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Abstract

The Ohta-Kawasaki density functional theory of diblock copolymers gives rise to a nonlocal
free boundary problem. In a proper range of the block composition parameter and the nonlocal
interaction parameter, an equilibrium pattern of many droplets exists in a general planar do-
main. A sub-range of the parameters is identified where the multiple droplet pattern is stable.
This stable droplet pattern models the cylindrical phase in the diblock copolymer morphology.
Each droplet is close to a round disc. The boundaries of the droplets satisfy an equation that
involves the curvature of the boundaries and a quantity that depends nonlocally on the whole
pattern. The locations of the droplets are determined via a Green’s function of the domain.
In constructing the droplet pattern we overcome three obstacles: interface oscillation, droplet
coarsening, and droplet translation.
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ening, interface oscillation, droplet translation.
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1 Introduction

A diblock copolymer melt is a soft material, characterized by fluid-like disorder on the molecular
scale and a high degree of order at a longer length scale. A molecule in a diblock copolymer is a linear
sub-chain of A-monomers grafted covalently to another sub-chain of B-monomers. Because of the
repulsion between the unlike monomers, the different type sub-chains tend to segregate, but as they
are chemically bonded in chain molecules, segregation of sub-chains cannot lead to a macroscopic
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Figure 1: The spherical, cylindrical, and lamellar morphology phases commonly observed in diblock
copolymer melts. The dark color indicates the concentration of type A monomers, and the white
color indicates the concentration of type B monomers.

phase separation. Only a local micro-phase separation occurs: micro-domains rich in A monomers
and micro-domains rich in B monomers emerge as a result. These micro-domains form patterns that
are known as morphology phases. Various phases, including lamellar, cylindrical, spherical, gyroid,
have been observed in experiments. See Figure 1.

This paper deals with the cylindrical phase of the block copolymer morphology (Figure 1, Plot
2). Let a € (0,1) be the block composition fraction which is the number of the A-monomers divided
by the number of all the A- and B-monomers in a chain molecule. The cylindrical phase occurs
when « is relatively close to 0 (or close to 1), and the A-monomers (or B-monomers respectively)
form parallel cylinders in space. If we look at a cross section, the cylinders become droplets in a two
dimensional region. We will mathematically construct a pattern with a number of droplets. In the
process we achieve the following objectives.

e Identify a parameter range that produces a multiple droplet pattern.
e Find a sub-range where the multiple droplet pattern is stable.

e Determine the radius of each droplet.

Determine the locations of the droplets.

Find the free energy of the droplet pattern.

e Determine the optimal number of droplets.

The model we use here is a nonlocal free boundary problem derived from the Ohta-Kawasaki
density functional theory of diblock copolymers [17]. Let D be a bounded and sufficiently smooth
domain in R? which is a cross section perpendicular to the cylinders of a diblock copolymer in the
cylindrical phase. Let E be a subset of D where A-monomers concentrate. Then D\ E is the subset
where B-monomers concentrate. Denote the part of the boundary of E that is in D by dp E which
is the set of the interfaces separating the A-rich micro-domains from the B-rich micro-domains.



Denote the Lebesgue measure of E by |E|. Given a block composition fraction a € (0, 1), one has
|E| = a|D|. Moreover there exists a number A such that at every point on dpF

H(9pE) +7(=8) (x5 —a) = A (L1)

Here H(OpFE) is the curvature of OpE viewed from E, v is a given positive number, and xg is the
characteristic function of E, i.e. xp(z) =1if x € E, and xg(x) = 0 if z € D\E. The expression
(—A)~Y(xg — a) is the solution v of the problem

—Av=xg —ain D, d,v =0 on the boundary of D, =0

where the bar over a function is the average of the function over its domain, i.e.

U= ﬁ/jﬁ)v(m)dm.

Because (—A)~! is a nonlocal operator, the free boundary problem (1.1) is nonlocal.
The equation (1.1) is the Euler-Lagrange equation of the free energy J of the system. The
functional J is given by

IE) = 1Dxel(D) + § [ 1-8) s~ )P de, Be. (12)
D

The admissible set ¥ of the functional J is the collection of all measurable subsets of D of measure
a|D| and of finite perimeter, i.e.

¥ ={FE C D: E is Lebesgue measurable, |FE|=a|D|, xg € BV(D)}. (1.3)

Here BV(D) is the space of functions of bounded variation on D. The operator (—A)~'/2 is the
positive square root of (—A)~1L.

Since xg € BV(D), we view Dxg as a vector valued, signed measure, and let |Dxg| be the
positive total variation measure of Dxg. The first term in (1.2), |Dxg|(D), is the |Dxg| measure
of the entire domain D. When dpE is a smooth curve, or a union of smooth curves, |Dxg|(D) is
just the length of dpE. The constant A in (1.1) comes as a Lagrange multiplier from the constraint
|E| = a|D|. The first term in J gives the interfacial energy between the micro-domains and the
second term reflects the connectivity of the monomers in chain molecules.

The main difficulty in (1.1) comes from the nonlocal term. Without it, i.e. if v =0, (1.1) would
just be the equation of constant curvature. However with the nonlocal term the curvature of a
solution in general is not constant. One exception occurs in the study of the lamellar phase (Figure
1, Plot 3) where interfaces are parallel planes (Ren and Wei [20, 23]). The solution we are looking
for in this paper is a union of a number of disconnected sets each of which is close to a small disc.
These approximate discs are called droplets and the solution is termed a droplet solution.

Nishiura and Ohnishi [15] formulated the Ohta-Kawasaki theory on a bounded domain as a
singularly perturbed variational problem with a nonlocal term and also identified the free boundary
problem (1.1). Ren and Wei [20] showed that (1.2) is a I'-limit of the singularly perturbed variational
problem. See the last section for more discussion on the Ohta-Kawasaki theory and I'-convergence.

Since then much work has been done mathematically to these problems. The lamellar phase
is studied by Ren and Wei [20, 22, 23, 27, 28|, Fife and Hilhorst [9], Choksi and Ren [4], Chen



and Oshita [2], and Choksi and Sternberg [6]. The result obtained by Miiller [14] is related to the
lamellar phase in the case a = 1/2, as observed in [15]. Radially symmetric bubble and ring patterns
are studied by Ren and Wei [21, 26, 29]. The gyroid phase is numerically studied by Teramoto and
Nishiura [31]. Triblock copolymers are studied by Ren and Wei [24, 25]. A diblock copolymer -
homopolymer blend is studied by Choksi and Ren [5]. Also see Ohnishi et al [16], and Choksi [3].

2 Theorems and implications

The Green’s function of —A is denoted by G. It is a sum of two parts:

1 1
= —log —— . 2.1
Glz,y) = 5 log P + R(z,y) (2.1)

The regular part of G(z,y) is R(x,y). The Green’s function satisfies the equation

—A;G(z,y) =dxr —y) — in D, 0,)G(x,y) =00ndD, G(,y) =0 foreveryye D. (2.2)

1
D]
Here A, is the Laplacian with respect to the z-variable of G, and v(x) is the outward normal
direction at € 9D. We set

F(&1,&, .0 6x) =Y R(Em&) + > Y Gk &), (2.3)

K K
k=1 k=11=1,l#k

for & € D and & # & if k # I. Because G(z,y) — oo if | —y| — 0 and R(z,z) — oo if x — 9D,
F' admits at least one global minimum.
The average droplet radius is denoted by

p:\/%. (2.4)

The main result of this paper is the following existence theorem.

Theorem 2.1 Let K > 2 be an integer.

1. For every € > 0 there exists 6 > 0, depending on €, K and D only, such that if

1
vp? log; >1+e¢, (2.5)
Ivp® = 2n(n 4 1)| > en?, for alln =2,3,4, ..., (2.6)
and
p <9, (2.7)

then there exists a solution E of (1.1).

2. The solution E is a union of K droplets. The radius of each droplet is close to p.



3. Let the centers of these droplets be (1, Ca, ..., Cx. Then ¢ = (¢1,C2,-.-,CK), is close to a global
minimum of the function F.

We have opted for a rather general existence theorem. The solution found in the theorem is not
necessarily stable. The stability of the solution depends on how (2.6) is satisfied.

Theorem 2.2 If (2.6) is satisfied because
vp> = 2n(n+1) < —en?, for all n > 2, (2.8)
then the droplet solution is stable. Otherwise if (2.6) is satisfied but
en? <yp> —2n(n+1), and vp®> —2(n+1)(n +2) < —e(n + 1)? (2.9)
for some n > 2, then the droplet solution is unstable.

These two theorems address a number of critical issues in the study of the cylindrical phase of
diblock copolymer morphology.

Parameter range for existence. When we delete intervals around 2n(n+1), n = 2,3, ..., in (2.6),
the width of the intervals, 2en?, grows as n becomes large. At some point an interval will include
nearby members in the sequence 2n(n + 1). When this happens, vp® can not be placed above such
2n(n + 1). This implies that there exists C'(¢) > 0 depending on € such that

C
v < (36 ). (2.10)
P
Combing this with (2.5) we see that p and ~ are in a somewhat narrow parameter range
1 c
p<s, —te ,C9 (2.11)

< :
p*log ; TS

and p> must stay away from the sequence 2n(n 4+ 1), n = 2,3, ..., in the sense of (2.6). From (2.11)
one sees that p must be small and v be appropriately large.

