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TheTI-convergence theory shows that under certain conditions the diblock copoly-
mer equation has spot and ring solutions. We determine the asymptotic properties
of the critical eigenvalues of these solutions in order to understand their stability. In
two dimensions a threshold exists for the stability of the spot solution. It is stable if
the sample size is small and unstable if the sample size is large. The stability of the
ring solutions is reduced to a family of finite dimensional eigenvalue problems. In
one study no two-interface ring solutions are found byltheonvergence method if

the sample is small. A stable two-interface ring solution exists if the sample size is
increased. It becomes unstable if the sample size is increased furti260®
American Institute of Physic$DOI: 10.1063/1.1782280

I. INTRODUCTION

A diblock copolymer is a soft material, characterized by fluidlike disorder on the molecular
scale and a high degree of order at longer length scales. A molecule in a diblock copolymer is a
linear subchain oA monomers grafted covalently to another subchaiB ofonomers. Because of
the repulsion between the unlike monomers, the different type subchains tend to segregate, but as
they are chemically bonded in chain molecules, segregation of subchains cannot lead to a macro-
scopic phase separation. Only a local microphase separation occurs: microdomainsArighdn
B emerge. These microdomains form morphology patterns/phases in a larger scale.

The Ohta—KawasaKi free energy of an incompressible diblock copolymer melt is a func-
tional of theA monomer density field. Lat(x) be the relativeA monomer number density at point
x in the sampld>. When there is high monomer concentration &t u(x) is close to 1; when there
is high concentration oB monomers ak, u(x) is close to 0. A value ofi(x) between 0 and 1
means that a mixture gk andB monomers occupies The re-scaled, dimensionless free energy
of the system is

I(u) = j {%2| Vul?+ 6—27|(— A Yu-a)?+ W(u)}dx, (1.1
D

which is defined in the admissible set

X,={u e WH(D):u=a}, (1.2

whereu=(1/|D|)[pu dx is the average aii in D. ais a fixed constant i0,1). It is the ratio of the
number of theA monomers to the number of all the monomers in a chain molecule.
In (1.1) e is a small positive parameter andis a fixed positive constant, i.e.,
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e—0, y~1. (1.3
The termW(u) is the internal energy field. Originally in Choksi and Réinis taken to be

Wi = u-u? if uel0,1] 1.4
Y= otherwise. '

Here we change it to a smooth function so tWais a double well potential of equal depth. It has
global minimum value 0 achieved at 0 and 1. We assume for simplicity\thigt smooth, grows
at least quadratically ates; and symmetric about 1/2¥(u)=W(1-u). 0 and 1 are nondegenerate:
W'(0)=W'(1)>0. An example ofW is W(u) = (u?-u)?.

The other two terms il.1) give the entropy of the system. The peculiar nonlocal term is due
to the fact that molecules in a diblock copolymer are connected long cains. It models a type of
nonlocal interaction known as the Coulomb interactidturatov'’). Mathematically we view
(-A)™* as a bounded positive operation frdie L2(D): (=0} to {£ e WD) : é=0}:é=(-A)"Y¢
if

-A¢=(inD, 4,é=00ndD, &=0.

Then(-A)~Y2 s the positive square root ¢fA)L.
To understand the parameter rande3) we recall the physical parameters in a diblock co-
polymer systenicf. Ref. 8.

(1) The polymerization indel that is the number of all the monomers in a chain molecule. We
consider the ideal situation where tisis the same in all molecules;

(2) The Kuhn statistical length measuring the average distance between two adjacent mono-
mers in a chain molecule, which is the same regardless the monomer types;

(3) The Flory—Huggins parametgrthat measures the repulsion between unlike monomers and
is inversely proportional to the absolute temperature;

(4) RelativeA monomer ratioa mentioned earlier;

(5) The volumeV of the sample.

They are related to the mathematical dimensionless parametard y by

I B 183V s
- 12a(1 _ a)XV2/3’ V= 7T&3/2(1 _ a)3/2X1/2N2|3 ' '

Among the physical parameteasand y are dimensionless and order 1. So we focug,o and
N. N is necessarily large in a polymer system. By takéngmall we have assumed that the sample
is large compared tb On the other hand having~ 1 means tha¥ ~ 13N, After we find spot and
ring solutions of a finite number of microdomains separated by interfaces whose width is of order
€ in the parameter rangé.3), we conclude that the size of a microdomain is of oidif and the
thickness of the interfaces is of orderfacts very well matched by experimeﬁfs.

Another choice ofy was used in Muillet® Nishiura and Ohnishi’ and Ren and Wet® y
~€1 e, V~I3N2. In this larger sample one finds that the number of the microdomains is of
order €. Then again the size of a microdomain is of ortfN?.

The diblock copolymer equation

-EAu+fu)+ey(-A)Hu-a)=»inD, Ju=0o0ndD, u=a (1.6

is the Euler-Lagrange equation (f.1), wheref=W'. For the example oW, f(u)=u(u-1/2)(u
-1). The unknown constany is a Lagrange multiplier due to the constrairta. If we integrate
(1.6) overD, then

n="1u). (1.7)
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S phase C phase L phase

FIG. 1. The spherical, cylindrical, and lamellar morphology phases commonly observed in diblock copolymer melts. The
white color indicates the concentration of tydemonomer, and the dark color indicates the concentration of Bpe
monomer.

Many morphology patterns are observed in diblock copolymers. See Bates and Fredtickson,
Hamley,11 and the references therein. The most popular ones are the spherical, cylindrical, and
lamellar phases, Fig. 1. The existence of the lamellar phase was shown in Ren aiidandeits
stability in three dimensions was studied in Ren and WSurprisingly we found that the lamellar
phase is onlymarginally stable. Physicists believe that defects should appear commonly in the
lamellar phases, Tsoet al, Refs. 36 and 17.

One type of defect is the wriggled lamellar pattern studied in Ren and\Weiere interfaces
separating microdomains oscillate like the sinusoidal curve. Here we study another type of defect:
spot and ringlike microdomains, Fig. 2. We consi(e#) in the unit diskD={x € R?:|x| <1}. Let
v=(-A)"Yu-a). If u andv are radially symmetric, thel.6) may be written in the radial
coordinatesr =|x|, as

p

62
- Uy, — A f(u)+eyw =17,

1
< _Urr_er:u_aa (1.9

u(0) =u(1) =v,(0) =v,(1) =0,
\U— a=v=0.

The average now becomas 2féu(r)rdr. We are interested in radial solutions(Gf6) that show
the phenomenon of microphase separation. They are close to 0 or 1 in mDsbutf change
between 0 and 1 in small regions. These small transition regions are called the interfaces. For a
radial solutionu an interface may be identified by a numisgrwhereu(r;)=1/2. Thefollowing
theorem was proved in Ren and Waiising thel-convergence theorcf. De Giorgi® Modical®
and Kohn and Sternbe'f.

Theorem 1.1 (Ren and We%s): For any y> 0, there exist two radial solutions of (1.6) on the
unit disk with one circular interface whenis small. If K=2 and vy is large enough there exist two
radial solutions with K circular interfaces wheais small

) (2)

05 05

-05 -0.5

-1 -1
-1 -0.5 0 05 1 -1 -0.5 0 05 1

FIG. 2. (1) A spot solution.(2) A K=2 ring solution. In both cases=1/2 andy=25.
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FIG. 3. Bifurcation solutions foK=1 andK=2.

For eachK one of the solutions, which we simply denote lpyin Theorem 1.1 is close to 0
near the origin and the other one is close to 1 near the origin, which we denGtéHoyvever the
two solutions are related. If we changeo 1-ain (1.1) and(1.2), then 1 is a solution of the
new problem which is close to 0 near the origin, andulis-a solution of the new problem which
is close to 1 near the origin. So it suffices to studyu is a spot solution ifiK=1, and a ring
solution if K=2, Fig. 2. Throughout this paper=(-A) Y(u-a).

The spot solution is also useful in the study of the cylindrical phase, E2y. A cross section
of the cylindrical phase has a pattern of many spots. It is believed that these spots pack in a
hexagonal wafl.A good understanding of a single spot is essential before one can mathematically
prove the existence of the cylindrical phase.

In this paper we derive a criterion for the stability of the spot and ring solutions by obtaining
detailed information on the eigenvalues and eigenfunctions of the linearized problem,

Lo:i=—Ap+f (U)p-f (U)e+ey-A)tp=r¢pinD, d,p=00ndD, ¢=0. (1.9

It is easy to see, Lemma 2.4, that lim inf, A = 0. To determine the stability we need to study the
\'s that tend to 0 as—0. Thesel’s are called the critical eigenvalues. They are found in
Theorems 3.1 and 4.1. Consequently we show in Theorem 5.1 that the spot solution is sgable if
is small and unstable i is large. The threshold of is denoted byy. It is calculated numerically

for variousa.

