢o). Then there exist
€0 > 0andg. € Ns;2(¢o) for all € < g such thatl (¢.) < I(¢) for all ¢ € Ns;2(¢o). In additiong. — ¢o up to
translation

Proposition 3.3. If (x1, x2, ..., xk) strictly minimizes/ in Ag locally, up to translation then the corresponding
¢ is a strict local minimizer of/ in X,,, module translation

Proof. Suppose that the conclusion is false. There would be a seques¢swth that; # ¢ modR/Z, ¢; — ¢
andJ(¢;) < J(¢). The L2-continuity of L implies lim;— o L(¢;) = L(¢). Therefore

lim sup Ko(¢j) < Ko(¢).

j—o00
On the other hand the lower semicontinuity theorem of BV funct[én$heorem 1, p. 17 3tates

liminf Ko(¢;) > Ko(®).

We deduce that

lim Ko(¢;) = Ko(¢). (3.8)
j—o00
Hence for largej, ¢; has exactlyk jumps and is iMAg. But this is inconsistent witkh; — ¢, J(¢;) < J(¢), and
the assumption of the proposition. a
Now the study of/ in X, is reduced to the study iAg. View the jumps ofp: x1, x2, ..., xx asK points on
0,),with0 < x3 <x2 <--- <xg <1,sothat
0 on(0, x1),

1 on(xg, x2),

0 on(xz, x3),

o) =1 (3.9)

1 on(xg—1, xk),

0 on(xg,1).

Then
¢x 28)(1_8)(2—"_5)63_"' _8)(1(' (310)
The constrain = m becomes

X2 —X1+x4—x3+ - +xKg —XKg_1=m. (3.11)
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L is now viewed as a function af;, and

2 K K
14 j+k
L(x, o xK) = = ZZ(—1)1+ G (x;, x¢)- (3.12)
j=1k=1
Proposition 3.4. Any critical point(xq,...,xg) of L (3.12)in Ag isx1 = (1 — m)/K, x2 = (1 + m)/K,
x3=B8-m)/K,xa=CB+m)/K,x5=5-m)/K,...,xgk-1=(K—-1-m)/K,xx = (K—1+m)/K, modulo
translation

We postpone the proof of this propositionSection 4

Proposition 3.5. At(2.13)orany ofitstranslatesve have," L” (x1, . . ., xg)z > Oforallvectorsc = (z1, z2, . . ., zk)
satisfyingzo — z1 + z4 — z3+ - - - + zx — zk—1 = 0, and the equality holds if and onlyife (1,1,...,1)T. So
(2.13)is a strict local minimum of. in A g, modulo translation

The constraint on; is a consequence of the constrgitl1) We postpone the proof of this propositior8ection
5.

Proof of Theorem 2.1. The existence of a local minimizet of K jumps follows fromCorollary 3.2 Propositions
3.3 and 3.5¢, satisfies thap. — ¢o ande 11 (¢.) — J(¢o) ase — 0. J(¢o) is calculated ir(5.19)

B ¥2K sinh(wm/K) sinh(w(1 — m)/K)

2w sinh(w/K) (3.13)

J(¢po) = 1K

The convergence af to go under theW?2-norm follows from the elliptic regularity theory f¢2.10) (]

Proof of Theorem 2.2. Let¢, be a global minimizer of.. Then Part 2 oProposition 3.1mplies thaip. — ¢opt € A
in L2. From Part 1 of the same proposition we conclude #hatis a global minimizer of/. By Proposition 3.4
¢opt Must be a critical point of , i.e. one of thepg’s. Kopt must minimize the right side ¢8.13)among all positive
integersk. HenceKopt = [1,] or [#:] + 1. O

4. Proof of Proposition 3.4

The Green function of2.10)is
cosh(w(1/2 — |x — z|))

G(x,z) = . , X, 0, 1]. 4.1
. 2) 20 sinN(w)2) xzel0.] (4-1)
At a critical point of L, because of the constraif®.11) we have
K
2 Y Gy x)(—DF =1, (4.2)
k=1#]

wherex is the Lagrange multiplier. Let

K
P() =) Gx x)(-DF. (4.3)

k=1
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Then P satisfies

K
— P+ u?P = Z(—l)k5Xk~ (4.4)
k=1
At eachxy
P'(xe—=) — P' () = (=D, (4.5)

