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The G-convergence theory shows that under certain conditions the diblock copoly-
mer equation has spot and ring solutions. We determine the asymptotic properties
of the critical eigenvalues of these solutions in order to understand their stability. In
two dimensions a threshold exists for the stability of the spot solution. It is stable if
the sample size is small and unstable if the sample size is large. The stability of the
ring solutions is reduced to a family of finite dimensional eigenvalue problems. In
one study no two-interface ring solutions are found by theG-convergence method if
the sample is small. A stable two-interface ring solution exists if the sample size is
increased. It becomes unstable if the sample size is increased further. ©2004
American Institute of Physics.[DOI: 10.1063/1.1782280]

I. INTRODUCTION

A diblock copolymer is a soft material, characterized by fluidlike disorder on the molecular
scale and a high degree of order at longer length scales. A molecule in a diblock copolymer is a
linear subchain ofA monomers grafted covalently to another subchain ofB monomers. Because of
the repulsion between the unlike monomers, the different type subchains tend to segregate, but as
they are chemically bonded in chain molecules, segregation of subchains cannot lead to a macro-
scopic phase separation. Only a local microphase separation occurs: microdomains rich inA and
B emerge. These microdomains form morphology patterns/phases in a larger scale.

The Ohta–Kawasaki21 free energy of an incompressible diblock copolymer melt is a func-
tional of theA monomer density field. Letusxd be the relativeA monomer number density at point
x in the sampleD. When there is highA monomer concentration atx, usxd is close to 1; when there
is high concentration ofB monomers atx, usxd is close to 0. A value ofusxd between 0 and 1
means that a mixture ofA andB monomers occupiesx. The re-scaled, dimensionless free energy
of the system is

Isud =E
D
H e2

2
u ¹ uu2 +

eg

2
us− Dd−1/2su − adu2 + WsudJdx, s1.1d

which is defined in the admissible set

Xa = hu P W1,2sDd:ū = aj, s1.2d

whereū=s1/uD u deDu dx is the average ofu in D. a is a fixed constant in(0,1). It is the ratio of the
number of theA monomers to the number of all the monomers in a chain molecule.

In (1.1) e is a small positive parameter andg is a fixed positive constant, i.e.,
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e → 0, g , 1. s1.3d

The termWsud is the internal energy field. Originally in Choksi and Ren8 it is taken to be

Wsud = Hu − u2 if u P f0,1g
` otherwise.

s1.4d

Here we change it to a smooth function so thatW is a double well potential of equal depth. It has
global minimum value 0 achieved at 0 and 1. We assume for simplicity thatW is smooth, grows
at least quadratically at ±̀, and symmetric about 1/2:Wsud=Ws1−ud. 0 and 1 are nondegenerate:
W9s0d=W9s1d.0. An example ofW is Wsud= 1

4su2−ud2.
The other two terms in(1.1) give the entropy of the system. The peculiar nonlocal term is due

to the fact that molecules in a diblock copolymer are connected long cains. It models a type of
nonlocal interaction known as the Coulomb interaction(Muratov17). Mathematically we view

s−Dd−1 as a bounded positive operation fromhzPL2sDd : z̄=0j to hjPW2,2sDd : j̄=0j :j=s−Dd−1z
if

− Dj = z in D, ]vj = 0 on] D, j̄ = 0.

Then s−Dd−1/2 is the positive square root ofs−Dd−1.
To understand the parameter range(1.3) we recall the physical parameters in a diblock co-

polymer system(cf. Ref. 8).

(1) The polymerization indexN that is the number of all the monomers in a chain molecule. We
consider the ideal situation where thisN is the same in all molecules;

(2) The Kuhn statistical lengthl measuring the average distance between two adjacent mono-
mers in a chain molecule, which is the same regardless the monomer types;

(3) The Flory–Huggins parameterx that measures the repulsion between unlike monomers and
is inversely proportional to the absolute temperature;

(4) RelativeA monomer ratioa mentioned earlier;
(5) The volumeV of the sample.

They are related to the mathematical dimensionless parameterse andg by

e2 =
p2/3l2

12as1 − adxV2/3, g =
18Î3V

pa3/2s1 − ad3/2x1/2N2l3
. s1.5d

Among the physical parametersa andx are dimensionless and order 1. So we focus onl, V, and
N. N is necessarily large in a polymer system. By takinge small we have assumed that the sample
is large compared tol. On the other hand havingg,1 means thatV, l3N2. After we find spot and
ring solutions of a finite number of microdomains separated by interfaces whose width is of order
e in the parameter range(1.3), we conclude that the size of a microdomain is of orderl3N2 and the
thickness of the interfaces is of orderl, facts very well matched by experiments.21

Another choice ofg was used in Müller,16 Nishiura and Ohnishi,19 and Ren and Wei:26 g
,e−1, i.e., V, l3N3. In this larger sample one finds that the number of the microdomains is of
ordere−1. Then again the size of a microdomain is of orderl3N2.

The diblock copolymer equation

− e2Du + fsud + egs− Dd−1su − ad = h in D, ]nu = 0 on] D, ū = a s1.6d

is the Euler–Lagrange equation of(1.1), where f =W8. For the example ofW, fsud=usu−1/2dsu
−1d. The unknown constanth is a Lagrange multiplier due to the constraintū=a. If we integrate
(1.6) over D, then

h = fsud. s1.7d
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Many morphology patterns are observed in diblock copolymers. See Bates and Fredrickson,4

Hamley,11 and the references therein. The most popular ones are the spherical, cylindrical, and
lamellar phases, Fig. 1. The existence of the lamellar phase was shown in Ren and Wei,24 and its
stability in three dimensions was studied in Ren and Wei.27 Surprisingly we found that the lamellar
phase is onlymarginally stable. Physicists believe that defects should appear commonly in the
lamellar phases, Tsoriet al., Refs. 36 and 17.

One type of defect is the wriggled lamellar pattern studied in Ren and Wei,33 where interfaces
separating microdomains oscillate like the sinusoidal curve. Here we study another type of defect:
spot and ringlike microdomains, Fig. 2. We consider(1.6) in the unit diskD=hxPR2: uxu ,1j. Let
v=s−Dd−1su−ad. If u and v are radially symmetric, then(1.6) may be written in the radial
coordinates,r = uxu, as

5
− e2urr −

e2

r
ur + fsud + egv = h,

− vrr −
1

r
vr = u − a,

urs0d = urs1d = vrs0d = vrs1d = 0,

ū − a = v̄ = 0.

s1.8d

The average now becomesū=2e0
1usrdrdr. We are interested in radial solutions of(1.6) that show

the phenomenon of microphase separation. They are close to 0 or 1 in most ofD but change
between 0 and 1 in small regions. These small transition regions are called the interfaces. For a
radial solutionu an interface may be identified by a numberr j, whereusr jd=1/2. Thefollowing
theorem was proved in Ren and Wei25 using theG-convergence theory(cf. De Giorgi,9 Modica,15

and Kohn and Sternberg14).
Theorem 1.1 (Ren and Wei25): For anyg.0, there exist two radial solutions of (1.6) on the

unit disk with one circular interface whene is small. If Kù2 andg is large enough there exist two
radial solutions with K circular interfaces whene is small.

FIG. 1. The spherical, cylindrical, and lamellar morphology phases commonly observed in diblock copolymer melts. The
white color indicates the concentration of typeA monomer, and the dark color indicates the concentration of typeB
monomer.

FIG. 2. (1) A spot solution.(2) A K=2 ring solution. In both casesa=1/2 andg=25.
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For eachK one of the solutions, which we simply denote byu, in Theorem 1.1 is close to 0
near the origin and the other one is close to 1 near the origin, which we denote byũ. However the
two solutions are related. If we changea to 1−a in (1.1) and(1.2), then 1−ũ is a solution of the
new problem which is close to 0 near the origin, and 1−u is a solution of the new problem which
is close to 1 near the origin. So it suffices to studyu. u is a spot solution ifK=1, and a ring
solution if Kù2, Fig. 2. Throughout this paperv=s−Dd−1su−ad.

The spot solution is also useful in the study of the cylindrical phase, Fig. 1(2). A cross section
of the cylindrical phase has a pattern of many spots. It is believed that these spots pack in a
hexagonal way.4 A good understanding of a single spot is essential before one can mathematically
prove the existence of the cylindrical phase.

In this paper we derive a criterion for the stability of the spot and ring solutions by obtaining
detailed information on the eigenvalues and eigenfunctions of the linearized problem,

Lw: = − e2Dw + f8sudw − f8sudw + egs− Dd−1w = lf in D, ]nw = 0 on] D, f̄ = 0. s1.9d

It is easy to see, Lemma 2.4, that lim infe→0 lù0. To determine the stability we need to study the
l’s that tend to 0 ase→0. Thesel’s are called the critical eigenvalues. They are found in
Theorems 3.1 and 4.1. Consequently we show in Theorem 5.1 that the spot solution is stable ifg
is small and unstable ifg is large. The threshold ofg is denoted byĝ. It is calculated numerically
for variousa.

To better appreciate this theorem let us recall the stationary Cahn–Hilliard equation,5 which is
(1.6) with g=0, the local counterpart. It is known that the Cahn–Hilliard equation on the unit disk
has an unstable spot solution. Once the nonlocal term with a smallg, which encourages oscilla-
tion, is added, the spot solution becomes stable. The abrupt change of stability here is discussed
after the proof of Theorem 5.1. Ifg is further increased, more oscillation is required and the spot
solution, which only has one interface, becomes unstable.

