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Abstract. In this paper we develop a simple one-dimensional model accounting for the formation
and growth of globally stable finite scale microstructures. We extend Ericksen’s model [9] of an
elastic “bar” with nonconvex energy by including both oscillation-inhibiting and oscillation-forcing
terms in the energy functional. The surface energy is modeled by a conventional strain gradient
term. The main new ingredient in the model is a nonlocal term which is quadratic in strains and
has a negative definite kernel. This term can be interpreted as an energy associated with the long-
range elastic interaction of the system with the constraining loading device. We propose a scaling
of the problem allowing one to represent the global minimizer as a collection of localized interfaces
with explicitly known long-range interaction. In this limit the augmented Ericksen’s problem can be
analyzed completely and the equilibrium spacing of the periodic microstructure can be expressed
as a function of the prescribed average displacement. We then study the inertial dynamics of the
system and demonstrate how the nucleation and growth of the microstructures result in the predicted
stable pattern. Our results are particularly relevant for the modeling of twined martensite inside the
austenitic matrix.

1. Introduction

Self-accommodating coherent mixtures of solid phases are observed in shape mem-
ory alloys and other “active” materials in a variety of stable equilibrium configura-
tions. Typically these microstructures exhibit almost periodic patterns of piece-
wise homogeneous elastic domains. Some of the most important properties of
“active” materials are due to the fact that the microstructures are mobile so that
large reversible deformation can be accomplished by the motion of the domain
boundaries.

Intensive research in recent years has led to well defined constitutive theories
which explained some general features of the equilibrium microstructures. Itis now
well established that it is the non(quasi)-convexity of the elastic energy which is
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responsible for the formation of elastic domains. The adaptation of the thermoelas-
ticity theory was successful in predicting the orientation of the microstructures
and in quantifying the overall response of the phase mixtures (see the reviews of
Roytburd [28], Khachaturian [17], Luskin [20], Muller [23], Ball and James [1],
Pitteri and Zanzotto [25]). The classical nonlinear elasticity, however, was unable
to predict the finite scale of the equilibrium domains, neither was it sufficient to
describe such important dynamic phenomena as the microstructure nucleation and
growth. A considerable challenge is still presented by a self-consistent descrip-
tion of the complex structure of the martensite-austenite interfaces separating the
twinned regions from the homogeneous phases.

It has long been clear that an adequate theory should contain at least one in-
trinsic length scale. Recent attempts to bring a length scale into the theory were
focused on gradient models which represent high order singular perturbation of
the classical elasticity and are capable of describing “thick” phase boundaries
(e.g., Kohn and Mdller [19]). The most complete understanding was achieved in
a one-dimensional setting where the analysis can be carried out explicitly. Un-
fortunately, the one-dimensional gradient models, having the merit of simplicity,
fail to describe some significantly hon-one-dimensional effects, in particular the
strain compatibility constraint and, what is more important for the subject of this
paper, the constraint provided by the fixation of the boundary displacements. This
last limitation precludes the refinement of the microstructure in principle (e.g.,
Carr et al. [6]). The problem does not disappear if the gradient term describing
the short range interaction is substituted by a fully nonlocal term with a positive
definite kernel (e.g., Fosdick and Mason [12-14], Brandon et al. [5], Rogers and
Truskinovsky [27], Bates et al. [4], Ren and Winter [26]).

The fact that the observed microstructures (at least away from the boundaries)
are grossly one-dimensional suggests that the one-dimensional framework may still
be sufficient for modeling the main features of the domain layering. To obtain a
description of the stable finite scale microstructures in terms of a one-dimensional
ansatz, it is necessary to include both oscillation-inhibiting and oscillation-forcing
terms in the governing equations. The corresponding models must not only pe-
nalize sharp interfaces but also account for the incompatibility of the fixed dis-
placements on the boundary with the coarse spacing of elastic domains. The two
competing interactions operate at drastically different length scales: atomic dis-
tances in the case of surface effects and the size of the sample in the case of
the boundary constraint. In order to preserve the long range component of the
interaction in the one-dimensional setting one needs to introduce an additional
non-constitutive compensating term into the energy functional; formally this term
has the appearance of a nonlocal coupling. The most well known example of
such a quasi-one-dimensional ansatz is the Pierls’s model in the theory of dislo-
cations [24].

Sometimes, as in the case of a shape-memory epitaxial thin film on an elas-
tic substratum, the one-dimensional model is applicable directly. In this case, the
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elastic foundation plays the role of an oscillation-forcing agent (Ball et al. [2]).
The “effective” one-dimensional setting was adopted in a series of recent papers
(Muller [23], Truskinovsky and Zanzotto [33, 34], Vainchten et al. [35]), where
the Ericksen’s bar model with nonconvex energy was augmented by the introduc-
tion of the strain gradient surface energy and where the displacements of the bar
were coupled quadratically with a rigid substratum. The “foundation” term, which
depends on displacements (rather than strains), can also be rewritten in terms of
strains as a nonlocal term with a nonpositive definite interaction kernel. The model
was shown to present a rich variety of stable and metastable finite scale microstruc-
tures; it is quite clear that the refinement tendency is due to the negative definite
(“antiferromagnetic”) component of the kernel.

In this paper we adopt the idea of a negative definite kernel as a general frame-
work in which the nonlocal oscillation-forcing interactions can be modeled in a
one-dimensional setting. Exactly like in the Peierls’s model, one can understand the
corresponding contributions to the energy as a result of minimizing out the “non-
one-dimensional” components of the elastic fields and expressing the energy of the
body in terms of the relevant “order parameters” only. The reason why the nonlocal
terms are quadratic can be traced to the fact that the elastic problem can usually
be considered linear with respect to all variables other than “order parameters”.
Explicit examples of the equilibrium relaxation of the “irrelevant” components
of the strain field leading to the nonpositive definite contribution to the nonlocal
interaction kernel, can be found in [16, 18].

Although the power law kernel would be more appropriate, for technical rea-
sons we focus in what follows on a model with a (negative defikponential
kernel. The same model with a positive definite exponential kernel was previously
considered by Rogers and Truskinovsky [27] who showed that the equivalent local
problem reduces to the classical Timoshenko model in the theory of elastic beams
(see also [5, 7, 12—-14]). Here we perform an analogous reduction to the local model
and obtain a static FitzHugh—Nagumo theory [11] which is known to describe sta-
ble periodic patterns. We study in some detail a particular asymptotic limit of the
theory presuming a physically natural separation of scales: in our approximation
the thickness of the phase boundaries (controlled by the strain gradient term in the
energy) is much smaller than the range of nonlocal interaction. As a result one can
neglect the nonlocal term inside the transition layers and drop the gradient term
in the description of the interaction between the phase boundaries. We perform a
rigorousT-limit analysis leading to the discrete problem describMgnteracting
phase boundaries. In the one-dimensional setting the phase boundaries are repre-
sented by point “particles”; the resulting effective “interatomic potential” can be
calculated explicitly. We then show that the distribution of interfaces is necessarily
periodic and compute equilibrium spacing of the corresponding lattice.

An obvious drawback of our analytic approach is the focus on the absolute
minimizer only. It is a serious limitation, since the previous experience with analo-
gous models (e.g., [33, 34]) strongly suggests a rich variety of local minimizers
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(metastable states). To check the accessibility of the calculated microstructures
we study dynamics. Our dynamical model, which includes both inertia and vis-
cosity, describes spontaneous nucleation and propagation of the microstructures;
the pattern apparently settles down to a time independent state. As we show, the
limiting microstructure is periodic and the period is in close agreement with the
one calculated for the global minimizer. Effectively, our numerical results present
a first example of self-consistent simulation of the kinetics of austenite—martensite
interface.