From(4.3)we also have

K
P'g=)+ Pat) =2 ) G v xp) (=17 (4.6)
Jj=1#k
By (4.2)we deduce
P (xx—) + P'(xp+) = A. 4.7)
Solving(4.5) and (4.7)e obtain
A+ (=DF A — (=D
P/(xk_) — #’ P/(Xk-i-) — # (48)
2 2
We solve(4.4)on (x_1, x¢) to find
coshw(x — xi) coshw(x — xx—1)
P = P/ — P/ - k] 49
) (% 1+)a)sinhw(xk_1 — Xk) P )a)Sinha)(xk — Xk—1) (4.9)
which, together wit{4.8), yields
1 coshwliy
P(xg) = =P (xp-1)———— + P (=) ————
() (¥ 1+)wsinhwlk + P )a)Sinha)lk
A= (=D 1 A+ (=D hewl A+ (—D)F [
__ =D _ + (L7 costwle A+ (L7 oy @k (4.10)
2 w Sinhwlj, 2 w Sinhwlj, 2w 2
we have sely =x1,lo=x2—x1,l13=x3—x2,...,lg = xg — xXg_1, lK+1 =1—xg. Similarly if we considerP
on (xx, Xx+1)
A -1 k+1 /
Pl = 2 CDT i ket (4.11)
2w 2

From (4.10) and (4.11ye conclude that(x + (—1)¥)/2w) coth(wlx/2), k = 2,3, ..., K, is independent of.
Therefore

lo=lg=--=lg o=lx, lIa=Ils=---=lg_1, (4.12)
I; andlg 1 are handled differently. Translating, . . ., xg if necessary, we may assum®§0) = 0. Then
coshwlq A—1
P(x1) = P'(x1— = cothwly. 4.13
(x1) (1 )a) sinhwl 2w @i ( )

On the other han(#.11)implies
A+1 wlp r-—1 wl3
P(X]_) = ? COthT = ? COthT. (414)

Combining(4.13) and (4.14yve findly = I3/2. Similarly we havég 1 = lx_1/2 = I3/2.
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5. Proof of Proposition 3.5

In this section we transla{@.13)to

1-m 1 2—m 2 Vv—m
yvo=0, yi1= T 2= ¥3= T WA= Y2el= (5.1)

wherev = K/2. For(5.1)

if y € (yo, y1),
1 ifye (i y2),

do(y) = { 0 ifye (2 vys), (5.2)

1 ifye (yav-1,D.
The second derivatives @f of (3.12)with respect tox; are
oL [ Yt =DIHG G x) if j # k,
oxjoxe | —y2? Y, (DG @y ) i =k

(5.3)

It is more convenient to study the spectrumidfin the complex spac€X. In this context i is the imaginary unit.
We decompose

1
——L"=E+F 5.4
Y2w? ©-4)

at(5.1). The (j, k) entry ofE is (—1)f+kG(yj, yx)- The matrixF is a scalar multiple of the identity matrix, i.e.

K—-1
F= (— Y DG, yn) Ik. (55)
1=0
Note that the sum i{5.5)is independent of. Let us divideE into 2 x 2 blocks:
€00 €01 €ow-1)
€10 €11 €1-1)
E= . . (5.6)
€v-10 €uv-11 - €u-1(r-1)

These blocks are labeled by indiggst € {0, 1, ..., v — 1}. Atypical eg is

o - [ G(y2. y2e)  —G(y2p, y142¢) :|
—G(y1+28, y26)  G(y1+28, y1+2¢)

(5.7)

The spectral analysis is done in two steps. First we perform a “coarse” discrete Fourier transform tolcbtwert

a matrix with vanishing off-diagonal 2 blocks. In the second step we study the spectra of the diagonal blocks.
The coarse discrete Fourier transform, usel@ir for tri-block copolymers, treats a cycle of two interfaces as a

single unit. It is given by the matri® whose &, B) block is

1 .
ﬁ exp(—Zm?) lo, «,B€{0,1,...,v—1}, (5.8)
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wherel, is the 2x 2 identity matrix.P is unitary so its inversP—1 is its adjoint, i.e(5.8)with the —2xi’s replaced
by 2ri's in the exponents.
ClearlyPFP~! = F. The calculation oPEP~ is more involved. Thed n) block of this product is