The second change of stability has a simple physical explanation. According to(1.5) g is
proportional to the size of the sample. When the sample is sufficiently large, one big spot is
unstable in two dimensions. It should break into multiple spots to form a cylindrical phase, Fig.
1(2). The valueV corresponding toĝ in (1.5)2 suggests a scale for a cell with one spot in a
multispot cylindrical phase.

For the ring solutionsKù2d, we will use Theorems 3.1 and 4.1 to numerically study a case of
K=2. Wheng is small, we cannot find a ring solution by theG-convergence method. Wheng is
increased, there exists a ring solution that is stable in two dimensions. Wheng is further increased
over ĝ, a ring solution exists but is no longer stable.

This change of stability of the ring solution and the second change of stability of the spot
solution lead to a bifurcation phenomenon nearĝ. Following Ref. 33 one should be able to find
bifurcation solutions. They are depicted in Fig. 3. Based on our experience in Ref. 33 we suspect
that most of them are stable.

More information on the model(1.1) and its extension to triblock copolymers may be found
in Nakazawa and Ohta,18 and Ren and Wei.29 The mathematical study of stable domain structures

FIG. 3. Bifurcation solutions forK=1 andK=2.
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with multiple sharp interfaces started rather recently. On the block copolymer problem the litera-
ture includes Ohnishiet al.,20 Ren and Wei,30 Choksi,7 Fife and Hilhorst,10 Henry,13 and Teramoto
and Nishiura.35 Elsewhere Ren and Truskinovsky23 study the phenomenon in elastic bars, Ren and
Wei32,28,31in the Seul–Andelman membrane, charged monolayers, and smectic liquid crystal films,
respectively. Taniguchi34 and Chen and Taniguchi6 study spot and ring patterns in a free boundary
problem.

The paper is organized as follows: In Sec. II we review the construction of the spot and ring
solutions u, give some properties ofu, and explain the classification intolm where m
=0,1,2,3, . . . of theeigenvalues of the linearized operator atu. The properties oflm are given in
Theorems 3.1 and 4.1 in Sec. III and IV, respectively. In Sec. V we show the stability property of
the spot solution, calculate the second thresholdĝ, and use Theorems 3.1 and 4.1 to study aK
=2 ring solution. This section also includes some remarks. The Appendix contains the proof of a
technical lemma.

II. PRELIMINARIES

To make the paper more readable a quantity’s dependence one is usually not reflected in its
notation but implied in the context. On the other hand, a quantity’s independence ofe is often
emphasized with a superscript 0. For instance the spot or ring solutionu is not denoted byue,
while theL2sDd-limit of u ase→0 is denoted byu0.

Throughout the paper, theL` norm of a function is denoted simply byi ·i. Other norms are
more explicitly written, likei ·i2.

We define some frequently used quantities.H is the heteroclinic solution of

− H9 + fsHd = 0, Hs− `d = 0, Hs`d = 1, Hs0d = 1/2. s2.1d

Our assumption thatWsud=Ws1−ud implies thatHstd=1−Hs−td. The interface tensiont is a
constant defined by

t : =E
R

sH8stdd2 dt. s2.2d

In the special caseWsud= 1
4su2−ud2, t=Î2/12.

Theorem 1.1 was proven in Ref. 25 by locally minimizingI in the radial class

Xa
R = hu P W1,2sDd:usxd = usuxud,ū = aj. s2.3d

To do so we used theG-convergence theory in the perturbation variational analysis.sepd−1I
converges in a particular sense to a singular limitJ. J is defined in the classA which may be
decomposed to

A = ø
K=1

`

sAK ø ÃKd. s2.4d

A function U is in AK if Ū=a and there existq1,q2, . . . ,qK, satisfying 0,q1,q2, ¯ ,qK,1,

such thatUsrd=0 if r P s0,q1d , =1 if r P sq1,q2d , = 0 if r P sq2,q3d. . .. Similarly a functionŨ
PÃK if Ũ¯=a and there existq1,q2, . . . ,qK, satisfying 0,q1,q2, ¯ ,qK,1, such thatŨsrd
=1 if r P s0,q1d , =0 if r P sq1,q2d , =1 if r P sq2,q3d , . . .. By theremark after Theorem 1.1 we will

not considerJ in Ã. In eachAK the functionJ depends onq=sq1,q2, . . . ,qKd only

Jsqd = 2tsq1 + q2 + ¯ + qKd + gE
0

1

V8srd2rdr . s2.5d

In (2.5) q determinesUPAK. We emphasize thatU depends on allqj. We sometimes use the
notationU=Usr ;qd. Let V be the solution of
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− V9 −
V8

r
= U − a, V8s1d = 0, V̄ = 0. s2.6d

We defineG0 to be the solution operator of(2.6) so thatV=G0fU−ag. Again we may writeV
=Vsr ;qd. The constraintŪ=a becomes a constraint onq,

Ssqd: = − q1
2 + q2

2 − q3
2 + ¯ + s− 1dKqK

2 +
1 − s− 1dK

2
= a. s2.7d

To incorporate the constraint(2.7) we defineF : =J+nS, wheren is the Lagrange multiplier in
accordance to the constraint.

Using ideas from Refs. 15 and 14 the following result is obtained in Ref. 25.
Lemma 2.1: If J has a strict local minimizerUs· ;r 0dPAK, then there existsê.0 such that

for all eP s0,êd, (1.6) has a solution u with the propertieslime→0iu−Us· ;r 0di2=0 and
lime→0sepd−1Isud=JsUs· ;r 0dd.

Lemma 2.1 reducesI to J which is finite dimensional in eachAK and ÃK. To studyJ we
define from the operatorG0 the Green function

G0sr,sd = G0fds·−sd − 2sgsrd, s2.8d

where 2s is the average ofds·−sd. More explicitly

G0sr,sd =5
sr2

2
−

3s− 2s3

4
− s log s if r , s

sr2

2
− s log r −

3s− 2s3

4
if r ù s.

s2.9d

Note thatG0sr ,sd is not symmetric inr ands, althoughrG0sr ,sd is. Also noteds·−sd=2s. Then we
may write

Vsrd =E
0

1

G0sr,sdsUssd − adds=E
0

1

G0sr,sdUssdds.

We calculate the derivatives ofJ andF. J may be rewritten as

Jsqd = 2to
j=1

k

qj + gE
0

1

UsrdVsrdr dr .

Then

] J

] qj
= 2t + g

]

] qj
FE

q1

q2

Vsrdr dr +E
q3

q4

Vsrdr dr + ¯G
= 2t + s− 1d jgqjVsqjd + gE

0

1

Usrd
]

] qj
Vsrdr dr .

Note that

]

] qj
Vsrd =

]

] qj
FE

q1

q2

G0sr,sdds+E
q3

q4

G0sr,sdds+ ¯G = s− 1d jG0sr,qjd.

Hence
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] J

] qj
= 2t + 2s− 1d jgqjVsqjd,

and

] F

] qj
= 2t + 2s− 1d jgqjVsqjd + 2ns− 1d jqj .

Let r 0=sr1
0,r2

0, . . . ,rK
0d be a solution of]F /]qj =0, j =1,2, . . . ,K, i.e.,

2t + 2s− 1d jgr j
0Vsr j

0d + 2ns− 1d jr j
0 = 0, j = 1,2, . . . ,K. s2.10d

The second derivatives ofJ are

]2J

] qj ] qk
= 2s− 1d j+kgqjG0sqj,qkd, if j Þ k,

]2J

] qj
2 = 2s− 1d jgVsqjd + 2s− 1d jgqjss− 1d jG0sqj,qjd + V8sqjdd

= 2gqjG0sqj,qjd + 2s− 1d jgsVsqjd + qjV8sqjdd.