The remaining sections of the paper are organized as follows. In Section 2 we
revisit the Ericksen’s bar model on an elastic foundation and provide a motivation
for the introduction of a nonlocal energy with negative kernel. In Section 3 we
specify the exponential kernel and prove the equivalence of our nonlocal theory
to the local FitzHugh—Nagumo model in the theory of excitable reaction—diffusion
systems. In Section 4 we nondimensionalize the governing equations and suggest
a scaling leading to the desired separation of scalesIHimait and the reduction
to a finite-dimensional problem are performed in Section 5; the technical results
are collected in the Appendix. In Section 6 we show that in the equilibrium con-
figuration the effective “interface-particles” form a periodic pattern and calculate
explicitly the energy of the corresponding lattice. In Section 7 we find, among
all admissible lattices, the one which corresponds to the absolute minimum of
the energy and give a simple approximate formula for the number of interfaces
per unit length. In Section 8 we formulate our dynamical model. Computational
results describing nucleation, propagation and stabilization of the microstructures
are presented in Section 9. In Section 10 we briefly discuss an extension of the
model capable of simulating sharp (rather than diffuse) phase transition fronts. In
the last section we summarize the results and formulate the unsolved problems.

2. The Motivation

We begin with the problem studied by Ericksen [9]. Consider an elastic bar with
nonconvex energy density. The bar is placed in a hard loading device which means
that the total displacement is fixed. The mathematical problem reduces to con-
strained minimization of the energy functional

L
F(w) = / W (w) dx. 2.1)
0

Here w(x) = Du(x) is the strain fieldu(x) is the displacement field anf is

the operator of differentiation in. Without loss of generality, we may assume
that the energy densiti¥ (w) is a non-negative double-well function with zeros

at —1 and+1; for example,W(w) = (w? — 1) (see Figure 1). Physically, the
wells correspond to different crystallographic phases of the material or different
symmetry-related variants of the same phase (twins). The double-well energy func-
tion gives rise to a characteristic nonmonotone stress—strain resation= W (w)
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W(w)=(w?-1)? W (w)=4(w>~w)
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Figure 1. A double well energy (w) and its derivativéW’ (w).

(see Figure 1). The constraint on the total displacement (or average strain) can be
formulated in the form

/OLwdx:d. 2.2)

Suppose that the trivial (homogeneous) solution of the variational problem (2.1),
(2.2) is unstable, which takes place, for example] at 0 (see [9]). The double-
well structure of the energy clearly favors configurations where the displacement
gradient takes values at the bottoms of the wells, and the energy minimizing con-
figuration represents a mixture of homogeneous states (phases) wiflaal+1
or —1. The phase distribution must be compatible with the condition (2.2) spec-
ifying the corresponding “volume” fractions. This one-dimensional constraint is
too weak, however, to affect the fineness of the microstructure which remains
unspecified in this classical setting.

To penalize sharp interfaces between the phases one can include a surface en-
ergy into the model, by introducing a strain gradient term into the energy functional

L
F(w) :/ [W(w) + a| Dw|?]dx. 2.3)
0

Herea > 0is a constant parameter representing an internal length scale; through-
out this paper we denote by, D?, ... the corresponding derivatives of a function
with respect to the space variable.

The strain gradient penalization turns sharp interfaces into diffuse ones and pro-
duces minimizers with one interface at most [6]. To obtain a fine scale microstruc-
ture with many interfaces, one needs to include an additional interaction into the
system which acts against the strain gradient coarsening. For example, one can
place the bar on an elastic foundation and consider the following functional [34]:

L
F(w) :/ [W(w) + a|Dw|? + bu®]dx. (2.4)
0
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Hereb > 0 is a constant parameter which brings another length scale into the
model. The “foundation” term is of non-constitutive nature which is clear from its
dependence on displacements rather than displacement gradients. The introduction
of this term guarantees the refinement of the microstructure: the strain gradients can
now stay near the bottoms of the wells only if the displacemetis are small and
that requires fine oscillations of the displacement gradient. A competition between
the coarsening tendency due to the surface energy and the refinement tendency
due to the foundation term stabilizes the finite scale microstructures. In the limit
a — 0,b — 0 the number of interfaces is finite and depends on the limit of the
non-dimensional combinatian= ab~2 [34].

We observe that the “ foundation” term in (2.4) can be rewritten in terms of
strain gradients as well. Assume for determinacy th@ = —d/2 andu(L) =
d/2 and lets, (y) be the characteristic function of the $6f x). Then

L L L d 2
/ u? dx / U sx(y)umy)dy—E] dx
0 0 0
L L 1 2
= / [f (Sx(y)w(y) - —w(y))dy} dx
0 0 2
L L L l l
_ / w<x)w<y){/ [sz(x)——][sz(y)——]dz}dxdy.
0 0 0 2 2

L 1 1 q _L 1
/0 [SZ(X)_E][SZ(}/)_E] z = Z—maX{X,y}—FE(X—Fy),

Now, since

we obtain
L L L
F(w) = / [W(u)) + alDw|2]dx + b/ f K(x, ywx)w(y)dcdy, (2.5)
0 o Jo
where
L 1
K@, y) = 7 —maxx, y} + 50 + ). (2.6)

4

Here K is the interaction kernel defined in the square dom@in.]x[0, L]
(see Figure 2); notice that the scale of interaction is of the order of the size of the
domain. The energy functional (2.5) can now be rewritten as

L
F(w) :/ [W(w) + bk(x)w? + a| Dw|?]dx
0

b (Lt 2
—5/0 /O K(x, »[w) —w(y)] dxdy, (2.7)

where

L
k(x) = /O K(x. y)dy.
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Figure 2. The kernelsK(x,y) = L/4 — maxX{x,y} + (1/2)(x + y) and G (x,y) =
1/(y €7 — e L/Y))[cosh(x + y — L)/y) + coshi(lx — y| — L) /).

One can see from Figure 2 that the kernel oféleentiallynonlocal interaction
in (2.7) is negative exactly in the domain where the interaction is the strongest (near
the diagonalt = y). This observation suggests a general framework for bring-
ing a (non-one-dimensional) microstructure-stabilizing constraint into the semi-
guantitative one-dimensional models.

3. The Model

Motivated by the example from the previous section, we consider the following
functional:

L 62
F(w) :/ |:W(w)+E|Dw|2:|dx
0

1 L L
+Z/o /0 J(x, y)(w(x) — w(y))’dx dy, (3.1)

whereJ < 0. The Euler-Lagrange equation and the natural boundary conditions
in this model are

{ W (w) — e2D?w + (jw — J[w]) =0,

3.2)
Dw(0) = Dw(L) =0.

Here we introduced

L

L
i) = /O J.ydy and Jwl(x) = /O 7, yyw(y) dy.

The constant parameter, which has a meaning of the overall stress, is to be
determined together with the strain fieldx) from the condition (2.2).
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Consider a class of exponential kernels of the tyge, y) = —8G(|x — y|),
where

1
Goollx — 1) = Ze*'”‘/y (3.3)

andy > 0,8 > 0 are constant parameters characterizing the range and the scale of
the nonlocal interaction. We notice that,(|x — y|) is the Green function for the
screened Poisson’s equation

—y?D’y+y=f

defined in the infinite domaiG—oo, co). The fact that the kernab . (Jx — y|) is
special allows one to reformulate the integro—differential equation (3.2) as a pair of
second order differential equations. The corresponding local problem will contain
explicit dependence on (see, for instance, [13, 14]). To make the local problem
spatially independent, one has to modify accordingly the kefige] y); it is clear
that this modification will only affect the regions near the boundary of the interval
(O, L).

In fact, consider a new class of kernels

J(x,y)Z—SGL(x»)’), (34)

where Gy (x, y) is the Green function for the following boundary value problem
on (0, L):

—y?D%y+y = f,
Dy(0) = Dy(L) = Q.

The expression ofi; (x, y) can be given explicitly:

. 1 x+y—L lx —y| =L
GL(x’y)_V(eL/V—eL/V)[COS< % >+COS< % ﬂ

(3.5)

(see Figure 2). The above class of interaction kernels with a plus sign in (3.4) was
previously considered in [27].

To illustrate the relation betweefi; (x, y) and G, (Jx — y|), we rewrite the
kernelG (x, y) in the form

L L 1 1 x+y
G =, =) = el ——— | cosh| —
L(x+ 2T 2) 2y +2ySInh(L/y)[ ( 14 )

1 e Ly cosh(x;yﬂ.
Y

If we fix pointsx andy and stretch., we obtain

G, x+£ y+£ — Goolx y):ie—lx—y\/y
27 T2 oot 2y
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which means that in the limiL — oo the nonlocal interaction is effectively
described by the kerne¥..(|]x — y|); at finite L the two interactions differ near
the boundaries of the domain only.