3 1 exp< Zm—ﬂ + 27i 5”) epe. (5.9)
e "
The computation of5.9)is done on the entries @k individually, so for anys, ¢ € {0, 1} the ¢, 7) entry of(5.9)is
(— 1)”’ E
Z exp Zm— + 271127 ) G (yss28s Yit2s)- (5.10)

Let us first set
cosh(w(1/2 — 7))

g(@) = 20 sinh(@/2) (5.11)
on [0, 1] and periodically extended ®, and define
oo exp(—Zni%) g (%) if s =1,
Q5.0 =1 Lo exp(—Zni?) 8 (% - 1_vm) fs=0r=1 (5.12)
1—
> exp(—Zni%) g <% + vm> ifs=11r=0.

Straight calculations show that

1 el e/
00,00 = Q(r. 1,1) = (ew/u_ —_ : )

e 2mia/v e (/v) _ @—2ria/v

1 e wm/u gom/v
0(,0,1) = Z <e27ria/v —ew/v - e2ria/v _ e‘0/”> ’

1 ep)m/v e—wm/v
01,0 = <e{u/v — g—27ia/v - e—o/v _ e—Zﬂia/v)

(5.13)

Note thatQ(0,0,1) = Q(0,1,0) = g(y1) + g(y3) +-- -+ g(yx-1) > 0 andQ(e, 0, 1) is conjugate ta («, 1, 0).
Then

(_1)s+t ) _1)s+t
7 Xﬂ: exp(—Zm?) G (Vs+28> Yi+2t) = NG

is the §, 7) entry of the &, £) block of PE. From(5.9)we conclude that thex( ) block of PEP~! vanishes ifx # 7
and the &, @) block is
0(x,0,00 —0Q0(,0,1)
|:—Q(a, 1,0) O(x 1, 1) ]
This way(1/y°w?)L” = E + F is diagonalized to X 2 blocks, where theth diagonal one is
[ 0(,0,0) —0Q(,0,1)

exp(—Znia—f) 0w, s, 1) (5.14)

o =

] —(0Q(0,0,0) — 0(0,0, 1)l 2. (5.15)
—0(, 1,00 Q1,1



X. Ren, J. Wei/Physica D 188 (2004) 277-291 289

Here we have used the fact that
sinh(wm/K) sinh(w(1 — m)/K)

—1)/*G(y;, y) = 0(0,0,0) — 0(0,0,1) = 5.16
? )G (y;. i) = ©(0,0,0) — (0,0, 1) >SN/ K) : (5.16)
where the last quantity follows froifb.13)
In the second step of our spectral analysis we stuglyNote that
Q(Ov Oa 1) _Q(Ov 07 1)
= . (5.17)
-00,1,00 0,10

One of the eigenvalues ofig is 0 and the second is@(0, 0, 1). Although it is positive, the second eigenvalue
is irrelevant. Note that an eigenvector of the eigenvalue@,ig, . . ., 1, 1), in the coordinates before the coarse
Fourier transform. The invariant subspace correspondimgots the linear span of the first two columns@in
(5.8) i.e.

c1(1,0,1,0,...,1,0" +¢2(0,1,0,1,...,0,1)7.

In this two-dimensional subspa¢g, —1,1, —1,...,1, —1) is an eigenvector corresponding to the second eigen-
value ofmg. However, this vector does not satisfy the condition- z1 +z4 —z3+--- +zxk —zx—-1 = 0in
Proposition 3.5The vector is indeed normal to the condition hyperplane. Other eigenvectbfsallf satisfy the
condition.