To better appreciate this theorem let us recall the stationary Cahn—Hilliard eqﬁmim:h is
(1.6) with y=0, the local counterpart. It is known that the Cahn—Hilliard equation on the unit disk
has an unstable spot solution. Once the nonlocal term with a gmualhich encourages oscilla-
tion, is added, the spot solution becomes stable. The abrupt change of stability here is discussed
after the proof of Theorem 5.1. If is further increased, more oscillation is required and the spot
solution, which only has one interface, becomes unstable.

The second change of stability has a simple physical explanation. Accordifg5oy is
proportional to the size of the sample. When the sample is sufficiently large, one big spot is
unstable in two dimensions. It should break into multiple spots to form a cylindrical phase, Fig.
1(2). The valueV corresponding toy in (1.5, suggests a scale for a cell with one spot in a
multispot cylindrical phase.

For the ring solutiorfK = 2), we will use Theorems 3.1 and 4.1 to numerically study a case of
K=2. Wheny is small, we cannot find a ring solution by tleconvergence method. Whenis
increased, there exists a ring solution that is stable in two dimensions. Wikenrther increased
over ¥, a ring solution exists but is no longer stable.

This change of stability of the ring solution and the second change of stability of the spot
solution lead to a bifurcation phenomenon néaiFollowing Ref. 33 one should be able to find
bifurcation solutions. They are depicted in Fig. 3. Based on our experience in Ref. 33 we suspect
that most of them are stable.

More information on the modell.1) and its extension to triblock copolymers may be found
in Nakazawa and Oht# and Ren and W&t The mathematical study of stable domain structures
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with multiple sharp interfaces started rather recently. On the block copolymer problem the litera-
ture includes Ohnishet al,>® Ren and Wef® Choksi/ Fife and Hilhorst® Henry® and Teramoto

and Nishiura® Elsewhere Ren and Truskinov§ﬁ)study the phenomenon in elastic bars, Ren and
Wei*??83%in the Seul-Andelman membrane, charged monolayers, and smectic liquid crystal films,
respectively. Tanigucﬁ‘l and Chen and Taniguéhi;tudy spot and ring patterns in a free boundary
problem.

The paper is organized as follows: In Sec. Il we review the construction of the spot and ring
solutions u, give some properties ofi, and explain the classification inta, where m
=0,1,2,3,... of theeigenvalues of the linearized operatowailhe properties ok,, are given in
Theorems 3.1 and 4.1 in Sec. Il and 1V, respectively. In Sec. V we show the stability property of
the spot solution, calculate the second threshgldnd use Theorems 3.1 and 4.1 to studi a
=2 ring solution. This section also includes some remarks. The Appendix contains the proof of a
technical lemma.

II. PRELIMINARIES

To make the paper more readable a quantity’s dependeneasousually not reflected in its
notation but implied in the context. On the other hand, a quantity’s independencés afften
emphasized with a superscript 0. For instance the spot or ring solutismot denoted by,,
while the L?(D)-limit of u ase— 0 is denoted by.

Throughout the paper, tHe” norm of a function is denoted simply Hy||. Other norms are
more explicitly written, like|-|,.

We define some frequently used quantitigsis the heteroclinic solution of

—H”+f(H):0, H(—OO)ZO, H(oo):]_, H(O):1/2 (21)

Our assumption tha¥W(u)=W(1-u) implies thatH(t)=1-H(-t). The interface tensior is a
constant defined by

’TZ:f (H'(t))? dt. (2.2
R

In the special casW(u)=;ll(u2—u)2, =\2/12.
Theorem 1.1 was proven in Ref. 25 by locally minimizin@ the radial class
XB={u e W-AD):u(x) = u(|x|),u=a}. (2.3

To do so we used th&-convergence theory in the perturbation variational analysis) ™I
converges in a particular sense to a singular lidnif is defined in the clasgl which may be
decomposed to

A= U (AU Ap). (2.4)
K=1

A function i/ is in Ay if U=a and there exist)y, 0, ... 0k, satisfying 0<q;<g,<---<gx<1,
such thatt/(r)=0 if r e (0,qy), =1ifre(ds,d2), = 0if r e(dy,ds).... Similarly a functioni

e;lK if Z/=a and there existy,qp, ... 0k, satisfying 0<q;<@,<---<qgx<1, such thaﬁ:{(r)
=1ifre(0,q¢),=0ifre(q;,q0),=1ifr €(9,,q3),.... By theremark after Theorem 1.1 we will
not consider in A. In eachAg the functionJ depends om=(q;,qs, ... ,0k) only

1
@) =27(a + G+ -+ + ) + Yf V'(r)rdr. (2.9
0

In (2.5 q determined{ e Ax. We emphasize thd# depends on alf;. We sometimes use the
notationl/=U(r;q). Let V be the solution of
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!

V J—
~V'-—=ud-a V(D=0 V=0. (2.6

We defineG, to be the solution operator @2.6) so thatV=G[(/-a]. Again we may writeV
=V(r;q). The constraint/=a becomes a constraint aq

e 2 22 K2 1_(_1)K_
S@):=-0i+gp-0z+ - + (- D)o+ ————=a 2.7
To incorporate the constrain2.7) we defineF:=J+vS wherev is the Lagrange multiplier in
accordance to the constraint.

Using ideas from Refs. 15 and 14 the following result is obtained in Ref. 25.

Lemma 2.1:If J has a strict local minimizet((-;r° e A, then there exist&>0 such that
for all ec(0,¢), (1.6) has a solution u with the propertiem_ _lu-2/(-;r%|,=0 and
lim,_o(em) M (u)=JU(-;r%).

Lemma 2.1 reduceb to J which is finite dimensional in eaclly and Ax. To studyJ we
define from the operatds, the Green function

Go(r,5) = Go[ &(- =) = 2s](r), (2.9
where 3 is the average o8(-—s). More explicitly

s’ 3s-2s° .
—-— - -slogs ifr<s
2 4

Go(r,s) = 2.9
0( ) sr2 35— - ( )
?—slogr— if r=s.

Note thatGy(r,s) is not symmetric irr ands, althoughrGy(r,s) is. Also noted(-—s)=2s. Then we
may write

1 1
V(r)=f Go(r,s)(u(s)—a)ds=f Go(r,s)U(s)ds.
0

0

We calculate the derivatives dfandF. J may be rewritten as

k 1

Jq) =22 g+ yf UEV(r)r dr.
j=1 0
Then
0J 9 a2 7
— =27+ y—{f V(r)r dr +f V(r)r dr +]
a4 G Jq, s
. . d
=27+ (- D'ygV(q)) + yJ U(r)—V(r)r dr.
0 aq;
Note that
d a | (% e ,
—WV(r)=—— J Go(f,S)dS+J Go(r,8)ds+ -+ | = (= 1))Gy(r,q;).
a9 G| Jg a3
Hence
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dJ :
—— =27+ 2(- D)'ygVqy),
5qj ) ]
and
JF . .
Sq = 2m+ 2 DiygWg) + 2v(- D'

]
LetrO=(r?,r3, ... ,ry) be a solution obF/d0;=0, j=1,2,... K, i.e.,

27+ 2(= DIyrdV(r)) + 2v(- DIrf =0, j=1,2,...K. (2.10

The second derivatives dfare

#J
d0q; d g

= 2(= D™y, Go(a, ), if ] # K,

&I i i -
g = 20 DI@) + 20 11y, D/Gola0) + V' ()
]

= 290;Go(0;,G) + 2(- DIy(V(g) +q;V'(q)).

Hence

7F {qujeomj,qj) +2(= DyVa) + gV (@) + 2~ D) if =k

= ) 2.1
000G | 2(- 1I*yqGolaq0 i j # k. (2.1D
At r° because 0§2.10, we have
&+ 299G, + 2(= ViprOV (10 - 22 if | =k
F (r% = Wi O(rj:rj) (-1 g (rj) 0 Ir = (2.12
30 9 g ! '

2(= DIy IGo(r{ ) if j £ k.