Hence

]2F

] qj ] qk
= H2gqjG0sqj,qjd + 2s− 1d jgsVsqjd + qjV8sqjdd + 2ns− 1d j if j = k

2s− 1d j+kgqjG0sqj,qkd if j Þ k.
s2.11d

At r 0, because of(2.10), we have

]2F

] qj ] qk
sr 0d = 52gr j

0G0sr j
0,r j

0d + 2s− 1d jgr j
0V8sr j

0d −
2t

r j
0 if j = k

2s− 1d j+kgr j
0G0sr j

0,rk
0d if j Þ k.

s2.12d

We emphasize that the functionV in (2.12) is associated withr 0, i.e., V=Vs· ;r 0d.
Whether a critical pointr 0 is a local minumum is determined by the matrix(2.12) in the

subspace

T = hb = sb1,b2, . . . ,bKdT P RK:o
j=1

K

s− 1d jbjr j
0 = 0j. s2.13d

T is the tangent space of the domain ofJ at r 0. When(2.12) is positive definite inT, i.e.,

o
j ,k=1

K
]2F

] qj ] qk
sr 0dbjbk . 0, if b P T andb Þ 0, s2.14d

the critical pointr 0 is a strict local minimum.
The condition(2.14) may be rephrased as follows. Define aK by K matrix M 0 whosekj entry

is

Mkj
0 = dkjS−

t

srk
0d2 + gs− 1dkV8srk

0dD + gs− 1dk+jG0srk
0,r j

0d, s2.15d

wheredkj=1 if k= j and 0 otherwise.Mkj
0 is not symmetric inj and k but rk

0Mkj
0 is. Let g0 be a

non-standard inner product onRK defined by
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g0sA,Bd = o
j=1

K

AjBjr j
0, A = sA1,A2, . . . ,AKdT, B = sB1,B2, . . . ,BKdT. s2.16d

With respect tog0, the matrixM 0 represents a symmetric linear operator onRK. Also with respect
by g0 we choose an orthonormal basise1

0,e2
0, . . . ,eK

0 with

e1
0 =

1

Îr1
0 + r2

0 + ¯ +rK
0

s− 1,1,− 1,1,̄ ,s− 1dKdT. s2.17d

Since

1

2 o
j ,k=1

K
] F

] qj] qk
sr 0dbjbk= o

j ,k=1

K

Mkj
0 bjbkrk

0 = g0sM 0b,bd,

(2.14) is equivalent to the condition thatM 0 is positive definite in theK−1 dimensional subspace
perpendicular toe1

0 with respect tog0. This form of (2.14) is closer to the contents of Sec. III.
Lemma(2.1) now implies the following theorem:
Theorem 2.2: If J has a critical pointr 0 at which (2.12) is positive definite in T, then there

existsê.0 such that for alleP s0,êd there is a solution u of(1.6) with the propertieslime→0iu
−Us· ;r 0di2=0 and lime→0sepd−1Isud=JsUs· ;r 0dd.

Only whenK=1, r 0=sr1
0d alsways exists and equalsÎ1−a. It is regarded trivially as a strict

local minimizer ofJ. Hence whene is small, a spot solution of(1.6) exists unconditionally.
WhenKù2, J may not have a strict local minimizer. Another perturbation argument can be

used. Note that wheng is large,J may be viewed as a perturbation of

J*sqd = gE
0

1

sV8srdd2rdr . s2.18d

It was proved in Ref. 25 thatJ* has a unique critical pointr * =sr1
* ,r2

* , . . . ,rk
*d. Wheng is large,

(2.12) is dominated by

H2gr j
*Gsr j

* ,r j
*d + 2s− 1d jgr j

*V8sr j
*d if j = k

2s− 1d j+kgr j
*Gsr j

* ,rK
* d if j Þ k.

s2.19d

It was shown in Ref. 25 that(2.19) is positive definite inT. For largeg r * perturbs tor 0, a strict
local minimizer of J. Theorem 1.1 hence is a consequence of Theorem 2.2. In this paper we
assume that the condition(2.14) is satisfied and henceu exists.

We denote the functionUs· ;r 0d by u0 and setv0=G0fu0− ū0g. u0 takes values 0 and 1, and it
jumps between these two values atr1

0,r2
0, . . . ,rk

0. The G-convergence theory asserts thatu con-
verges tou0 in L2sDd. Then there existr1,r2, . . . ,rk such thatusr jd=1/2,j =1,2, . . . ,K, and r
=sr1,r2, . . . ,rKdT→ r 0 ase→0. Theser j’s are called the interfaces ofu. We will see that they are
the only interfaces.

We also need to know the asymptotic behavior ofu. First we construct aninner expansion.
Around eachr j we introduce the scaled variabler =r j +et so to expand

usrd = usr j + etd = Hjstd + ePjstd + e2Qjstd + ¯ . s2.20d

Correspondingly

vsrd = vsr jd + etv8sr jd + ¯ . s2.21d

As we insert(2.20) and (2.21) into (1.8) we find the leading term

Hjstd = Hstd if j is odd, Hjstd = Hs− td if j is even. s2.22d

The next term isPjstd defined to be the solution of
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− P9 + f8sHjdP −
Hj8

r j
+ j j = 0, Ps0d = 0. s2.23d

Pj is even. The constantj j is chosen so thatsHj8 / r jd+j j is perpendicular toHj8 for solvability.
Therefore

j j =
s− 1d j+1

r j
E

R

sH8stdd2 dt =
s− 1d j+1t

r j
. s2.24d

In our rigorous setting of asymptotic expansionsPj depends one becauser j andj j do so. This way
we avoid expandingr j. The third term in the inner expansion isQjstd which is the solution of

− Q9 + f8sHjdQ −
Pj8

r j
+

tHj8

r j
2 +

f9sHjdPj
2

2
+ gv8sr jdt = 0, Qs0d = 0. s2.25d

Qj is odd. AgainQj depends one, via r j andv8sr jd. We set the inner approximation ofu nearr j to
be

zjsrd = HjS r − r j

e
D + ePjS r − r j

e
D + e2QjS r − r j

e
D . s2.26d

The outer approximation is done in one step. It is denoted byz and defined for allr not equal
to r1,r2, . . . ,rK by the equation

fszd + egvsrd − h = 0. s2.27d

Sinceh=Osed andv=Os1d, facts proved in the Appendix,z is chosen to be close to 0 or 1 on each
sr j ,r j+1d nonambiguously, in agreement with the shape ofu, i.e.,z is close to 0 ons0,r1d, close to
1 on sr1,r2d, close to 0 onsr2,r3d, etc.

The inner approximation is used in eachsr j −ea ,r j +ead where aP s1/2,1d. The outer ap-
proximation is used ins0,1d \ sø j=1

K sr j −2ea ,r j +2eadd. The inner approximation is matched to the
outer approximation in the matching intervalssr j −2ea , r j −ead and sr j +ea ,r j +2ead, j
=1,2, . . . ,K. Let x j be smooth cut-off functions so that

x jsrd = H0 if r ¹ sr j − 2ea,r j + 2ead
1 if r P sr j − ea,r j + ead,

and moreoversx jdr =Ose−ad sx jdrr =Ose−2ad in sr j −2ea ,r j −ead and sr j +ea ,r j +2ead.
We then glue the two approximations to form a uniform approximation

wsrd = o
j=1

K

x jzj + S1 − o
j=1

K

x jDz. s2.28d

Lemma 2.3: w−u=ose2d.
According to this lemma, whose proof is left to the appendix, the uniform approximationw is

accurate up to ordere2. This lemma also implies that ther j’s are the only interfaces ofu.
To understand the stability of a spot or a ring solution in two dimensions we need to find the

spectrum, which only contains eigenvalues, of the linearized operatorL defined in (1.9). We
separate variables in the polar coordinates to let

wsxd = wsr cosu,r sin ud = o
m=0

`

fmsrdsAm cossmud + Bm sinsmudd. s2.29d

After substituting(2.29) into (1.9), we deduce thatwsxd is a linear combination offmsrdcossmud
and fmsrdsinsmud for some non-negative integerm. The corresponding eigenvaluel is thus
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classified intol=lm,m=0,1,2, . . .. Thepair slm,fmd satisfies the following equations:

(1) If m=0,

L0f0: = − e2f09 −
e2

r
f08 + f8sudf0 − f8sudf0 + egG0ff0g = l0f0, f8s0d = f8s1d = 0, f0̄

= 0; s2.30d

(2) if mù1,

Lmfm: = − e2fm9 −
e2

r
fm8 +

e2m2

r2 fm + f8sudfm + egGmffmg = lmfm, fms0d = fm8 s1d = 0.

s2.31d

The operatorG0 is defined in(2.6), and whenmù1, Gm is the inverse of the differential operator
−sd2/dr2d−s1/rdsd/drd+sm2/ r2d with the Neumann boundary condition atr =1 and the Dirichlet
boundary condition atr =0.

Lemma 2.4: Letl be an eigenvalue of L. Thenlim inf e→0 lù0.
Proof: Suppose that the lemma is false. We may assume that lime→0l=l0,0. Sincel is

classified in tolm, m=0,1,2, . . ., weconsider the case thatl is one ofl0. The casemù1 may be
handled similarly and we omit the proof.

Let f be an eigenfunction of(2.30) associated withl. Without the loss of generality we
assume thatifi=fsr*d=1. First we claim that there is ar j whose distance tor* is of orderOsed.
Otherwise −e2f9sr*d^1 since r* is a maximum;se2/ rdf8sr*d=0 whether or notr* is on the
boundary; f8susr*ddfsr*d.0 since f8susr*dd.0 outside anye-neighborhood of r j; f8sudf
=sf8sud− f8s0ddf=Osed by the uniform estimate ofu in Lemma 2.3;egG0ffgsr*d=Osed, and
lfsr*d=l,0. Then

− e2f9sr*d −
e2

r
f8sr*d + f8susr*ddfsr*d − f8sudf + egG0ffgsr*d . lfsr*d,

and (2.30) is not satisfied atr* .
If r* is in a sizeOsed neighborhood ofr j, thenfsr j +etd→Fò0 in Cloc

2 sRd, andF satisfies
−F9+ f8sHjdF=l0F. However this equation has no nonzero, bounded solution whenl0,0, since
Hj is a minimizer of EsUd : =eRs 1

2sU8d2+WsUdddt. Here U is in the classWloc
1,2sRd and

limt→±`sUstd−Hjstdd=0. h

Hence to understand the stability ofu we must analyze all the eigenvalues that tend to 0 as
e→0. They are called the critical eigenvalues.