In what follows we fix the kernel/ (x, y) = —3G(x, y) and formulate the
mathematical problem:

MODEL 1. Minimize the functional

L 2
Fl(w) =/ [W(w)%—%lDwﬂdX
0

(S L L
-2 /0 /O GL(x ) (wx) — w(y)’cv dy, (3.6)

wherew is taken from the se/2(0, L) N X and

L
X = iw e L?(0, L): /O w(x) dx = d}. (3.7)

The Euler-Lagrange equation and the natural boundary conditions for this problem
are

[ W'(w) — €D?*w — 8(w - GL[w]) =0, (3.8)

Dw(0) = Dw(L) =0,
whereG [w](x) = [y G (x, y)w(y)dy.

In addition to Model 1 we consider an auxiliary problem:

MODEL 2. Minimize the functional
L 2 b ) _
Fz(w) = / :W(w) + %|Du)|2 — sz + 5[( — y2D2 + 1) 1/2w]2}dx,
0
(3.9)

wherew € W2(0, L) N X.
The operator—y2D? + 1)~%? is defined as follows. Supposeis a (unique)
solution of the following linear boundary value problem:

(—=v?D*+ v =w, Dv(0) = Dv(L) = 0.

Then the action of the operato+y2D? + 1)~1/? is defined by

L L
/ [(- y2D? + 1)71/2w]2dx = / vw dx.
0 0
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The Euler-Lagrange equation and the natural boundary conditions in Model 2
can be written as
W (w) — €2D%w — 8[w — (— y2D2 + 1) *w =0,
[ W) o= (= ) ] (3.10)
Dw(0) = Dw(L) = 0.

Now introduce the second auxiliary problem:

MODEL 3. Find critical points of

2
where(w, v) € (W20, L) N X) & WL2(0, L).

L 2
F3w,v) = / {W(w) + %lDw|2 — é[(w —v)? 4+ y2|Dv|2]}dx, (3.11)
0

The Euler-Lagrange equations and the natural boundary conditions in this
model take the form

W' (w) — €2D?*w — §(w — v) = o,
y2D2v -V =—-w,

Dw(0) = Dw(L) =0,

Dv(0) = Dv(L) = 0.

The proposition below establishes the relation among the three models. Let us
select a particular critical poirtiw, v) of F2 and set

(3.12)

My = {(@,5): T € W20, L)n X, § = (—y2D?+1) '},

My = {(w,D): 5 € W0, L)}
PROPOSITION 3.1.The models 1, 2 and 3 are equivalent in the following sense:

1. For eachw € W%2(0, L) N X, FY(w) = F?(w).

2. The pair (w, v) is a critical point of F2 iff w € W2(0, L) N X is a critical
point of F* (and F?) andv = (—y2D? + 1)"'w € W2(0, L). Moreover, in
this caseF(w) = F3(w, v).

3. If wis alocal or global minimum of'* in W%2(0, L) N X, then(w, v), where
v = (—y?D?+1)~tw, is a saddle point of 2 in (W?(0, L)NX)®W'2(0, L).
Moreover,(w, v) is @ minimum ofF® on the manifoldM , and a maximum of
F? on the manifoldM.

Proof. To prove part 1 of the proposition, we note that

L 2
Fl(w) :/ [W(w)+6—|Dw|2—§w2}dx
0 2 2

(S L L
+5/ / WG (x, Yw(y) dx dy.
0 0
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Here we have used the fact that

L
/ GL(X»)’)dyzl
0

forall x € (0, 1). If we write

L
/0 GLlx, yw(y)dy = [(— ¥?D?+ 1) "w] ),

we find
L L L 1
ffw(x)GL<x,y)w(y>dxdy=f w@®[(—y*D*+ 1) w](x)dr,
0 0 0

and sincg—y?D? + 1)~ is a self-adjoint positive operator, we obtain
L 1 L 1/2 42
/ w(x)[(—y2D2+1)_ u)](x)dx =/ [(—y2D2+1)_ / w] dx.
0 0

Here (—y2D? + 1)~%? is the positive square root @¢f-y2D? + 1)~%. Now the
functional F1(w) becomes

! 2 b b _
Fl(w):/ {W(w)+%|pw|2—§w2+§[(—y2D2+1) 1/2w]2}dx,
0

which proves thaF!(w) = F?(w).

To see part 2 of the proposition, we first compare the Euler-Lagrange equations
for the three models and find that they are identical. Now, suppose that for every
w e WY2(0, L) N X, v is such that

—y2D¥2v 4+ v =w, Dv(0) = Dv(L) = 0.
Then
F2(w) = /L {W(w) + E—2|Dw|2 — éwz—k éwv}dx.
0 2 2 2
However

L L
/ [wv] dx =f [v2IDv|? + v?]dx,
0 0

which can also be rewritten as
L L
/ [wv]dx = / [ — ()/2|Dv|2 + v2) + Zwv]dx.
0 0
The functionalF?(w) becomes
L €2 )
F2(w) = / {W(w) + S 1Dwl = S[(w —v)?+ y2|Dv|2]}dx,
0

which proves thaF(w) = F?(w) = F3(w, v)
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To see part 3 of the proposition, we note from part 2 that whenw) € My,
F3(w,v) = FY(w). Therefore, a minimumw of F! gives a minimum(w, v =
(—y?°D? 4+ 1)~ tw) in M1. In Mo, F?is quadratic and concave i so along this
manifold v is the point of global maximum. O

REMARK 3.2. Model 3 describes the equilibrium states in the FitzHugh—Nagu-

mo theory of activator—inhibitor reaction—diffusion systems (e.g, [11]). The

internal parameter can also be considered as an analog of the internal shear
in a Timoshenko-like model of a beam with negative (!) bending stiffness (e.g.,
[27, 30]).

4. Nondimensionalization and Scaling

Our energy functional depends on 4-dimensional parameteys § and L. By
rescaling the independent variablewe can reduce this number to three. In fact,
introducex = x/L andw(¥) = w(x). Then the functionaF2(w) = F?(w)/L
can be written as

o 1 &2 _ 5 5 —2 ~1/2_72
F2 () — f {W(w) + S|Pl - S0+ S[( - 7*D" + 1) ] }df» (4.1)
0

2 2
where the differential operatdb is the derivative with respect thand
_ € = _ Y
= —, 6 = 6, = —
‘TI YTIL

are the main non-dimensional parameters of the problem. Two of themd s,

are direct analogs of the parameterandb in the model of a bar on an elastic
foundation (2.4). Since our nonlocal interaction is a long-range one, we assume
that the third parameter ~ 1.

Notice, that in the limi — 0,5 — 0 the energy (4.1) formally converges to
(2.1), and in the naive limit we obtain microstructures with unspecified number of
interfaces. More careful analysis shows that, as in the case of a bar on an elastic
foundation, the asymptotics of the number of interfaces depends on the joint limit
of the non-dimensional parametetsand €. Following the arguments presented
in [34], one can show that the number of interfaces in the lénit> 0, § —

0 depends on the ratio = é715. If ¢ ~ 1 the limiting solution will contain a
finite number of interacting interfaces, each of widtte. The fine structure of the
phase boundaries is then completely controlled by the gradient term in the energy
functional while their long range interaction is determined by the negative definite
nonlocal contribution to the energy. With this limit in view, we assume dhatec

and rewrite our functional in the form

- 1 &, é_,
F:(w) = W(w)+E|Dw| -5
0

€C

+5 (= 72D° + 1)1%]2}(1)2. (4.2)
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The constraint (2.2) becomes
1
/ w(x)dr =d, (4.3)
0

whered = d/L. In the present formulation the only small parameter &nd we
focus our analysis on the asymptoticseéas> 0. In what follows, we omit the
unnecessary overbars.

5. Thee — OLimit

As € approaches 0, the minimizar, of F, tends to a minimizer of another vari-
ational problem Fp, the T'-limit of e~1F, (see [8] for the definition of -conver-
gence). In this section we explicitly describe the limiting problem; the rigorous
mathematical proofs are given in the Appendix.