There are three main obstacles to be overcome in the proof of Theorem 2.1. They are droplet
coarsening, interface oscillation and droplet translation. Droplet coarsening refers to a phenomenon
that some droplets become larger and other droplets become smaller or even disappear. The condi-
tion (2.5) eliminates this phenomenon. Interface oscillation refers to a phenomenon that oscillations
appear to the boundary of a droplet. This is ruled out by the gap condition (2.6). Droplet trans-
lation means that arbitrarily placed droplets are in general not stable. They tend to move to a
particular configuration which turns out to be a minimum of F.

The gap condition also suggests bifurcations to oscillating solutions. Elsewhere gap conditions
have appeared in constructing layered solutions for singularly perturbed problems. See Malchiodi
and Montenegro [11], M. del Pino, M. Kowalczyk and Wei [8], Pacard and Ritoré [19], and the
references therein.



Parameter range for stability. The solution found in Theorem 2.1 may be unstable because of
interface oscillation. The condition (2.8) eliminates this possibility. Under (2.8) p and v must satisfy
a more stringent requirement

p <, : (2.12)

p?log ! P
This means that vp® must stay to the left of the sequence 2n(n + 1), n = 2,3, .... If (2.9) holds, we
have an unstable mode that tends to bring oscillations to the droplet boundaries.

Droplet sizes and droplet locations. The droplets in the solution we construct are all close to

round discs. They all have the same approximate radius. Theorem 2.1, Part 3, asserts that the
droplet centers must minimize F' approximately.

When the domain D is the unit disc, the Green’s function G and hence F' are known explicitly:

1 O s

1
Gla,y) or 8 |z — y| + 277[ p Ty tes |lzy — 1]

|+C (2.13)

where the constant C' is chosen so that G(-,y) = 0. Here 7 is the complex conjugate of y. a7 is the
complex product of z and y. Figure 2 shows the droplet patterns through numerical minimization
of F for K =2 to 10.

Physicists believe that the droplets must pack in a hexagonal (honeycomb) pattern (see Bates
and Fredrickson [1], e.g.). To see a hexagonal pattern here we must have a large number of droplets
so that the boundary of the domain has a limited influence. Figure 3 shows a numerical minimizer
of F with K = 100. We see an almost perfect hexagonal pattern of droplets. We claim that
a mathematically rigorous justification for this particularly important pattern in block copolymer
morphology is found in this paper.

Optimal number of droplets. Let us consider the physically most relevant case in the range
(2.12) for the cylindrical phase of diblock copolymers. We assume that a is small and v is a large

number of a particular order: vy ~ m. More precisely there exists p > 0 such that
M M
v =— - = = (2.14)
a®/2log = (%)3/2,03 log K‘m‘;?

Now a and p are the two main parameters of the problem. We hold u fixed and make a and hence
p small. We see that (2.5) is satisfied if

Kn
p>2()*

and p is small. (2.15)
D]

)

The condition (2.8) is also easily satisfied when p is small. So we have a stable droplet solution.
With (2.14) and (2.4) the leading order of the free energy is calculated from formula (8.2)

2ypt  —K1 D|%u 1
2kcmp+ (0 ZE08 0y DR ¢ YU L e quantity.  (2.16)
2 27 8 K
With respect to K the last quantity is minimized at
D 3/2
K~ %. (2.17)
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Figure 2: The droplet patterns for K = 2 through 10.
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Figure 3: The 100 (j’s determined by numerically minimizing F' on a unit disk.



Note that the choice (2.17) of K does not violate the condition (2.15) of u. It gives us the optimal
number of droplets in a cylindrical pattern.

The theorems are proved by a reduction procedure. In Section 2 we construct a family of
approximate solutions that are unions of round discs parameterized by their centers and radii. They
form a 3K — 1 dimensional manifold. In Section 3 we perturb each set by perturbing its discs to find
a new set in a subspace approximately normal to the manifold. The new sets better approximate
a solution of (1.1). With these sets of perturbed discs we have a new manifold that consists of
solutions of (1.1) modulo translation and coarsening. In this step we use a fixed point argument, for
which we must analyze the linearization of (1.1) at each approximate solution and also the second
Fréchet derivative. The main obstacle to the invertibility of the linearized operator is the oscillation
phenomenon. We avoid this problem by using condition (2.6). In Section 4 we find a particular
set of perturbed discs in the new manifold which solves (1.1) exactly. The centers and radii of the
droplets in this particular pattern are found by minimizing J on the new manifold. To show that
the minimizer is indeed an exact solution of (1.1), we use a tricky re-parametrization argument.

The main difficulty in this approach lies in the analysis of the nonlocal part of (1.1), such as
the proofs of Lemmas 5.3 and 7.1. It involves a singular integral operator similar to the Hilbert
transform.

We use S to denote the interval [0, 27] with 0 and 27 identified. The L? space on S is L?(S1).
The inner product in L?(S!) is denoted by (-,-). The L? norm is denoted by || - |12, and the L>
norm by || - [|z=. The Sobolev W2* space is denoted by H*(S') where k > 1 is an integer. The
W2 norm is denoted by || - || z». We also use a product of K copies of L?(S') on which we have an
inherited norm and an inner product, which we still denote by || - |52 and (-,-). The reader should
be able to tell from the context what we refer to. The inherited norm of a product of K copies of
the Sobolev space W2*(S1) is also denoted by || - || g+

We use C to denote a positive constant which is independent of a, p, v, and the points (£,7) in
U, where U is a given in (3.2). C can only depend on D, K and e. The value of C' may change from
place to place.

We write ¢’ instead of (cos,sin @) for a simpler notation even though no complex structure is
assumed on R2. The reader will see things like €% - 2 which is simply the inner product of two real
vectors e and z.

From now on we are given € > 0, and v and p satisfy (2.5) and (2.6).

3 Approximate solutions

Let Uy be a small neighborhood in D¥ of the set {n: F(n) = mingepx F(£)}, and Us be the set
K
Uy = {(r1,72,..,75) € R m € (1= 82)p, (14 82)p), k=1,2,.., K, Y _mri=alD[}. (3.1)
k=1

The constant d, is positive, small and depends on €. It will be fixed later in the proofs of Lemmas
5.3 and 8.2 and in Appendix C. Define

U= U1 X UQ. (3.2)



Let &1,&, ...,k be K distinct points in D so that £ = (&1,&,...,&k) is in Uy. Let r =
(r1,79,....,75) be in Uy. Denote the disc centered at & of radius 7, by Bg. The union of the
B’s is B:

K K

:UBk:U{x€R2:|x—€k|<rk}. (3.3)
= k=1

With U close to {n: F(n) = min,cpx F(x)} and 2 and p sufficiently small, the discs By, are all

inside D and disjoint. Note that the requirement |B| = a|D| is met because of (3.1). We put B into

the left side of (1.1) and check how accurate B is as an approximate solution.

Lemma 3.1 When E is B, the left side of (1.1), at each & + rpe®, is

1 1
LI [ rk og T
Tk 2

+ T R(Ek, &) + Y 7 Gk, &) + O(1).
I#£k

Proof. The curvature is % We compute v; = (—A) " (xp, — ‘D‘) Define

P(x):{ lztl +———logrl, if |z <1
—710g|x|, if |x| >
Then —AP(- — &) = xp,. Write vi(z) = P(x — &) + Q(x,&). Clearly
nr? r?
—AQ(z, &) = ~1D Oy Q@ &) = 0, log |z — &[ on 0D, Q&) = —P(|- ~&l).

Here the Laplacian A and the outward normal derivative 9, are taken with respect to z. Note that
the Green’s function G satisfies the equation (2.2). This shows that Q(z,&;) and 7r? R(x, &) satisfy
the same equation and the same boundary condition. Recall that R is the regular part of the Green
function G. Therefore they can differ only by a constant. This constant is Q(-, &) — mr? R(-,&). But
v = G(+, &) = 0 implies that this constant is also

2 4
e g - P — &) = L
ylogl- —&l = P( &) SID]"
Hence
and ”
u(z) = Pz — &)+ mriR(z, &) + 8|D| (3-4)
Let v = (—=A)"Y(xp —a) = >, v;. Then at & + rye®*
) 2] Koo
o( +rre®) = -k C;grk TR R(&, + i &) + Y mrG(&, + e, &) Z—IS
[ =1
2
1
= T R(G &) + Y mG(E, €) + O(°). (3.5)

£k
The lemma follows from (2.10).

10



Lemma 3.2 The free energy of B is

ad 77r2 ad rklogr;C rk
227“”1@4-7 8 + e R (&, &)
k:l
K K r24 4r2
+ZZ% (68 + DD (2 )]
8IDI 8IDI
k=1 Ik k=1 1=1

Proof. Let v = (—A)"(xp — a) as in the proof of Lemma 3.1. The local part of J(B) is just the
total arc length

K
Z 27T’I“k. (3'6)
k=1
The nonlocal part of J(B) is, with the help of (3.4),
3 | 1A —a) da
2Jp

- %/(XB—a)v(a:)da: = %/DXBU(JJ)dx = %/Bv(x)dx

K K K
- %ZZ/ka(a:)dx - %z::z Pz — &) dx + Q(“ &) dx).