III. THE CRITICAL EIGENVALUES l0

RecallM 0 andg0 defined in(2.15) and(2.16), respectively, andej
0 with e1

0 defined in(2.17).
Theorem 3.1:Whene is sufficiently small, there exist exactly K eigenpairssl0,f0d, of (2.30)

with l0=os1d. Onel0 is positive and of ordere. This l0 and its eigenfunction expand like

l0 =

2f8s0do
k=1

K

rk
0

t
e + osed, f0 = o

j=1

K

cjsHj8 − Hj8d + Ose ucud.

wherec=sc1,c2, . . .cKdT→c0, as e tends to0. c0 is a nonzero scaler multiple ofe1
0.

The remaining K−1 l0’s are positive and of ordere2. Each of them and its corresponding
eigenfunction expand like
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l0 = m0
0e2 + ose2d, f0 = o

j=1

K

cjsHj8 − Hj8 + esPj8 − Pj8dd + Ose2ucud.

Let c0= lime→0 c. Thenc0=on=2
K c̃n

0en
0, and m0

0 and sc̃2
0, c̃3

0, . . . ,c̃K
0dT form an eigenpair of the K−1

dimensional eigenvalue problem

o
m=2

K

c̃m
0 g0sM 0em

0 ,en
0d = m0

0rc̃n
0, n = 2,3, . . . ,K.

We expect that the eigenfunctions associated with small eigenvalues may be approximated by
combinations of

Hj8 − Hj8 + esPj8 − Pj8d. s3.1d

HereHj8 is the derivative ofHj =Hjstd with respect tot evaluated att=sr −r jd /e. In this section we
write sl ,fd for an eigenpairsl0,f0d. We decompose

f = o
j=1

K

cjsHj8 − Hj8 + esPj8 − Pj8dd + f' s3.2d

in the L2sDd space whereHj8−Hj8+esPj8−Pj8d'f' for j =1,2, . . . ,K. First we estimate

L0sHj8 − Hj8d = − e2sHj8drr −
e2

r
sHj8dr + f8sudsHj8 − Hj8d − f8sudsHj8 − Hj8̄d + egG0fHj8 − Hj8g,

in which

f8sudHj8 = 2E
0

1

sf8sHjd + ePj f9sHjddHj8r dr + Ose3d

=2eE
R

ff8sHjdHj8r j + etf8sHjdHj8 + ePj f9sHjdHj8r jgdt + Ose3d = Ose3d s3.3d

sinceeRf8sHjdHj8dt=eRtf8sHjdHj8dt=eRPj f9sHjdHj8dt=0 (tf8sHjdHj8 andPj f9sHjdHj8 are odd). Then

L0sHj8 − Hj8d = sf8sud − f8sHjddHj8 −
e

r
Hj9 + sf8sud − f8suddHj8 + e2gs− 1d j+1G0sr,r jd + Ose3d

= ef9sHjdPjHj8 + e2S f9sHjdQj +
f-sHjdPj

2

2
DHj8 −

e

r
Hj9

+ e2gs− 1d j+1G0sr,r jd + sf8sud − f8suddHj8 + Ose3d.

By differentiating(2.23) we have

− Pj- + f8sHjdPj8 + f9sHjdHj8Pj −
Hj9

r j
= 0.

Then
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L0sPj8 − Pj8d = − e2sPj8drr −
e2

r
sPj8dr + f8sudsPj8 − Pj8d − f8sudsPj8 − Pj8d + egG0fPj8 − Pj8g

=sf8sud − f8sHjddPj8 − f9sHjdHj8Pj +
Hj9

r j

−
e

r
Pj9 + sf8sud − f8suddPj8 + Ose2d

=ef9sHjdPjPj8 − f9sHjdHj8Pj +
Hj9

r j

−
e

r
Pj9 + sf8sud − f8suddPj8 + Ose2d,

where we have used the fact

f8sudPj8 = 2E
0

1

f8sudPj8r dr = 2eE
R

f8sHjdPj8r jdt + Ose2d = Ose2d s3.4d

since f8sHjdPj8 is odd. Therefore

L0sHj8 − Hj8 + esPj8 − Pj8dd = e2FS f9sHjdQj +
f-sHjdPj

2

2
DHj8 + f9sHjdPjPj8 + S 1

er j
−

1

er
DHj9 −

Pj9

r
+ gs

− 1d j+1G0sr,r jdG + sf8sud − f8suddHj8 + ePj8 + Ose3d.

On the other hand,

Hj8 = 2E
0

1

Hj8r dr = 2eE
R

Hj8stdsr j + etddt = 2er jE
R

Hj8stddt + 2e2E
R

Hj8stdtdt = 2es− 1d j+1r j

sinceHj8stdt is odd, and

Pj8 = 2E
0

1

Pj8r dr = 2er jE
R

Pj8dt + Ose2d = Ose2d

sincePj8 is odd. We find

Hj8 + ePj8 = 2es− 1d j+1r j + Ose3d. s3.5d

Hence we deduce that

L0sHj8 − Hj8 + esPj8 − Pj8dd = e2FS f9sHjdQj +
f-sHjdPj

2

2
DHj8 + f9sHjdPjPj8 + S 1

er j
−

1

er
DHj9 −

Pj9

r

+ gs− 1d j+1G0sr,r jdG + 2es− 1d j+1r jsf8sud − f8sudd + Ose3d. s3.6d

Note that in(3.6)

S 1

er j
−

1

er
DHj9 =

tH9std
r jr

= Os1d.

Rewrite the equationL0f=lf as

o
j=1

K

cjL0sHj8 − Hj8 + esPj8 − Pj8dd + L0f' = lSo
j=1

K

cjsHj8 − Hj8 + esPj8 − Pj8dd + f'D . s3.7d

Thenf' satisfies
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L0f' = OSeuo
j=1

K

s− 1d jr jcjuD + Ose2ducu + Osuludsucu + if'id. s3.8d

Here if'i is theL` norm of f' on (0,1). The following lemma estimatesf'.
Lemma 3.2:There exists C.0 independent ofe such that for allc in the domain of L0 and

c'Hj8−Hj8+esPj8−Pj8d , j =1,2,¯ ,K ,iciøCiL0ci.
Proof: Suppose that the lemma is false. There existc and somer* such thatici=csr*d=1,

c'Hj8−Hj8+esPj8−Pj8d, j =1,2,¯ ,K, andL0c=os1d. Thenr* must lie in a neighborhood ofr j for
somej . The size of this neighborhood must be of ordere. Otherwise we argue as in the proof of
Lemma 2.4: −e2c9sr*dù0; s−e2/ rdc8sr*d=0; egGmfcgsr*d=Osed; f8sudc=sf8sud− f8s0dc=Osed;
and f8sudcsr*d is positive and bounded away from 0 independent ofe. Then the equationL0c
=os1d is not satisfied atr* .

So let us assume thatr* is in a neighborhood, of sizee, of r j. Thencsr j +etd→C0std in Cloc
2 sRd

ase tends to 0.C0 satisfies −C09+ f8sHjdC0=0. ThereforeC0=cHj8 for some constantcÞ0. On
the other hand if we denote the inner product inL2sDd by k· , ·l, then c'Hj8−Hj8+esPj8−Pj8d
implies

0 = kc,Hj8 − Hj8 + esPj8 − Pj8dl = 2pecrjE
R

sH8d2dt + osed,

which is possible only ifc=0. h

We obtain by Lemma 3.2 that

f' = Oseuo
j=1

K

s− 1d jr jcjud + Ose2ducu + Osuludsucu + if'id

which implies, sincel=os1d,

f' = Oseuo
j=1

K

s− 1d jr jcjud + Ose2ducu + Osuluducu. s3.9d

We multiply (3.7) by Hk8−Hk8+esPk8−Pk8d and integrate with respect to 2pr dr over (0, 1) to
find the equations

o
j=1

K

kcjL0sHj8 − Hj8 + esPj8 − Pj8dd,Hk8 − Hk8 + esPk8 − Pk8dl + kf',L0sHk8 − Hk8 + esPk8 − Pk8ddl

= lo
j=1

K

cjkHj8 − Hj8 + esPj8 − Pj8d,Hk8 − Hk8 + esPk8 − Pk8dl.

In these equations

kf',L0sHk8 − Hk8 + esPk8 − Pk8ddl = Osif'i · iL0sHk8 − Hk8 + esPk8 − Pk8ddi1d,

wherei ·i1 denotes theL1sDd norm. By (3.6) we find

iL0sHk8 − Hk8 + esPk8 − Pk8ddi1 = Ose2d.

Then by(3.9) we deduce the equations
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o
j=1

K

cjkL0sHj8 − Hj8 + esPj8 − Pj8dd,Hk8 − Hk8 + esPk8 − Pk8dl+OSe3uo
j=1

K

s− 1d jr jcjuD + Ose4ducu

+ Ose2uluducu = lo
j=1

K

cjkHj8 − Hj8 + esPj8 − Pj8d,Hk8 − Hk8 + esPk8 − Pk8dl, s3.10d

for k=1,2, . . . ,K. The inner products in(3.10) are given in the next lemma.
Lemma 3.3:In Eq. (3.10):

s1d k Hj8−Hj8+esPj8−Pj8d ,Hk8−Hk8+esPk8−Pk8dl=2perktd jk+Ose2d;

s2d kL0sHj8 − Hj8 + esPj8 − Pj8dd,Hk8 − Hk8 + esPk8 − Pk8dl

= 4pe2s− 1dk+jr jrkf8sud + 2pe3rkHd jkF−
t

rk
2 + s− 1dkgv8srkdG + gs− 1dk+jG0srk,r jdJ + Ose4d.