We emphasize that the functidnin (2.12 is associated with®, i.e., V=V(-;r).
Whether a critical point® is a local minumum is determined by the matt 12 in the
subspace

K

T={b=(by,by, ... b)T € R“2 (- Dlbyr) = 0}. (2.13
j=1

T is the tangent space of the domainJoét r°. When(2.12) is positive definite irT, i.e.,

K

PF
> (r%bb, >0, ifbeTandb#0, (2.14
Mk
jk=1 90 I Ok

the critical pointr® is a strict local minimum.
The condition(2.14) may be rephrased as follows. Defin& &y K matrix M° whosekj entry
is

T )
Mg = 5k,-<- et Y= DYV (rg ) + Y= DMIG(rR.r?), (2.19
where §;=1 if k=j and 0 otherwiseMy, is not symmetric inj andk but rgMy is. Let g° be a
non-standard inner product @&¥ defined by
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K
°(A,B) =2 Aij"JQ, A=(ALAs ... A)T, B=(By,By ... BY)". (2.19
=1

With respect tay®, the matrixM° represents a symmetric linear operatorRn Also with respect
by g° we choose an orthonormal basf§ed, ... €2 with

1

6= ———5(-11-11,(- )", (2.1
AL P
Since
K K
1 JF
=2 (r9bb= 2 Mgbbyr =g’ (M, b),
21 9919 Gk = KK

(2.14 is equivalent to the condition thad ° is positive definite in th&—1 dimensional subspace
perpendicular tce‘f with respect tog®. This form of (2.14) is closer to the contents of Sec. IIl.

Lemma(2.1) now implies the following theorem:

Theorem 2.2: If J has a critical pointr® at which(2.12) is positive definite in Tthen there
existse>0 such that for alle € (0,¢) there is a solution u of1.6) with the propertiedim,_qu
—U(-;r9)|,=0 and lim _q(em) 1 (u)=IU(- ;r%).

Only whenK=1, r°=(r2) alsways exists and equa{&Ta. It is regarded trivially as a strict
local minimizer ofJ. Hence where is small, a spot solution afL.6) exists unconditionally.

WhenK =2, J may not have a strict local minimizer. Another perturbation argument can be
used. Note that whew is large,J may be viewed as a perturbation of

1
J(q) = yf (V'(r))?rdr. (2.18
0

It was proved in Ref. 25 that* has a unique critical poinl*=(r*1,r*2, ,rf(). When v is large,
(2.12 is dominated by

{2yer(rj,rj)+2(— Dyry'(r) it j=k (2.19

2(= D)™y G(rr) if j# k.
It was shown in Ref. 25 thaR.19) is positive definite iril. For largey r* perturbs tor®, a strict
local minimizer ofJ. Theorem 1.1 hence is a consequence of Theorem 2.2. In this paper we
assume that the conditiq2.14) is satisfied and henae exists.

We denote the functioty(-;r°% by u® and set®=Gy[u®-uP]. u° takes values 0 and 1, and it
jumps between these two valuesrdird, ... rp. The I'-convergence theory asserts thaton-
verges touw® in L%(D). Then there existy,r,,...,r, such thatu(rj))=1/2,j=1,2,... K, andr
=(ry,rp, ... f) " —roase—0. Theser;’s are called the interfaces of We will see that they are
the only interfaces.

We also need to know the asymptotic behaviowofirst we construct amner expansion.
Around eachr; we introduce the scaled varialier;+et so to expand

u(r) =u(r; + et) = H(t) + eP;(t) + €Q;(t) + -+~ (2.20
Correspondingly
v(r)=v(r) +eto'(rj)) + -+ . (2.21
As we insert(2.20 and(2.21) into (1.8) we find the leading term
Hj() =H(t) if jis odd, Ht)=H(-t) if jis even. (2.22

The next term isP;(t) defined to be the solution of
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H/
_P”+f,(Hj)P_?L+§j:Oi P(0)=0. (2.23
]

P; is even. The constarg; is chosen so the(ﬂ—|j’/rj)+§j is perpendicular td—lj’ for solvability.
Therefore

(- 1"t
T

()"

J

&= f (H'(1)? dt= (2.29
R

In our rigorous setting of asymptotic expansidhsiepends o because; and§; do so. This way
we avoid expanding;. The third term in the inner expansion@(t) which is the solution of

’ ’ "4 \p2
~@ertpe- e B TR o, qoz0. 2

i T
Qj is odd. AgainQ; depends or, viarj andv’(r;). We set the inner approximation ofnearr; to
be

zj(r):H,(ﬂi)+er<ﬂi>+éQj(ﬂl>. (2.26
€ € €

The outer approximation is done in one step. It is denoted &yd defined for alt not equal
torq,ry, ... Ik by the equation

f(2) + eyv(r) - »=0. (2.27)

Sincen=0(¢) andv=0(1), facts proved in the Appendiz,is chosen to be close to 0 or 1 on each
(rj,rj+1) nonambiguously, in agreement with the shapedfe., zis close to 0 or(0,r,), close to
1 on(rq,ry), close to 0 onr,,rs), etc.

The inner approximation is used in eath-e*,r;+¢*) whereae(1/2,1). The outer ap-
proximation is used injo,1)\(U}<:1(rj—Zea,rj+25“)). The inner approximation is matched to the
outer approximation in the matching intervalg;—2¢*, rj—€%) and (rj+e*,rj+2¢%), |
=1,2,... K. Let x; be smooth cut-off functions so that

0 if r e (r;—2e%r;+2¢
xiMn=9, . o 4o
1 ifre(rj-eirj+eY,

and moreovel;),=O(e ) (Xj)r,=0(e‘2“) in (r;—2e*,rj—€*) and (r;+e",r;+2¢).
We then glue the two approximations to form a uniform approximation

K K
W(r):Eijj+(1—E Xj)z. (2.28
j:]_ ]:1

Lemma 2.3: wu=0(€?).

According to this lemma, whose proof is left to the appendix, the uniform approximatien
accurate up to ordes?. This lemma also implies that the's are the only interfaces af.

To understand the stability of a spot or a ring solution in two dimensions we need to find the
spectrum, which only contains eigenvalues, of the linearized opetatefined in(1.9). We
separate variables in the polar coordinates to let

o

@(X) = @(r cos6,r sin 6) = X, ¢(r)(Ay, cogmé) + By, sin(mé)). (2.29

m=0

After substituting(2.29 into (1.9), we deduce thap(x) is a linear combination o,,(r)cogmé)
and ¢,(r)sin(lmé) for some non-negative integen. The corresponding eigenvalue is thus
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classified inton=A,,,m=0,1,2,.... Thepair (\,,, ¢, satisfies the following equations:
(1) If m=0,

2 _
Lodo: = = €8¢~ Td’é + 1 (U)o — T'(U) o + €¥Gol Pol = Nopo,  ¢'(0)=¢'(1) =0, ¢

=0; (2.30
2 if m=1,

e et
Lt == €=t 3 b+ 1 (Wb + 3Gul il = A 9(0) = (1) =O0.
(2.31)

The operatoG, is defined in(2.6), and wherm=1, G, is the inverse of the differential operator
—(d?/dr?)—(1/r)(d/dr)+(m?/r?) with the Neumann boundary conditionrat 1 and the Dirichlet
boundary condition at=0.

Lemma 2.4: Leh be an eigenvalue of.LThenlim inf__ o A=0.

Proof: Suppose that the lemma is false. We may assume that dxs\°<0. Since\ is
classified in tan,,, m=0,1,2,..., weconsider the case thatis one of\,. The casen=1 may be
handled similarly and we omit the proof.

Let ¢ be an eigenfunction of2.30 associated with\. Without the loss of generality we
assume thal¢||= ¢(r.)=1. First we claim that there isrg whose distance to. is of orderO(e).
Otherwise €%¢"(r-)=1 sincer. is a maximum;(e?/r)¢’'(r.)=0 whether or notr. is on the
boundary; f'(u(r«))¢(r-)>0 since f'(u(r«))>0 outside anye-neighborhood ofr;; f'(u)¢
=(f"(u)-f'(0)) »=0(e) by the uniform estimate ofi in Lemma 2.3;eyGy[¢](r«)=0(e), and
No(r«)=\<0. Then

62
- E¢'(r) - T )+ Ur) b(r) — (Wb + eyGol @](r) > A(r),

and(2.30 is not satisfied at-.
If r. is in a sizeO(e) neighborhood ofj, then ¢(r;+et) — P #0 in C%C(R), and® satisfies
—<I>”+f'(HJ-)CI>:)\°<I>. However this equation has no nonzero, bounded solution Wher0, since
H; is a minimizer of E(U):=/g(3(U")2+W(U))dt. Here U is in the classWER) and
lim¢_.+.(U(t)—H;(t)=0. O
Hence to understand the stability ofwe must analyze all the eigenvalues that tend to 0 as
e—0. They are called the critical eigenvalues.

