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Summary. The ABC lamellar phase of a triblock copolymer in the strong segregation
region is studied on periodic and bounded intervals. In the periodic case we find a family
of local minimizers of the free energy functional all with a fine lamellar structure. Among
these local minimizers we identify the one most favored by the free energy, and hence
determine the thickness of lamellar microdomains. In the bounded interval case we show
that perfect lamellar structure does not exist due to the boundary effect. We view the
strong segregation limit as a I"-limit of the free energy by a proper choice of the material
sample size. The key step is the spectral analysis of a large matrix resulting from the
second derivative of the I"-limit.
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1. Introduction

Many important physical systems exhibit self-organization and pattern formation. One
explanation for this phenomenon is the long-range interaction of Coulomb type (Muratov
[34]). Examples include weakly charged polyelectrolyte solutions (Erukhimovich and
Khokhlov [13], Borue and Erukhimovich [3], Nyrkova, Khohklov, and Doi [37]), cross-
linked polymer mixtures (de Gennes [10]), amphiphile solutions (Stillinger [49]), phase-
separating ceramic compounds (Chen and Khachaturyan [7]), photostimulated phase
transitions (Mamin [28]). A number of quantum systems such as degenerate magnetic
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semiconductors and high-temperature superconductors which exhibit electronic phase
separation can be considered as systems with competing Coulomb interactions (Emery
and Kivelson [12]). In addition the general problem of Wigner crystallization (Care and
March [5]) and the thermodynamic and glassy properties of spin systems frustrated by
Coulomb interaction [12] can also be studied from this viewpoint. Here we study pattern
formation in triblock copolymers.

Block copolymers belong to a class of soft materials that, in contrast, to crystalline
solids are characterized by fluidlike disorder on the molecular scale and a high degree
of order at longer length scales. They are produced by joining two or more chemically
distinct homopolymer blocks, each a linear series of identical monomers. The unlike
monomers in the coil-like long chain molecules are thermodynamically incompatible.
This results in microphase separation of monomer blocks on the molecular scale (5-100
nm) at low temperature, producing complex morphology phases.

In a diblock copolymer a molecule is a chain of A monomer units linked chemically
to a chain of B monomer units. For instance in the isoprene-styrene diblock copolymer,
A = isoprene and B = styrene. In a triblock copolymer, such as isoprene-styrene-
2vinylpyridine (Mogi et al. [32]), a molecule is a chain of A monomers connected to a
chain of B monomers, which is again connected to a chain of the third type C monomers.
Triblock copolymers are new and, to the authors’ knowledge, industrial applications are
yet to be found, although experimental studies have been done [32].

The monomer density fields of block copolymers are identified as the macroscopic
quantities that describe the morphology structures, and in turn determine many other
physical properties. The formation and evolution of these densities make up the central
part of the block copolymer theory. The reader may find more information in Bates and
Fredrickson [2] on this exciting subject.

Here we are concerned with triblock copolymers. At high temperature a triblock
copolymer is in a disordered phase. The monomer density fields are homogeneous (Ren
and Wei [43]). If the temperature is lowered, the triblock copolymer undergoes a phase
transition. Higher symmetry of the disordered phase gives way to lower symmetries of
ordered phases.

Three parameters—x 8N, xB¢N, and x “* N—are responsible for phase transitions.
The three xs are called the Flory-Huggins parameters, defined in (3.15), and are in-
versely proportional to temperature. N, the polymerization index, is the number of all
the monomers in a chain molecule. When x42N, x2¢N, and x“*N increase, achieved
by having low temperature or large N, the disordered homogeneous phase of the block
copolymer becomes unstable. Inhomogeneity of monomers appears, and one observes
microdomains rich in one of the three monomer types. It is shown in [43] that immedi-
ately after the disordered phase becomes unstable, the sizes of the microdomains are of
order N2, This state of microdomain separation is called weak segregation.

If one further increases N, xB¢N, and x ““N, the microdomains grow to sizes
of order N?”3, a phenomenon called strong segregation. In this region there exist many
ordered phases, known as morphology phases [2]. Here we study the lamellar phase.
Combining with the results in [43], we will have a theory that explains disorder to
lamellar phase transition in triblock copolymers.

The main result here is the existence of the ABC lamellar phase in the strong segrega-
tion region, presented in Section 4, as a local minimizer of the free energy functional I,
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defined in (2.9), in one dimension with the cyclic ABC pattern and the periodic boundary
condition.

To prove this result, we first show in Section 3 that the strong segregation limit is
indeed the I"-limit J, defined in (3.16), of the singular perturbation theory, if we choose
the size of the sample properly. In the I'-limit we find an ABC lamellar local minimizer
of J on the periodic domain R/Z. It perturbs to become a local minimizer of I, for
small ¢. It is easy to find a lamellar structure as a critical point of J but far more
difficult to prove that it is indeed a nondegenerate local minimizer. For this we study
the spectrum of the second derivative of J. This is done in Section 5 where we use a
“coarse” Fourier transform to find some three-dimensional invariant subspaces, in which
we study eigenvalues. The procedure is complex for several reasons. First we are dealing
with a vector-valued problem. Second the nonlinear function J is not explicit enough.
And third we do not know a priori the number of microdomains (or interfaces). We set
this number to be a variable 3v of arbitrary size. J has 3v — 2 degrees of freedom. We
prove the existence of an ABC lamellar phase for each v. We also minimize the reduced
free energy J among this family of local minimizers to find the one particular lamellar
phase most favored by J and also I,.

In Section 6 we consider I, on the interval (0, 1). The strong segregation limit is again
a I'-limit. However, in this case, due to the boundary effect, we no longer have a perfect
lamellar phase. We illustrate this point by constructing some local minimizers. Numerical
calculation suggests that local minimizers with cyclic patterns tend to have lower energies
compared with the ones with noncyclic patterns. But cyclic local minimizers never have
fine periodicity. On the other hand there exist some peculiar noncyclic local minimizers
with perfect “anti-symmetry.”

There have been few mathematical studies other than [43] on triblock copolymers to
this day. On the mathematical aspects of diblock copolymers we refer to Nishiura and
Ohnishi [36], Ohnishi et al. [38], Ren and Wei [44], [41], [45], [42], Fife and Hilhorst
[15], Choksi [9], and Henry [23]. The results obtained here are the vector versions of
some of the results in [44] for the scalar diblock copolymer problem.

2. The Free Energy Functional

A density functional theory for triblock copolymers was first derived in Nakazawa and
Ohta [35]. The model we use here is taken from a mathematically more rigorous work
by the authors [43]. There are three main steps in the derivation. The original system
has a picture of interacting chain molecules. It is a complex problem of equilibrium
statistical physics. In the second step one uses the idea of mean fields to express the
free energy of the system as a functional of the effective mean potential fields (Helfand
[19], Helfand and Wasserman [20], [21], [22], Hong and Noolandi [24], [25], Matsen
and Schick [29]). This theory is called the self-consistent field theory. The monomer
density fields may also be expressed as functions of the mean fields. In the third step one
reverses the dependence of the monomer density fields on the mean fields to express the
free energy as a functional of the density fields (see Leibler [27], Ohta and Kawasaki
[39], for this idea applied to diblock copolymers).
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Suppose that in a triblock copolymer molecule there are N4 type A, Np type B, and
N¢ type C monomers. The Kuhn statistical length [11], [18] measures the average length
between two adjacent monomers in a chain. We assume that this length is independent
of the types of adjacent monomers, and denote it by /. The relative numbers of the three
types of monomers in every molecule are

Na Np Nc
a—N>O, b—N>O, c—N>O, (a+b+c=1),
where N = N4 + Np + Nc is the polymerization index, a large number at least in
the thousands. The triblock copolymer is made of identical chain molecules, as just
described, and is confined in a container €2 whose volume is | 2. If the monomer densities
atevery y € Q are p(y) = (pa(y), pg(y), pc(¥)), the free energy F can be expressed
in terms of p.