There are two possibilities. When [ = k, from the definition of P we find
4 1
Pl — &) de =k _ w. (3.7)
By, 8 2
For the integral of @, note that, since AQ(+, &) = ‘Df‘, Qx, &) — %D’%Mx —&;|? is harmonic in z. By
the Mean Value Theorem for harmonic functions

Q) = [ @6~ gl -t [ ol -6

By
772T6 772T6
= Q& &) + 8|Dk| = sziR(fkafk)ﬂLeri- (3.8)

When [ # k, for x € By, P(x — &) = —% log |z — &| which is harmonic, without singularity, in

By, and hence by the Mean Value Theorem
2

[ Pe-gyar=-"L1 ! logler — . (3.9)
B
Also Q(x, k) — 7%= — &/ is harmonic in By, so
Q&) dr = /(Q(xﬁ)—wilx—ﬁlz)dwr/ Tk |y gl d
T 4o
2,.2,.4 2,.2,..4 2,.2..4
2 7T7“k7”l 7T’I“k’l“l 7'("I“l7“]C
= = . .1
ﬂ-rlQ(flvgk)—’— 8|D| ﬂ-rkrl (é.l;fk) 8|D| + 8|D| (3 O)

The lemma then follows from (3.6), (3.7), (3.8), (3.9), and (3.10).

11



4 Perturbed discs

We perturb each disc By, considered in the last section. A perturbed disc denoted by Ey, is described
by a 27 periodic function ¢ = ¢r(6x), Ok € [0, 27]:

By, = {& +te' 1 0, €[0,2n], t €[0,1/r2 + dx(61))} (4.1)

Each ¢y, is small compared to 77 so that 73 + ¢ (0)) is positive. The ¢j’s also satisfy

K 27
Z/O Pr(0) db, =0 (4.2)
k=1

so that the combined area of the perturbed discs remains a|D|:

Y IE e tdtdd " rk ¢’“ 5 (0k) ) df D
|M—Z k—z k—ZWVWH

The union of the Em s is E¢:
K

Ey = By, (4.3)
k=1
We let 0 = (01,02, ...,0k) and ¢(0) = (61(601), p2(02),...¢x (0K )). Note that ¢ is not a function
from S! to RX. It is a collection of K functions from S* to R, where each function ¢, in the collection
has its own variable 0. We could view ¢ as a function from (S1)X to RE with a particular form

(01,02, ...,0K) = (p1(61), P2(02), ..., or (0K ))- (4.4)
The arc length of OpEy can be expressed as
K K 27
(¢k(0k))
D D)= / r? + db.. 4.5
The nonlocal part of J in (1.2) may be written in terms of ¢ as
/ [(—A)~Y%( xg, —a)?de = —/ G(z,y) dxdy. (4.6)
2 Ey JEy

We write the equation (1.1) in terms of ¢. The curvature of a point on dpEy, is given by

3 0r))? (0
7’1< + 61 (01) + r(¢if¢kk(?k)) ¢k(2 k)

CATDE
(r} + 1 (0) + Toztigeay)*

Hi(¢r)(0k) =

(4.7)

The nonlocal part of (1.1) is first written as

7(—A)_1(XE¢ —a)(0k)

Z G(& + /77 + ¢1(0k)e , y) dy

Ey,

27 \/m . X
7/ / G(&x + /12 + ¢i(01)e* & + te™ )t didwy. 4.8
; A (& +/75 (Or) ) (4.8)

12



Remark 4.1 The expressions (4.7) and (4.8) may be obtained by calculating the variations of (4.5)

and (4.6) with respect to ¢. Then there will be an extra & in front of both (4.7) and (4.8).

There are two cases in the sum over [ in (4.8), when [ = k we write

21 py/ri o (W) ‘ ‘
7/ / G(Er + /72 + O (01)e &, + te™* )t dtdwy,
o Jo

1 27 \/’l"i"r(i’k(wk) 0 ) ¢ iw
= 7 Ogrk|E¢k|—l/ / log | 1+¢k(2k)el9’“— < |t dtdwy,
s 2 0 0 T Tk

2

27 py/TE bk (wi) ‘ ‘
"'7/ / R(Er + /72 + o (01)e% | &, + te™*)t dtdwy,.
o Jo

We denote the three terms in (4.9) by

2 4

21 /T2 40k (wr) 0.) . Leiwk
—l/ / k log|4/1+ —¢k(2k)ew"' - |t dtdwy,
2r Jo Jo T Tk

21 pa/ri k(W) ) )
Bu(én)(0r) = ~ / / R(6 + /12 + 60(00)™% , & + te“* )t dbduy,

0

logr r2logr logr 2
Tuon)6) = ~ToE|E,,| = - TEDE _TEE [, 0,)ds,
0

A (éx)(0r)

When [ # k in (4.8) we let

27 7 +¢i(wi) ) ,
Cri(dr, d1)(0r) = 7/ / G (& + /73 + o1 (0r) ™ & + te™ )t dtdw.
0

0

The left side of (1.1) now becomes

Hie (1) (On) + Ti () (On) + Ar(61) (Ok) + Br(dr) (0x) + > Cra(dr, ¢1) (0k)
1%k

at & + /12 + o (0k)e?. Let us define S by
§= (817827 7SK)
where

Sk(®)(0k) = Hi(dr) (0r) +I(dr)k(0k) + Ar (61) (Ok) + Br(d1) (0) + > Cra(r d1) (0k) + M().
12k

Here A(¢) is a number, independent of k. It is given by

K
AB) = = S [H(n) + Te(dn) + Ax(n) + Bulow) + 3 Cualon, o))
=1

K k= 1£k
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The bar over the quantity here stands for the average of the quantity over [0, 27r]. With this definition

of A,

K
> Sk(ér) =0.
k=1

The operator S maps from

K

X={p=($1,02,....6K) : ¢ € H*(S), k=1,2,...K, > ¢ =0}

to K
y = {q = (Q1an7"'7qK) gk € L2(51)5 k= 1527"'7Ka Z_k: 0}
The equation (1.1) now becomes
S(¢) =0.
By defining

C= (C17C27 "'7CK)5 where Ck(¢17¢2) (X3} ¢K) = chl(¢ka ¢l)a
1#£k

we write

S=H+IZT+A+B+C+ \

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

In the map S the inputs ¢1, @2, ..., ¢x only interact in C and A. The other operators can be written

in the block matrix form

Hy O 0 7 0 0 ]
= 0 H 0 CI= 0 I 0 ’
0 O HK 0 0 Ik |
A 0 ... 0 B 0 .. 0
A= 0 Ay ... 0 . B= 0 By .. 0 ’
0 0 . Ag 0 0 .. By |

(4.23)

(4.24)

where each entry in a matrix is an operator from H?(S!) to L?(S'). The scalar operator A gives

the projection —(A(¢), A(@), ..., A\(¢)) of H(¢) + Z(¢) + A(¢) + B(¢) + C(¢) to the one dimensional

space spanned by (1,1,...,1).
Let us write down the first Fréchet derivatives of these operators. We set

By, = {ae® : 6), €[0,27], a € [0,1/1 + ¢r(0k)/r2)}

(4.25)

to be a shifted and re-scaled version of Ey, . Denote the derivatives of Hy, against ¢, ¢} and ¢} by

Hi,1, Hi,2 and Hy, 3 respectively. Calculations show that

Hi(or)(ur) = Hia(or)ur + He2(dr)uy, + Hi3(or)uy,

14
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I'(¢n)(u) = legrk/ k(0x) dOk (4.27)
A0 = = [ wntanly 14 20D i S
_ Yyug(Or) \/W -y dy (4.28)
AT+ okOn)/r7 Jo,, |1+ %g")ewk g '
By (éx)(ur)(0r) = % /027r e (Wr)R(Ex + /72 + (00 &5 + 1 /72 + dro(wn) ™) duoy

yur(Ok) 0 0,
4+ VR(&, + /72 + 0r)e %% y) - % dy. (4.29
NeET (& + /7% + Ok (Ok)e™, y) y. (4.29)

27
Cri(Dns o) (U, w)(O) = 1/0 W (w)G (& + /12 + b1 (0k)e™, & + /12 + dr(wy)e™" ) duy

2

’Yuk(ak) 0 i0
G+ VG(&L 4+ /12 + dp(01)e y) - e  dy.  (4.30
NeET ol (& + /7 + O (Ok)e™,y) y. (4.30)

The derivative

)\I(¢1a ¢2) ey ¢K)(U1,U2, ,UK)

is so chosen that

K
> Siu) =

k=1

5 A linear operator
Let £ be the linearized operator of S at ¢ = 0, i.e.
L =8'(0).

Going back to (4.26), (4.27), (4.28), (4.29) and (4.30) we find that

1
MO ) = — 5 (ul + )
k
1 2
T,0)(w) = —1oB / ux(01) by
T 0
27 , , 9
A (0)(ur) () = —41 up(wi) log e — " | dwy, — e Or)
™ Jo 4
2
BLOIO) = 1 [ wRE+ e 6+ ) do
0
0 , ,
+fyuk( k) VR(gk—l—?”ke?ek,y)-ewk dy

2Tk By

15
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(4.32)

(5.1)



2
Cr1(0,0) (ug, ur)(0r) = %/ w(w)G (& + re® & 4 re™t) dw,
0

+’YUk(9k) VG(Ex + rie® , y) - € dy.