Proof: (1) is obvious. To prove(2) we note thatP8 decays exponentially fast. Then(3.6)
implies that

kL0sHj8 − Hj8 + esPj8 − Pj8dd,Hk8 − Hk8 + esPk8 − Pk8dl

= kL0sHj8 − Hj8 + esPj8 − Pj8dd,Hk8 − Hk8 + ePk8l

= e2KS f9sHjdQj +
f-sHjdPj

2

2
DHj8 + f9sHjdPjPj8 +

tHj9

r jr
−

Pj9

r
+ gs− 1d j+1G0sr,r jd,Hk8 + ePk8L

+ 2es− 1d j+1r jkf8sud − f8sud,Hk8 + ePk8l + Ose4d

= e2KS f9sHjdQj +
f-sHjdPj

2

2
DHj8 + f9sHdPjPj8 +

t

r jr
Hj9 −

Pj9

r
+ gs− 1d j+1G0sr,r jd,Hk8L

+ 2eps− 1d j+1r j f8sud Hk8 + ePk8 + Ose4d s3.11d

=2pe3rkHd jkE
R
FS f9sHkdQk +

f-sHkdPk
2

2 DHk8 + f9sHkdPkPk8 +
tHk9

rk
2 −

Pk9

rk
GHk8dt

+ gs− 1dk+1G0srk,r jdJ + 4e2ps− 1dk+jr jrkf8sud + Ose4d. s3.12d

Note that we have again used(3.3) and(3.4) to reach(3.11), and used(3.5) to reach(3.12). To find
the integral in(3.12), we differentiate(2.25) to obtain

− Qk- + f8sHkdQk8 + f9sHkdHkQk −
Pk9

rk
+

Hk8 + tHk9

rk
2 +

f-sHkdHk8Pk
2

2
+ f9sHkdPkPk8 + gv8srkd = 0.

Multiplying by Hk8 and integrating overs−` ,`d yield

E
R
F f9sHkdQksHk8d

2 −
Pk9 Hk8

rk
+

sHk8d
2 + tHk9Hk8

rk
2 +

f-sHkdPk
2sHk8d

2

2
+ f9sHkdPkPk8Hk8G dt

+ s− 1dk+1gv8srkd = 0.

The integral in(3.12) now becomes
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−
1

rk
2E

R

sH8d2dt + s− 1dkgv8srkd.

h

With Lemma 3.3 we will write(3.10) in the vector form. We viewc=sc1,c2,¯ ,cKdT as a
column vector inRK. Let R be aK by K rank one matrix:

R = 2f8sud3
r1 − r2 r3 − r4 ¯ s− 1d1+krK

− r1 r2 − r3 r4 ¯ s− 1d2+krK

r1 − r2 r3 − r4 ¯ s− 1d3+krK

s− 1dK+1r1 s− 1dK+2r2 s− 1dK+3r3 s− 1dK+4r4 ¯ rK

4 , s3.13d

andM be aK by K matrix whosekj entry is

Mkj = d jkS−
t

rk
2 + s− 1dkgv8srkdD + gs− 1dk+jG0srk,r jd.

In RK we define a nonstandard inner productg by

gsA,Bd = o
j=1

K

AjBjr j, A = sA1,A2, . . . ,AKdT, B = sB1,B2, . . . ,BKdT. s3.14d

The matricesR and M represent symmetric linear operators onRK with respect to this inner
product. The symmetry ofM underg is a consequence of the fact thatrkG0srk,r jd=r jG0sr j ,rkd. Let
henj be an orthonormal basis underg in which

e1 = Îr1 + r2 + ¯ + rKs− 1,1,− 1,1̄ ,s− 1dKdT. s3.15d

e1 is an eigenvector vector ofR with eigenvalue 2f8sudsr1+r2+¯ +rKd .e2,e3,¯ ,eK span the
eigenspace of the eigenvalue 0, which has multiplicityK21.

Now we rewrite(3.10) as

e2Rc + e3Mc + Ose3ugsc,e1dud + Ose4ucud + Ose2uluucud = etlc. s3.16d

In (3.16) ucu, the norm ofc, may be understood as either the norm under the standard inner product
or the norm underg, because the two norms are equivalent uniformly ine.

We must consider two cases:

s1d gS c

ucu
,e1Dy 0; s2d gS c

ucu
,e1D = os1d.

Of course whenK=1, the second case does not occur.
In the first case we use a rough form of(3.16):

e2Rc + Ose3ucud + Ose2uluucud = etlc. s3.17d

Take theg-inner product of(3.17) ande1:

2e2f8sudSo
j=1

K

r jDgsc,e1d + Ose3ucud + Ose2uluucud = etlgsc,e1d. s3.18d

Sincegsc/ ucu ,e1dy0, (3.18) implies that
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l =
e

t
So

k=1

K

2rkf8sudD + Ose2d. s3.19d

This eigenvalue is positive for smalle and of ordere. Consequently(3.9) implies that

f' = Oseucud. s3.20d

If we take theg-inner product of(3.17) anden, nù2, then

gsc,end = Oseucud, n ù 2. s3.21d

The asymptotic properties ofl andf in the first case follows from(3.19)–(3.21).
In the second case we take theg-inner product of(3.16) anden, nù2, to deduce

e3gsMc,end + Ose3ugsc,e1dud + Ose4ucud + Ose2uluucud = etlgsc,end, n = 2,3, . . . ,K. s3.22d

Note thatgsc/ ucu ,e1d=os1d and (3.22) imply that l=Ose2d.
Then we take theg-inner product of(3.16) ande1:

2e2f8sudSo
j=1

K

r jDgsc,e1d + Ose3ucud + Ose3ugsc,e1dud + Ose2uluucud = etlgsc,e1d. s3.23d

(3.23) andl=Ose2d imply that

gsc,e1d = Oseucud, s3.24d

which turns(3.9) to

f' = Ose2ucud, s3.25d

and (3.22) is simplified to

e3gsMc,end + Ose4ucud = etlgsc,end, n = 2,3, . . . ,K. s3.26d

We pass limit in (3.26) and (3.24). Let M 0= lime→0 M , R0= lime→0 R, g0= lime→0 g, ej
0

= lime→0 ej, andm0
0= lime→0 l /e2, andc0= lime→0 c, whereuc0uÞ0. Then

g0sM 0c0,en
0d = m0

0tg0sc0,en
0d, sn = 2,3 . . . ,Kd, g0sc0,e1

0d = 0. s3.27d

The second equation implies that we can decomposec0 as

c0 = o
n=2

K

c̃n
0en

0. s3.28d

The first equation in(3.27) becomes

o
m=2

K

c̃m
0 g0sM 0em

0 ,en
0d = m0

0tc̃n
0, n = 2,3, . . . ,K. s3.29d

Here (3.29) is a K−1 dimensional eigenvalue problem from which we findK−1 pairs ofm0
0 and

sc̃2
0, c̃3

0, . . . ,c̃K
0d. This proves the asymptotic properties ofl andf in the second case.

As we have explained in Sec. II that the construction ofu via the G-convergence theory
assumes that(2.12) is positive definite inT. The paragraph after(2.12) shows that this condition,
(2.14), is equivalent to the condition thatm0

0 in (3.29) are all positive. Hencel0 are all positive
whene is sufficiently small.

In summary, we have proven that ifsl0,f0d is an eigenpair of(2.30) with the propertyl0

=os1d then l0 and f0 must possess the asymtotic properties described in Theorem 3.1. We still
need to show that there indeed exist exactlyK eigenparis of(2.30) with the properties. The proof
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of this fact uses some ideas from the linear perturbation theory. Not to prolong this section we
omit the proof. Instead we will give a full proof in the next section for themù1 case, which is
similar to the one for them=0 case.

IV. THE CRITICAL EIGENVALUES lm

Theorem 4.1:Whene is sufficiently small, there exist exactly K eigenparisslm,fmd of (2.31)
with lm=os1d. Eachlm and fm have the asymptotic expansion

lm = e2mm
0 + ose2d,fm = o

j=1

K

cjsHJ8 + ePj8d + Ose2ucud.

mm
0 and the limit c0= lime→0sc1,c2, . . . ,cKd form an eigenpair of the K-dimensional eigenvalue

problem

H sm2 − 1dt
srk

0d2 + s− 1dkgsy0d8srk
0dJck

0 + go
j=1

K

s− 1dk+jGmsrk
0,r j

0dcj
0 = mm

0 tck
0, k = 1,2, . . . ,K.

Gm is defined after(2.31): Gmsr ,sd=Gmfds·−sdgsrd. More explicitly

Gmsr,sd =5S
s1−m

2m
+

s1+m

2m
Drm if r , s

s1+m

2m
srm + r−md if r ù s.

s4.1d

Note thatGmsr ,sd is not symmetric inr and s, althoughrGmsr ,sd is. So with respect tog0 the
matrix in theK dimensional eigenvalue problem represents a symmetric operator.