Ill. THE CRITICAL EIGENVALUES A\,

RecallM? andg® defined in(2.15 and(2.16), respectively, an@? with eg defined in(2.17).
Theorem 3.1:Whene is sufficiently small, there exist exactly K eigenpaixg, ¢o), of (2.30
with A\g=0(1). One\, is positive and of ordee. This\y and its eigenfunction expand like

K
2f(0) > 1) K
k=1 —
No= —————e+o(e), ¢o= 2 G(Hf ~H) +Olelc).
=1

wherec=(c;,C,, ...cx)T—c?, as e tends t00. c® is a nonzero scaler multiple @‘1)
The remaining K1 \y’s are positive and of ordee®. Each of them and its corresponding
eigenfunction expand like

Downloaded 20 Dec 2004 to 137.189.4.1. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



4116 J. Math. Phys., Vol. 45, No. 11, November 2004 X. Ren and J. Wei
K
— ., 0 — O D
No= udE+0(), o= j(H —H/ +e(P] — P)) +O(&c)).
j=1

Let c°=lim,_, c. Thenc®==K €% and u and (€9,23, ... €T form an eigenpair of the K1

dimensional eigenvalue problem

K
> M%) = ude®, n=2,3,...K.
m=2

We expect that the eigenfunctions associated with small eigenvalues may be approximated by
combinations of

HJ.’—H_J-’+ e(PJ-'—P_j'). (3.1

HereHj’ is the derivative oH;=H;(t) with respect td evaluated at=(r-r;)/e. In this section we
write (N, ¢) for an eigenpail\q, ¢g). We decompose

K
¢=2 ¢(H —H/ + &P - P) + ¢* (3.2
=1
in the L2(D) space Wherﬁj’—H_j’+e(Pj’—5j’)i ¢t for j=1,2,... K. First we estimate
Y ’ 62 ’ ’ P ’ ’ 7 Y
LO(HJ' - Hj) == 52(Hj)rr - T(Hj)r +f (U)(Hj - Hj) - f (U)(Hj - Hj) + E'YGO[HJ' - Hj].
in which
- 1
f'(uH/ = 2f (f'(H) + eP;f"(H)))H/r dr + O(e%)
0
:zef [f'(H)H]r; + etf’ (Hj)H[ + eP;f"(H))H/r;]dt+ O(€®) = O(€°) (3.3
R
sincefRf’(Hj)Hj’dt:thf’(Hj)Hj’dt:fRPjf”(Hj)Hj’dt:O (tf’(H,-)HJ-' andef”(Hj)Hj’ are odd. Then
P17\ — (! ’ € Ty ' T j+1 3
Lo(Hj =Hj) =(f"(u) = f"(Hj))H] = rHj +(f'(u) = ' (u)H; +ey(-1) Gol(r,rj) + O(€°)

(H.)P?
= ef”(H))PjH/ + L=2<f"(Hj)Qj + (—2’)L>Hj’ - ij’

+ Ey(= DTGy, + (F(u) - £ (u)H] +O().
By differentiating(2.23) we have

n

H
= P!+ f(Hj)P] + f"(Hj)H/P; - TL =0.
j

Then
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_ & - =
Lo(P] = P}) = = (P} = —(P))r + F'(U)(P] = P)) = ' (W)(P] = P)) + eYGo[ P} - Pj]

H € — —
=(f"(u) - ' (H))P; — f"(H))H[P; + r—J - FP}' +(f'(u) - f"(W)P; + o(é)
J

”

HJ € —_— -
=ef"(H)P;P/ = f"(Hj)H/Pj + — = =P/ + (f'(u) - f'(0))P] + O(&?),
rp r
where we have used the fact
1

f’(u)Pj’=2f

0

f' (WP dr=2ef f'(H))P/r;dt+ O(e®) = O(&) (3.9
R
sincef’(Hj)Pj’ is odd. Therefore

! _/ ! _! 14 f”,( H ) P2 ! n ! 1 1 14 PN
Lo(H] - H; +e(Pj—Pj)):ez{<f (H,-)Qj+—21—L H] + f"(H)P;P] + i Hy ==L+

- 1)J'+1Go(r,r')} +(F(W = ' (W)H] + P} + O(e?).

On the other hand,

1
Hj’=2f Hj’rdr=26f Hj’(t)(r,-+et)dt=25rjf Hj’(t)dt+262f Hj’(t)tdt=26(—1)j+1rj
0 R R R

sinceHj’(t)t is odd, and

1
P/ = ZJ Pirdr= Zerjf P/dt+ O(€?) = O(€)
R

0

sincer’ is odd. We find

H +eP] = 2e(- 1)*'r; + O(€%). (3.9
Hence we deduce that
— — (H)P? 1 1 P
Lo(H! —H] + (P! - P)) = 62|:<f"(Hj)Qj + L)—L>Hj’ +f"(H)P;P/ + (— - —)HE’ -
2 € er r

+ (- 1)J+1eo(r,r,-)} +2e(- 1)1 (F'(w) - f'(u) +O(%). (3.6
Note that in(3.6)

1 1 tH"(t
(— - —)H;': O o),
Erj er i

i
Rewrite the equatiohyp=A¢ as

K K
2 Cilo(H] =H/ + (P] = P))) + Logp* = )\(E ci(H] —H/ + &P - P))) + ¢i> . (3.9
j=1 j=1

Then ¢* satisfies
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K
Lop* = o<e|§‘, (- 1)J'rjc,-|) +0(&)c| + O(IN) ([l + 1) (3.8
=1

Herel||¢*|| is theL” norm of ¢* on (0,1). The following lemma estimateg".

Lemma 3.2:There exists C-0 independent o€ such that for ally in the domain of b and
Y LH -H +eP[-P),j=1,2,- K, [y < CllLoyl-

Proof: Suppose that the lemma is false. There eyistnd some'« such that|y|=y(r.)=1,
Al H]-’ —HJ-’ +e(PJ-’ —PJ-’), j=1,2,--,K, andLo=0(1). Thenr. must lie in a neighborhood of for
somej. The size of this neighborhood must be of ordeOtherwise we argue as in the proof of
Lemma 2.4: €%/ (r<)=0; (=€2/1)y/' (1) =0; eyG{4](r<)=0C(e); f'(u)gp=(f'(u)—f'(0)y=0C(e);
and f'(u)(r«) is positive and bounded away from 0 independenk.oThen the equatioh g
=0(1) is not satisfied at-.

So let us assume thatis in a neighborhood, of sizg of rj. Thenyi(rj+et) — W¥(t) in Cﬁ,C(R)
ase tends to 0.¥ satisfies ¥¢+f'(H;)W,=0. ThereforeV,=cH; for some constant+# 0. On
the other hand if we denote the inner productLif{D) by (-, 9, then ¢ L Hj’—Hj’+e(Pj’—Pj’)
implies

0=(y,H/ —H/ + &P| - P))) = 27Tecrjf (H")?dt+o(e),
R

which is possible only it=0. O
We obtain by Lemma 3.2 that

K
¢+ =0(d X (- Drjgy|) + O(d)|c| + O(IN) (|| + [|pH]])
=1

which implies, since\=0(1),

K
¢+ =0(e > (- Drigy|) + O(A)c| + O(IN])]c]. (3.9
j=1

We multiply (3.7) by H{<—H_{<+ e(P{(—P_,Q) and integrate with respect tor2 dr over (0, 1) to
find the equations

K
21 (CiLo(H] —H/ + &(P] = P))),Hj = Hj. + e(P = Pp)) + (" Lo(Hy = Hi + (P = P))
=
K
=\ ¢(H] —H/ + &(P] = P]),H} = Hi + e(P = P})).
=1

In these equations

(", Lo(Hy — Hy + e(Py— PY)) = O(| ]| - [Lo(Hi. — Hi + (P = Py,

where| ||, denotes the.}(D) norm. By (3.6) we find

ILo(Hy, = Hi + (Pt — P)[l, = O(€).