The average number of monomers of all three types per unit volume is denoted
by po. Temperature is measured in the energy unit so that the Boltzmann constant is
1 and B is the inverse of the absolute temperature. To separate the size effect of Q2
from the shape effect of Q, we scale Q to D = {x : |Q|"3x € Q) of unit three-
dimensional Lebesgue measure. Introduce relative densities u; (x) = p(|2]"3x)/ 0,
and let u = (ua,up,uc)” and it = (iy, iip, iic)", where ity := [, ux(x) dx denotes
the average of u;. The superscript 7 denotes the transpose of a vector. The free energy
model deduced in [43] is the dimensionless I = B F/(p0|€2|), the relative free energy per
monomer, as a functional of the order parameter u:

2
1) = f I:%Vu Vu+ %(—A)*%(u — i) (=A) I (u — i) + W(u)] dx. (2.1)
D

The coefficient €2 is a diagonal matrix. € is written as a square for notation consistency

with the diblock copolymer problem [44], [41]. The second coefficient o is a symmetric
matrix. The entries of the two matrices are

12 6|Q|2/3
2Nk . 2\kk _ Kk km _ km
(€)' = ()™ = 6|Q|2/3K , o = Nz L™, (2.2)
where the matrices K and L are

1 b+c _c _ b

1 2 0 0 3 a? ab ca
K=-10 1 0], =" [-£ < 4l (23

2|, 8 1 2(ab + bc + ca) _(Z _b_ i@

¢ ca be c?

The first and second terms in (2.1) are written in the matrix form, i.e.,

EVu - Vu = Y (Vi [,
k

C(—A) =) (M) — i) = YoM (—A) T (g — ) (— A) Tty — ).
k,m

They form the entropy part of the free energy. The third integrand comes from the internal
energy, which is initially defined to be

W(u):Z'BV

k,m

km

Uiy, . 2.4
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V¥ is the interaction energy between a k monomer and an / monomer. V¥ = V" and
ykm = 0 for any k,m € {A, B, C}.

The nonlocal operator (—A)~"? is the square root of the inverse of the negative
Laplace operator. Its exact definition must be compatible with the admissible set of
I. The integrand in [ is therefore a nonlocal constitutive relation between the order
parameter u and the free energy density field. For this reason [ is called a nonlocal
variational problem. One may rewrite the nonlocal part of I as

/3<u—ﬁ)-(—A)‘1(u—ﬁ)dx,
D 2

where (—A)~! is really the Green function of — A with the Neumann boundary condition.
The Green function splits into the fundamental solution part and the regular part. The
fundamental solution is m in space, which is the Coulomb potential. This is why
we say in the introduction that the nonlocal interaction is of Coulomb type.

Since the total number of A (B and C respectively) monomers in €2 is apy|$2| (bpo|€2|
and cpy| 2|, respectively), we have the monomer number constraints

Uy =a, ug =b, Uc =c. 2.5

We also assume that the material is incompressible, i.e., pa (¥) + p5(¥) + pc(¥) = po
Vy € @, or

Uug(x) +ugx) +uclx) =1, Vx € D. (2.6)

Under this constraint the W term in (2.1)is 2.4)if O < w4, up,uc < land uy +up +
uc = 1, and W(u) = oo otherwise. On 0 < uy < 1l and ug +up +uc =1, Wis
typically concave (but not always so; see Section 7) and there exist three local minima at
the corners (1, 0, 0), (0, 1, 0), and (0, 0, 1). To make the problem more mathematically
tractable, a linear term

ka

2

W(1,0,0)us + WO, 1,0)up + W(O,0, Duc =y P m 2.7

k
Kk
is subtracted from the original W. This only changes 7 of (2.1) by a constant ) _, %ﬁk,
not affecting any minimization operation on /. The new W is > 0 and W(z) = 0 if and
onlyif z = (1,0,0)7, (0, 1,0)7, or (0, 0, 1)7. We also change the discontinuous feature
of W.

In summary W is a smooth function defined on the plane
P={(za.z5.20)" €R :za+ 25 +2c =1},

so that W(z) > 0 forevery z € P. W(z) = 0 exactly when z = (1,0, 0)7, (0, 1, 0)7, or
(0,0, 1), For technical simplicity we assume that as |z| — oo, W(z) — oo quadrati-
cally.

Remark 2.1. Tt also makes sense to remove the incompressibility condition (2.6) and
consider a compressible triblock copolymer. Then we would extend the domain of W to
R3 so that W(z) > 0and W(z) = Oifand only if z = (1,0, 0)7, (0, 1,0)", or (0, 0, 1)7.
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Since we are interested only in the lamellar phase of the triblock copolymer in this
paper, we take the domain €2 to be (0, d)3,50 | =d and D = (0, 1)3. Introduce

I 6+/6d°

so that by (2.2)
e? =52K, o=c¢yL.

We choose the size of € in a rather special way so that d ~ N*?[. As a consequence
y ~ 1 1is a fixed positive constant. This choice of d will later facilitate the use of the
I'-convergence theory, from which follow the existence of the lamellar phase and the
estimate of the microdomain size. Regarding ¢ we assume that ¢ — 0, a consequence
of d ~ N*3] and N — oo. This puts the triblock copolymer in the strong segregation
region.

In the lamellar phase the order parameter # depends on one space direction x € (0, 1)
only, so (2.1) becomes a family of functionals parameterized by ¢ in one space dimension:

Ter  , , ey _1 _ _1 i}
Ig(u)zf0 |:?Ku “u +7L(—A) 2(u—u)-(—A) 2(u—u)+W(u):| dx.

2.9)
Lacking better notation, we continue to use A to denote the second derivative.
We minimize I, locally in two admissible sets. The first one is
X = {(ua,up,uc)’ uq,ug, uc € WH(0, 1) satisfy (2.5), (2.6)}. (2.10)

In X the nonlocal operator is defined from the Laplace operator
A: {fve W22(0,1) : v'(0) =v/(1) =0, 1 =0} — {u € L*(Q) : i = 0}.

Local minimizers of I, in X satisfy the Neumann boundary condition u'(0) = /(1) =
(0, 0, 0)7. For technical reasons, we trivially extend the domain of I, from X to

X = {(ua,up,uc)” tua, up, uc € L*0, 1) satisfy (2.5), (2.6)}, (2.11)

by setting I.(u) = oo ifu € )A(\X. The L2 norm is used in X to define its metric, i.e.,
for uy, u, € X their distance is

12
2
lur — uz|l = < Z ”ul,k - u2,k||L2(0,1)) .

k=A,B,C

We also study the situation where the two end points 0 and 1 of D = (0, 1) are
identified. Functions on this domain are treated either as 1-periodic functions on R, or
functions on the quotient space R/Z, which may be identified with a circle. So we have
the second admissible set

Y i={(ua, up,uc)’ tup, up, uc € WH-(R/Z) satisfy (2.5), (2.6)}. (2.12)
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Local minimizers of I, in Y satisfy the periodic boundary condition #(0) = u(1) and
u'(0) = u/(1). In Y the nonlocal operator is derived from

A: fve WA(R/Z) : =0} - {u e L>(R/Z) : i = 0}.

Similarly we extend the domain of I, from Y to

A

Y o= {(ua, up, uc)” : un, up, uc € LA(R/Z) satisfy (2.5), (2.6)} (2.13)

by setting I, (u) = oo ifu € I}\Y and with the L? norm being the underline metric.

RemarkZ 2. InY, I, is invariant under the translatlon groupR/Z: u(-) € Y — u(-—y) €
Y, Vy € R/Z. Results concerning I, in Y are often stated with the phrases “up to
translation” and “modulo translation” to reflect this invariance.

3. I'-convergence

We show thatas e — 0,7, converges to a singular limit J, the I"-limit. First we need
some definitions.

Definition 3.1. X is the subset of X such thatu € X ifu(x) = (1,0, 0)7, (0, 1, 0)7, or
0,0, DT fora.e.x € (0, 1), and each component of « is a function of bounded variation.

Definition 3.2. Y, is the subset of ¥ such thatu € ¥ if u(x) = (1,0, 0)7, (0, 1, 0)7, or
0,0, DT fora.e. x € R/Z, and each component of « is a function of bounded variation.