27’]@ B,

The derivation of A} (0) is explained in more detail in Appendix A.
Let us separate £ to a dominant part £; and a minor part £,. We define £ j, the k-th component
of L1, to be

1 1 27
LoaO) = =5 (00 +un(0) - T [ (0n) do
o dm - Jo
2m
_4l Uk(wk) 10g|€i0k _ eiwk|dwk _ fyuk(ek)
™ Jo 4
R , 27 G , 27
$ ) [ o) v+ Y- XD [ ao
0 1k 0

The real valued linear operator I is independent of k. It is so chosen that £1 maps from X to ).
The rest of £ is denoted by Lo.

We are more interested in the operators IIL and IIL£; where II is the orthogonal projection
operator from ) to

YVi={a=(q1,.yqr) €Y : qr L cosO, qp Lsinby, g L1, k=1,...,K}. (5.2)
The operator I1L is defined on
Xe={g=(q1,.aqr) €EX: qp LcosOy, qp Lsinby, qo L1, k=1,..,K}. (5.3)
We use the same II to denote the orthogonal projection from
L*(S*) to {qx € L*(S") : q. L cosBy, qi L sinfy, qp L 1}. (5.4)

Lemma 5.1 Consider I1L1 as an operator from X, to Y.. The eigenvalues of I1Ly are

n?—1 ¥ y
A n=— "o .3 - T T k:1725"'5K7 :273’47"' 5.5
" o7 Tn 4 " )

whose multiplicity is 2. The corresponding eigenvectors are

(0,0,0,...,cosnbg, ...,0), (0,0,0,...,sinnby, ..., 0).

Proof. In X, L£; is simplified to

1 v [ i6), Wy TUk
Ly (u) = —ﬁ(ug—l-uk)— E/o ug(wy) log | — e™* | dwy, — o

16



Note that II£; = £; on X,. The spectrum of IIL¢; is best computed using Fourier series. The

Fourier space of X is

o0

= {({117711}’ {12,n2}7 XD {lK,nK}) : Z |lk7nk |2 <00, ko =lk+1 =0,

np=—00
Let
27 )
ﬂ;(nk) _ / uk(ek)e—znkek d@k
0

be the n-th Fourier coefficient of uy, then

— n? —1 1
L k —
L (u)(n) = [=5- 3 +7(4Ink| )
Here we have used the well known formula
) > 0
10g|1—el0|—10g|2sm E cosn
n=1

See Tolstov [32, Page 93] for instance.
The eigenvalues are easily found to be

n?—1 1 1

—+7(R 1

whose multiplicity is 2. The corresponding eigenvectors are

(0,0,...,0,cosnby,0,...,0) and (0,0, ...,0,sinnby, 0, ..., 0).

This proves the lemma.
The second part L, is a minor operator.

— ), k=1,2,..,K, n=2,3,..

k=1,2,..

K}, (5.6)

Lemma 5.2 There exists C > 0 independent of £, r, p and v such that for allu € Y, ||L2(u)| 2 <

C
;HUHH
Proof. Let L3}, be the k-th component of £5. Then
27
Lon@(®) = § [ o) BE+ e gt i) = Rl 60) don
0
0 ) .
—|—M VR(& 4 rret® . y) - e dy
27’]@ By
+Z / G (& + e & + re™) — G(&, &) dwy
1k
+y 2l | VO e y) e dy
1k
+la(u)

17



where [3(u) is real valued and independent of k. It is included so that Lo(u) is in Y.
Because

R(& + e, &, 4+ mpe™) — R(&, &) = O(p),
G(& + rpe™® & +1e™) — G, &) = Ol(p),

we obtain that

2
||%/ wr(wr) (R(Ek + rie'™, & + rie™) = R(&k, &) dwi ]2 < Cypllullze
0

2m
13 | wn Gl +ne™ 6+ ne') - Gl @) dalie < Crpllunl oo
0
since the area of By is 7r3,
Yur(Ok) 0y, 0% <
HT B VR +rre™,y) - e dyllrz < Cypllugll
v k
Yur(Ok) 0y, 0% <
HT BVG(fk + e y) e dyl: < Cypllu e
1

The condition «
> Lo nk(u)(0x) =0
k=1

implies that

ll2(w)| < Cypllul| 2.
The lemma then follows, with the help of (2.10). 5
Lemma 5.3 Let v and p satisfy the gap condition (2.6).

1. There exists C > 0 such that
l[ul| 2 < Cp*|TIL(u)| L2

for allu € X,.
2. If (2.8) is satisfied, then for u € X,

lull3 < CP*IL (), ).

8. The operator 1LL is invertible from Xy to Y.

Proof. From Lemma 5.1 we have

Aknl n—1|2(n—|—1) _fy_r,?;|> n—1|2(n—|—1) 7
n2  drin n n2 8rin n n

18



if d2 in the definition (3.1) of Uy is small enough. Then (2.6) implies that

Mg e(n—1) _ C
’ > n=23, ..
nz 8nry  — pd "
Therefore
lull > < Cp®|ITLLy ()| 2 (5.9)

Lemma 5.2 then implies that when p is small,
C C C
ML (u)l[L2 = MLy (u)l[ L2 — [TLa(u)l L2 > ;HUHH2 - FHUHH 2 EHUHH%

proving Part 1 of the lemma.
When (2.8) holds,

e n—1(2(n—|—1) B 'y_r,?;) - e(n—1)
n2  drin n n? 8rin
if 42 in (3.1) is small, and
e . C
n2 Z F7 n = 2a 37
This implies that
C
(L (u), u) = ;HUH%
By Lemma 5.2 we deduce that
C C C
(IL(u), u) = (I1Ly (u), u) + (L2 (u), u) = ;HUH?p - F”u”%? > F”u”%ﬂv
proving Part 2.
The last part is proved by a weaker version of Part 1:
Jullzs < Co*ITLE 2. (5.10)

This ensures that IIL is one-to-one from X, to ). Since IIL is self-adjoint and hence closed, (5.10)
also ensures that the range of II1L is closed. The Closed Range Theorem (See Yosida [33, Page 205,
e.g.) then implies that IIL is onto.

6 The Second Fréchet derivative

Lemma 6.1 Suppose that ||| gz < cp? where c is sufficiently small. The following estimates hold.
C
1M () (e, o) || 2 < 5 ka2
C
S
C

7wl lon [l -

2. || Ak (@) (uns o) lze < — llull g [[owll e -

3. ||By (k) (uk, vi) || 2 <

B
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c
4 11CK (Drs d0) (e, i) (o, v) [ L2 < — (gl e + el ) (ol + ol zn).-

B

C
5. [N'(@)(u,v)] < EHUHHZHUHH%
Note that I" = 0.

Proof. Note that by taking ¢ small, we keep rz + ¢, positive, so Ey, is a perturbed disc.
‘Hji may be better understood after re-scaling. Introduce

(I)_¢k (I)':qs—% (I)//:%'
2

= E’ Tk ga
and N

H(®, 0, ") = riHy (¢, B, 67).
Then

3(®)? "

(@, 57) — 0
bl 9 - H’)2

(14 @+ g157)%?

does not involve ry. The condition ||¢x | g2 < ¢p® with a small ¢ means that ||®|| 2 is small compared
to 1. With Hy(®), Hz(®), and H3(®) denoting the derivatives of H(®,®’, ®”) with respect to its
three arguments, the second Fréchet derivative of H is

H"(®, ", ") (ug, vi)
= Hy1(®)ugvr + Hoo(®)uh v, + Hio(P)(uhvy + upvy)
+Hoz(®) (upvy + upvy,) + Hsp (ujvr + ugvy ).

Note that we do not have u}v} on the right side since Hjs = 0. Because of this absence, the Sobolev

Embedding Theorem implies that
12" (@) (uk, vn) | 22 < Cllu] g2 llok |-

In terms of Hj, and ¢y,
C
[ Hie () (ur, vr)|| 22 < EHukHH2||UkHH2~ (6.1)

This proves Part 1.
To prove Part 2, let us again set ® = % and introduce
k

27 \/m ) )
A(D)(0) = /0 /0 log [\/1 + ®(0)e? — se™|s dsdw. (6.2)

In our estimation of A} and B} we write 6 instead of 8 and w instead of w; for simplicity. Then

i
A(n) = - TEA@). (63
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The change from ¢; and A to ® and A scales away ri. The first Fréchet derivative of A is given by

A,((I))(uk)(a) = %/0 TF'U:]@(W) 1Og|m€m — \/T(I)(W)eiw|dw

2”/ 1+®(w) 1 + <I>(9) — se™) - e

|\/1 + ®(0)ei — seiw|?

sdsdw  (6.4)
1 —|— <I>

The second Fréchet derivative of A is

A”((I)) (uk, ’Uk) = A ((I)) (uk, Uk)+A2 ((I)) (uk, ’Uk)—l—Ag ((I)) (uk, ’Uk)—l—A4 ((I)) (uk, ’Uk)—l—A5 ((I)) (uk, Uk) (6.5)

where
A1 (@), ve) % 02” K6, (e)
Az(®)(ur, vr) - = % O%K(a,w)vk(w)dw
Ao @) = [ K0

_ w(@u() (VI+ @) —y)- e
AS((I))(Uk,Uk) = _4(1_,_(1,(9))3/2 /E¢ |\/T<I>(9)ei9—yl2

where Ey, is given in (4.25). The kernel K is

K(0,w) = VI+®(0)e? — \/1+ d(w)e (6.6)
) L TF 8@ — VIT B '