In the proof of Theorem 4.1 we writesl ,fd for slm,fmd for simplicity. We decompose in
L2sDd

fsrd = o
j=1

K

cjsHj8 + ePj8d + f', wheref' ' Hj8 + ePj8 s j = 1,2, . . . ,Kd. s4.2d

First we compute

LmHj8 = − e2sHj8drr −
e2

r
sHj8dr +

e2m2

r2 Hj8 + f8sudHj8 + egGmfHj8g

=sf8sud − f8sHjddHj8 −
e

r
Hj9 +

e2m2

r2 Hj8 + e2gs− 1d j+1Gmsr,r jd + Ose3d

=ef9sHjdPjHj8 + e2S f9sHjdQj +
f-sHjdPj

2

2
DHj8 −

e

r
Hj9 +

e2m2

r2 Hj8+ e2gs− 1d j+1Gmsr,r jd

+ Ose3d.

By differentiating(2.23) we have

− Pj- + f8sHjdPj8 + f9sHjdHj8Pj −
Hj9

r j
= 0.

Then
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LmPj8 = − e2sPj8drr −
e2

r
sPj8dr +

e2m2

r2 Pj8 + f8sudPj8 + egGmfPj8g

=sf8sud − f8sHjddPj8 − f9sHjdHj8Pj +
Hj9

r j
−

e

r
Pj9 + Ose2d

=ef9sHjdPjPj8 − f9sHjdHj8Pj +
Hj9

r j
−

e

r
Pj9 + Ose2d.

Therefore,

LmsHj8 + ePj8d=e2FS f9sHjdQj +
f-sHjdPj

2

2
DHj8 + f9sHjdPjPj8 +

tHj9

r jr
+

m2Hj8

r2 −
Pj9

r

+ gs− 1d j+1Gmsr,r jdG + Ose3d. s4.3d

In particular,

LmsHj8 + ePj8d = Ose2d. s4.4d

Rewrite the equationLmf=lf as

o
j=1

K

cjLmsHj8 + ePj8d + Lmf' = lSo
j=1

K

cjsHj8 + ePj8d + f'D . s4.5d

Thenf' satisfies

Lmf' = Ose2ducu + Osuludsucu + if'id.

Lemma 4.2: There exists C.0 independent ofe such that for all c'Hj8+ePj8 , j
=1,2, . . . ,K , iciøCiLmci.

The proof of this lemma is similar to that of Lemma 3.2, so we omit it. We obtain by Lemma
4.2 that

f' = Ose2ducu + Osuludsucu + if'id,

which implies, sincel=os1d, that

f' = Ose2ducu + Osuluducu. s4.6d

We multiply (4.5) by Hk8+ePk8 and integrate with respect to 2pr dr over s0,1d. Then

o
j=1

K

kcjLmsHj8 + ePj8d,Hk8 + ePk8l + kf',LmsHk8 + ePk8dl = lo
j=1

K

cjkHj8 + ePj8,Hk8 + ePk8l,

which, by (4.6) and (4.4), may be written as

o
j=1

K

cjkLmsHj8 + ePj8d,Hk8 + ePk8l + Ose4ducu + Ose2uluducu = lo
j=1

K

cjkHj8 + ePj8,Hk8 + ePk8l s4.7d

for k=1,2. . . ,K.
Lemma 4.3:In Eq. (4.7):

(1) kHj8+ePj8 ,Hk8+ePk8l=2perktd jk+Ose2d,
(2) kLmsHj8+ePj8d ,Hk8+ePk8l=2pe3rkhd jkfsm2−1dt / rk

2+s−1dkgv8srkdg+gs−1dk+jGmsrk,r jdj+Ose4d.
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Proof: (1) is obvious. To prove(2) we note thatP8 decays exponentially fast. Then(4.3)
implies that

kLmsHj8 + ePj8d,Hk8 + ePk8l = kLmsHj8 + ePj8d,Hk8l + Ose4d

=2pe3rkHd jkE
R
FS f9sHkdQk +

f-sHkdPk
2

2
DHk8 + f9sHkdPkPk8 +

tHk9

rk
2

+
m2Hk8

rk
2 −

Pk9

rk
GHk8dt + gs− 1dk+jGmsrk,r jdJ + Ose4d.

To find the integral in the last line we follow the argument used in the proof of Lemma 3.3.h

This lemma simplifies(4.7) to

S sm2 − 1dt
rk

2 + s− 1dkgv8srkdDck + go
j=1

K

s− 1dk+jGmsrk,r jdcj + Oseucud + OS uluucu
e

D =
tlck

e2 .

s4.8d

Hencel is of ordere2. (4.6) now becomes

f' = Ose2ucud. s4.9d

After passing limit in(4.8) we deduce the asymptotic properties in Theorem 4.1 forl andf.
We have proved that ifslm,fmd is an eigenpair associated withm with l=os1d, then it must

have the asymptotic behavior described in Theorem 4.1. To complete the proof of the theorem we
proceed to show that there exist exactlyK simple eigenpairs of(2.31) with the properties.

Let F be the linear subspace spanned by critical eigenfunctions. It is defined unambiguously
by F=spanhfPL2s0,1d :Lmsfd=lf , ul u ,e1/2j. Since the critical eigenvalues ofLm are of order
e2,F includes all the critical eigenfunctions.

First dim F, the dimension ofF, is at mostK. Suppose that this is not the case. There exist two
distinct eigenpairssl ,fd and sl8 ,f8d with the same asymptotic behavior. That is

l = e2h + ose2d, l8 = e2h + ose2d, f = o
j

cjsHj8 + ePj8d + c,

f8 = o
j

cj8sHj8 + ePj8d + c8, lim
e→0

cj = lim
e→0

cj8 = cj
0.

But the two eigenfunctions must be orthogonal, so

0 = kf,f8l = 2epg0sc0,c0dE
−`

`

sH8stdd2dt + oseduc0u2.

This is obviously impossible whene is sufficiently small.
Next dim F is at leastK. Suppose otherwise that dimF,K. Define a subspace ofL2s0,1d:

S=spanho jcj
0sHj8+ePj8dj, wherecj

0 are theK eigenvectors of theK-dimensional eigenvalue prob-
lem in the statement of the theorem. We use a perturbation argument. The asymmetric distance
between the closed subspacesS andF is

dsS,Fd = suphdsw,Fd:w P S,iwi2 = 1j,

wheredsx,Fd=infhix−yi2:yPFj. Since dimF,dim S, there existso jbj
0sHj8+ePj8dPS such that

for every eigenvector inF which may be written aso jcjsHj8+ePj8d+c with ici=Ose2ucud,
g0sc/ ucu ,b0/ ub0ud=os1d. Then straight calculations show that
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K o j
cjsHj8 + ePj8d + c

io j
cjsHj8 + ePj8d + ci

2

,
o j

bj
0sHj8 + ePj8d

io j
bj

0sHj8 + ePj8di2

L = os1d.

So if we usew=o jbj
0sHj8+ePj8d / io jbj

0sHj8+ePj8di2,dsw ,Fd=1−os1d anddsS,Fd=1−os1d. The fol-
lowing lemma due to Helffer and Sjöstrand12 will give us a contradiction.

Lemma 4.4: Let L be a self-adjoint operator on a Hilbert space H, Q a compact interval in
s−` ,`d and e1,e2, . . . ,eK normalized linearly independent elements in the domain of L. Assume
that the following are true.

(1) Lsekd=pkek+rk,irkiHøe8 and pkPQ,k=1,2, . . . ,K.
(2) There isv.0 so that Q isv-isolated in the spectrum of L, i.e., sssLd \Qdù sQ+s−v ,vdd

=0” .

Then dsS,FdøK1/2e8 / svk1/2d, where S=spanhe1, . . . ,eKj F= the closed subspace associated to
ssLdùQ, and k= the smallest eigenvalue of the matrixfkej ,eklg.

Here we takeL=Lm, eachek is normalized and proportional too jcj
0sHj8+ePj8d for each one of

theK vectorsc0, andS, F as before.v andk are positive and bounded away from 0 ase→0. Set
pk=he2 andQ=f−e1/2,e1/2g. From (4.3) we find

LmSo
j

cj
0sHj8 + ePj8dD − pko

j

cj
0sHj8 + ePj8d = Ose2uc0ud,

and on the other handio jcj
0sHj8+ePj8di2,e1/2uc0u. Therefore irki2=Ose3/2d, Consequently

dsS,Fd=os1d, a contradiction.

V. THE CASES OF K =1 ANDK =2

We know from Theorem 1.1 that the spot solutionsK=1d exists for all g. However the
stability of the solution in two dimensions depends ong. For smalle, the spot solution is stable if
g is small and unstable ifg is large. More precisely we have

Theorem 5.1:Let K=1. There existsĝ.0 such that whengP s0,ĝd there existsê such that
for everyeP s0,êd all lm.0, i.e., the spot solution u is stable. On the other hand ifg.ĝ, there
exist ẽ.0 and mù2 such that for alleP s0,ẽd ,lm,0, i.e.,u is unstable.

Proof: Theorem 3.1 shows that whenK=1, there is only onel0 with the propertyl=os1d.
This l0 is positive and of ordere for all g if e is sufficiently small.