The members in X (¥, respectively) are vector-valued step functions of finitely many
jumps in (0, 1) (R/Z respectively). An AB interface is modeled by a jump disconti-
nuity from (1, 0, 0)” to (0, 1,0)7 (and similar discontinuities characterize BC and CA
interfaces).

Definition 3.3. For each AB interface, the surface tension e*? is

1
= inf{ﬁ /O VW) (Kn'(t) -n/(t) dt : n € AAB}

where Ayg = {n € C!([0,1], P) : n(0) = (1,0,0)7, n(1) = (0, 1,0)7}. Similarly
define €€ and e“ to be surface tensions of BC and CA interfaces.

If we wish to interpret ¢*? in terms of V¥ in (2.4), the constraint that () is in
the plane P implies that the n(¢) that yields the infimum in Definition 3.3 is n(¢) =
(1,0,0)7(1 — #) + (0, 1, 0)7¢. The function W we use is, according to (2.4) and (2.7),

Vkm ka
W(u):X:ﬂ2 Uy, _Zﬂz Ug.

k,m k
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From these n and W we deduce

1
eAB=</0 Mdt) /XAB<$+é>=%‘/XAB<$+%), (3.14)

and similar expressions for ¢2¢ and ¢“A. The constants x*" in e are called the Flory-

Huggins parameters [11], [18] in polymer science and are defined by
X =BV — (BIR)(VHE V™) >0, k#Em. (3.15)

The three parameters are all positive because, in a block copolymer, unlike monomers
repel each other more than like ones do. Note that our problem depends on 8 V*" through
only the three Flory-Huggins parameters, instead of all the six distinct BV*".

The singular limit of e~', is J, initially defined on X, or ¥, by

1
Vf L(=A)"2(u — i) - (—A) "2 (u — ity dx.  (3.16)

1
Ja) =5 > e Spn () + 7,

k#m

The number of AB (BC and CA respectively) interfaces that u has is denoted by Syp(u)
(Spc(u) and Scq (u) respectively). The factor % in (3.16) takes care of double counting.

We then extend the definition of J trivially to Xy respectively) by setting J (1) = 0o
ifueX \ Xo 04 \Y, respectively).

At this point we prove that L is effectively positive definite so that e ~'I, and J are
both bounded from below by 0. Because of the constraint (2.6) which carries over to
(—A)~Y2(u — i), we restrict L to the two-dimensional linear subspace

E={(za z8.2¢)" € R® 124 + 25 +2¢ = 0}.

Lemma 3.4. For every z € E not equal to (0,0,0)7, Lz -z > 0.

Proof. If by and b, form a basis in E, L is represented by
bILby, blLby
E7 | bTLby bTLb, |

To determine its positivity, we temporarily choose b; = (1, —1,0)7 and b, = (1,0,
—1)T. Under this basis we find from (2.3) that

b+c cta 2c b+c c b a
_ 3 e Tt st ot
2(ab + bc + ca) ’

Lg
btc 4 ¢ 4 b _ a btc 4 atb 4 2b
a? + ab + ca bc a? 2 + ca

9(a+b+c)?
4(ab+be+ca)a?b?c? >0 g

It is positive definite since its determinant is

The theory of I'-convergence, developed by De Giorgi [17], explains how &I,
converges to J as ¢ — 0. A large literature, including [31], [30], [26], [16], [1], [46],
[48], exists for its application to local, Cahn-Hilliard [4] type problems, e.g. (2.1) with
o = 0. Applications to nonlocal problems are found in [44], [45], Ren and Truskinovsky
[40], and Chmaj and Ren [8].
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Definition 3.5. Let F, and F, be functionals defined on Z. F, is said to I"-converge to
Fy if the following two statements hold:

1. For every family {u.} C 7 with lin})us = u, lim ié'ang(ug) > Fo(u);
&—> £
2. For every u € 2, there exists {u.} C 7 such that lirrtl) u, = u and limsup F,(u,) <
E—>

e—0
Fo(u).

Proposition 3.6. ¢'1, '-converges to J in Xand?.

Proof. We isolate the local parts of I, and J to set, in the case of X .

1 2
Tioe.e () = / [%Ku'~u’+ W(u)i| dx ifueX, ooifucX\X,
0
1 R
Jrocw) = > D M Smu) ifu e Xo, ooifu € X\X,.
k#m

The case of Y is treated in the same way.

It was proved in Baldo [1]; Theorem 2.5, that eI}, . ['-converges to Ji,.. A few
minor modifications are needed as we appeal to this result. First we have the matrix K in
Ijoc.c instead of the identity matrix in [1]. This K leads to different € from the ones in
[1]. Second we have the constraint (2.6), and the spaces X and Y reflect this restriction.
Third the topology we use is induced by the L?-norm instead of the L'-norm in [1] and
most other works on I'-convergence.

Baldo’s paper dealt with the more general domain D C R” where interfaces are
codimension 1 surfaces. We refer to Sternberg [46], [47], Baldo [1], Fonseca and Tartar
[16], and Sternberg and Zeimer [48] for more on higher dimensional, vector-valued local
problems. Here interfaces are just points in (0, 1) or R/Z.

Once we have the I"-convergence of 8’111,,6,5 to Jie, we add a continuous (in the
sense of L? norm) perturbation

1
ueX —> %/ L(=A)"2(u —it) - (—A) "2 (u — it) dx
0
to conclude from Definition 3.5 that =!I, I'-converges to J. O

Remark 3.7. If we drop the incompressibility condition (2.6) as mentioned in Re-
mark 2.1, e~ 11, I"-converges to the same J.

The next proposition is a uniform coercivity property.

Proposition 3.8. Let ¢; be a sequence of positive numbers converging to 0, and {u;} a
sequence in X (1? respectively). Ifesj_l I, (uj) is bounded above in j, then {u;} is relatively

compact in X ( Y respectively) and its cluster points belong to X (Y, respectively).
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Proof. See [44], Proposition 2.2. |

Following Propositions 3.6 and 3.8 is a persistent result, proved in Kohn and Sternberg
[26]. It asserts that near an isolated local minimizer of the I' limit Fy there exists a local
minimizer of the perturbed F; if ¢ is small enough. We state two versions here. Denote
an open ball in X by

Bs(uo) :={u € X : |u — up|| < 8}.
Proposition 3.9. Let § > 0 and uy € X be such that J(ug) < J(u) for all u €

Bs(uo)\{uo}. Then there exist e¢ > 0 and u, € Bspn(ug) for all ¢ < &y such that
I.(u.) < I.(u) for all u € Bsp(up). In addition lim,_,¢ ||u; — ugll = 0.

Proof. See [26], Theorem 2.1. O

In ¥ we must take care of the translation invariance of I.. Define a manifold of
translates of u

M(uo) = fu € Y 1u() = uo(- —y), y € R/Z)
and a tubelike neighborhood of M (u()
Ns(up) :={u € Y lu(-) — up(- — y)|| <6, for some y in R/Z}.
Proposition 3.10. Let § > 0 and uy € Y be such that J(ug) < J) for all u €

Ns(uo)\M (ug). Then there exist g > 0 and u. € Nsp(ug) for all € < &y such that
I.(u.) < I.(u) for all u € Ngp(up). In addition u, — ug up to translation.

Proof. Similar to the proof of the last proposition, with some minor modifications for
the translation invariance. |

4. Periodic Interval

We study I, in Y in this section.

Definition 4.1. A pattern p of n layers is a closed loop of n letters of {A, B, C} modulo
translation. p = {p(i) € {A,B,C}:i € Z,, p(i) # p(i — 1) Vi}. If p and g are two
patterns of n layers and p(-) = g(- + j) for some j € Z,, p and g are considered to be
the same pattern.