Here we encounter a singular integral operator

2m
K(ug)(8) = ; K(0,w)uk(w) dw (6.7)

since the singularity of K (6,w) is of the type \9{_—5\2' This operator is very much like the Hilbert
transform. To define the operator properly, we first write

2 2
K(ug)(0) = ; K(0,w)(ur(w) — uk(9)) dw + ui(0) ; K(0,w) dw. (6.8)

For uy € H?(SY) C H'(S'), uy is Holder continuous. Hence
|uk(w) — ur(0)] < [w — 0] [Jurllce
for some « € (0,1). Therefore

K (0, w)(uk(w) — ur(®))] < Clw = 0] |ug|ce,
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and the first term in (6.8) is convergent. Here ||ug||q is the C* norm of uy. The second term is
defined by its principal part:

2
K(0,w)dw = lim K(0,w)dw.
0 =0 Jw—0|>€
The limit converges due to the cancellation effect for w before and after §. We have derived

1K (uk)l[L~ < Cllugllca < Cllug| a1 (6.9)

We can now estimate A;, A2 and As. By (6.9)

[[A1(®) (uk, ve)ll L2 < Cllukl m [|vkl|p2- (6.10)
Similarly
(| A2(®)(ur, vi)|lr2 < Cllukllpz[ve - (6.11)
For A3 we have
(| A (®)(ur, i)l < Cllurvklloa < Cllu || g llok] - (6.12)

We now turn to A4. The integral

/ WVI+ 20" —yl’ —2(/T+3(0) —¢”-9)* |
- I+ @) — g !

is a convergent improper integral defined by its principal part. It is uniformly bounded with respect
to 6. In the case of ® equal to 0, it may be explicitly computed. (See Appendix B.) Therefore

[ A(®) (uk, o)l Lo < Cllu | [|vkl - (6.13)
For As, because of the mild singularity, we easily find
[ A5 (®) (uk, o)l Lo < Cllu |l vkl - (6.14)
Following (6.10), (6.11), (6.12), (6.13) and (6.14) we obtain
JA"(®@) (uk, v) |22 < Cllugl| e vkl me, (6.15)

and by (6.3) we have

Cv C
([ A% (6) (uk, o)l L2 < FHukHHlnvanl < FIIUkllHlHUkHHu

proving Part 2.
The kernel R in By is a smooth function. Calculations show that

By/(¢) (uk, ve)(0)
i (6) o

B W 0 Uk(w)V1R(€k + ’I“]% + ¢(9)€i0a fk + \/meiw) . eiG dw
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2
+Z%%%@So1“”“R@+v@+ﬂﬁwéwuﬁ%wwww«”m

Y (o)
4Jo ri+olw
Ol
Ari + ¢(9)) Ji

0)v ,
_%gﬁrﬁﬁ/ ViR(G T+ 00y dy

where Vi and Vs refer to the derivatives of R with respect to its first and second arguments
respectively. D} R is the second derivative matrix of R with respect to the first argument of R. Part
3 is now proved easily.

The function G is also smooth in this context.

Cri(Pr, d1) (u, wr) (vr, i) ()

+ V R(& + /17 + ¢(0)e &k + /17 + d(w)e™) - e dw

DIR(& + /17 + ¢(0),y)e™ - e dy

= —’Yvk (gk) . 2 105 2 iwy 0
S i e fy WOVICE T i+ B Gk T+ dilwe™) e duy
Yug(6k) o

T V(W) V1G (& + /77 + ¢ (0k) e, & + /17 + di(w))e™) - e duwy
4 7“% + ¢k(9k) 0 ! k !

o
+% /0 %V2G(§k + /72 4 O (0r)e & 4 /77 4 di(wi)e™) - et duwy
Yur (O ) vk (0r)
W02+ w00 Je,
yur(Or)vr (0r)

_ 2 9 10k . iekd .
HT o+ ou(0) 7 Jg,, OO TV O

Part 4 then follows.
Part 5 follows from Parts 1-4 and the fact that

0 = Y S/(¢)(u,v)

k

= ZHk br) (up, v +ZA" or) (uk, v +ZB” or)(ug, vk)

TG (& + /12 + d(Ok), y)e - e dy

+ Z Cl(0)(u) + KN (¢)(u,v).

7 Reduction to 3K — 1 dimensions

We view S as a nonlinear operator from X to ). In this section it will be proved that, for each
(&) e U, ap(-,&r) exists such that ¢(-,&,7) € X, and

Sk(p)(0k) = A1 cos O + Aposin, + A, k=1,2,..,K (7.1)
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for some numbers Ay 1, Ak 2, Ax. Note that ¢ is sought in X,. Each ¢ € X, satisfies

27
tp(0p)dby = 0, k=1,2,.., K (7.2)
0
2
/ ¢k(0k)0080kd0k = 0, k‘:l,?,...K (7.3)
0
27
/ qbk(@k)sin@kd@k = 0, kZl,Q,...,K. (7.4)
0

Write the equation (7.1) as
IIS(p) =0 (7.5)

where II is the orthogonal projection operator from ) to ).. In the next section we will find a
particular (&,r), say (¢,s) at which A1 = Ag2 = A = 0, L.e. S(¢(-,(,s)) = 0. This means
that by finding ¢ we reduce the original problem (1.1) to a problem of finding a ({,s) in a 3K — 1
dimensional set U.

Recall L, the linearized operator of S at ¢ = 0. Expand S(¢) as

S(¢) = 8(0) + L(¢) + N(9) (7.6)
where N is a higher order term defined by (7.6). Turn (7.5) to a fixed point form:
¢ = —(I1£) ™" (TIS(0) + [N (9)). (7.7)

Lemma 7.1 There exists ¢ = p(0,€,7) such that for every ({,7) € U, o(-, &, 1) € Xi solves (7.7)
and || ¢|| g2 < cp® where ¢ is a sufficiently large constant independent of &, v, p and 7.

Proof. To use the Contraction Mapping Principle, let
T (¢) = —(I1L) "' (IIS(0) + LIV (¢)) (7.8)

be an operator defined on
D(T)={¢ € X :||¢llu= < cp®} (7.9)

where the constant c is sufficiently large which will be made more transparent later.
Lemma 3.1 shows that
1 _ r% log 7

Sk(0)(0k) — A(0) = E‘*’V[ 5

+ 7R R(ER, &) + Y T G(&r, &)] + O(1).
1#£k

Each Sk (0) is sum of a number independent of 8, and a quantity of order O(1). After we apply the
projection operator II the number vanishes and

MS(0)[| 2 = O(1).

By Lemma 5.3 we find
[(T1L) " IS (0)]| g2 < CpP. (7.10)
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For N (¢) we decompose it into three parts. The first is A7 whose k-th component is

L L 00+ u) = Hulde) — He0) — Ho(0) () (7.11)

rE 21y

Nik(dr) = Hi(dr)
which is H(¢) minus its linear approximation at 0. Lemma 6.1, Part 1, shows that

C
[N1(D)] L2 < FHQS“?W' (7.12)
The second part of A/, denoted by N3, is A(¢p) + B(¢) + C(¢) minus its linear approximation, i.e.
Na(¢) = A(¢) — A(0) — A(0)(¢) + B(¢) — B(0) — B'(0)(¢) +C(¢) — C(0) = C'(0)(¢).  (7.13)
Lemma 6.1, Parts 2, 3, and 4, implies that
C
[N2(8)| L2 < EWH%{L (7.14)

The third part of A/, which is denoted by N3, merely gives a constant so that

SN = S Nin(@) + S Nor(@) + KNa(@) = 0.
k k k

It follows that

C
(N3 (9)| < F”QM‘%{Q' (7.15)
Therefore we deduce, from (7.12), (7.14), (7.15) and with the help of Lemma 5.3, that
e
IN(@)lz> < 5 19l (7.16)
_ C
I(IL) " TN ()| 2 < ?Hqﬂﬁp- (7.17)

Using (2.10), (7.10), (7.9), and (7.17) we find
17 (D)2 < Cp® + Cc?p* < cp?

if ¢ is sufficiently large and p sufficiently small. Therefore 7 is a map from D(7) into itself.
Next we show that 7 is a contraction. Let ¢1,¢2 € D(7). To estimate Ny (¢1) — N1(h2) we
proceed as in the proof of Lemma 6.1, Part 1. Let ®; = ¢T12""' and &y = ¢22; . Then, writing H(®)
k

for H(®, oY, ®Y) for simplicity, we find

rENLE(O1,8) — N1 k(d2,1)]
= |I?(‘I’1) — H(®y) — ﬁ{(o)(q’l — o) — ﬁz(?)(q’ll — ®) — Hy(0)(®) — @F)]
= |Hi(®2)(P1 — ®2) + Ho(P2)(P] — @) + H3 (D) (P} — @)

1~ 1~
—|—§H11(t<1>1 — (1 = 1)) (P — Dy)2 + §H22(t<1>1 — (1 =)Dy (D] — ®L)?
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FHip(t® — (1 — 1)D2) (1 — §2)(R) — @h) + Hoz (101 — (1 — £)®o)(D) — @4) (D] — F)
+f?31(t‘1’1 (1—t)‘1’2)( 1 <I>”)(<I>1 )
—H,(0)(®1 — ®2) — H(0)(®) — ®5) — Hz(0)(P} — @3)]
Cl(|@1] + [@2])|@1 — ‘1’2|+(|‘1"|+|¢’/|)|¢’/ 5|
|
|

IN

(1 21] + [@2]) | @] — D[ + (| P + [@])[ @1 — P
(21| + @) @7 — @G| + (|OF] + [25])[ @) — b
(2] + [25])|P1 — of + (|21 + [@2])| @7 — B5]].