Whenm=1, in Theorem 4.1:

gh− sy0d8sr1
0d + G1sr1

0,r1
0dj = m1

0t. s5.1d

According to (4.1), G1sr1
0,r1

0d=ssr1
0d3+r1

0d /2. WhenK=1,a=1−sr1
0d2 by (2.7) and sy0d8sr1

0d=sr1
0

−sr1
0d3d /2 by solving the equation

− sy0d9 −
1

r
sy0d8 = u0 − a, sy0d8s0d = sy0d8s1d = 0.

Thereforem1
0=gsr1

0d3/t.0 andl1.0.
Whenmù2, let K=1 in Theorem 4.1:

sm2 − 1dt
sr1

0d2 + gH sr1
0d3 − r1

0

2
+

sr1
0d2m+1 + r1

0

2m
J = mm

0 t. s5.2d

Clearly wheng is small, the first term on the left side dominates andmm
0 is positive for allm

ù2. On the other hand we find that the quantity in the braces is negative ifm is sufficiently large.
Fixing suchm and takingg large enough, we find that the entire left-hand side of(5.2) becomes
negative. h

The borderline valueĝ for g can be calculated easily from(5.2) in two steps.
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(1) For each integermù2 find ĝm by setting the right-hand side of(5.2) to be 0 and solving the
equation forg. If the resultingĝm is less than or equal to 0, this modem does not yield a zero
eigenvalue. Discard suchĝm.

(2) Minimize the ĝm’s from the last step with respect tomù2. The minimum isĝ, achieved at
m=m̂ wherelm̂, the principal eigenvalue, vanishes up to ordere2.

The valuesĝ for severala are reported in Table I. Curiously whena=1/2 theborderlineĝ occurs
at two modesm̂=3 andm̂=4. In this case ifg= ĝ bothl3 andl4 are of orderose2d while the other
lm’ ssmù2d are positive and,e2.

One gains more insight into the diblock copolymer equation by comparing with the Cahn–
Hilliard equation, which is(1.6) with g=0. The Cahn–Hilliard equation also has a spot solution.
Its critical eigenvalues are again classified intolm for non-negative integersm. If we formally set
g=0 in Theorem 3.1 and(5.2) it appears that for the Cahn–Hilliard equationl0 is positive and of
ordere, andlm with mù2 is also positive and of ordere2. From (5.1) with g=0, one thinks that
up to ordere2, l1 vanishes. These statements are actually all correct, although the exact value of
l1 is negative, and the spot solution is unstable in the Cahn–Hilliard problem. Therefore Theorem
5.1 does not cover the Cahn–Hilliard equation. Nevertheless the distance betweenl1 and 0 is
exponentially small there and is not visible in(5.1). The smallness ofl1 is related to the phenom-
enon of the slow motion of a bubble profile in a general domain(see Alikakos and Fusco,2,3

Ward,37 and Alikakos, Bronsard and Fusco1). One may feel uneasy about the abrupt change from
negativel1 to positivel1 as we add a nonlocal term with a smallg. This is a result of our setting
of fixing g while takinge small. To find the threshold wherel1=0 one must takeg to vary with
e. We suspect that a borderline lies whereg is exponentially small compared toe.

When we further increaseg, we reach the second threshold where one oflm with mù2
becomes 0. Beyond this criticalg value the spot solution is unstable. It no longer has enough
oscillation demanded by the stronger nonlocal term now. Note that the first stability threshold
occurs because ofl1 which is related to the translation of the spot, while the second threshold
occurs because of somelm with mù2 which is related to the oscillation of the boundary of the
spot.

The situation is more complex whenKù2, because the existence ofu is conditional. Accord-
ing to Theorem 2.2, we haveu if (2.12) is positive definite inT. This condition requires two
things. First(2.10) must have a solutionr 0. From thisr 0 we constructUs· ;r 0d, Vs· ;r 0d, g0, ej

0, and
finally the matrixM 0. The second requirement is that the eigenvalues of theK−1 by K−1 matrix
g0sM 0en

0,em
0 d ,n,m=2,3, . . . ,K, in Theorem 3.1 must all be positive. When these two requirements

are met,u exists and its stability in two dimensions is determined by the eigenvalueslm, mù1.
Their leading order approximationsmm

0 are calculated from theK by K matrix in Theorem 4.1.
The determination ofr 0 and the analysis of the matrices have to be done numerically. As an

example we considerK=2. Let a=1/2, t=Î2/12, and try various values ofg. Instead of consid-
eringq1 andq2 under the constraint −q1

2+q2
2=a, we lety=q1

2 andq2=Îy+a. Then as done in Ref.
25, J may be treated as a function, ofy without constraint,Jsyd=Jsq1syd ,q2sydd.

According to Sec. II for giveny we findq1 andq2, Us· ;q1,q2d, Vs· ;q1,q2d, andJsyd. Wheng
is small, e.g.,g=1, J is increasing iny, Fig. 4(1), and(2.10) has no solution.

When g is increased to 25,J has a critical point aty=0.0802, Fig. 4(2), i.e., (2.10) has a
solutionr 0=s0.2832,0.7616d. We calculate g0sM 0e2

0,e2
0d which turns out to be positive. Hencem0

0

TABLE I. The value ofĝ for variousa and the corresponding modem̂ of the principal eigenvaluelm̂ which varnishes up
to ordere2. Heret=Î2/12.

a 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

m̂ 19 9 6 4 3, 4 3 2 2 2
ĝ 2468.56 356.23 123.86 64.69 42.67 30.38 27.76 28.23 56.61
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is positive,y=0.0802 is a local minimum ofJ, and a solutionu exists. Then we compute the
eigenvaluesmm

0 of the matrix in Theorem 4.1. They are all positive, Table II. Sou is a stable
solution in two dimensions.

Wheng is further increased to 200,J has a critical point aty=0.1841, Fig. 4(3), correspond-
ing to r 0=s0.4290,0.8271d, g0sM 0e2

0,e2
0d is positive, so a solutionu exists. However some

mm
0 smù1d are negative, Table III. Henceu is unstable in two dimensions.

There is something interesting in Fig. 4(2) and(3). If we blow them up neary=0, Fig. 5, then
in each case we find a localmaximumneary=0. This is because thatJsyd is increasing iny near
y=0 and neary=1−a. So whenever there is a local minimum, there must be a local maximum
before the local minimum. This local maximum gives rise to a solutionr̂ 0 of (2.10). However we
cannot use theG-convergence theory to find a solution of(1.6) nearUs· ;r̂ 0d. We conjecture that
such a solution exists.

When the critical eigenvalues of a spot or a ring solution, determined from Theorems 3.1 and
4.1, are nonzero, we may expect to have a similar solution of(1.6) on a slightly perturbed domain.
However finding solutions of(1.6) on a general domainV,RN is rather difficult. It was noted in
Ref. 19 that(1.6) has a singular limit ase→0. One looks for a functionu0PBVsVd defined such

that for a.e.xPV , u0sxd=0 or u0sxd=1 andu0̄=a. Let S be the union of the hypersurfaces that
separate the regionsu0=0 from the regionsu0=1, andv0=s−Dd−1su0−ad. Then one requires that
at everyxPS,

tksxd + gv0sxd = h, s5.3d

where ksxd is the mean curvature ofS at x viewed from theu0=1 side, andh is a Lagrange
multiplier to be determined. If the free boundary problem(5.3) admits an isolated stable solution
u0, then nearu0, in the L2sVd sense, there exists a local minimizer solutionu of (1.6) by the
G-convergence theory. However(5.3) is a challenging nonlocal geometric problem. Even though
Fig. 1(2) and (3) suggest we look for solutions with multiple spots,(5.3) implies that for such a
solution the curvature of the boundary of a spot is in general not constant(there is the impact of
v0), i.e., the spots are not exactly round, unless we deal with the one spot or the ring solutions in
a disk as in this paper. Nevertheless if we consider the situation wherea is close to 0(or 1), then

TABLE II. mm
0 wheng=25. Herer 0=s0.2832,0.7616d.

m0
0 m1

0 m2
0 m3

0 m4
0 m5

0 m6
0 m7

0 m8
0 m9

0 m10
0

14.90 8.15 27.80 16.73 19.11 29.36 45.07 65.30 89.59 117.70 149.52
107.71 39.65 94.79 179.58 290.33 426.53 587.96 774.51 986.13 1222.77

FIG. 4. (1) When g=1, Jsyd is increasing iny. No r 0 exists.(2) When g=25, a local minimum ofJsyd appears andr 0

exists. TheK=2 ring solution is stable.(3) Wheng=200,r 0 still exists, but theK=2 ring solution is unstable. In all three
casesa=1/2 andt=Î2/12.
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v0 is near constant throughoutV and hencek becomes close to a constant and the spots are
approximately round. The cylindrical and spherical phases in Fig. 1 are thus heuristically ex-
plained. Note that in the singular limit of the Cahn–Hilliard equation, which is(5.3) without the
gv0sxd term, k is constant.
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APPENDIX: PROOF OF LEMMA 2.3

Sinceh= fsud, we obtain a rough estimate forh,

uhu = ufsudu ø CSE
D

WsuddxD1/2

= Ose1/2d, sA1d

since Isud=Osed. uuuu u2=Os1d implies thatuuv u u2,2=Os1d and in particularv=Os1d. A maximum
principle argument shows that