We first observe that because of the continuity of the nonlocal term, the behavior
of our system in the limit of smak is similar to the behavior of the correspond-
ing gradient model (2.3). In particular, at— 0 the phase boundaries become
infinitely sharp, while the displacement gradients inside the phases assume con-
stant values in the bottoms of the energy wells. As a result, the problem reduces
to finding thegeometryof the domain occupied by one of the phases. This, in
turn, means finding the corresponding characteristic function. Notice that the strain
gradient term drives the system towards the lower “surface area”, which means
the minimization of the number of interfaces. In terms of the interface interaction
this means repulsion and leads to the overall coarsening. Alternatively, the nonlo-
cal term in the energy causes the interfaces to attract each other and produces a
tendency towards the refinement.

We begin with the formal introduction of an adequate space for the limiting
strain field. To make our analysis slightly more general, we assume that the energy
density W (w) has two nonsymmetric wells locatedat= o« andw = B. We
takee 1 F, as a family of functionals defined d#*2(0, 1) N X, whereF, is given
in (4.2).

We say that a functiory is in BV ((0, 1), {«, 8}) N X if for every x € (0, 1),

x (x) = a or B, and there are finitely many points, x», ..., xy in (0,1), wherey
jumps betweer andg. The jumps describe the phase boundaries whose locations,
given by the numbers,, x,, ..., xy, remain unknown.

As we show in the Appendix, the family of strain fields in W2(0, 1) N X
with the property that 1 F, (w,) is bounded uniformly ir converges to a function
x in BV((0, 1), {«, 8}) N X. Moreover, in the original functional

1
1
e1F.(w,) = /0 {;W(we)+§|Dwe|2—§w3

Fol(- 2D+ 1)1/2w€]2}dx,
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the “gradient” part

111
/ :—W(w5)+E|DwE|2}dx
0 € 2

I'-converges taoN, whereN is the number of the points whegejumps, andc
is defined by

co = ﬁ/ﬁ (W] dr, (5.1)

(e.g., [21]). Thel-limit of the “nonlocal” part of the energy,

! c , ¢ 2.2 ~1/2_ 72
/ {——we—i-—[(—yD +1) " w] }dx,
0 2 2

turns out to be trivially

' C o € 2112 -1/2 72
/{—Ex +§[(—yD +1) "x] }dx
0

Although the above integral represents an implicit function of the location of the
phase boundaries, x», ..., xy, the first term can be calculated exactly. In fact, the

constraintfol x dx = fol w, dx = d implies that the size of the set where= « is
(B — d)/(B — a) and the size of the set wheye= B is (d — «)/(8 — «). Then

! —d d—

/ dex=a2ﬁ—+ 2—a=(a+ﬁ)d—a,3.
0 B—uo B—u«

To summarize, the limiting functiondly is defined by

Fo(x) = cod(x) + %{ —(a+pB)d +ap

! 2 2 -1/2 42
+/ [(—y D +1) X] dx} (5.2)
0

The function8(x) = N denotes the number of points whergumps. The class of
all admissible fieldg can be decomposed into

BV((0.1). {o. BY) N X = ] Aw.

N=1

whereAy = {x € BV((0, 1), {a, B}) N X: 8(x) = N}. In other wordsA y is the
set of functions iNRBV ((0, 1), {«, 8}) which haveN jumps. The spacesd, can be
further decomposed into

o B
Ay = A% U AR,
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whereA$ = {x € Ay: x(x) = «,forx € (0, x1)} andA‘,‘i] ={x € An: x(x) = B,
for x € (0, x1)}. A% is the part ofAy where functions equal before their jump

point xy, andAf, is the rest part ofd y where functions equas before their first
jump pointx;. More specifically, the subspaeg, can be identified with

{Grxo, . oxn) eRY:ixgp < xp < -+ < xy, axi + By —x1) 4+ =dJ,
and the subspace’,, with
{(xl,xz,---,xzv)ERN:x1<x2<--- < XN, ﬂxl+a(xz—x1)+...:d}.

The minimization ofFy, which turns out to be a problem irfiaite-dimensional
space of an unknown dimension, can be subdivided into two steps. First, we solve a
N-dimensional problem in eacht, and A% . The minimizer turns out to be unique

in each of the subspacesg in A% andy® in A%. The symmetry between?, and

A? is manifested through the fact thas(x%) = Fo(x%) (see Proposition 6.3).
This allows us to define

FE(N) = Fo(x3"). (5.3)

The second step of our procedure is tigcreteminimization of /5 (N) among all
positive integersyv.
We present our approach in the form of the following schematic diagram:

min F.(w), w e W%?0,1)N X,
F—convergee—_)g min Fo(x), x € BV((O, 1), {a, ﬁ}) nx
X

min  Fo(x1, ..., xn), (x1,...,x5) € A} ~ Xy
(X1,.00XN)

min  Fo(xq,...,xy), (x1,...,xy5) € Af, ~ Xﬁ
(X1,.00XN)

— MinFE(N), N e{L2..}~

TheI'-limit of the functional (5.2) is computed in the Appendix. The first step
of the minimization procedure is discussed in Section 7, the second step is detailed
in Section 8.

We close this section with the computation of the partial derivatives of the
implicit function

Fo(x1,...,xy) = coN+%i—(a+,3)d+a/3

! 2 .2 -1/2 72
+/ [(—y*D*+1) "] dx}. (5.4)
0
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Let x be an element id%,. Then the nonlocal part of (5.4) can be rewritten as
1
-1/2 42
H() = H(x,....xn) =f [(— 2D+ 1)) dx
0

1 1
= /0 fo G (x, y)x(x)x(y)dx dy.

Assumingv = (—y?D? + 1)1y, we compute

X1 X2 L (07
E:i[/ ozvdx—i—/ ,Bvdx—i—----i—/ <Or>vdx:|
8x1 axl 0 X1 XN IB

! dv
= (a—ﬁ)v(xl)+/ X(X)a—(X)dX-
0 X1

To find (dv/dx1)(x), we note that

ov 0 1 *2
" = —[/ aGL<x,y>dy+/ BG.(x, y)dy
X1 0 X1

axl

1 o
+---+/ <0r> GL(x,y)dy]
XN ﬂ

= (¢ = B)GL(x, x1).

Therefore,

oH 1
M _ (= Byoen) + (a — ﬂ)fo ()G (x, x1) dx = 2(a — Byv(xy).

8x1

Repeating a similar argument for the other partial derivativeld ofve deduce

v(x1)
—v(x2)

VH(x1, X0, ...,xy) = 2( — ) v(x3) . (5.5)

(=DM Ly (xy))
If x € A%, then

v(x1)
—v(x2)
VH(x1,Xx2,...,x5) =2(B —a) v(x3) ) (5.6)

(— DMy (ry))
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This representation of the derivatives of the energy inNhdimensional prob-
lem will be used in the next section which details the first step of our minimization

procedure.

6. Minimizing over xi, x3, ..., xy

We minimizeFy in A% andA’,‘i, separately. Our first result is:

PROPOSITION 6.1.If x§ minimizesFy in A%, then x§ is necessary periodic.