Since there is no (|®7| + |®5])|P} — ®4| term, by the Sobolev Embedding Theorem we deduce, after
returning to ¢; and ¢s,

Q

[N1(61) = Ni(d2)lL2 < —5(||¢1||H2 + lollz)llfr — d2llm> < —||¢1 2| 2 (7.18)

For N5 we note that

No(p1) = Na(d2) = Aldr) — A(d2) — A'(0)(¢1 — ¢2) + B(p1) — B(pz) — B'(0)(d1 — b2)
+C(p1) — C(p2) — C'(0)(p1 — b2). (7.19)

Therefore using Lemma 6.1, Part 2, we obtain
[ A(¢1) — A(p2) — A'(0)(¢1 — ¢2)l| 2
C
< [ A(d2)(d1 — ¢2) — A(0)(¢1 — b2)l 2 + FHfbl — ¢alin

C C
< E”¢2”H1”¢1 — ¢allmr + EH% — 23

C
< S(lolla +lldalla)lor — dalla-

B

Similarly using Lemma 6.1, Parts 3 and 4, we deduce

, C
|1B(¢1) — B(g2) — B(0)(d1 — ¢2)[[r2 < E(H%llﬂr1 + | P2llm)l¢1 — b2l
C
IC(¢1) = C(p2) —C'(0)(p1 — h2)ll2 < F(HﬁblnHl + P2l o1 — dalla-
From (7.19) we conclude that
C C
[Na(¢1) — Na(d2)|| 12 < —5(||¢1||H1 + lp2ll o)l 1 — dallm < Fll% — d2lmr - (7.20)
We also have o
[N3(d1) — N3(d2)l|r2 < FH% — 2l g2 (7.21)
Hence, following (7.18), (7.20), and (7.21), we find that
17(¢1) = T(2)|l 2 < Cplld1 — 2| 2, (7.22)
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i.e. that 7 is a contraction map if p is sufficiently small. A fixed point ¢ exists.

Since ¢ satisfies ||@| gz < cp?, by taking p small we see that r7 + o5, remains positive. E,, is a
perturbed disc.

Denote S'(¢) by £. We derive a lemma for £ similar to Lemma 5.3.

Lemma 7.2 Let I be the same projection operator from X to X,.

1. There exists C > 0 such that for all u € X,
lull g2 < Cp*ITIL(w)]| 2

2. If (2.8) holds, )
lullfp < CP*(IL(u), w).

Proof. By Lemma 5.3, Part 1, Lemma 6.1, and the fact ||o||z2 = O(p?), we deduce

IML(u)[re > [[TL(u)||rz — [TI(L — £)(w)] 12
C C
> FHUHW - EH‘?HH2||UHH2
> C

galllle = Zlulue = Zlulu

when p is small. This proves part 1.
Write £ =H'(¢) + A'(¢) + B'(¢) +C'(¢) + XN (p). Let

(#1)°

e (7.23)

Q(pr, ) = 2\/7”2 + or +
Then
27
(M (o) (ur ), ug) = /0 [Q11(0k, Ok Ui + 2Q12(Prk, P )urtty, + Q22(k, ) (ug,)*] db.

and a similar expression holds for £ if we replace ¢y and ¢}, by 0 in the last formula. Here Q11 is
the second derivative with respect to the first argument of @, etc. With [|¢|| gz = O(p?) calculations
show that

27
(M (o) = M (0))un, up)| - < I/0 (Qu1(pr, #k) — Q11(0,0))u dby|
27
+|/0 2(@12(@1@;@2) _Q12(0’0))ukuﬁc dfy|

1 / " Qs £h) — Q22(0,0)) (ul)? |

C C C
< Slullze + S llullellv’ll2 + 5 1W/[13
p2 L2 p2 p2 L2
C
< ﬁnunip. (7.24)
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Lemma 6.1, Parts 2-4, and the fact |||/ g2 = O(p?) show that
C
I(A'(¢) + B'(¢) + C'() = A'(0) = B'(0) = C'(0)ul|> < ?HUHHL (7.25)
If (2.8) holds, we combine Lemma 5.3, Part 2, (7.24), (7.25) and (2.10) to deduce that

5 5 C C C
(ML (u), w) = (ML (u), u) + (L = L)u,u) > FIIUII%1 - FIIUII%1 2 FIIUII%M

proving the second part. 5

One consequence of Lemma 7.2 is an estimate of 8‘2—“’
Lemma 7.3 The fized point ¢ satisfies ”85 g =00, 1=1,2,...,.K,j=1,2.
Lj

Proof. We prove this lemma by the Implicit Function Theorem. Fix [ € {1,2,..., K} and j € {1,2}.
Differentiating IIS(yp) with respect to & ; finds that, for k =1,2,..., K, if k = [, then

OIS, () o
o) ng,
0G5 (3&,])
79[ 70[
—|—H7/ [8R(£l + rla+‘sﬁl(01) Y) N OR(& + rla-I—‘@z(@z) )]dy
By, Lj Yj
lOZ
+ ZHW/ 0G(&§ + mafsﬁl(@l) ,Y) dy.
m;ﬁl E‘P'm xj
and if k # [,
8H8k(<p) ~ 8(,0 / 8G(§k + 7”% + Yk (Hk)ewk
ToRY) = nl 411
9815 k(aﬁl,j) ! E,, dy;

Here R = R(x,y) and G = G(z,y). It is clear that

OR(& 4+ /T2 + 0, (6;)e, OR(& + /T2 + ;1 (6;)e,
”7/ [ . zaxfl( e E .W( ! y)]dyl\m = O(vp?),
j Yj

Pl

oG =+ 7"2 + 2] €i9"7
I / &+ TTRT0) 1 o),
ESONL x]
OG(& + /72 + 0 (05 )€,
H’Y/ (fk ka Sok( k) dy”L2 _ O(,YPQ)
Pl y]
Therefore 5HS( ) ,
7 — 2
7y Lg(agm )+ W, where |[W||p2 = O(vp?).
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On the other hand
OIS (o)

9&1,5

=0, since IIS(p) =

By Lemma 7.2 we deduce that

|22
& 1

g2 < CpPyp* < Cp®.

8 Solving the reduced problem
We now turn to solve S(¢) = 0.
Lemma 8.1 J(E,) = J(B) + O(p®).

Proof. Expanding J(E,,) yields

2m
J(E,) Z/ Si(0)or dby, + Z/ ©)pr b + O(p?). (8.1)

The error term O(p?) in (8.1) is obtained in the same way that (7.16) is derived.
On the other hand TIS(p) = 0 implies that

II(Sk(0) + Li(e) + Ni(p)) =

where A is given in (7.6) and estimated in (7.16). We multiply the last equation by ¢, and integrate

to derive
27 27

Sk(0)prdo + | L(ok)pr oy = O(p*).
0 0

We can now rewrite (8.1) as

27
J(E,) = J(B)++3 [ 00 d+ 00",
k

Note that S;(0) is the sum of a number independent of 8 and a quantity of order 1 by Lemma
3.1. Since gy, satisfies (7.2), the inner product of the number and ¢y, is zero and hence

27

Sk(0)pr db = O(p®).
0

Therefore
J(E,) = J(B) +0(p*) + O(p") = J(B) + O(p°). 1
If we consider J(¢(+,&,7)) as a function of £ and r, then Lemmas 3.2 and 8.1 imply that

2 K

T r lo r ra
<p( 57’) 227”016 + ’YT Z =2 STk + 8k +rgR(£k7£k + erkrl fkagl)] +O( )

=1 k=1 I£k
(8.2)
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Lemma 8.2 When p is sufficiently small, J(Ey(. ¢,r) is minimized at some (§,7) = (¢,s) € U. As

p—0, f — (1,1,...,1), and ¢ — (o along a subsequence where (o € Uy is a global minimum of F.

Proof. Let us re-scale the problem with

ro o= 2 ~
R=-, J&§,R) =—————J(Esenr) (ER)eU xU
p (5 ) 7_‘_2,}/p4 log% ( 89( €, )) (5 ) 1 X 2
where ~
Uy={(R1,Rs,...Rk): 1 -0 <Ry <1+6, » R;=K}
k
is a scaled version of Us. Note that by (2.5) and (8.2),
~ K R4
J(E&R) =
K pd K
1 R 1og— R4
g T e gk RER(G. &) + Y Y RURIG(6, ©)] + O(0°).
P k=1 k=1 I#k
Again by (2.5) we may assume that along a subsequence
4
as p — 0. (8.3)

— b < ——,
Ty p° log% 0= (1+e)rm

Let (¢, S) be the global minimum of .J on the closure of U x Uy. Here S = 2. Let (¢, 8) — (¢o, S0)
along a subsequence as p tends to 0. First we claim that Sy = (1,1, ...,1). Suppose that this is false,
ie. So#(1,1,...,1). Then as p tends to 0,

J(¢,(1,01)) = J(C,S) = Z mpslog

ZQW Z
So.k
— zk:bo—kzk:%—%:boso,k—z:?

k

St 1
: wiogh
TYp log i 2 IOgF

Because of (8.3) and the constraint ), Sg’k = K, it is easy to show that the last line is negative
if § in (3.1) is small. See Appendix C for more details. This is a contradiction to that (¢, S) is a
minimum of .J.