Definition 4.2. For a pattern p, Y, is a set of u € Y that agree with p. That is, there
exist Yo = Yu» Y1, Y2, -++» Va1 € R/Z and u(x) = (1,0,0)7 ((0,1,0)7 or (0,0, )T
respectively) if x € (y;—1, ¥;) and p(i) = A (B or C respectively),i =1,2,...,n.
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Every u € Y, is identified by its interfaces yo, yi1, ¥2, ..., yo—1. The space Y defined in
Definition 3.2 is decomposed into mutually disjoint Y,:

Yo =U,Y,. (4.17)

The lamellar phase of the triblock copolymer has a specific pattern of structure. It is either
p = ABCABC--- or p = ACBACB - -- where A, B, and C appear cyclically. Within
each Y, the I'-limit J becomes a function of (yo, y1, ..., y»—1). The next proposition
reduces the study of J from Y to Y,.

Proposition 4.3. If (yo, y1, ..., Ya—1) Strictly minimizes J in Y, locally, up to trans-

lation, then the corresponding u € Y, is a strict local minimizer of J in Y, modulo
translation.

Proof.  Suppose that the conclusion is false. There would be a sequence of u; such that
uj; #umod R/Z, u; — u and J(u;) < J(u). Since ek'"Skm(uj) remains bounded, i.e.,
the number of all interfaces of u; is bounded from above by a constant, u; must stay in
a fixed, finite union of some Y,. We may then assume without the loss of generality that
all u; € Y, for a pattern g.

According to the lower semicontinuity theorem of BV functions ([14], Theorem 1,
p- 172),

1 1
lim inf = km () > = km - .
iminf 5 2" Simlup) = 3 2 " Sin(0)

Combining this with J(«;) < J(u) and the continuity of the nonlocal part of J, which
implies

1

lim Zf L(=A)"7(uj — iij) - (—A) "2 (u; — iiy) dx

j—o0o 2 0 ’

Y 1 1 1
2 [ reata-n cata-na
0
we deduce that
1 1
Jim 2> ¢ Sun)) = 5 D € Sin ). (4.18)

k#m k#m

Let us first consider the possibility ¢ # p. Then u; — u implies that the p pattern
may be obtained from the g pattern by “collapsing” a number of interfaces to each other.
Therefore Y, has more interfaces than Y, does so that

! 1
5 k#zm ekmSkm(Uj) > 5 k#zm ekmSkm(u) + min{eAB, eBC, eCA}_

The last inequality contradicts (4.18). The other possibility g = p is inconsistent with
u; — u and the assumption of the proposition. O
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In order to study J in Y, we let

XX x 1
Gx)=— — -+ —

0,1 4.1
7 3t 0D, (4.19)

and periodically extended to R, be the Green function of -G” =3, _,8(- —h) — 1, s0
that

1
0 (0) = (=) (g — ) (x) = / G — V) u(y) — i) dy
0

is the 1-periodic solution of —v;’ = uy — i, on R and v = 0. With this v the nonlocal
part of I, may be written alternatively as

1 1 1
/ (—A)‘f(uk—ﬁk)(—A)—wum—am>=/ o, =[ (. — i) om.
0 0 0

Suppose that u € Y), is identified by the interfaces yo, yi, ..., Ya—1 € R/Z. Here R/Z
is regarded as a circle. We focus on the nonlocal part of J and define

1
Hyn (Yo, -, yu1) = f (g — ug) vy,
0

H(o, - ¥n1) = D L Hin(o, -, Y1) (4.20)

k,m

Note that J = 1 > ki € Sim + 5 H. Denote the jump size of uy at y; by [uz]y,, i.e.
[urly, == we (yi+) — wr (yi—).

Lemma 4.4. 1. The first derivative of Hyy, is

el Hkm
ayi

= _[uk]yivm(yi) - [um]yivk(yi)'

2. The second derivative of Hy,, is

, = D iy, ey, + L1y, L]y )G i = ), i =
0" Han It

Iyjyi
([uk]yi [um]y,» + [um]y, [uk]yj)G(yi - yj)s i ?é ]

Proof. Differentiate Hy,, with respect to y;.

o Hyy, 0 Yi _ Vil )
. +f (uk_”k)vm+/ (g — up) vy + - -
ayi 3)’: Vi1 Yy

vy (x)
i

1
_[uk]y, Um(yi) + / (uk(x) - ’/_tk) dx.
0
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Moreover,

vy (x)
ayi

9 1
= —/ Gx —)(wm — i)
ayi Jo

9 Yi Yi+1

= [/ Gx — )y —ﬁm)+/ Gx — )i —ﬁm>--~]
ayi Yi-1 Vi

= —[I/tm]in(x - yt)

This yields part 1 of the lemma.
For the second derivative we first treat the off-diagonal elements. When j # i,

0% Hyn v (3i) v (i)
= - uk]yi - [um]y,- .
dy;dyi ay; ay;

This leads us to calculate
dun(y) _ 9 2 o _
P e [ GO ==+ [ GOr =y~ )
8yj ayj Vj-1 yi
- _[um]y_,G(yi - yj)s

and a similar expression for ‘)”‘(" , which yield the mixed derivatives in part 2 of the
lemma. When j =i,
azl'lkm [e] v (yi) [t ] 3Uk(yz)
= —lUkly; — [Um 1y,
3y? "oy Yoy

So we compute

v (i) 0
ayi ayi

Yi Yi+1
/ G(yi_')(um_’/_‘m)"'/ G(yi—-)(um—ﬁm)-'}

Yi-1 Yi

1
= U], G(O) + /0 G/ (31 — )t — fim)

1 n
= —[unly, G(O) + / G(yi — tpy = —[n]y, GO) + > [ttmly, G(yi — ya)
0

h=1

=Y lumly, GOi = y),
I

and a similar expression for 3”§ i) . They lead to the pure derivatives in part 2. A matrix

similar to this was observed in [8]. O

Now let us consider the cyclic pattern p = ABCABC---ABC with n = 3v mi-
crodomains. So yy is a CA interface, y; an AB interface, y, a BC interface, etc. Then
Lemma4.4 (I)and 3% =% Lkma,’j% yield
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Lemma 4.5. The first derivative of H is

oH 3[ca(c? — a®)vg (vo) + ab(a® + ab + bc)ve (o) — be(c? + ab + be)vy (vo)]

N (ab + bc + ca)a’b?c? ’
dH _ 3[ab(a® — b )vc(y1) + be(b® + be + ca)va(yr) — ca(a® + be + ca)vp(y)]
dy1 (ab + bc + ca)a?b?c? ’
dH _ 3[bc(b? — c*)va(y2) + ca(c® + ca+ ab)vg(y2) — ab(h? + ca + ab)vc (y2)]
dy» (ab + bc + ca)a?b?c? ’
and repeat over ys,...,V3,_1.

The second derivative of H follows from Lemma4.4 (2)andthat H” = )", L*"H] .

Lemma 4.6. The second derivative of H is
’H
9yidyj

o 0’H
=d;G(yi —y;) ifi # ], and Frie E diG(yi — yj)-
i J#i

Here d;; are constants determined in two cases depending on whether the interfaces at y;
and y; are of the same type. If they are of different types, say y; is a AB interface and y;
a BC interface,

dij = > bz—cz—az—M .
(ab + bc + ca)abc b

And if they are of the same type, say AB,

3 bc(b+c) calc+a)
dj = 2¢? :
""" (ab + bc + ca)abc |: “t a + b i|

Other situations are described by similar formulae. Because of the cyclic nature of this
pattern, d;; only depends on the remainders of i and j divided by 3, i.e., if i = s mod 3
and j = f mod 3, then d;; = d,;. We place these distinct d, s, t € {0, 1, 2}, in a 3-by-3
matrix,

3
d:=[dy] = . 4.21
Ld] (ab + bc + ca)abc ( )
2p2 + ah(i+b) + bC(’;—‘rC) a2 —pr—c?— bc(l:rc) A —a?—p?— ab(cz+b)
az _ bz _ cz _ hc(1;+c) 26‘2 + bc(!;—&—c) + ca(cb+a) bz _ cz _ az _ ca(;—;—a)
2 2 2 ab(a+b) 2 2 2 ca(c+a) 2 ca(c+a) ab(a+b)
¢ —a _b_f b”—c —at T Ty 2“""7""#