Whena > 0, the two eigenvalues of, areQ(«, 0, 0) + |Q(«, 0, 1)| — Q(0, 0,0) + Q(0, 0, 1) andQ(«, 0, 0) —
|Q(e, 0, )| — 0(0,0,0) + Q(0, 0, 1). From(5.13)we find them to be

sinh(w/v) + \/Sinhz(wm/v) + 2 sinh(wm /v) sinh(w(1 — m)/v) cos(2ra/v) + sinh2(w(1 — m)/v)
2w(cosh(w/v) — cosh(2mra/v))
sinh(wm /2v) sinh(w (1 — m)/2v)
B wsinh(w/2v)

(5.18)

Both of them are positive. To see this we consider the smaller offe 18) which is the one with- in 4. The
quantity is minimized if co$2ra/v) is 1. When this happens, the entffe18)is exactly 0. However, here we have
a=12,...,v—1and cog2ra/v) < 1. Thereforg5.18)is positive.

One byproduct here is the value Hfat (2.13) According to(3.12) and (5.16)

)/2 K-1 ' )/ZK
Jigo) =K — = > (=G (), ) = 7K = —5=(0(0,0,0) — (0,0, 1))
Jj.k=0
2K oi i _
K — y<K sinh(wm/K) sinh(w(1 m)/K). (5.19)

2w sinh(w/K)

6. Remarks

Theorem 2.hows the existence of infinitely many solutiong®®) and (2.10as local minimizers of the free
energy. One of them is a global minimizer which is described@hrorem 2.2All the local minimizers have the
desired soliton-stripe shape, and hence model the soliton-stripe pattern in 1D.

It is natural, as done by the authors in the diblock copolymer prof®2h to study the 2D stability of the 1D
solutions viewed in 2D. In the diblock copolymer problem only the 1D local minimizers with sufficiently many
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domain walls are stable in 2D. The 1D global minimizer in the diblock copolymer problem is near the borderline
between the stable ones and the unstable ones in 2D. We suspect, based on our expgzi2ghtkannot all the
1D local minimizers constructed ifiheorem 2.lare stable in 2D. It is interesting to see whether the 1D global
minimizer in Theorem 2.2s stable in 2D. There is also the possibility, as in the diblock copolymer prof@&m
that there could be stable lamellar solutions with wriggled domain walls in 2D.

The approximate dependencefgéo) on K, according tq2.14) is

cL3
J(¢po) =~ K + F

for some proper positive constafitndependent of., whenKk is large. This asymptotic formula that leads to the opti-
mal spacing shows up in many other physical systems, including di- and tri-block copo[jimeE|and chiral lig-
uid crystalg23,27] Itis minimized atk = (2C/7)*/3L. Another important formula that leads to optimal spacing is
CL?
K+ — 6.1
K + 7 ( )

which is minimized ak = (C/7)Y/2L. The difference between the exponents 1/3 and 1/2 may be signific§4] In
we showed thaf6.1)appears in a charged Langmuir monolayer problem proposed by Andelmafigtlais also
found in the studies of the domain structures of ferromadt@}sand superconductors in the intermediate §28¢

The sinusoidal lamellar patterRi€y. 22)) is of very different nature. It bifurcates out of the constant siat€}
of F.. Note that the Euler—Lagrange equatior(®fL7)is

—xx+ W) — W (@) + €/°Glg:]: = 0. (6.2)
The eigenvalue problem ¢6.2)at¢ is

—E+ WY = WDV + ey’ Glyalx = 2. (6.3)
Eq. (6.2)is satisfied byp = m. At this solutionm, we have, in(6.3)

¥ = cos(2nmx) or Y =sin(2nmx), n=123, ..., (6.4)

and the corresponding

ey’w?

22,2 _2 17" 2
A =4denn+ Wiim) — ey +m,

n=1235,... (6.5)
In (6.5) A is convex with respect ta2. Depending on the values ef y, » andm the principal eigenvalue (i.e.
the smallesk) may be positive, negative, or zero. This allows one to use the bifurcation theory to find solutions
bifurcating out ofn. Such solutions differ fromu by a function proportional t(6.4), to the first order approximation.
We then obtain a sinusoidal lamellar pattern. The stability of such solutions may also be determined.
This construction is rather standard, so we omit the details. The reader may find all the necessarya6pls in
It should be noted that this bifurcation phenomenon appears in a parameter range differ¢gatéjom
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