Next we claim that (y minimizes F' in U;. Suppose that this is false. Let 1 be a minimum of F’
in U;. Then F(n) < F({p). Consider

K

(08 2)(T(1.8) = J(C.8) = 3 StRGnem) 3 SR G )
k=1

k= 1l7ﬁk

K
— > SER(Gr ) ZZsksl (Chs &) + O(p? 1ogp)
k=1

k=1 £k
- F(n)_F(C0)<Oa asp—>0,
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another contradiction to that (¢, S) minimizes J. Note that (¢, S) € Uy x Uy when p is small, since
(Co,S0) € Uy x Us. The lemma is proved.
We show that ¢(-,(, s) is an exact solution of (1.1) in the next two lemmas.

Lemma 8.3 At{ =( and r = s, Si(p(-,(,9))(0k) = Ak,1 cos b + Ak 2sin .

Proof. At each (&,1) € U let

Pk =Tis Qk = Sy (8.4)
Calculations show that
0J(E,) _ 1y / A1 + 1)
o = 3 ; | [Sile) = M= == dhy
1 27 8§0k 1 27 a@l
= —_ —_ 1 —_— — J— -
3 ), 180 =M+ T 5 | st -xen gt
1 [ o)
= = / (Ak,l cos 0y, + Akyg sinf, + Ay — )\(@))(1 + ﬂ) do;,
2 Jo Opk
1 2 . o)
4= Z (Aj1cost + Apasint + A — M) =— db;
2 1z Jo Opr,
= 7wAr — 7).

Here we have used the facts that

ge 1 cos@;, sinf;, 1
Opk

which follow from ¢ € X,.
On the other hand at the minimum p = ¢ and £ = { with respect to p, we must have

0.J(B,)
Op,

le=¢,p=q = 1t

for all k =1,2,..., K. Here u is a Lagrange multiplier coming from the constraint

~ _a|D|
S =0
k=1
Therefore we deduce that
A=E 4
T

which is independent of k. By (4.17) we derive that Ele Aj, = 0 and then we conclude that each
Ay, must be 0.

Next we show that Ay and Ag 2 in (7.1) are 0 at £ = ¢ and r = s. The proof uses a tricky
re-parametrization technique.

Lemma 8.4 At = andr = s, S(p(-,(,s)) = 0.
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Proof. To simplify notations in this proof, we do not explicitly indicate the dependence of ¢
on r, i.e. we write (-, ) instead of ¢(-,&,r). For each & = (&k,1,&k,2) near (, we re-parameterize
OpEy,, (¢ Let (i be the center of a new polar coordinates, rz + ¢ the new radius square and 7y

the new angle. A point on dpE,, (. ¢) is described as (j, + \/r,% + e Tt is related to the old

polar coordinates via
G+ /73 + ke = & + /12 + preE. (8.5)

In the new coordinates F,, becomes Ey, . It is viewed as a perturbation of the disc centered at (j
with radius r;. The perturbation is described by 1 which is a function of 7, and &.
The main effect of the new coordinates is to “freeze” the center. The center of the new polar
system is (i which is fixed while the center of the old polar system is & which varies in D.
We now consider the derivative of J(E (. ¢)) = J(Ey(.¢)) with respect to &. On one hand, at
E=(Cand r =s,
OJ(Ey(.0) 0J (Ep(-0))

= =0, j=1,2, 8.6
. le=¢ s le=¢ J (8.6)

since ¢ is a minimum.
On the other hand calculations show that

9 (Ey(.e)) o O
e Z / D) e (8.7)

We emphasize that (8.7) is obtained under the re-parameterized coordinates, in which the dependence
of J(Ey(.¢)) on ¢ is only reflected in the dependence of ¥ on . Had we calculated in the original
coordinates, £ would have appeared also in the nonlocal part of J through R(& + ...,& + ...) and
G(& + ...,& + ...). The result would have been very different from (8.7). See the proof of Lemma
7.3 which involves differentiation with respect to £ in the original coordinates. In the derivation of
(8.7) we have used the fact that >, fo% ¢y dm = 0 which implies that ), fo% DU dp; = 0, so that

08k, j
> 027r ANV) 5¢ ‘%" dm = 0 where A(¢) is part of

Si(v) = Hu() + Li(y) + Ai(¥) + Bi(¥) + Ci(¥) + A@),

and we can reach the right side of (8.7). See Remark 4.1 for the coefficient 1 in (8.7).
The expression S(¢) is invariant under re-parametrization, i.e.

Si(p(,6))(01) = Si(4(-, €)) (m)- (8.8)

Now we return to the original coordinate system and integrate with respect to 6; in (8.7). Then

8J Ed’( 5) 2 8wl (nl (0l7 g)a f) 87”
s Z/ Sl O =56 a0, ™" (59

There are two cases: | = k and [ # k. We start with the first case. Recall that 1 and 7 are
defined implicitly as functions of 6 and £ by (8.5). Let us agree that ¢, = ¥ (nk, §) is a function

32



of mi and €. Set Wi (0k, &) = (e (0k, £),€). Implicit differentiation shows that, with the help of
Lemmas 7.1 and 7.3,

—1
oy Omk Omk /12 4+ U sinng — G5k
08y, 08k,1 Ok,2 k K 2477+ T,
oV, oV, oV, 2 } sin ng
T —/1r; +Prcosn, ————E—
00y Ok, Obk,2 k ’ 2¢/r2 40
’ ’ k k
cosf Oy 2 : cos O Dok cos 0y, Dok
———k — /T sinf, 1
2y ri4op 96 k + Pk k + 2\/7’i+@k 91 2\/7’i+@k 9,2
X
sinf, Ok 4 7”2 i ©f COS ek sin 6 _sinf,  Op
2/r2+¢p), 00k k ’ magk 1 magk 2
— sin ng COS Nk
24/T24 0, 2/ T2+,
= 2
Vi +Upcosne /T2 + U sinngy
. 2
—/ri Frsind, +0(p*) 14+0(p) O(p)
X

Vi +prcosOp +0(p?)  O(p) 1+ 0(p)
At £ =(, n=10, ¥ = and the above becomes

Nk Onk Onk
00, 08k,1 Ok,2

90r Ok Ok [e—¢

o sm@;‘ cos Oy
1+0() -~ +0() 20 4 0()
_ v v . (8.10)
O(p?) 2¢/12 + ppcos O + O(p?)  2:/12 + i sin by, + O(p?)
We have found that at £ = (,
ov ov
i le—¢ = 27y cos O + O(p?), b le—¢ = 27y sin Oy, + O(p?). (8.11)
0 Oz
To compute ag (£, 0r) to express 0 = Ok(ng, £). Then
O, 0V n 0y 00y
Obrj  Okg 00k Ok,
At £ = (, since
O,
(9\I/k 8@k I3 1
O(p?), - = 0(=), 8.12
26, 1&=¢ = 0(") 6§,J|5< s (p) (8.12)
we deduce that
0 0
P le=c = 27, cos Oy + O(p?), Vi le=c = 2rksin Oy, + O(p?). (8.13)
91 Ok,2
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The second case [ # k is slightly simpler. Implicit differentiation shows that, with the help of
Lemmas 7.1 and 7.3,

—1
2 : cos My
o Om O \/ri + U siny — 5
90, 08k,1 O&k,2 ! K 2/ 49
oV, oy, A ) __ sinmy
00, 0k,1 Ok U Wy cosm 2,\/ri+¥,;

cosf; Oy 2 . cos 0; Dy cos 6; Dy
—— a5 — r Sin 9
2 /T%_le 00, Vi + 1 l 2\/7“12"1‘%% I3 2\/T12+<Pl PII

sinf; Oy 2 sin 6 olvl] sin 6; )]
SEL 4+ /1 cos 6
2¢/ri+en 90, * it ! 2\/r?+w k1 2\/r?+w 2235

—sinn cos M, .
W= W —V/rEF@isin +0(p?) O(p) Olp)

i+ Ucosny  \/r? + Using Vi +gicosti +0(p?)  O(p) O(p)
At £ =(, n=10, ¥ = and the above becomes

om om om

36, D&1 Otz 1+0(p) O(1) 0O(1) w11)
= . 8.14
gogm g | Low) o 0w
We have found that at £ = (,
oY, 9 oY, 9
=0 , =0 ) 8.15
9t le=c = O(p7) ra = le=¢ =0(p") (8.15)
To compute ag’b =n(§,0;) to express 0, = ©;(n;, ). Then
oy 0V, +@ 00,
Oy Oy 00y Ok
At & = (, since
o
8\111 8@] Ok, i
—emc = O(p?), e =—=R = 0O(1), 8.16
20, le=c = O(p”) 9, le=¢ o (1) (8.16)
we deduce that o o0
1 2 l 2
= = . 1
Setleec = O(), 3ilec = O(s) (817)

Following (8.13), (8.17) and the fact that a"’ ile=c = 1+ O(p) we find that (8.9) becomes

DJ(Ey. o
22 Bua)i = [ )2 cos + O(%) +Z/ e
€ 0 1k
DJ(Ey. o
22 Buea)i = [ s 2resindy + () o +Z/ i
Cr o £k
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Now we combine (7.1), (8.6) and the above to derive that at £ = ¢ and r = s,
2m 27
Apa / cos 0y (2ry, cos Oy, + O(p2)) dfy + Ag2 / sin 0 (2ry, cos Oy, + O(p2)) dOy,
0 0

+DA10(0%) + ) A20(p%)

I#k I#k

27 2
A / cos Ok (27, sin 0y, + O(pz)) doy, + Ak.2 / sin O (27, sin 6y + O(pz)) dOy,
0 0

+D A0+ A0(p?). = 0

Il
o

14k 14k
Writing the system in matrix form
[ 27'('7”1 0 0 0 0 0 i i A171 i i 0 i
0 2mry 0 0 0 0 Ao 0
0 0 21ry 0 0 0 Agq 0
0 0 0 27T7”2 0 0 + O(pg) AQ’Q _ 0 (8.18)
0 0 0 0 . 2mrg 0O Aga 0
| O 0 0 0 .. 0 21rE | | Ak | | 0]

we deduce, since (8.18) is non-singular when p is small, Ay 1 = Ay 2 = 0, proving the lemma.