Note that for any s € {0, 1, 2}, Z?:o dy = 0.
The constraints (2.5) give rise to three Lagrange multipliers A4, Ap, and A¢, so at a
critical point of H

H' (0, Y15 -5 Y3v—1) = (Ac —Aa, Aa—Ap, Ap—Ac, Ac —Aa, Aa—hp, ...) . (4.22)
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The equation (4.22) is satisfied by any translate of

a a+b 1 1+a 14+a+b 2 v—1+a+b
(yo,yl,n-,ysu—l):(O,—, 'y ; —7)
v.oov v v v v
(4.23)
by the symmetry ina, b, ¢ of Lemma 4.5 and (4.22). This solution has the fine periodicity
1/v. The word fine distinguishes this periodicity from the 1-periodicity in Y.
The translation invariance of H is associated with the fact that O is an eigenvalue of
H” and (1,1, ..., 17 is a corresponding eigenvector. If we let z = (29 = 231, 215 - - - »
z30-1)T be a perturbation of (yo, yi, ..., y3U_1)T, by (2.5) it must satisfy the constraints

v—1 v—1 v—1
D @ace1 =230 = @32 — 2ac41) = Y _(2ac43 — 2ac42) = 0. (4.24)
=0 =0 =0

Note that only two of the three equations in (4.24) are independent.

The key step in this paper is the following proposition. We postpone its difficult proof
to the next section, where we will obtain more detailed spectral information of H” at
(4.23).

Proposition 4.7. At (4.23) or any of its translates,

Z"H" (3o, ., y3-1)z = 0,
for all 7 satisfying (4.24), and the equality holds if and only if 7 o< (1,1,...,1)T. So
(4.23) is a strict local minimum of H in Y, modulo translation.

We now state our main theorem.

Theorem 4.8. For each v, I, has a 3v interface local minimizer u, . of the cyclic
p = ABC - --ABC pattern when ¢ is small enough. More precisely as s — 0, u,, , — u,
in L* norm where u,, € Y, is a translate of (4.23). Among these local minimizers, I,
favors the ones whose v are closest to

_ y(5ab + 5bc + 5ca — 9abe) 1"
* | 8(ab + be + ca)(eAB + eBC + ¢CA)

Proof. The existence of the local minimizers follows immediately from Propo-
sitions 3.10, 4.3, and 4.7. To determine which ones are more energetically favored, we
need to find their energies. Start with the derivatives of v corresponding to the fine periodic
solution (4.23).

2
, (a—l)x+_2v+“, x € (0,5
UA(.X) = —a’—a a 1
ax+—2u s xE(;,;)
bx + =4the, x€(0,9)
—ab+bc+2 b
vp(x) = {(b— Dx + =ebtbetia -y g (4 athy
b =i xe (b
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2
2_¢ b
cx+‘2v°, x € (0, %)

(c—Dx + 7(17‘2‘()275), x e (&b, Ly

v '

ve(x) =

and extended 1/v-periodically to R . With these expressions and the fact that Hy,, =
fol v, v, we find, after some lengthy calculation,

Sab + 5bc + 5ca — 9abc

- km =
H®) = ZL Hign(v) = 8(ab + bc + ca)v?

k,m

Here we regard H as a function of v. Consequently,

y (5ab + 5bc 4 Sca — 9abc)

J — AB BC CA
(V) = (@ e e T e+ ca)y?

(4.25)

If v is allowed to be any positive number in (4.25), then J(v) is convex in v and
is minimized at v, defined in the theorem. Denote the integer part of v, by [v,]. The
solution (4.23) with v = [v,] and the solution (4.23) with v = [v,] + 1 have lower J
values than the solutions of other v do, and thus are more favored. Between these two,
either one of them has lower J, or both of them have the same J, depending on the
constants in (4.25).

v, is greater than 1 unless y is very small. If v, < 1, the three interface ABC pattern
solution of (4.23) with v = 1 is favored. O

Remark 4.9. Theorem 4.8 holds for the other cyclic pattern ACB - - - ACB as well. When
we identify R/Z with a circle, we may think of ABC - - - ABC as a clockwise pattern and
ACB - - - ACB as areversed counterclockwise pattern. The reversal of (4.23) has the same
energy.

To interpret Theorem 4.8 we note that if we choose y not too small, the most favored
v is & v, and 1/v, is the combined thickness of an ABC cycle of three microdomains in
the scaled domain D = (0, 1)>. As we return to the real domain Q = (0, d)?, by (2.8)
the thickness of an ABC cycle is

13
d _ N2 [4(ab + be + ca) (B + € + eCA)} ' 4.26)

* 3v6(5ab + 5bc + Sca — 9abc)
The surface tension terms e may be taken to be (3.14) if the unmodified W of (2.4) is
preferred.

The study of cyclic patterns with the number of interfaces not divisible by 3 is more
difficult. An even harder question is to determine the global minimizer(s) of J or /.. One
has to consider all possible patterns in Y, not just the cyclic ones. Our speculation is in
the following conjecture.

Conjecture 4.10. Any global minimizer of J has a cyclic pattern.
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5. Spectral Analysis

We turn to the hard work of analyzing the spectrum of the second derivative matrix
of H at (4.23). We establish the following result, from which Proposition 4.7 follows
immediately.

Proposition 5.1. H" at (4.23) has eigenvalue 0 corresponding to an eigenvector (1, 1,
1,..., 1,1, 1). It may also have two negative eigenvalues. But eigenvectors correspond-
ing to these two eigenvalues are perpendicular to the subspace defined by (4.24). The
remaining 3v — 3 eigenvalues are all positive.

Proof. Itis more convenient to study the spectrum of H” in the complex space C". In this
context i is the imaginary unit. Taking the expression from Lemma 4.6, we decompose

H' =E+F.

The (j, k) entry of E is dixG (y; — yi) where dj is defined in (4.21), and (yo, - . ., Y3v—1)
are given in (4.23). The matrix F is diagonal. Its (j, j) entry is — Z;& diG(y; — Yi)-
Recall that dj only depends on (s, ) where s, ¢ are the remainders of j, k divided by 3.
Let us divide E and F into 3-by-3 blocks:

€00 ey - €o—1) f 0 --- 0
e e e € 0 f ... 0

E = 10 11 1(w=1) ’ F = ’
€u—10 €u—n1 0 Cu—DHw-1) o o ... f

where 0 is the 3-by-3 zero matrix. In E these blocks are labeled by indices 8, & €
{0,1,...,v —1}. Atypical eg is

doog3p 3¢ do183p,1+3¢ do283p,2+3¢
epe = | diog1383¢  di181438,143¢  d1281438,243¢
dr08r+383¢  dr1824+3p,143¢  d2282+38.2+3¢

Here we write g, 3p /43¢ for G(ys43 — Yr43¢) at (4.23). f is a diagonal 3-by-3 matrix.
By (4.19) and (4.21) we deduce

doz(c'—c'z);)dm(a—az) 0 0
f= 0 (110(4—02)2‘*]')(112(17—172) 0
0 0 dao(c—cH)+dy (b—b*)

2v

The spectral analysis is done in two steps. First we perform a “coarse” discrete Fourier
transform to convert H” to a matrix with vanishing off-diagonal 3-by-3 blocks. In the
second step we study the spectra of the diagonal blocks.

The coarse discrete Fourier transform is given by the matrix P whose (o, 8) block is

1
— exp —2711'@ I, o B8€{0,1,...,v—1}, (5.27)
v v
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where I is the 3-by-3 identity matrix. P is unitary so its inverse P~! is its adjoint, i.e.,
(5.27) with the —2mis replaced by 2mis in the exponents.