− Ose1/2d = − sOsed + Osuhudd ø u ø 1 + Osed + Osuhud = 1 +Ose1/2d. sA2d

In the G-convergence theoryu satisfiesu→u0 in L2sDd and sepd−1Isud→Jsu0d.25 The factu
→u0 in L2sDd implies the existence ofr j whereusr jd=1/2 andthat r j → r j

0 for j =1,2, . . . ,K. We
construct a preliminary approximationh of u,

hsrd = HS r − r1

e
D + FHS−

r − r2

e
D − 1G + HS r − r3

e
D + FHS−

r − r4

e
D − 1G + ¯ ,r P sr1,1d,

and letd=u−h.
If we considerh on sr1,1d, the argument in Proposition 8.2(Ref. 26) shows thatd=os1d on

fr1,1g. Next we improve(A1) to

TABLE III. mm
0 wheng=200. Herer 0=s0.4290,0.8271d.

m0
0 m1

0 m2
0 m3

0 m4
0 m5

0 m6
0 m7

0 m8
0 m9

0 m10
0

135.39 48.34 −5.03 −21.81 −10.89 19.86 18.00 15.40 21.97 35.43 54.42
1220.57 384.95 163.82 75.22 35.73 68.85 130.74 205.72 293.01 392.18

FIG. 5. (1) The enlarged Fig. 4(2) neary=0. (2) The enlarged Fig. 4(3) neary=0.
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h = Osed, sA3d

and show that

d = Osed in fr1,1g. sA4d

Note thatd=u−h satisfies the equation

− e2drr + f8shdd + Osuuduu2d + Osed = h, dsr jd = 0 s j = 1,2, . . . ,Kd, d8s1d = 0

on sr1,1d. Then d=Ose+ uh u d in fr1,1g. Now we use an idea of Pohozaev.22 Multiply the first
equation of(1.8) by r2ur and integrate with respect todr on (0, 1). Then

E
0

1

f− e2srurdrsrurd + r2fsudur + egr2vurgdr = hE
0

1

r2urdr.

The first term on the left-hand side becomes 0 after integration. Applying integration by parts to
the second and third terms on the left-hand side and the right-hand side shows that

ur2Wsudur=0
r=1 − 2E

0

1

uWsudr dr + egr2vuur=0
r=1 − egE

0

1

usr2vdrdr = hsur2uur=0
r=1 − 2E

0

1

u rdrd,

which is simplified to

Wsus1dd −
1

p
E

D

Wsuddx+ Osed = hsus1d − ad

sinceegvs1dus1d=Osed andege0
1usr2vdrdr=Osed. The integral in the last equation is of orderOsed

since it is a part ofIsud andIsud=Osed by sepd−1Isud→Jsu0d. Moreoverus1d→0 or 1 to whicha
is not equal, so the last equation reads

h = Osed + OsWsus1ddd.

However d=Ose+ uh u d on fr1,1g proved earlier implies thatus1d=Ose+ uh u d or us1d=1+Ose
+ uh u d. Then Wsus1dd=WsOse+ uh u dd=Osse+ uh u d2d, or Wsus1dd=Ws1+Ose+ uh u dd=Osse+ uh u d2d.
Hence we derive

h = Osed + Osse + uhud2d, i.e., h = Osed.

Consequentlyd=Osed in fr1,1g.
Now we consideru, h, andd on s0,r1d. We proceed to show thatd=os1d on s0,r1d. Suppose

that this is false. Then there exist a smalld.0, independent ofe, and r* P f0,r1d such that
udsr*d u =d and udsrd u ,d if r P sr* ,r1d. d is so small that 0 is the only critical point ofW in
s−d ,dd. Sinceuset+r1d→Hstd in Cloc

2 sRd, sr1−r*d /e→`. Moreover the argument in Proposition
8.2 Ref. 26 shows thatr* =os1d. There are two cases left:(1) r* /e→` and r* =os1d, and (2) r*

=Osed.
In the first case we multiply the first equation of(1.8) by ur and integrate with respect todr:

−E
0

1 e2

r
ur

2 dr + Wsus1dd − Wsus0dd + egE
0

1

vur dr = hsus1d − us0dd.

HereWsus1dd is of orderOse2d by (A4). The right-hand side is of orderOsed by (A3). ege0
1vur dr

is of orderOsed after integration by parts. Hence
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E
0

1 e2

r
ur

2 dr + Wsus0dd = Osed.

SinceWsus0ddù0,

E
0

1 e2

r
ur

2 dr = Osed. sA5d

On the other hand if we scaleu at r* so thatUstd : =usr* +etd→Hstd locally in C2, then

E
0

1 e2

r
ur

2 dr =
e

r*
E

−r* /e

s1−r* d/e 1

1 + set + r*d
sU8d2 dt ù

e

r*
SE

R

sH8d2 dt + os1dD . sA6d

However(A5) and (A6) are inconsistent ifr* =os1d.
In the second case we scaleu so thatUstd : =usetd→U0std locally in C2 and

− Utt
0 −

Ut
0

t
+ fsU0d = 0 in R, U0s`d = 1, uuU0uu ø 1.

MoreoverUsr* /ed→d. We multiply the equation forU0 by Ut
0 and integrate with respect todt

over s0,`d. Then

− WsU0s0dd −E
0

` sUt
0d2

t
dt = 0,

which implies thatU0;0 or U0;1. Neither case is consistent withUsr* /ed→dP s0,1d.
We have shown thatd=u−h=os1d on (0,1). In particular we know that there are exactlyK

interfacesr1,r2, . . . ,rK. Now we consider the more accurate approximationw of u defined in Sec.
II. We call sr j −ea ,r j +ead an inner region,s0,1d \ sUj=1

K sr j −2ea ,r j +2eadd the outer region, and
sr j −2ea ,r j −ead and sr j +ea ,r j +2ead matching regions. Recall thataP s1/2,1d.

In the inner and matching regions, using(2.22), (2.23), and(2.25) we find that

− e2Dzj + fszjd = − e2DsHj + ePj + e2Qjd + fsHj + ePj + e2Qjd

=− F fsHjd + eSHj8

r
+ f8sHjdPj −

Hj8

r j
+ j jD+ e2SPj8

r
+ f8sHjdQj −

Pj8

r j
+

tHj8

r j
2

+
f9sHjdPj

2

2
+ gv8sr jdtDG+ fsHjd + ef8sHjdPj + e2S f9sHjdPj

2

2
+ f8sHjdQjD + Ose3d

=ej j − e2gv8sr jdt +
e2t

r j
S1

r
−

1

r j
DHj8 + e3tPj8

r jr
+ Ose3d = ej j − e2gv8sr jdt + Ose3d.

Therefore

− e2Dzj + fszjd + egv − h = ej j + egvsr jd − h + Ose3t2d + Ose3d=s j + Ose1+2ad, sA7d

where we have defined

s j = ej j + egvsr jd − h. sA8d

By (A3) implicit differentiation of (2.27) andv9=Os1d yield that

− e2Dz+ fszd + egv − h = − e2Dz= Ose3d, sA9d

which is valid ons0.1d \ hr1,r2, . . . ,rKj.
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We now estimate the difference ofzj andz on a matching region. First using(2.23) and(2.25)
we find

e2Dzj = Ose3d.

Then (A7) implies that

fszjd + egv − h = s j + Ose1+2ad.

Comparing this to(2.27) we deduce that

zj − z= Osus jud + Ose1+2ad sA10d

on the matching regionssr j −2ea ,r j −ead andsr j +ea ,r j +2ead. Then we considerw in the matching
region. Here by(A10)

− e2Dw + fswd + egv − h = − e2Dw + fszd + egv − h + Osizj − z i d

=− e2Dw + Osus jud + Ose1+2ad

=− e2Dz− e2Dsx jszj − zdd + Osus jud + Ose1+2ad

=− e2ssx jdrrszj − zd + 2sx jdrszj − zdr + x jszj − zdrrd

−
e2

r
ssx jdrszj − zd + x jszj − zdrd+ Osus jud + Ose1+2ad

=Osus jud + Ose1+2ad + Ose3−ad. sA11d

If we let g=u−w, then(A7), (A9), and(A11) imply that

− e2Dg + f8swdg + Osigi2d = 5− s j + Ose1+2ad in an inner region

Osusud + Ose1+2ad + Ose3−ad in a matching region

Ose3d in the outer region.

sA12d

We deduce from(A12) andgsr jd=0 that

g = Osus jud + Ose1+2ad + Ose3−ad. sA13d

On the other hand, if we multiply(A12) by Hj8 and integrate with respect tor dr on (0,1), then

E
0

1

f− e2srgrdrHj8 + f8swdgHj8rgdr + Oseigi2d = s− 1d jes jr j + Ose2us jud + Ose2+2ad.

But the integral on the left-hand side after integration by parts becomes

E
0

1

f− egHj9 + sf8swd − f8sHjddgHj8rgdr = Ose2 i g i d,

from which we conclude that

s j = Ose i g i d + Osiguu2d + Ose1+2ad. sA14d

Inserting(A14) into (A13) we find that
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g = Ose1+2ad + Ose3−ad; sA15d

substituting(A15) into (A14) we deduce that

s j = Ose1+2ad. sA16d

SinceaP s1/2,1d, (A15) implies thatg=ose2d.
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