The existence part of Theorem 2.1 follows from Lemma 8.4. The centers (i and radii s; of the
droplets are found in Lemma 8.2. In Lemma 7.1 we see that ||| gz < Cp3, which implies that the
radius of a droplet is approximately

\/m:S”O(Iw;(@k)D o 1 O(P).

By Lemma 8.2, ( is close to a minimum of F' and sy is close to p. The formula (8.2) gives the free
energy of our solution.
In Theorem 2.2, a solution is termed stable if it is a local minimizer of J in the space

Ux{op=(¢1,....,0K): ¢r€ H (S, ¢op L1, cosby, sinby, k=1,2,...,K}. (8.19)

Under the condition (2.8) Lemma 7.2, Part 2, shows that each ¢(-,&,r) we found in Lemma 7.1
locally minimizes J, with fixed (£,7) € U, in {¢ : ¢ € HY(SY), ¢ L 1, cosO, sinfr}. On
the other hand (-, (,s) minimizes J(E,. ¢ ,)) with respect to £ and r. Hence ¢(-,(,s) is a local
minimizer of J in (8.19).

If (2.9) holds, then there exists an eigenvalue Ay ,, of £1, Lemma 5.1, for some n € {2,3, ...} such
that

C C
A < =75 (L1lern)sehn) < —Fl\ek,nl\%z

where ey, is an eigenvector corresponding to Ay ,. By Lemma 5.2, the last inequality implies that

C
(L(ern),ern) < e leknll7z-
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Then by Lemma 6.1, Parts 2, 3 and 4, and (7.24) in the proof of Lemma 7.2

. C
(L(et,n), ern) < 3 [

Therefore the solution is unstable.

9 Discussion

The case K = 1 is studied in [30]. With only one droplet to construct, the condition (2.5) is no
longer needed. We proved the following result.

Theorem 9.1 (Ren and Wei [30]) Let R(¢) = R(E,£). For any € > 0 there exists & > 0 such
that when p and ~y satisfy

|vp® = 2n(n 4+ 1)| > en?, for alln =2,3,4,..., andyp* <6,
then (1.1) admits a solution of a single droplet pattern. Moreover
1. the radius of the droplet is p + O(p?);
2. the center of the droplet is near a global minimum of]:Z in D;
3. if
vp® —2n(n+1) < —en?, for alln > 2,

then the droplet solution is stable; otherwise the droplet solution is unstable.

To have a stable single droplet solution, because there is no coarsening to worry about, we only
need to make
vp? <12 —4de, ypt < 1. (9.1)

This is a much wider parameter range than (2.12) is for we can even achieve (9.1) by having a large
p and small . Indeed with less effort than in [30] and here, Oshita [18] proved that for any p, there
is o such that if v < 9, (1.1) admits a single droplet solution. The bound ~q for v depends on p.

It is possible to extend Theorems 2.1 and 2.2 to a wider range. We may look for a saddle point
of J(p(+,&,7)) in U when (2.5) is not satisfied. Such a saddle point is unstable with respect to
coarsening.

It is also possible to look for a droplet pattern where F' attains a local minimum or another type
of critical point. In the latter case the droplet pattern is unstable with respect to translation.

The functional (1.2) was derived from the Ohta-Kawasaki theory of diblock copolymers in [20]. The

density field of A-monomers is given by a function u on D and the density of B-monomers is given
by 1 —wu. The free energy of a diblock copolymer is

1) = [ (G190 + W + F1-4) (=) da 92)
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where w is in

{ue H'(D) : 7 = a}. (9.3)

The € in (9.2) is not to be confused with the € that has appeared in this paper. The function W is
a balanced double well potential such as W (u) = 1u?(1 — u)?. There are three positive parameters
n (9.2): ¢, o, and a, where ¢ is small and « is in (0, 1).

If we take o to be of order ¢, i.e. by setting

o =gy (94)

for some v independent of . As ¢ tends to 0, the limiting problem of =!I turns out to be
IE) = 1Dxel(D) + F [ [(=8)" 2 — ) da (95)

which is the same as the J in (1.2) except for the additional constant 7 here. This constant is known
as the surface tension and is given by

- /0 VW (q) dq. (9.6)

The functional (9.5) is defined on the same admissible set X, (1.3).
The theory of T-convergence was developed by De Giorgi [7], Modica and Mortola [13], Modica
[12], and Kohn and Sternberg [10]. It was proved that =!I I'-converges to J in the following sense.

Proposition 9.2 (Ren and Wei [20]) 1. For every family {u.} of functions in (9.3) satisfying
lim. o u. = xg in L?(D),
lireriiélfa_ll(ue) > J(E);
2. For every E in X, there exists a family {uc.} of functions in (9.3) such that lim._ou. = xg
in L*(D), and
limsupe I (u.) < J(E).

e—0

The relationship between I and J becomes more clear when a result of Kohn and Sternberg [10]
was used to show the following.

Proposition 9.3 (Ren and Wei [20]) Let 6 > 0 and E € ¥ be such that J(E) < J(F) for all
xF € Bs(xg) with F # E, where Bs(xg) is the open ball of radius & centered at xg in L*(D). Then
there exists g > 0 such that for all € < eo there exists u. € Bjsjo(xr) with I(us) < I(u) for all
u e Bg/Q(XE). In addition lim._.g ||u5 — XE||L2(D) =0.

The existence of a stable solution E(. ¢ ) to (1.1) in the sense of Theorem 2.1 does not imme-
diately imply the existence of a local minimizer, close to xg,. .., In L?(D), of I. One must show
that F,(. ¢ ) is a strict local minimizer in the sense of Proposition 9.3.
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A Appendix

We drop the subscript k in this appendix. The derivative of A at 0 has two terms according to
(4.28). The first is

27
- u(w)log |1 — ei(e_‘”)| dw.
47
The second is 0 0
ELUYNCEN Iy
0 7 4y
am B1(0) le?® — y|

for which we calculate the integral. Here B;(0) is the umit ball. Let y = ¢*((1,0) — z), and
z =re. The disc B1(0) now becomes B (1,0), the disc centered at (1,0) of radius 1. Its boundary
is parameterized in the polar coordinates by r = 2 cos 3. Then we have

0 _ . 10 i0 /2 2 cos B
/ %dy / #dz—/ / cosBdrdfB = .
B1(0) le® —y] B1(1,0) |2| /2 J0

Then it follows that

2
A(0)(u) = - L u(w)log(l — cos(f — w)) dw — ey (A1)
4 0 4
B Appendix
Evaluate o 2 ( 0.y
e —ylc—2(1—-¢e" -y

- d B.1
/B1(0) |6l0 - y|4 Y ( )

where B;(0) is the unit disc. Let y = €¥((1,0) — 2), and z = re’®. The disc B;(0) now becomes
Bi(1,0), the disc centered at (1,0) of radius 1. Its boundary is parameterized in the polar coordinates
by r = 2cos 3. Then (B.1) becomes

2 9(eil . gib arccos(r/2) 1-9
/ |2] (64 dz—/ / oS ﬁdﬁdr:—z. (B.2)
B1(1,0) || r 2

arccos(r/2)

Note that the last integral must be in the dBdr order, otherwise it would be divergent.

C Appendix

To show that .

Zbo+Z——Zb050k—ZS—<O (C.1)

let

xQ
flz) = o T bov/x.
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For x > (ﬁ)wg, by (8.3),

1 by _ 1 by 1 ol 1 4
1" - -_2 3/2 - PO~ N\2/3 3/2>__71 —0.
/) T 4" ~ T 4[(1—|—e) ] Y 4(1+6)7T( +e)=0

Therefore f is strictly convex on ((l%re)Q/:g, 00). If 21, 29, ..., xx are in this interval,

1+ ...+ Tr

)= %Zf(xk)
B

where the equality holds only if 1 = 92 = ... = zx. To prove (C.1) one sets x = S&k. Note that

So.k € [1 — 2,1 + 6] implies that xj > (13-)/3 if §y is small enough, depending on e.

1+€
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