More specifically,

Xy(x) =

xe( —d+ﬁ>
(B—a)N

( —d+B d+p-— 2a>

B—a)N" (B—a)N )’

Xe(d-l—ﬂ—Za —d+3,8—2a>
B—a)N ' (B—a)N

xe(—d+3ﬂ—2a d+3,3—4a>
B-a)N =~ (B—a)N )
xe(d+3ﬁ—4a —d+5,3—4a>
B-—a)N =~ (B—a)N )
xe(—d+5ﬂ—4a d+5,3—6a)
B-—a)N =~ (B—a)N )

Also, if x& minimizesFy in A%, thenx’ is periodic and

xb(x) =

d—u«o
07— 5
xe( (ﬂ—a)N>

( -« —d+2,3—a>
B—a)N" (B—a)N )’
xe( —d+28—a d+ 28— Sa)
B—-a)N ~ (B—a)N
xe(d+2'3 3o —d+48 — 3a>
B-—a)N = (B—a)N )’
xe( —d+48 —3a d+48 — 5a>
B—a)N =~ (B—a)N )’
xe(d+4ﬂ 5S¢ —d+68— Sa)
B-a)N = (B-—a)N )



336 X. REN AND L. TRUSKINOVSKY

Proof. First considerA$,. We use the method of Lagrange multipliers to accom-
modate the constraintx; + 8(x2 — x1) + - - - = d. For the characteristic function
x to be a minimizer of (5.4), it is necessary that for some constant

v(x1) 1 0
—v(x2) -1 0
2(a — p) v(x3) —o(ax—p) 1 =lo
(—D)N+Ly(xy) (~pNH 0
This obviously implies
v(x1) = v(x2) =+ = v(xy). (6.1)

In particular,v(x;) = v(x2) which means that is symmetric on(xy, x,). The
functionv(x) in this interval can be calculated explicitly:

x — (x1+ xz)/Z)
y 9

whereC is a constant of integration. Notice thBtv(x;) = —Duv(x,). Now, by
unigueness and existence theorems for ordinary differential equations,we obtain
thatv on (0, x,) is a reflection of on (x,, (x, + x3)/2). Also becausév(0) =0

the length of(0, x,) is half of that of(x;, x3). By repeating this argument one can
show that the intervals whepe = « all have the same length with the exception of

(0, x1) (and(xy, 1)), whose length is only a half of the above length. The same can
be concluded for the intervals wheye= 8, say(x1, x»), (x3, x4), .. .: the length of
(0,x1) is B —d/((B — a)N); the length of(xy, x5) is 2(d — «)/((B — @) N); and

the length of(x,, x3) is 2(8 — d%((ﬁ —a)N). ThIS gives the desired expression

for x. A similar argument forA determlnest 0

vx)=8+C cosh(

REMARK 6.2. For each)(]‘f,'ﬂ, by separating variables, the corresponding=
(—y2D? + 1) Lxy # can be calculated from the explicit series

> 12 [ x%P (x) cogkmx) dx
v(x) =d + Z [ fo XA;QZJ(,);)NZ j_( lJTX) Cos(knx)].
k=1

Using Proposition 6.1, we can simplify this to

(=202 +1) 5o = d+ 23" (B —a)sin(((B—d)/(B —a))lm) COSINTY),

N Im(I2N?y2m2 + 1)

. =\ (B —a)sin(((d —a)/(B —a))lr)
(—y2D2+ 1) " xh = d+ 22 N+ D coIN7x).
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1. N=7 2. N=7

0 0.5 1 0 0.5 1
X X

Figure 3. Metastable configurations withi = 7 and 8. Shown are the graphs;gﬁf,’ﬂ and the
corresponding = (—y2D2 + 1)~ 1% Herea = 2,59, = 5.41,d = 45.

Two examples of the functiongy, and Xf} and the corresponding functiomsx)
are shown in Figure 3. In our numerical calculations we specified

1 , 17°
W(w) = [4(w 4) 2} : (6.2)
which givesa = 4 — /2, 8 = 4 + /2. We also choosé = 4.5 to be between
a and 8. In the first two pictures (Figure 3 (1,2)y = 7 (odd), while in the
last two pictures (Figure 3 (3,4)y = 8 (even), which illustrate two different
morphologies near the boundaries of the domain. Notice that the sjtgiasd
x5 are discontinuous even when the internal fielsare smooth.

The next proposition provides an explicit expression for the energy of the min-
imizer at a givenV. The corresponding states are only metastable in the sense of
the original problem.

PROPOSITION 6.3.

F5(N) = Fo(xy”)

c(B — @)’y N sinh(25505) sinh(4245)
Zsink(yiN) '

= CoN—
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Proof. We will only computeFy(x§) since the computation QTO(X,’\’}) is iden-
tical. We start with

1 1
/0 [(— y2D2+1)_1/2)(,°\‘,]2dx =/0 xwvdx.

Here we have used that = (—y2D? + 1)~1x%. On a subinterval of (0,1), say
(a,b), wherexy = «a,

b b b
/X,"(,v:a/ v=a/ (y2D*v +«a)

= ozyz[Dv(b) — Dv(a)] + ozz(b —a).

From fol xn(x)dx = d we find that the measure of the set on whjch = « is
(B —d)/(B — ) and the measure of the seton whjgh= g is (d —a)/(B — ).
Then

1
[ 1=+
——Zﬂ_d+fd:Z+w—ﬁwﬁDmednu»+Dwmr~~]

~YB—a" "B
= (@ + B)d — afL + (@ — B)y’NDv(x1).

Now we need to calculat®v(x;). First, observe that ofD, x;) we havev(x) =
a+C' coshx/y) and on(xy, x2) we havev(x) = B+C” cosh((x—(x1 + x2)/2)/y)

for some appropriat€”’ and C”. Both functions as well as their derivatives must
match atx;. Therefore,

@t C cosh(ﬂ) — B+ C”Cosh(xl — xz),
14 2y

c’ . X1 c” . X1 — X
—sinh|{ — )} = —sinh .
14 14 14 2y

Solving this system we find

_ (o= pysinh((x — x2)/(2y))

C/

sinh(1/(y N)) ’
C// — (Ol - /3) Sinh(xl/y)
sinh(1/(yN))
Recall that
_ p-d o 2d-w) q x1i+x2 L
N=B_—oN TR T B _oN 2 N
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Then
(@ — B)sinh((B —d)/((B —a)y N))sinh((d —a)/((B—a)yN))

Dv(x1) = — y sinh(1/(y N))

from which we define
! 212 -1/2 72
[ 1=+ ) g e
=(a+pB)d — B
(B a)?y Nsinh((B — d)/((B — &)y N)) sinh((d — &)/ ((B — a)yN)).

sin(1/(y N))
Now the proposition follows from (5.2). O

PROPOSITION 6.4. x% minimizesFy in A% and x4 minimizesrF, in A%,
Proof. Suppose thaj§ is not a minimizer ofFy in A%. Then there exists a

SEQUENCEX,, 1, X,.2, - .., Xpn) IN {(X1, X2, ..., xy) € R¥: x1 < xp < -+ < xy,
axy + B(x2 — x1) + - - - = d} converging to a boundary point and such that
i < ©).
nll_)mooH(xn,l’ Xn,2s 7-xn,N) H(XN)
A boundary point of{(x1, X2, ..., xy) € RV: x1 < xo < -+ < xy, axy +
B(x2 — x1) + - -- = d} can be considered as a pointAfy, (or Aﬁ,) with N' < N.
Let us call it (y1, y2, ..., yar). Now, sinceH(Xj‘f,'ﬂ) decreases iV (see below

Proposition 7.1, part 3), we find th&t(yy, yo, ..., yy) < H(Xf\j’,ﬁ). This implies
that eithery, is not a minimizer inA%, or x, is not a minimizer inA%,. This
recursive argument continues until we reath (or A?). A contradiction occurs
since there is only one element{ (or A?). O

7. Minimizing over N

The properties of the functiofi; (), introduced in Proposition 6.3, are summa-
rized in the following proposition.

PROPOSITION 7.1.Assume that takes real values (0, co).

1. F§(r) is convex irr.

2. F§(r) has the Laurent expansion

cB-d)d-w)  c(B-d)Pd-a)Pl
2 6(8 —)2y?  r?

F§(r) = cor

3. The function
Fék(l") — Ccor = _C(IB — a)zyrsinh(u> S|nh<di>

(B—a)yr (B—a)yr
i 1
/Zsmh(—>,
yr

decreases with.
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4. For large r the curveF; (r) has an asymptote

_ d d _
1) = cor — SE=DE =)
2
Proof. Introduce
_ p—d _ d—a«a
n=6-ay T G-wr
Then
dry )2
e w0 = Co— . c(p — o)y rsinhﬂ sinh& sinhM
dr 2r(sinh((p1+ p2)/r))? Fo p
—p1 coshﬂ sinh& sinhM
r r r
— pysinh 222 P2 gjnp P2 + P2
coshr r
+(p1+ p2) sinh 22 sinh 22 cosh22 122 }
r r r
and
P F5(r) c(B— )%y L po)\2 )2
= h—| p? h=—= 2 h=—
dr? r3(sinh ]/()/r))3{cos yr [p1<sm r ) +p2(sm r ) }

—2p1p2 sinh 22 sinh 22 }
r r

Now, since costil/(yr)) > 1, we obtain

2 F(r) cB—% | of ... 2\ of . 1\
az r3<sinh1/<yr>>3i” 1(3'”h7) T 2(3'”h7)

—2p1p2 sinh 2% sinh&} > 0.
r r

The last inequality implies that the graph 6§ (r) versusr is a convex curve.
A straightforward calculation gives the Laurent expansion mentioned in the propo-
sition. In particular, it implies

jim 90 _

r—00 r

Co.