It is easy to see that PFP~! = F. The calculation of PEP~! is more involved. The
(o, 1) block of this product is

1
> —exp (—2711'@ + 2m’§—”> es:. (5.28)
BLE V V Y

The computation of (5.28) is done on the entries of egg individually, so for any s, ¢ €
{0, 1, 2} the (s, ) entry of (5.28) is

d o
SN exp <—27ri—'8 + 2m‘$—”> or3pri3e- (5.29)
v v v
B.&
We start with
Z exp ( 2mi —/3) 8s+3p.143¢> (5.30)

which up to a factor is the (s, t) entry of the (a, &) block of PE. When o = 0, we use
(4.19) to find that (5.30) is

6a>—6a+1 - _
A iy =l =

v—1 2
e Ob"=6b+1  if |y — y.| =
Y &usp =) G (ys —y+ —> =1 s = el . (5.31)
7 = v Sefetl i |y, — y | = 42
1 12v B t )

20 ifys =y

a quantity independent of £. When « # 0, we use an indirect method. Apply a discrete
negative Laplace operator to g,,3p,,43¢ regarded as a function of 8, so that by (4.19),

Q=T <R

28543p,1438 — 8s+3(B—1),14+36 — Zs+3(B+1),1+38

—(A)? + |ys — il ifB—&=1modvandy, —y <0
_ —(1W)2 + |y — wil if—&=—1modvandy, —y, >0

—(AW)2 4+ () =y, —yi| ifp=&

—(1/v)? otherwise

After multiplying the two sides of the last equation by exp(—2mi %2 ) and summing over
B, we deduce

(2 2 cos < )) Zexp ( 2m—'3) 8s+3B,143¢
1 1
= (; —lys — yzl) eXP( Zm—$> +lys — yzleXp< 2711“@? )> ;

where — is used if y; — y, > 0 and + is used otherwise. Therefore when o # O,
(5.30) is

1 1 ot aEF )
m[(; — 1ys —}’zl) exp( 2711—>~|—|yv - yt|exp< an#)} .



Triblock Copolymer Theory: Ordered ABC Lamellar Phase 193

Finally we multiply (5.31) and the last quantity by exp(2mi %’7) and sum over & to find
(5.29):

(s, 1) entry of (&, n) block of PEP~!

du Y Zo Gy — v+ 5), a=n=0,

= e[y — s =yl + s = ylexp(E2ni)] a=n=1 (532

2—2005(2”7“
0, o #E .

In the exponent of the right side we take + if y; — y, > 0 and — if y; — y, <O.
This way H"” is diagonalized to

M= 0 moe Ol pu"P! — PEP' +F.
0 0 cee My_g

The m,, blocks in M are obtained from (5.32) and f. m is

‘e do1(6a> —6a 4+ 1)  dy(6¢> —6¢c+ 1)
d10(6a2 —6a+1) --- d12(6b2 —6b+1) |, (5.33)

12v
d20(66‘2 —6c+1) d21(6b2 —6b+1)
where the unspecified diagonal entries are (mg),; = — Z, £s (mg). Fora > 1,
1
m, =f (5.34)

Tz 2 cos(Z2))y

doo doi(1 —a+aexp(=2mit)) do(l — (a+0b)+ (a+b)exp(—=27i%))
dy dia(1 — b+ bexp(—2mi2))
dn

The unspecified (1, 0), (2, 0), and (2, 1) entries are respectively the complex conjugates
of the (0, 1), (0, 2), and (1, 2) entries by the self-adjointness of M. This completes the
first step of our spectral analysis of H”.

In the second step we study the spectra of m,. Obviously one of the eigenvalues of m
is 0, whose eigenvectoris (1,1, 1,..., 1,1, DT. The signs of the other two eigenvalues
of my depend on a, b, and c. Fortunately these two eigenvalues are irrelevant. Note that
the invariant subspace corresponding to my is the linear span of the first three columns
of P defined in (5.27), i.e.,

¢1(1,0,0,...,1,0,00" +¢,(0,1,0,...,0,1,0)7 +¢5(0,0,1,...,0,0, DT.

In this three-dimensional linear space we find the two-dimensional subspace vertical to
a,1,1,...,1,1, DT,

ca(=1,1,0,...,—=1,1,007 +¢500, -1, 1,...,0, =1, DT.

This subspace is also generated by the eigenvectors of the other two eigenvalues, and is
the orthogonal complement of the subspace defined by the constraints (4.24).
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Remark 5.2. Our numerical calculation shows that the two eigenvalues are negative
when a, b, and c are all close to 1/3, and may be positive otherwise.

More difficult to prove is that the eigenvalues of m,, @ > 1, are all positive. We do
so by showing that m,, is positive definite. Let

&=b2+02_a2+w 5=c2+a2—b2+w
a b
¢ = a2+b2—c2+w.
c

So (a, b, ¢) & (—dpy, —di2, —dy,). Up to a positive factor m,, is

¢(1 — (1 —cosB)(c—c?)) +a(l — (1 —cosh)(a—a?))
—a(l —a + ae'?) ;
—¢(1 —a — b+ (a+b)e'?)

—a(l —a+ae )
a(1 — (1 —cos8)(a —a®) +b(1 — (1 —cosO)(1— (b—b?)) : (5.35)
—b(1 — b+ be'?)

—(1—a—b+ (a+b)e )
—b(1 — b+ be™ ') ,
b1 — (1 —cosO)(1 — (b —5b>)+é(1— (1 —cosB)(c —c?))
where 0 = 2na/v € (0, 27). ~
We separate two cases of (5.35). In the first case all a, b, ¢ > 0. We prove that the

diagonal elements dominate the off-diagonal elements. Take the first row, for instance.
Withr =1 —cos6 € (0,2],and 1 — (a — a*)t, etc., > 0,

[(mg )0l — [(Mg)or]| — [(My)o2]
x &1 = (1 —=cosO)(c—c*)+a(l —(1—cosb)(a—a?))
—all—a+aé®|—¢1—a—b+ (a+be

=5[1 —e—cHr =1 —2(c—cz)t]+&[l —(a—a)t—+/1 —2(a—a2)r].

The two quantities in the brackets are positive, and at least one of @ and ¢ is positive
since a + ¢ > 0. Therefore the last line is positive and m,, is positive definite.

In the second case one of a, 15, ¢ is negative. We show that the nested minors of the
matrix (5.35) are all positive. The (0,0) entry of the matrix is

(b2+c2—a2+ w) (1= (a —adr)
a

+(a2+b2—cz+w>(l—(0—cz)ﬂ
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be(b b b
- (zﬂ + M) (1= (a —a®i) + (b2 + M) (1= (c— )
a c
+ (a2 — cz)(a —c—a’+ 62)l

a’b

> —(1—=(c—c*1) >0.
C

The term in the second-to-last line is nonnegative since it may be factored to (a — ) (a+
¢)(1 —a—c)t = 0. The lower bound ”ZTb (1 —(c—c?)t) is not necessary for this estimate,
but useful for the next one. Similarly the (1,1) entry may be bounded from below by
Ce(l — (b — bA)n).

Next we show that the 2-by-2 minor corresponding to the (1,1) entry is positive. First
assume that a < 0. This means that a is sufficiently large. In particulara > b anda > c.
Using the lower bounds on the (0,0) and (1,1) entries, we deduce

(mg)oo(mg) 11 — (Mg
x[a(l=(c—=cHt)+e(1 = (c—cAD]-[all = (c — A1) +b(1 — (b — b))
—a*’(1 = 2a(1 — a)t)
>a*(l = (c = A = (b —b>1t) —a*(1 = 2a(1 — a)r)
=a4(a—c—a2+c2—|—a—b—a2+b2)t =a4((a—c)b+(a—b)c)t > 0.
The other two possibilities 5 < 0 and & < 0 may be handled by arguing in the same way
with the minors corresponding to the (1,1) and (2,2) entries.