Then by(3.9) we deduce the equations
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K K
21 Ci{Lo(Hj —Hj + e(Pj = P)),Hy — Hy + e(Py - Pé)>+0(63|§i (- 1)jijj|> +0(€Y)|c]
i= z
K JE— —_— JE— —_—
+0(N))[c| =\ (H] ~ H] + e(P! = P)),Hy ~ Hy + (P}~ PL), (3.10
=1

for k=1,2,... K. The inner products i13.10 are given in the next lemma.
Lemma 3.31n Eqg. (3.10:

(1) ( H] —H] +€(P] =P)) ,Hy—Hy + e(Py~ Py) = 2mer w8+ O(€);
(2) (Lo(H] — H] + (P} = P))),H¢ — Hi + (P~ PY)

= 4meX(— 1)Ir;r, £ (u) + 2we3rk{5]k[— r—Z +(- 1>kw'<rk>} + - 1>k+ieo<rk,rj>} +0().
k

Proof: (1) is obvious. To provg2) we note thatP’ decays exponentially fast. Th€B.6)
implies that

(Lo(Hj = H] + (P} = P)),Hy = Hi + (P, = PY)
=(Lo(H] —H] + e(P| = P))),Hy — H, + €Py)
, PHIPEY L o , tH P! ) o
=€ (f (H)Q; + —ZJL Hj +f"(H;)P;P; + ?rj' - _rL + (= DIG(r, 1), Hy + €Py,
+ 26(— D)7 (F7 (U) — £/ (), Hy, + ePy) + O(€?)
" f/”(H ) P2 ! " ’ t n PI', i !
=62<<f (H)Q; + > H{ +f"(H)P;P; +rTrHj ——rL+7(_ DIFIG(r, 1)), Hy

+ 2em(= 1)*r;f' (u) Hy + ePy + O(€) (3.11

/

(H,) P? tHy P
:2we3rk{ Sk f [(f"(Hk>Qk+ %)Hﬁ + P (HYPPL+ 5 - r—k] Hydt
R

k k

+ A= DX IG(ry, 1)) ( + 4lm(= DFIr i’ (u) + O(e?). (3.12

Note that we have again us€®l3) and(3.4) to reach(3.11), and used3.5) to reach(3.12. To find
the integral in(3.12), we differentiate(2.25 to obtain

1 ! ! ”n P” H, + tH" f"/(H )H,PZ ”n ! !
= QU+ F(HY Qe+ P(HIH Q= [+ =5 + =~ + ' (HYPP+ ' (1) =0.
k k

Multiplying by H; and integrating ovef—=,x) yield

P’ H’ H’ 2+tH//H/ ”(H PZ H/ 2
f lf,,(Hk)Qk(HL)Z_ kr k +( k) r2 k' 'k + ( k)2k( k) +f"(Hk)PkPl,<H|2 dt
R k k

+ (=)' (r) = 0.

The integral in(3.12 now becomes
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1 "2 k i
-5 | (H)dt+ (= D*yp'(ry).
MKJRr

With Lemma 3.3 we will write(3.10) in the vector form. We viewc=(c,c,, --,C«)" as a
column vector inR¥, Let R be aK by K rank one matrix:

r P rs -1y (=DM
— | -t r -r r s (-1
R=2f"(u) ' 2 ° ! ( )3+k “l. (313
ry —I ra —Iy e (DT
=Dy (- 1)K+2r2 (- 1)K+3r3 (=), - Mk
andM be aK by K matrix whosekj entry is
T .
My = 51k<‘ 2t 1)k7v’(fk)> + (= DIGq(r 1))
K
In R we define a nonstandard inner prodgdby
K
g(A,B):EAijrJ—, A=(ALA, ... AT, B=(ByB,, ....BY". (3.19
j=1

The matricesR and M represent symmetric linear operators Bfi with respect to this inner
product. The symmetry d#l underg is a consequence of the fact thigB(ry,r;) =r;Go(r;,r). Let
{e,} be an orthonormal basis undgiin which

@ =\ +r+ o +r(=1,1,- 1,1 (- D))" (3.19

e, is an eigenvector vector d® with eigenvalue 2 (u)(rq+ry+---+rg).e,,65, -+ ,e span the
eigenspace of the eigenvalue 0, which has multiplisity1.
Now we rewrite(3.10) as

€Rc+ €Mc + O(€%lg(c,e,)|) + O(e¥lc|) + O(€|A]|c|) = emnc. (3.16

In (3.16) |c|, the norm ofc, may be understood as either the norm under the standard inner product
or the norm undeg, because the two norms are equivalent uniformly.in
We must consider two cases:

c

C - —
1) g<m,el> +0; (2 g( d .e1> =0(1).

Of course wherK=1, the second case does not occur.
In the first case we use a rough form&£16):

€Rc+ O(€%c|) + O(\||c|) = emhc. (3.17
Take theg-inner product of(3.17) ande;:

K

262W<E r J-)g(c, &) + O(e%c|) + O(€2|N[[c]) = enng(c,ey). (3.18

=1

Sinceg(c/|c|,e;) + 0, (3.18 implies that
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K
= E(Z 2rkW) +0(). (3.19

k=1
This eigenvalue is positive for smatland of ordere. Consequently3.9) implies that
¢ =0(elc)). (3.20
If we take theg-inner product of(3.17) ande,, n=2, then
g(c,e)) =0(elc]), n=2. (3.21)

The asymptotic properties af and ¢ in the first case follows frong3.19—3.21).
In the second case we take t@enner product 0f3.16) ande,, n=2, to deduce

€g(Mc,e,) + O(e%g(c,ey)|) + O(e’lc)) + O(e?|N||c]) = emhg(c,e,), Nn=2,3,...K. (3.22

Note thatg(c/|c|,e;)=0(1) and(3.22 imply thatA=0(€?).
Then we take theg-inner product o0f(3.16) ande;:

K
262W<2 rj)g(c,el) +O(€%c|) + O(eg(c.e))|) + O(€?M][c]) = emhg(c,e). (3.2
=1

(3.23 andA=0(€?) imply that

g(c,ep) = O(élc]), (3.29
which turns(3.9) to
¢ =0(c)), (3.29
and(3.22 is simplified to
€g(Mc,e,) + O(elc|) = ehg(c,e,), Nn=2,3,...K. (3.26)

We pass limit in(3.26 and (3.24). Let M%=lim__, M, R%=lim__¢ R, ¢°=lim_ g, €
=lim, o &, andud=lim,_o N/ €, andc®=lim,_ c, where|c°|¢0 Then

®’M%°€d) = udrg®(c®,ed), (n=2,3...K), g%c%e)=0. (3.27)

The second equation implies that we can decompBses

E cleb. (3.29

The first equation i(3.27) becomes

K
Ecogo(M00 Q) =ud/ n=2,3,...K. (3.29

Here(3 29 is aK-1 dimensional eigenvalue problem from which we flke 1 pairs omg and
(62,03, ,?:ﬁ). This proves the asymptotic propertiesdofind ¢ in the second case.

As we have explained in Sec. Il that the constructionuofia the I'-convergence theory
assumes thaP.12) is positive definite inl. The paragraph aftéP.12 shows that this condition,
(2.14), is equivalent to the condition thatg in (3.29 are all positive. Hence, are all positive
when € is sufficiently small.

In summary, we have proven that (g, ¢g) is an eigenpair 0f2.30) with the property\,
=0(1) then\y and ¢y must possess the asymtotic properties described in Theorem 3.1. We still
need to show that there indeed exist exattlgigenparis 0{2.30) with the properties. The proof
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of this fact uses some ideas from the linear perturbation theory. Not to prolong this section we
omit the proof. Instead we will give a full proof in the next section for thee 1 case, which is
similar to the one for then=0 case.

IV. THE CRITICAL EIGENVALUES A,

Theorem 4.1:Whene is sufficiently small, there exist exactly K eigenpdkis,, ) of (2.31)
with A,=0(1). Each\,, and ¢, have the asymptotic expansion

K
A= Eum+0(€9), ¢, 2 (H} +eP]) + O(e[c]).

,uom and the limitc®=lim__y(c;,C,, ... ,ck) form an eigenpair of the K-dimensional eigenvalue
problem

{(m( O);L)T-l-( 1 k,y(.UO) (ro)}ck+ 72 ( 1)k+JGm(r O)C IU“mTCk' k= 1,2, can K

m is defined afte2.31): G,,(r,s) =G, 8(-—s)](r). More explicitly

(Sl_m Sl+m> |

— rm ifr<s

2m  2m

G(r,9) = oLm (4.1

om rm+r™m  ifr=s.

Note thatG,(r,s) is not symmetric inr ands, althoughrG,(r,s) is. So with respect tg° the
matrix in theK dimensional eigenvalue problem represents a symmetric operator.