Then the inequality
dF5(r)
ar =

follows from ¢ Fg (r)/dr? > 0. O

€o
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Figure 4. The graph ofFj (V) versusN. Herea = 259, 8 = 541,y = 0.05,¢9 = 1.33,
¢ =400 andd = 4.5. The markers are explained in the text.

Figure 4 illustrates the behavior of the functidfj(r). Here, in addition to the
parameters of the energy selected for Figure 3, we chpose0.05, ¢ = 4/3,
andc = 400. The energies of the four metastable states Witk 7 andN = 8
(Figure 3) are indicated in Figure 4 by the “cross” markers.

In general, the curvej(r) versusr, restricted to the intervdll, co), has a
unique global minimum, say = v, wherev is usually not an integer. An integer
N, adjacent tov minimizes F§ among all positive integers. Generically thg
is unique and there is exactly one pair of global minimizgrs, and Xﬁ*, corre-
sponding to it. It may also happen that for the specific choice of the nondimensional
constants there are two consecutive positive integérsand N, + 1, that both
minimize F5(N). Then we have two pairs of global minimizergy , X,{’}*, XN, 11
andyy ;.

The numbeIN, can be estimated with the help of the Laurent expansion calcu-
lated in part 2 of Proposition 6.3. It follows that

(B —d?d — )P\
N“( 3co(B — @)y 2 > ' (7-1)

In the example shown in Figure 4, this gives an estinMtex 24.8. . ., shown
as the “diamond” marker, while the exact minimum in the space of integers is
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achieved aiV, = 21 (indicated with the “star” marker). The agreement obviously
improves with increasing.
Finally, it is instructive to present a dimensional form of (7.1):

_ 2 _ 2\ 1/3
N*%<c(ﬂ d/Ly@d/L a)) . (7.2)

L 3co(B — @)?y?
This expression provides an estimate of the actual number of interfaces per unit
length as a function of the average strain and other parameters of the model. Notice
that the density of the interfaces does not depend on the size of the body.

8. Dynamics

In the previous sections we studied the structure of the global minimizer in the
the variational problem (4.2), (4.3) in the limit — 0. To check whether our
mechanical system can actually reach the corresponding configuration we need to
consider a dynamical extension of the variational problem.

There are two major requirements. The dynamical model should be capable
of describing fast processes such as nucleation and (explosive) growth of the mi-
crostructure. This requires consideration of the kinetic energy and inclusion of
inertial terms into the governing equations. On the other hand, the model must be
compatible with the final stabilization of the equilibrium microstructure through
the much slower processes of coarsening or refinement of the elastic domains. The
description of these phenomena requires the introduction of an adequate dissipative
mechanism.

In this section we consider a particular dynamic counterpart of our variational
model which introduces both inertia and dissipation in a simple way. To avoid
integral equations, we consider a dynamical extension of the local model (Model 3,
see (3.11) and (3.12)). In this case we need a system of partial differential equa-
tions governing the evolution of the strain fialdx, r) and of an additional field
of internal variablev(x, t). We assume that the strain field(x, t) satisfies the
equations of classical inertial visco-elastodynamics. For simplicity, the adjustment
of the internal variable(x, t) is considered instantaneous and the corresponding
field inertia-free: in the framework of FitzHugh—Nagumo dynamics this case is
known as the fast-inhibitor limit. As we show below, the resulting model represents
a nonlocal generalization of the viscosity—capillarity model of Truskinovsky [31]
and Slemrod [29].

We begin with an introduction of a displacement field

u(x,t) = /OX w(y, ) dy. (8.1
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By adding into the Lagrangian a standard kinetic energy associated with the dis-
placement field:«(x, r) and assuming the reference mass density to be equal to
unity we obtain a system of (dimensional) equations:
{ uy = D[ — €2D3%u — §(Du — v) + W' (Du)]| + nD?u,
—y2D%v + v = Du.
Heren > 0 is a constant (Kelvin) viscosity. The initial and boundary conditions
for the system (8.2) take the form

(8.2)

u(x,0) = ug(x), x € (0, L),
u,(x,0) = ui(x), x € (0, L),
u@,H=0, wu(llL,t)=d, te(T), (8.3)

D?u(0,t) = D?u(0,L) =0, t€(0,7),
Dv(0,t) = Dv(L,t) =0, te(0,T).

When all small parameteis v, n, ande are equal to zero we obtain a mixed
type nonlinear wave equation and the problem is ill-posed, which results in a dra-
matic lack of uniqueness. Partial regularization can be achieved if githe® or
y = 0. In this case the (well-posed) model (8.2), (8.3) reduces to the viscosity—
capillarity model which is rich enough to describe propagation of isolated shock
waves and phase boundaries (e.g., [32]), but is incompatible with nucleation and
spreading of the finite scale microstructures. In this sense the full system (8.2) is
expected to have a completely new set of solutions comparing to straightforward
dispersive and dissipative regularizations of the nonlinear wave equation.

The detailed analysis of the dynamical equations (8.2), (8.3) is beyond the scope
of the present paper. In the next section we present some numerical results pertinent
to the accessibility of the periodic minimizer.

In our numerical solution of equation (8.2), we chooseegplicit scheme. Na-
mely, we replace (8.2) with the iteration

ulx,t+ A1) ~ u(x,t) +u(x, At + %{D[ — e2D3u(x, 1)
—38(Du(x,1) —v(x,1)) + W (Du(x,1))]
+nD%u,(x, 1)} AL?,
wherev(x, t) is obtained at each time step by solving the boundary value problem
—v2D%v(x, 1) + v(x, 1) = Du(x, 1), Dv(0,1) = Dv(1,1) =0

numerically.

9. Computational Results

The goal of this section is to illustrate numerically the generation and stabiliza-
tion of the microstructures. Specifically, we shall follow the evolution of two sets
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8 8

6 t=0, 8_1 FE(DU)=76.5625 6 1=0.06125, g FE(DU)=76.4529
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2 2

0 0.2 04 0.6 0.8 1 [ 0.2 0.4 0.6 08 1
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Figure 5. The first six pictures show the evolution of the strain fiBld under equations (8.2)
and (8.3) at six different times. Hetle = 1,d = 4.5,y = 0.05,n = 0.01,¢ = 0.0025,

8 = 0.25 andc = 100. The last two pictures present the mlnlaﬁ and Xf/ of Fy. The
energy densityis given by (6.2) withw = 2.59, 8 = 5.41. In this caseV, = 14.

of initial data representing the breakdown of a metastable and an unstable state.
The main question is whether the global minimizer is dynamically accessible or
whether the system, governed by (8.2), (8.3) get, stuck in a metastable configura-
tion. We remark that the minimizer is known only in the limiting case 0 while
the calculations are performed at finite

In the first set of computations we consider the case whissufficiently small
so that the functionaF, can be adequately approximated By. Thus, choose
L=1d=45,y =005,n = 0.01,¢ = 0.0025,6 = ec = 0.25 andc = 100.
The double well potentialv is taken from (6.2).