Finally we show that the determinant of (5.35) is positive. A careful calculation shows
that the determinant is > multiplied by

[E(1 = (c =Dt +a(l — (a—a>)D)]b> (b — b*)?
+[a(l — (a —a®t) + b1 — (b — bH1)1E(c — c2)?
+[b(1 — (b —bH1) + E(1 — (c — An)]a*(a — a*)?
+2abé[(a — a®>)(b — b*) + (b — b (c — ) + (¢ — ¢H)(a — a*) — 2abc
—abc(1 —a)(1 —b)(1 — o)t].
The last quantity is linear in ¢. Its derivative with respect to 7 is
—[é(c =) +ala —ad)] - [ala —a®) +bb —bH)]-[b(b —b*) + Ec — ).
Note that
ala—d» + ¢ -
=ab®+ b +c)—a’(b+c)+beb+ )+ c(b® +a*)(a +Db)
—c(a+b) + ab(a + b)?
= 2ab’c + abc® + a*be + bc + b + a’b + ab® + 2a*b? + 2b0*c? > 0. (5.36)
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(0,0,1)

(1,0,0) (0,1,0)

Fig. 1. The domain and some level curves of the
determinant of (5.37) as a function of (a, b, c¢).

Similarly,
ala—a®>)+bb—-b* >0, b(b—b*) +&(c—c?) > 0.

This implies that =2 times the determinant of (5.35) is decreasing in ¢. So it suffices to
show that the determinant is positive when ¢ = 2, i.e., 6 = . At this 6 the matrix (5.35)
becomes
é + & —CAlZl —623
—az1 a+b —bzn |, (5.37)
—¢z3 —bzy b+ ¢
where
a=a(l —2(a—ad), b=b(1—20b—b?), ¢=¢(1=2(c—c?),
and
1 —2a 1-2b 1—2(a+b)
T120-a) 2T I120b-p)y  PTi1 22—y

In Figure 1 the determinant of (5.37) is viewed as a function of (a, b, ¢). (a, b, ¢)
is restricted on the depicted triangle a + b + ¢ = 1, a, b, ¢ > 0. Some numerically
calculated level curves are drawn. Note that the determinant is zero on the boundary of
the triangle, positive inside, and attains the maximum value at a = b = ¢ = 1/3. The
rigorous proof of the positivity is rather tedious, so we leave it in the appendix. |

<1

6. Bounded Interval

We study I, in X in this section.
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Definition 6.1. A pattern is a finite sequence p = {p(1), p(2), ..., p(n)} with p(i) €
{A,B,C}Vi=1,2,...,n,and p(i) # pi — 1) Vi=2,3,...,n.

Definition 6.2. For a pattern p, X, is a set of u € X for which there exist x{, x2, ...,
Xa—1 € (0, Dandu(x) = (1,0,0)7 (0, 1,0)7 or (0, 0, 1)7 respectively)ifx € (x;_1, x;)
and p(i) = A (B or C respectively),i =1,2,3,...,n. Here xo =0 and x,, = 1.

Every u € X, isidentified by its interfaces xy, x2, ..., x,—1. The space X, defined in
Definition 3.1 is decomposed into mutually disjoint sets: Xo = U,X,.

Proposition 6.3. If (xi, x2, ..., x,—1) strictly minimizes J in X, locally, then the cor-
responding u € X, is a strict local minimizer of J in X.

Proof. The only difference from the proof of Proposition 3.10 is that interfaces of a
member in X, analogous to Y, may “collapse” to the boundary points 0 and 1 as well
as to each other. O

Combined with Proposition 3.9, this proposition allows us to show the existence of
local minimizers of I, for small ¢ near strict local minimizers of J in X ,. It turns out
that unlike (4.23) in ¥, J does not have perfectly fine periodic solutions in X. This is
also in contrast to the diblock copolymer problem where local minimizers in the analogy
of X are all finely periodic [44]. We illustrate this point by finding some sample local
minimizers.

As in Section 4 we again define the nonlocal part of J in X, by H:

1
H(xy,...,x,—1) :=ZLkm/ AT (6.38)
k,m 0

soJ =1 > km " Sym+% H.Here vy (x) = (—A) ™" (ux—itx). We proceed to find a more
explicit expression for H.Letxo = 0andx, =1.Setr; = x; —x;_,Vj=1,2,...,n.
Ineach (x;_1, x;), denote the constant value of u — it by Uy ;. We also define the vectors
U; = (Ua,j, Up,j, Uc ;). Each U; assumes one of the three values (1 — a, —b, —c)7,
(—a,1=b,—c)", and (—a,—b,1 — ). Also U; # Uj11,¥j = 1,2,...,n — 1. We
write down vy, explicitly. For x € (x;_1, x;),

-1
—v(x) = Up j(x —xj_1) + ZUk,m,
i=1
so that

X; Xj j—l
/ Vv, dx = / |:Uk,j(x —Xj-1) + Z Uk,hrh:|
Xj—1 Xj—1

= = h=1

j—1
. |:Um,j(x — )ijl) + Z Um,ii’ii| dx
i=l
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A L2 -l 2
J J J
= Uk,ij,j§+§ UknUn jrn= + > Uk jUm.iri=
h=1 i=1
j—1j-1
+ UinUn,itarirj

2 J J i
= Uk] m]g + = ZZUkhUthrhrzrj ZZ khUmlrhrlrj
h: i=1

We sum over j, k, and m to find H as a function of (ry, ..., r,):
q; Jj=1 J
H(r, o) = 3 + Z > aquirnriry, (6.39)
j=1 h=1 i=1

where we have defined ¢, = qum Lk Ui n Ui, which are placed in an n-by-n matrix

Q = [gnl.
Lemma 6.4. Ifforh,i €{l,...,n} Uy =1—usand U,; =1 — i,, then qp; = L.

Proof.

ani = Y L"UipUpi =L+ Y L¥(—iie) + Y L™ (—itm)
k m

k,m

+ Y L (i) (=) = L.
k,m

The last equation follows because the three sums are all zero, a consequence of a property
of Lin (2.3): L(a, b, )T = (0,0,0)7. O

Throughout the rest of the section we assume for simplicity that
a=b=c=1/3. (6.40)

In this case H is further simplified by the next lemma.

I:emma 6.5. Define gn; = 1 if U, = U; and 0 otherwise. Place qy; in an n-by-n matrix
Q = [gni]. Let

n n_ j-1 j
3 ~
Hl(r],...,rn)z E rj—l—SE E E qhirhri;ﬁj.
j=1 j=1 h=1 i=1

Then under (6.40) H(-) « H(-) — 1/3.

Proof. When (6.40) holds,
2 -1 -1
Lo |—-1 2 -1
-1 -1 2
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This turns (6.39) to

H(ry,...,r,) «

= I:I(rls“ s Fn) —

Here we have used the identity

which follows from a simple induction argument. O

The constraints (2.5) require that n > 3. When n = 3, the trivial local minimizers of
H are the lone elements

1
r1=r2=r3=§ iIlXAgc, (641)

and in the X, where p is one of the five permutations of ABC.
Nontrivial cases appear when n = 4. One typical pattern is ABCA. In this case,

Q=

==
S o~ O
oS = O O
—_o O

By Lemma 6.5 and (2.5), which implies r, = r3 = 1/3 and r4 = (1/3) — r;, we deduce
I:I(-) = r? + ;’23 + r33 + rf + 3r2r12 + 31*3(r12 + r22) + 3r4(r12 + 1’22 + r32 +rirs)

;2 1 A A | 1 2
=rl+ﬁ+ g_rl +r]+ I"]+9 +3 __] §+§ .