In the proof of Theorem 4.1 we writé\, ¢) for (\,,, &) for simplicity. We decompose in
L*D)

¢(r):j§1cj(Hj’+er’)+¢L, whereg* L H/ +eP (j=1,2,...K). (4.2

First we compute
! ! 62 ’ ezrnz ! ! !
LoH] == €(H))y - T(Hj )r+ —2 Hi+ f'(WH] + eyGy[H[]

=(f"(u) = f"(H))H; - ij’ + ezr—rznij' + E€9(= DIIGy(r,r)) + O(€)

"m . 2
= ef(Hy) PH! + é(f”(Hij : %J)—PL)H; S ST ey e )
+0(é).

By differentiating(2.23 we have

n

H!
=P+ f'(H)P| +f"(H)H/P; - TL =0.
i

Then
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& enr
LoP| = = E(PIm = —(P); + 7P| + (WP + €yGy P[]
HY
=(f'(u) - f/(H]))PJr _ f//(Hj)Hj’Pj + ?J- - FEPjI + 0(62)
J

”

H
=€f"(H))P,P! - f"(H)H/P; + — - <P+ O(&?).
[RGB IEa | r]_ r J

Therefore,
! ’ n f/"(H)PZ ’ n ! tH” m2H, P/,
Lm(H] + er):EZKf (H)Q; + —ZJ—L H +f'(H) PP/ + ﬁL + 7L - _rL
J
+ (- 1)i+1Gm(r,rj)} +0(d). (4.3
In particular,
Li(H] + eP)) =O(&?). (4.4)

Rewrite the equatioh,o=\¢ as

K K
2 Clm(H +€P)) + Ly = x(Z Cj(H] +eP)) + ¢i) : (4.5
j=1 j=1

Then ¢+ satisfies

L™ = O(€?)[c| + O(N])(Je] + | ¢*[)-

Lemma 4.2: There exists X0 independent ofe such that for all L Hj’+er’, ]
=1,2,... K, [#=ClLw¥.
The proof of this lemma is similar to that of Lemma 3.2, so we omit it. We obtain by Lemma
4.2 that
¢* =0(&)[c| + O\ (Ie] + [ ¢*ID.

which implies, since\=0(1), that

¢+ =0()|c| + O(In]c]. (4.6)
We multiply (4.5) by Hy +€ePy and integrate with respect tor2 dr over (0,1). Then

K K

2 (GLin(H] + €P)),H + P + (@™ Lin(Hy + €Pp))y =N ci(H] + P/ Hy + ePy),
j=1 =1

which, by (4.6) and(4.4), may be written as

K K
> Ci{Lm(H; + €P}),Hy + ePy) + O(e%)|c| + O(N])|c| = > Ci(Hj + eP{,H  + eP) (4.7
j=1 j=1

for k=1,2... K.

Lemma 4.31n Eq. (4.7):

(1) (H]+eP/ Hy+ePy)y=2mer, 78+ O(e),
() (Lm(H] +€P), H+ ePpy=2merd Syl (mP=1) 7/ rE+ (=D)*yv (1) ]+A(=1)*1Gp(r ., 1)} + O(€?).
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Proof. (1) is obvious. To provg2) we note thatP’ decays exponentially fast. Thed.3)
implies that

(Ln(H! + €P]),H{ + ePl) = (Ly(H! + eP)),Hi) + O(€)

£"(H PZ tH”
=2mer 5ij (f"(Hk)Qk"'&)H&+f"(Hk)Pkpl’(+—2k
R 2 r2
mZH! p’ , .
+ 2 ‘- r—: Hdt+ 1= D¥IG(ry,r)) ¢ +O(e).

To find the integral in the last line we follow the argument used in the proof of Lemma3.3.
This lemma simplifieg4.7) to

> K
((m—zl” +( 1>kw'<rk>)ck+ 72 (= 1IGnrior)c; + O(elc) + o(w) =2,
rk =1 €
(4.8
HenceN is of ordere?. (4.6) now becomes
¢ =0(c)). (4.9

After passing limit in(4.8) we deduce the asymptotic properties in Theorem 4.1\ fand ¢.

We have proved that if\,,, ¢,,) is an eigenpair associated withhwith A=0(1), then it must
have the asymptotic behavior described in Theorem 4.1. To complete the proof of the theorem we
proceed to show that there exist exadtlysimple eigenpairs of2.31) with the properties.

Let F be the linear subspace spanned by critical eigenfunctions. It is defined unambiguously
by F=spaf¢ € L%(0,1):L($)=\¢,|\| < €2 Since the critical eigenvalues bf, are of order
€,F includes all the critical eigenfunctions.

First dim F, the dimension oF, is at mostK. Suppose that this is not the case. There exist two
distinct eigenpairg\, ¢) and(\’, ¢') with the same asymptotic behavior. That is

N=En+o(ed), N =En+o(d), =2 c(H +eP))+y,
j

¢’ =2 ¢c/(H +eP))+ ¢/, limc=limc/ =c.
j

e—0 e—0 !

But the two eigenfunctions must be orthogonal, so

0=(¢,¢') = 2emg%(%,c?) f © (H(0)dt+ ol

This is obviously impossible wheais sufficiently small.

Next dimF is at leastk. Suppose otherwise that dif<K. Define a subspace &f(0, 1):
S=span{2jc})(Hj’+er’)}, Wherec? are theK eigenvectors of th&-dimensional eigenvalue prob-
lem in the statement of the theorem. We use a perturbation argument. The asymmetric distance
between the closed subspa&andF is

d(SF) =sudd(¢,F):¢ € S|l¢|, =1},

whered(x, F)=inf{|x-y|,:y € F}. Since dimF<dim S, there existsEijQ(Hj’+er’) e S such that
for every eigenvector inF which may be written as¥cj(H; +eP])+y with [[¢=0(c)),
g%c/|c|,b%/|b%)=0(1). Then straight calculations show that
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2 c(Hf +eP]) + ¢ E.bQ(H-’+eP-’)
|2 ek ey o 2 it +

So if we usego:EijQ(Hj +eP)) /|2 j(Hj +er)||2,d(<p,F):1—o(1) andd(S,F)=1-0(1). The fol-
lowing lemma due to Helffer and Sj(‘jstrailﬁdrvill give us a contradiction.

Lemma 4.4: Let L be a self-adjoint operator on a Hilbert space(Ha compact interval in
(-,) and @,e,, ... ,ex hormalized linearly independent elements in the domain. &fdsume
that the following are true

D LEed=p&+rollrdli<e and peQ,k=1,2,... K.
(2) There isw>0 so that Q isw-isolated in the spectrum of,li.e., (c(L\Q) N (Q+(~w,w))
=0.

=0(1).

Then dS,F)<KY2%¢'/(wk?), where Ssparfey, ... ,e<} F= the closed subspace associated to
a(L)NQ, and k= the smallest eigenvalue of the matfie;,e.)].

Here we takd =L, eache, is normalized and proportional ECO(H +eP ) for each one of
the K vectorsc®, andS, F as beforew and« are positive and bounded away from Oeas 0. Set
Pe=ne? andQ=[-€"2, €2]. From (4.3) we find

Lm<2_ cO(H; + epj')) - pkE_ c(H; + eP}) = O(&cY),

and on the other hand=;c(H; +eP))[,~€"4c°. Therefore r,=O(¢¥?), Consequently
d(S,F)=0(1), a contradiction.

V. THE CASES OF K=1 ANDK=2

We know from Theorem 1.1 that the spot solutid=1) exists for all y. However the
stability of the solution in two dimensions dependsiori-or smalle, the spot solution is stable if
v is small and unstable i is large. More precisely we have

Theorem 5.1:Let K=1. There existsy>0 such that wheny e (0,%) there exists such that
for everyee (0,¢) all \,,>0, i.e.,the spot solution u is stable. On the other hand it v, there
existe>0 and m=2 such that for alle e (0,¢),\,<0, i.e.,u is unstable

Proof: Theorem 3.1 shows that wheé€=1, there is only one with the propertyx=0(1).
This Aq is positive and of ordee for all y if € is sufficiently small.

Whenm=1, in Theorem 4.1:

H= @O (r) + Gy (1, 1)} = wlr. (5.2)

According to(4.1), G,(r?,r)=((r)3+r9)/2. WhenkK=1,a=1-(r9? by (2.7) and (")’ (r))=(r?
—(r‘f)3)/2 by solving the equation

S - S6h = A, (P)(0)=()(1)=0.

Thereforeul=1(r)3/ >0 andx,>0.
Whenm=2, letK=1 in Theorem 4.1:

M2 -1 03_ .0 (.02, 0
( (r2)2)7+ {(rl)z f1, (r) 2m+r1} = uldr. (5.2

Clearly wheny is small, the first term on the left side dominates a,rﬂ;iis positive for allm

=2. On the other hand we find that the quantity in the braces is negativésiufficiently large.