Suppose initiallyug(x) = 4.5x, which corresponds to a uniform metastable
strain field, and assume that the localized perturbation of the velogity) is
small. The initial perturbation must be sufficiently strong to break the metastability.
Figure 5 traces the evolution of the straip at six different times. We observe
the nucleation of the microstructure which is followed by its propagation into the
undisturbed area. When the growing microstructure reaches the boundary of the
domain the process of coarsening begins which eventually leads to an almost peri-
odic pattern. The observed stabilization of the microstructure at tanggy mean
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Figure 6. The dependence dfj on N. Herea = 2.59,8 = 541,y = 0.05,¢¢9 = 1.33,
¢ =100 andd = 4.5. NoteN, = 14.

that the system has reached a state of local/global minimum of the energy. It may
also mean significant slowing down in the vicinity of a saddle point.
In order to check different possibilities we can compare the laggafiguration
with the microstructure delivering the global minimum to the functiafRalln our
case

2 4

B 442
co = \/E/ [W(t)]l/zdt =2 |:1

—_— :—L(t — 4)2:|dt _4
4-2 3
The dependence dfj(N) on N is shown in Figure 6. It is not hard to see that
the minimum value ofFj(N) is achieved atV, = 14, indicated with the “star”
marker. This number agrees quite well with the final picture in Figure 5 where at
larget, we observe 15 jumps of,. The last two pictures in Figure 5 depict the
minimizers y and Xf}* of Fp. In spite of the discrepancy near the boundary, the
general agreement between these pictures confirms that the numerical solution is
quite close to the global minimizer.

We have also compared the eneegy F. (Du), calculated from (4.2), with the
minimum energyFo(xy,) (= FO(X}\’;*)), explicitly calculated in Proposition 6.3.

These numbers are given together with the corresponding xy and Xﬁ* in
Figure 5. We find that they match quite well at large
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Figure 7. The evolution of the strain fiel®u ate = 0.02. The rest of the parameters are the
same as in Figure 5.

In the second set of computations based on (8.2), (8.3) we use the same para-
meters except for the higher valuecot= 0.02; here we expect a somewhat larger
discrepancy with the results of tke= 0 theory. In addition, we change the initial
data foru(x, 0), making the configuration unstable, and assuming, 0) = 0.
Specifically we consider a special Riemann problem, when two homogeneous con-
figurations are separated by a sharp interface:

2.5x if0 <x < 1/3,

u(x,0) = { .
55(x —1)+45 ifl/3<x <1l

Notice that we preserve the same total elongatioas in the previous set of

computations. The correspondiiy: is depicted in the first plot of Figure 7.

From the static problem it is quite clear that the above Riemann data are unsta-
ble. As a result, the dynamical process begins without any initial perturbation of
velocity. First, the shock waves are emitted and the single layer quickly develops
into multiple layers. The oscillatory state then propagates in both directions. After
the microstructure hits the boundaries, the process of stabilization and coarsening
begins. The final pattern is again almost periodic. The interfaces are more diffuse
now because of the larger valuecofThe count of the number of interfaces suggests
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that the achieved microstructure is at most metastable in the sense ofthe
limit.

10. Model Allowing for Sharp Interfaces

Although our simple one-dimensional model encompasses all necessary physi-
cal ingredients and produces qualitatively reasonable results, it has the problem
common to all gradient models which use strain as an order parameter: misrep-
resentation of the dispersion relations for lattices which leads to over-regularized,
unrealistically diffuse interfaces. In fact the typical TEM observations show that
the phase or twin boundaries are often close to being atomically sharp. In order
to overcome this difficulty, one can try to modify the “surface energy” part of our
model and substitute the strain gradient term by a nonlocal term wpibsaive
definite kernel. It is known that depending on the parameters of the kernel and the
degree of the nonconvexity of the elastic energy, the “positive” nonlocal model can
produce both sharp and diffuse interfaces (see, for instance, [3, 12—-14]).

In this section we exploit this idea and briefly sketch a variant of the theory
which can produce finite scale microstructures with sharp interfaces. Essentially,
we combine positive and negative definite nonlocal terms into one sign-indefinite
kernel J(x, y). We assume that whenis close toy, the kernelJ (x, y) is posi-
tive, and whenv is away fromy, the kernelJ (x, y) is negative. Our new energy
functional takes the form

F(w) = /01 W(w) dx + ifolfolJ(x, ) (w(x) — w(y))zdxdy, (10.1)
where

J(x,y) = 61G1(x, y) — 852G 2(x, y). (10.2)
The functionsG; are selected as Green functions of the two auxiliary problems

—y?D%y+y=f in(0,1), Dy©0) =Dyl =0

(see the explicit expression in (3.5)). Notice tidat(x, y) andG,(x, y) enter the
kernelJ (x, y) with different signs; the representative graph/ak, y) is shown in
Figure 8.

By choosing again the kernel to be exponential we are aiming at the equiv-
alent local theory: a blend of the Timoshenko model considered by Rogers and
Truskinovsky [27] and the FitzHugh—Nagumo model considered in this paper. In
addition to the conventional strain field, the present theory contains two (!) new
physical fields.

In order to rewrite the problem as local we introduce two internal variables,

1 1
p(X)=/O Gi(x, y)w(y)dy, q(X)=/0 Ga(x, y)w(y) dy. (10.3)
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10

X

y
Figure 8. The representative graph of the sign-indefinite kerhek §1G1 — §2G2 from
(10.2). Heresy = 1.0, 82 = 1.0, 1 = 0.005 andy, = 0.05.

In terms of these new variables, the energy functional (3.11) takes the form

3 ! Siyf 2 & 2
F(w, p,q) = W(w)+TIDp| +§(p—w)
0
822 b
—%|Dq|2— Ez(q - w)z}dx. (10.4)

The derivation is identical to the one given in Section 3. Notice that the classical
Ericksen’s double well energy density is the only nonlinear term in the energy
functional. The conventional strain field is linearly coupled with two additional
fields, p(x) andg(x), which satisfy linear “field” equations. The Euler—-Lagrange
equations for this model and the corresponding natural boundary conditions take
the forms

81w — p) — S2(w — q) + W' (w) =0,
—yED?p+p=w,  Dp(0) = Dp(l) =0, (10.5)
—y(D’q+q=w,  Dq(0)=Dq(l)=0.



MICROSTRUCTURES IN NONLOCAL ELASTICITY

349

8 8
=0 1=0.19231
6 6
-] ’ 3
0Oy Qg —//\/\/’—‘
2 2
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
8¢ 8
t=1.0577 t=1.7308
6 6
=] ]
2 2
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
8 8¢
=25 t=3.1731
6 6
> >
2 2
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
8 8
1=4.0385 t=38.4615
6 6
> =
2 2

0 0.2 04 0.6 0.8 1

0 0.2 0.4 0.6 0.8 1

Figure 9. The evolution of the strain field« according to (10.6). Herg = 0.015,d = 3.9,
81 = 1.0,8, = 1.0, 1 = 0.005 andy, = 0.05.

The detailed analysis of this model will be given elsewhere. Our preliminary results
indicate that the new model exhibits periodic minimizers with sharp interfaces.

In dynamics the above model shows interesting reversible transformations be-
tween the twinned “martensite” and the surrounding “austenite”.

To illustrate this point, consider the simplest dynamic counterpart of (10.1):

1
U, = D[W’(Du) +/ J(x, y)<Du(x, 1) — Du(y, t))dy:| + nD%,, (10.6)
0

where again(x, t) = fd‘ w(y, 1) dy is the displacement field. Equation (10.6) is
subject to the initial and boundary conditions
u(x, 0) = uo(x),

u,(x, O) = ul(x)7

u(0,t) =0, ul,t) =d.

The dynamical problem (10.6) can also be rewritten in the local form

(10.7)

uy = D[81(Du — p) — 82(Du — q) + W' (Du)] + nD%u,
~y{D?p + p = Du,
—)/22D2q + g = Du.

(10.8)
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The additional boundary conditions fprandg are

{ Dp(0,t) = Dp(1,t) =0,

(10.9)
Dq(0,1) = Dg(1,t) = 0.

The results of the numerical simulation of equation (10.1) are shown in Figure
9. We tookn = 0.015,d = 3.9 and chose the kerndl(x, y) as in (10.2) with
81 = 10,8, = 1.0,y; = 0.005 andy, = 0.05. In the simulation we start with the
unstable Riemann data f@u« and zero velocity. We observe that the single inter-
face again develops into multiple layers. The oscillatory state propagates in both
direction with clearly indicated fronts; these fronts simulate martensite—austenite
interfaces. We observe that the “martensitic” domains behind the moving transition
zone are almost stationary so the attractor is not a travelling wave. At some point
the layered configuration fills the whole domain. Then the domains near the bound-
aries start to disappear and the uniform states propagate back but in a reversed
order. This process, however, does not go all the way back to the configuration
with a single interface. Instead, long before the number of domains reduces to one,
the oscillations of the strain fielfdu start to grow again, propagating towards the
boundary. After several repetitions, each time with more “leftover” oscillations, the
configuration finally stabilizes, forming a periodic pattern. In the interim period the
oscillatory state clearly behaves like an elastic “phase”.

11. Conclusions

In this paper we introduced an easily tractable one-dimensional model describing
stable finite scale microstructures. This model can be viewed as a one-dimensional
ansatz, which in the simplest qualitative form reproduces most of the relevant ef-
fects of the full 2- and 3-dimensional formulations. To make a model amenable to
analysis we specified the kernel of a nonlocal part of the interaction to be exponen-
tial; the more realistic power law kernels can presently be studied numerically at
most. We investigated in some detail the important special case when the internal
length scales associated with the coarsening and the refinement mechanisms can
be separated. By sacrificing some of the metastable configurations, we focused
on the asymptotic description of the global minimum. The corresponding limiting
problem turned out to be finite-dimensional. We showed that this new problem has
a periodic minimizer and explicitly calculated the optimal period. We then looked
at the accessibility of the corresponding configuration from the perspective of a
realistic dynamics. In particular, we demonstrated how the periodic microstructure
nucleates, spreads into the metastable areas and stabilizes. Among other things,
we examined the process of final coarsening leading to the microstructure with
the predicted period. Our solution presents a new self-consistent description of a
moving interface between a homogenous state and a two-phase mixture.

The main open problems are associated with the direct derivation of the non-
local kernel from the 3-dimensional theory, with the careful analysis of the local
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minimizers outside the range of thelimit technique, and with the homogenized
description of the kinetics of the propagating microstructures.
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Appendix

We begin with several technical definitions. Define the set

1
X = {w e L0, 1): / w(x)dx = d}.
0

The distance between two elementsandw, is assumed to bgwi — wa|l 2 1)-

We extend the domain of, to X by settingF.(w) = oo if w € X\W%2(0, 1),

and the domain ofj to X by settingFo(x) = oo if x € X\BV((0, 1), {a, 8}).

We introduceBV ((0, 1), {«, B}) as a subset of the space of functions of bounded
variation, BV (0, 1) (see, for instance, [10, Chapter 5]). A functignof bounded
variation is inBV ((0, 1), {«, B8}) if, for everyx € (0, 1), x(x) = « or B.

Suppose that the energy densi®y has two global minima a& and g, i.e.,
W) > 0andW (@) = Oif and only ifr = « or 8. We also assume for the
technical reasons thal is continuous and there exist> 2, K; > 0, K> > 0, and
t > 1 such that, for all, |7| >,

Kilt]* < W) < Kolt|*. (A.1)
We first observe that~ F, is uniformly bounded below for smadl In fact, for

C > max{|«/|, |8]}, and|w| > C, we have(1l/e)W (w) — (c¢/2)w? > 0 for smalle.
Then

1
¢ 1F. (w) > f [}W(w)—fwz]dx
0 € 2

1 c
> / |:—W(u)) — —wz]dx
(lwl<cy L€ 2
c cC?
> / e > —E
{x:lwx)|<C}

The relation betweea ' F, and F; is described here in the languagelton-
vergence, defined as follows (see [8]).
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DEFINITION A.1. ¢ 'F. I'-converges toF, if the following two statements
hold:
1. For every family{w.} ¢ X with lim._qw, = w,

lim igf € IF. (we) = Fo(w).
€—>

2. For everyw € X N BV ((0, 1), {«, B}), there exists a familyw.} C X such
that lim._,o w. = w and

lim supe F. (w,) < Fo(w).

e—0

Our first key result is the following proposition.

PROPOSITION A.2.¢~1F, I'-converges tdy.
Proof. For everyw € X, we define

L
Eo(w) — / {%W(w) + %IDw|2}dx if w e W2(0, L), (A2)
€ - 0 .
%) otherwise,
Eg(w) = {Co/S(w) if we l-?V((O, L), {a, B)), (A3)
o0 otherwise,
and
G _ t _C 2, Cre 252 -1/2_ 42
L) = | 5w+ 5[(—y*D*+ 1) w] d. (A.4)

It is proved by Modica [21], thaE,. I'-converges taEg (with a slight change
from L(Q2) to L?(0, 1)). The convergence is carried overdo'F, — Fy by the
continuity of G from X to R. O

Proposition A.2 does not immediately relate the minimizers OfF, to the
minimizers of Fy. To see the relation we first need a technical lemma.

LEMMA A.3. Let{¢,} be a sequence of positive numbers converging, tand
{w,} a sequence of functions i. If ¢, 1F. (w,) is bounded above in, then
the sequencdw,} is relatively compact inX and its cluster points belong to

BV ((0,1), {a, B}).
Proof. We set

d(1) = / WY2(s) ds. (A.5)
Then (A.1) implies
6] < C +Cle|%H,
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Setv, = ¢(w,). By (A.1) andk > 2, we find,
vl < C + Clw,[**™ < C+ CW(w,).

Following the above proof of the uniform lower bound for' ., we obtain

1 M ¢,
€, Fe,l(wn) = _W(U)n) — Ewn dx
0

€n

1 ira c

— W (w,) dx W(w,) — =w? |dx
2en/o (wn) +/0 [Zen (ten) zw"]
1 cC?

1
e — &
26,1/0 W (wn) 2

>

Or, in other words,
1
/ W(w,) dr < 2F,, (w,) + cCe,. (A.6)
0

which means thafv,} is bounded in.1(0, 1).
On the other hand,

i 1t , 1
En Fe,,(wn) 2 A Enll)wn| + _W(wn) d-x
2 0 €,

11 c 5
) — =w? | dx
+/0 2en[W(w) 2“)”}

1
> f (W)™ | Dw, | d + f
0 0 26n

! c

2

[W(wn) — u)s}dx

1 /1 cC?
2 = |Dvn|d-x__’
«/E 0 2

and {v,} is bounded inW1(0, 1). The Sobolev imbedding theorem asserts that
{v,} is relatively compact ir.1(0, 1).

Now considerw, = ¢~*(v,). The formulas (A.1) and (A.5) imply that~* is
continuous, increasing and that

6720 < C+Cle 2, et < C +Clal. (A7)

To prove that{w, } is relatively compact we show that every subsequendevgf
has aL?-convergent further subsequence.

Let {w,,} be a subsequence 6#,}. Then there are a subsequence(gf =
¢(w,,)}, denoted by{v,, }, andv € L0, 1) such thatv,, — v in L0,1)
andv,, — va.e. Thew, — ¢~1(v) a.e. Applying Vitali's convergence the-
orem [15, p. 203] taw,, , we find that for every > 0O there isy > 0, such that
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for every measurable sét, |E| < nimplies [, |vn, | dx < ¢ for all n. Then (A.7)
implies

/ |w,, 2dr < / (C + Cloy, |)dx < Cn + Ce.
E E
Now Vitali's theorem applied t¢w,, } asserts thaw,, — ¢~1(v) in L%(0, 1).

Let w be a cluster point ofw,}, which means that there exists a subsequence
{w,,} such thatw,, — w in L2(0, 1) asl — oo. Fatou's lemma, the boundedness
of e, 1F, (w,) and (A.6) imply that

1 1
0< / W(w) dx < llim / W(wy,) dx = 0.
0 —o0 Jo

Now for a.e.x € (0,1), w(x) = « or S. If we considerv,, = ¢(w,,), then the
boundedness df,, } in W(0, 1), proved earlier, implies that(w), the L1-limit
of {v,}, is a BV function [10, Theorem 1, p. 172]. Singdw) only takes two
values,¢ () and¢(B), we obtain

p(w) = p(a) + 2P 0@ (o,
B—«a
Hence,w is also a BV function. O

From Proposition A.2 and Lemma A.3 we deduce how the minimize¢s'of,
and Fy are related.

PROPOSITION A.4. Let{e,} be a positive sequence convergindi@ndw,, be
a minimizer ofF,, in X. Then{w,,} is relatively compact inX and each of its
cluster points is a minimizer dfy in X.
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