Fixing suchm and takingy large enough, we find that the entire left-hand sid¢502) becomes

negative. O
The borderline valuéy for y can be calculated easily frof.2) in two steps.
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TABLE I. The value ofy for variousa and the corresponding modeof the principal eigenvaluis which varnishes up
to ordere?. Here 7=12/12.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

3]

19 9 6 4 3,4 3 2 2 2
2468.56 356.23 123.86 64.69 42.67 30.38 27.76 28.23 56.61

= P

(1) For each integem=2 find ,, by setting the right-hand side ¢.2) to be 0 and solving the
equation fory. If the resultingy,, is less than or equal to 0, this monedoes not yield a zero
eigenvalue. Discard such,,

(2) Minimize the y,,s from the last step with respect to=2. The minimum isy, achieved at
m=r where\, the principal eigenvalue, vanishes up to oreer

The valuesy for severala are reported in Table I. Curiously wher1/2 theborderline’y occurs
at two modesn=3 andm=4. In this case ify=7 both\; and\, are of orden(e?) while the other
Ay’ s(M=2) are positive and- €.

One gains more insight into the diblock copolymer equation by comparing with the Cahn-
Hilliard equation, which ig1.6) with y=0. The Cahn-Hilliard equation also has a spot solution.
Its critical eigenvalues are again classified intgfor non-negative integens. If we formally set
vy=0in Theorem 3.1 an¢b.2) it appears that for the Cahn—Hilliard equatiogis positive and of
ordere, and\,, with m=2 is also positive and of orde?. From(5.1) with y=0, one thinks that
up to ordere?, \; vanishes. These statements are actually all correct, although the exact value of
\1 is negative, and the spot solution is unstable in the Cahn—Hilliard problem. Therefore Theorem
5.1 does not cover the Cahn-Hilliard equation. Nevertheless the distance betyaad O is
exponentially small there and is not visible(1). The smallness of, is related to the phenom-
enon of the slow motion of a bubble profile in a general donaee Alikakos and Fusco®
Ward?>" and Alikakos, Bronsard and FusgoOne may feel uneasy about the abrupt change from
negative\, to positiveA; as we add a nonlocal term with a smallThis is a result of our setting
of fixing y while taking e small. To find the threshold whedg =0 one must takey to vary with
e. We suspect that a borderline lies wherés exponentially small compared 0

When we further increase, we reach the second threshold where one\gfwith m=2
becomes 0. Beyond this criticgl value the spot solution is unstable. It no longer has enough
oscillation demanded by the stronger nonlocal term now. Note that the first stability threshold
occurs because 0f; which is related to the translation of the spot, while the second threshold
occurs because of someg, with m=2 which is related to the oscillation of the boundary of the
spot.

The situation is more complex whét= 2, because the existencelofs conditional. Accord-
ing to Theorem 2.2, we hawve if (2.12 is positive definite inT. This condition requires two
things. First(2.10 must have a solution’. From thisr® we constructA(-;r°, V(- ;r%, ¢°, e and
finally the matan0 The second requirement is that the eigenvalues oKthé by K—1 matr|x

O(MO ) n,m=2,3,... K, in Theorem 3.1 must all be positive. When these two requirements
are met,u exists and its stability in two dimensions is determined by the eigenvalyes=1.
Their leading order approximatior)t;f’n are calculated from thK by K matrix in Theorem 4.1.

The determination of°® and the anaIyS|s of the matrices have to be done numerically. As an
example we considéf=2. Leta=1/2, 7-—\2/12 and try vanous values of. Instead of consid-
eringg; andg, under the Constra|ntq—l+q2 a, we lety= q1 andqg,= xy+a Then as done in Ref.
25,J may be treated as a function, piwithout constraintJ(y) =J(q;(y),g»(y)).

According to Sec. Il for givery we find g, anday, U(-;0;,02), V(-;01,0), andJ(y). Wheny
is small, e.g.,y=1, Jis increasing iny, Fig. 41), and(2.10 has no solution.

When y is increased to 25]) has a critical point ay=0.0802, Fig. &), i.e., (2.10 has a
solutionr©=(0.2832,0.7616 We calculate &M%, €9) which turns out to be positive. Henge)
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«» =) 3>
0.45 ~ 1.8

o.a
0.35 o.s
0.3 0.45

o.25

o.8

0.35

N o.e
o185 0.2 0.4 o35 0.2 o.4a (= 0.2 0.4

FIG. 4. (1) When y=1, J(y) is increasing iny. No r° exists.(2) When y=25, a local minimum ofl(y) appears and®
exists. TheK=2 ring solution is stable3) When y=200,r° still exists, but theK =2 ring solution is unstable. In all three
casesa=1/2 andm=y2/12.

is positive,y=0.0802 is a local minimum o, and a solutioru exists. Then we compute the
eigenvaluem& of the matrix in Theorem 4.1. They are all positive, Table Il. & a stable
solution in two dimensions.

When vy is further increased to 200,has a critical point ay=0.1841, Fig. 43), correspond-
ing to r°=(0.4290,0.8271 ¢°(M%9,€)) is positive, so a solutioru exists. However some
,uom(ma 1) are negative, Table Ill. Henaeis unstable in two dimensions.

There is something interesting in Fig24 and(3). If we blow them up neay=0, Fig. 5, then
in each case we find a localaximumneary=0. This is because thaty) is increasing iny near
y=0 and neay=1-a. So whenever there is a local minimum, there must be a local maximum
before the local minimum. This local maximum gives rise to a solutfbaf (2.10. However we
cannot use th&'-convergence theory to find a solution @f.6) neariA(- ;. We conjecture that
such a solution exists.

When the critical eigenvalues of a spot or a ring solution, determined from Theorems 3.1 and
4.1, are nonzero, we may expect to have a similar solutigt.6f on a slightly perturbed domain.
However finding solutions of1.6) on a general domaift C RN is rather difficult. It was noted in
Ref. 19 that(1.6) has a singular limit ag— 0. One looks for a function® e BV(2) defined such

that for a.exe Q, u°(x)=0 or u°(x)=1 andw=a. Let S be the union of the hypersurfaces that
separate the region®=0 from the regionai®=1, andv®=(-A)"1(u°-a). Then one requires that
at everyxe S,

®(X) + (%) = 7, (5.3

where k(x) is the mean curvature @ at x viewed from theu®=1 side, andy is a Lagrange
multiplier to be determined. If the free boundary problésB) admits an isolated stable solution

u®, then neant, in the L%(Q)) sense, there exists a local minimizer solutiorof (1.6) by the
I'-convergence theory. Howevés.3) is a challenging nonlocal geometric problem. Even though
Fig. 4(2) and(3) suggest we look for solutions with multiple spog5,3) implies that for such a
solution the curvature of the boundary of a spot is in general not congkene is the impact of

vY), i.e., the spots are not exactly round, unless we deal with the one spot or the ring solutions in
a disk as in this paper. Nevertheless if we consider the situation vehisrelose to O(or 1), then

TABLE II. /.L& when y=25. Herer°=(0.2832,0.7616

0 0 0 0 0 0 0 0 0 0 0
Mo M M2 M3 My Mg Mg M7 Mg Mg M10

1490 8.15 2780 16.73 19.11 29.36 45.07 6530 89.59 117.70 149.52
107.71 39.65 94.79 179.58 290.33 426.53 587.96 774.51 986.13 1222.77
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TABLE IIl. S when y=200. Herer®=(0.4290,0.8271

0 0 0 0 0 0 0 0 0 0 0
Mo My Mo M3 Mg Ms Mg M7 Mg Mg M10

135.39 48.34 -5.03 -21.81 -10.89 19.86 18.00 15.40 21.97 3543 5442
1220.57 384.95 163.82 75.22 35.73 68.85 130.74 205.72 293.01 392.18

v? is near constant througho@ and hencex becomes close to a constant and the spots are
approximately round. The cylindrical and spherical phases in Fig. 1 are thus heuristically ex-
plained. Note that in the singular limit of the Cahn—Hilliard equation, whic{bi8) without the
ywO(x) term, « is constant.
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APPENDIX: PROOF OF LEMMA 2.3

Since »=f(u), we obtain a rough estimate fay,

L 12
7 =1f(u)| < C( f i W(U)dX> =0(e"?), (A1)

sincel(u)=0C(e). ||u|[,=0(1) implies that||v||,,=0(1) and in particulary=0(1). A maximum
principle argument shows that

~O(e?) =~ (O(e) + O(|7])) < u=1+0(e) + O] 7]) = 1 + O(¢"?). (A2)

In the [-convergence theory satisfiesu— u® in LAD) and (em) 1 (u) — J(u®).? The factu
—u®in L%(D) implies the existence af, whereu(r;)=1/2 andthatrj—>r? forj=1,2,... K. We
construct a preliminary approximatidnof u,

h(r):H(r_rl>+|:H<—r_r2)_1:| +H(ﬂ’)+|:H(_r_r4>_l:| + -1 e (rl'l),
€ € € €

and letd=u-h.
If we considerh on (rq,1), the argument in Proposition 8(Ref. 26 shows thatd=0(1) on
[rq,1]. Next we improve(Al) to

1) =)
0.33 1.375 -

o.aza | 1.@374as |-

o.326 | 1974

o.a2a | 1.3735 |

o.az= | 1.973 |

.32 1.a7es

x 107"

FIG. 5. (1) The enlarged Fig. @) neary=0. (2) The enlarged Fig. @) neary=0.
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7=0(e), (A3)

and show that

d=0(e) in[rq,1]. (A4)

Note thatd=u-h satisfies the equation

~ &, + ' (d+O(||d) +O(e) = 7, d(r)=0 (j=1,2,...K), d'(1)=0

on (ry,1). Thend=0(e+|7|) in [ry,1]. Now we use an idea of Pohoza@ultiply the first
equation of(1.8) by r?u, and integrate with respect tir on (0, 1). Then

1 1
f [- €(ru,),(ru,) + r2f(u)u, + eyr?ou,]dr = nf ru.dr.
0 0

The first term on the left-hand side becomes 0 after integration. Applying integration by parts to
the second and third terms on the left-hand side and the right-hand side shows that

1

1 1
r2W(u)|'=5 - Zf W(u)r dr + eyr?oul/=5 - eyJ u(r?v),dr = 7( r2ull=5 - Zf u rdr),
0 0 0

which is simplified to

W(U(D) - = f W()dx+ O(e) = 7(u(1) - a)
TJDb

sinceeyv(1)u(1)=0(e) and eyféu(rzv),dr=0(e). The integral in the last equation is of ordefe)
since it is a part of(u) andl(u)=0(e) by (em)(u)— J(u®). Moreoveru(1) — 0 or 1 to whicha
is not equal, so the last equation reads

7=0(e) + O(W(u(1))).

However d=0(e+|7|) on [ry,1] proved earlier implies thati(1)=0O(e+|7|) or u(1)=1+0(e
+|n|). ThenW(u(1))=W(O(e+|7|))=O((e+|75|)?), or W(u(1))=W(1+O(e+|7|))=O((e+|7|)?).
Hence we derive

7=0(e) +O((e +|7])?), ie., n=0(e).

Consequentlyd=0(e) in [rq,1].

Now we consideu, h, andd on (0,r;). We proceed to show that=0(1) on (0,r;). Suppose
that this is false. Then there exist a smal>0, independent ok, andr. €[0,r;) such that
[d(r+)|=6 and |d(r)| <& if re(r.,ry). §is so small that 0 is the only critical point & in
(=6,9). Sinceu(et+ry)— H(t) in C,ZOC(R), (ry—r«)/ e—oo. Moreover the argument in Proposition
8.2 Ref. 26 shows that.=0(1). There are two cases leftl) r«/e—> andr.=0(1), and(2) r«
=0(e).

In the first case we multiply the first equation @£.8) by u, and integrate with respect tir:

1

1
- J %Zuf dr +W(u(1)) - W(u(0)) + eyf vu, dr = 7(u(l) - u(0)).
0 0

HereW(u(1)) is of orderO(€?) by (A4). The right-hand side is of ord@(e) by (A3). eyféuur dr
is of orderO(e) after integration by parts. Hence
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1
J %zuf dr + W(u(0)) = O(e).
0

SinceW(u(0)) =0,
e
f —u? dr=0(e). (A5)
o T
On the other hand if we scaleat r. so thatU(t): =u(r«+et) — H(t) locally in C?, then
1 62 (1-r+)l€ 1
f —uf dr== —(U")%dt= £ f (H)? dt+0o(1) |. (AB)
o T reJ e L1+(et+rs) r«\ Jgr

However(A5) and (A6) are inconsistent if-=0(1).
In the second case we scaleso thatU(t): =u(et) — U°(t) locally in C? and

UO
-Up- S +fU)=0inR U =1, (U9 <1.

MoreoverU(r./ €) — 8. We multiply the equation folJ° by U? and integrate with respect it
over (0,). Then

0 0\2
—W(UO(O))—J %dtzo,
0

which implies thatU°=0 or U°=1. Neither case is consistent with(r./e) — s (0, 1).

We have shown thad=u-h=0(1) on (0,1). In particular we know that there are exacKy
interfacesrq,1,, ... ,rx. Now we consider the more accurate approximatioof u defined in Sec.
Il. We call (rj—e®,r;+€%) an inner region,(O,1)\(U}<:1(rj—26“,rj+26“)) the outer region, and
(rj—2e%,rj—€*) and(r;+e€*,r;+2e%) matching regions. Recall thate (1/2,1).

In the inner and matching regions, usif®22), (2.23, and(2.25 we find that

- @Az +f(z) = - EA(H; + eP; + €Q)) + f(H, + P, + €Q))
H/ H P/ P/ tH/
= |:f(Hj) + e(—rL +f'(H)P; - TL + §j>+ 62<_r|‘ +f'(H)Q; - ?L + ?L
i i i

" . 2 4 . 2
O w'm)t)]*f(Hj)+ef'<Hj>Pj+fz<%”'<“ﬂQj> "ol

etf1 1 tP/
=& — €' (r)t+ r—(? - r—)H,-’ + esr—rL +0(e%) = e£ — €' (r)t+0(€).
i j j
Therefore
-~ @Az +1(z) + ey ~ 7= e + ep(r)) = n+ O(?) + O()=07 + O(2), (A7)
where we have defined
o= 651 + eyv(rj) -n. (A8)
By (A3) implicit differentiation of(2.27) andv”=0(1) yield that

- EAz+f(2) + ey — p=—Az=0(€), (A9)

which is valid on(0.)\{ry,r,, ... ,rg}.

Downloaded 20 Dec 2004 to 137.189.4.1. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



J. Math. Phys., Vol. 45, No. 11, November 2004 Stability of spot and ring solutions 4131

We now estimate the difference gfandz on a matching region. First usin@.23) and(2.25
we find

Then (A7) implies that

f(z)+ew-n=0+ O(e*).

Comparing this ta2.27 we deduce that

z,-2=0(|aj|) + O(e"**) (A10)

on the matching regions;—2e,r;— ) and(rj+€“,r;+2¢%). Then we considew in the matching
region. Here by(A10)

- EAWH+ (W) + ey — p=—EAW+T(2) + ey — p+ O(llz - zll)
=- €Aw+O(|aj|) + O(e' )
=- €Az~ EZA(Xj(Zj -2)) +O(|oy)) + O(€'*)
== 62(()(j)rr(2j -2+ 2(x)(z -2 + x;(z — D)

&2
_ T((Xj)r(zj -2 +xi(z-2))+ O(|o'j|) +O(H )

=0(|aj|) + O(e2*) + O(e>™). (A11)
If we let g=u-w, then(A7), (A9), and(A1l) imply that
-0+ 0(""?) in an inner region

- EAg+ f'(w)g+ O(lIgl?) =1 O(|a]) + O(e*?*) + O(e3™*)  in a matching region (A12)
O(€®) in the outer region.

We deduce fron{A12) andg(rj)=0 that

g=0O(laj|) + O(e"**) + O(™). (A13)
On the other hand, if we multipl§A12) by H; and integrate with respect tadr on (0,1), then

f: [- E(rg)/H; + ' (W)gH/r]dr + O(elg]® = (- leayr; + O(Hor]) + O(e2%).
But the integral on the left-hand side after integration by parts becomes
1
fo [~ egH] + (f'(w) = f'(H;))gHrldr =O(* Il gl ),
from which we conclude that

o;=0C(ellgll) + O(lg||?) + O(e**?). (A14)
Inserting(A14) into (A13) we find that
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g=0(e""?) + O(€™); (A15)
substitutingA15) into (A14) we deduce that

o= 0(e"%). (A16)
Sincea e (1/2,1), (A15) implies thatg=0(€?).
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