From the last expression we obtain dH/dr; = 4r, — 2/3. This yields a single local
minimum of H atr; = 1/6, i.e.,

! ! L i x H ! ! (6.42)
r=-, rp=r3=—, =— in ; rn=-\]=—. (6.
1 6 2 3 3 T4 6 ABCA 1 6 18
The second typical pattern is a noncyclic ABCB. Here
1 0 0O
~ 01 0 1
Q= 0010
01 0 1
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A similar calculation shows that a local minimum exists at

ry = ra= in Xapca;

1
3
- 1

A <r2 - 8) =S (6.43)

Note that this local minimum has higher H value.
When n = 5 we first study a cyclic pattern ABCAB. For this case,

fol

Il
S = OO~
-0 O = O
SO = OO
S = OO =
—_ o O = O

The constraints (2.5) force r3 = 1/3, r4 = (1/3) — ry, and r5 = (1/3) — r,. We view
~ 5
H() = Zri3 + 31’2r12 + 3r3(r12 + r22)

i=1

+3r4(rf +rF 415+ rirg) +3rs(rE 13 415 i 4 2010y + rars)

as a function of r; and r,. The derivative of H is

~ 6riry — 3r22 +2r —1/3
-~ \3r2—6riry 44 —23)°

We find a local minimum numerically at

r = .14088, ry = .19245, ry = .33333, rq = .19245,
rs = .14088 in Xupcag: H(---) = .35891. (6.44)

The second pattern we consider is a noncyclic ABCBA, for which

1 00 01
0 01 0
Q=/0 01 0 0
01010
1 00 01

The constraints (2.5) force r3 = 1/3, rs = (1/3) — ry, and r4y = (1/3) — rp. We view

5
H() = Z ”53 + 3r2r12 + 3}”3(;’12 + r22) + 3r4(r12 + r22 + r32 + rory)

i=1

—|—3r5(r12 +V22 —|—r32 +l’f + 2rpry 4+ 1115)
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as a function of r| and r,. The derivatives with respect to r; and r, are

(4 203
i = (2r2 ~173

).

Hence there exists a unique local minimum at

1 1
r=nrn=-—, r3 ==,

6 3

1
l’4=}"5=6

This one has higher H value than the last one.
When n = 6, we consider ABCABC. Now

O
Il
SO = OO -

SO —= OO~ O

—_ o O~ OO0

w|

in Xapcea;
1 0 0
01 0
0 0 1
1 0 0
01 0
0 0 1

Our numerical calculation finds a local minimum at

ri = .10210,
rs = .16667,

r = .16667,
re = .10210

ry = .23124,

in Xapcanc:

Next we take a noncyclic pattern ABCACB, so

1 0

0 1

~ 0 0

Q= 1 0

0 0

0 1

A local minimum is found at

r = .10184, r, = .18754,

rs = .11575, re = .14580

SO = O = OO0

in X4pcacs;

which has higher H value than the last one.
A cyclic pattern with n = 7 is ABCABCA whose

O
Il
—_—0 O = O O =

SO = OO —~O

0

S = OO =0

—_— o O~ OO~

SO~ OO

ry = 21759,

0

SO~ OO

S = O = OO

OSO— OO~ OO

—_ o O o =0

—_o O = O O -

4 0
0 2|

(s — 13
=2
ry = .23124,
H(---) = .34954.
rs = 23150,
H(--+) = .35197,

201

(6.45)

(6.46)

(6.47)
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We find a local minimum at
ri = .08734, rp, = .13013, rz = .20320, rq = .15866,
rs = .20320, re = .13013, r; = .08734 in Xapcapca;
H(---) = .34406. (6.48)

Motivated by the fine “antsymmetry” of (6.45), we take up another antisymmetric pattern
p = ABCACBA, for which

1 001001
01 00010
0010100
Q=|[1 001 0 0 1
0010100
01 00010
1 00100 1]

Interestingly there is a local minimum with fine antisymmetry at

) ~ 25
2}"1 =r2=r3=r4=r5=r6=2r7=8 HIXABCACBA; H()Zﬁ (649)
This one again has higher H value than the last cyclic one.

Observing (6.41-6.49), we pose the following conjecture.

Conjecture 6.6. When ¢ is small, local minimizers with cyclic patterns have lower I,
[free energy than the noncyclic ones with the same numbers of AB, BC, and CA interfaces.
The global minimizers of I, are cyclic.

However these cyclic minimizers, (6.44), (6.46), and (6.48), do not have perfect fine
symmetry as in (4.23). The local minimizers with fine antisymmetry, i.e., (6.45) and
(6.49), on the other hand, are not cyclic and have higher J values.

7. Discussion

It was shown in [43], Propositions 6.1 and 6.2, that the disordered phase described by
the constant critical point (a, b, c)T of I, is stable if and only if, in the notation of this
paper, /g2y = 1/N is large compared to the Flory-Huggins parameters (3.15), i.e., if
and only if 48N, xBCN, and x ““ N are all small. In this paper when we hold x*" fixed
and take ¢ — 0, which is equivalentto N — oo, x*" N all become large. So, as depicted
in Figure 2, the disordered phase of high symmetry, characterized by the infinite group
R/Z =~ SO(2), is no longer stable. It gives way to the lamellar phase, an ordered phase
of lower symmetry represented by the finite subgroup {g € R/Z : 3vg = 0} =~ Zj,.
Equivalently if we hold N fixed but temperature 1/8 variable, then by (3.15) since x*" are
proportional to f, large x*" N correspond to low temperature, as the physics of second-
order phase transitions tells us. Therefore we have obtained a mathematical model of
this theory in triblock copolymers.
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Fig. 2. Disorder to ordered lamellar phase transition as x*"N — oo.

This approach to phase transitions is more direct than the traditional one that deals
with the thermodynamic limit in the entire space. Here we study a bounded domain.
Phase transitions are directly shown in the order parameter instead of being interpreted
from the nonanalyticity points in thermodynamic variables. Phase transitions occur over
a fuzzy region rather than across a sharp boundary. We believe that our method may be
applied to other second-order phase transition problems, such as solidification of a fluid
from a disordered homogeneous phase to a crystalline lattice structure.

The distinct feature in our model (2.1) or (2.9) is the nonlocal term. Without it the
lamellar structure cannot exist (Carr, Gurtin, and Slemrod [6]), a fact well-known in
Cahn-Hilliard type problems. A different nonlocal term was used in [40] to study an
elastic bar with a stable oscillatory strain field.

The formula (4.26), which states that the thickness of lamellar microdomains is of
order d ~ N?7I, is consistent with the result obtained for diblock copolymers in [44]
under the same choice of d. In general the triblock copolymer problem is far more
complex. In the diblock copolymer problem there is only one way to arrange lamellar
microdomains: - - - ABABAB - - -, while in the triblock copolymer problem the choices are
infinite.

The concavity requirement of (8 V&) 7z, in Section 2 is not always met in tri-
block copolymers. According to [43] if we take the same basis for E as in the proof of
Lemma 3.4, the second derivative of (8V*"/2)z;z,, restricted on P is

_ZXAB _XAB _ XCA + XBC
—xAB _ xCA 4 yBC —2xCA

Clearly one eigenvalue of this matrix is negative since the trace is negative. But the
determinant is

2XABXBC + ZXBCXCA +2XCAXAB _ (XAB)2 _ (XBC)2 _ (XCA)27
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which may not be positive. To have concavity, the three Flory-Huggins parameters must
be reasonably comparable in their sizes. Otherwise we have a double well problem,
i.e., W in (2.9) has two global minima on P. One well represents concentration of one
monomer type, but the other well represents a mixture of the other two monomer types.
This becomes similar to the diblock copolymer problem.

Once one-dimensional local minimizers are found, it is natural to extend them trivially
to a three-dimensional box, and one hopes that they model the lamellar phase in reality.
But this is not so simple. It was shown in the diblock copolymer case by the authors [42]
that a 1-D local minimizer of the diblock copolymer problem is a 3-D local minimizer
only if the number of its interfaces is large enough, or the similar y in the the diblock
copolymer problem is small enough. Only 3-D local minimizers, termed metastable states
in physics, can be morphology phases of block copolymers. The 1-D global minimizer,
analogous to the one found in Theorem 4.8, lies near the borderline that separates the
metastable lamellar solutions from the nonmetastable lamellar solutions. We expect the
same to be true in the triblock copolymer problem.

The free energy functional (2.1) may be written in a local form with second-order
derivatives. The work of Miiller [33] deals with such a local functional which can be
converted to the free energy functional of the diblock copolymer problem under the
condition a = b = 1/2. We feel that the nonlocal formulation is more natural. Using the
nonlocal setting in [41], we generalized the result of [33] to any a € (0, 1).

Appendix

Since the determinant of the matrix (5.37) is symmetric in a, b, ¢, we assume without
the loss of generality that @ < 0. Elementary column operations turn (5.37) to

c+a 0 0
a’z?

¢azaz)
c+a ’

—azy a+b-— —bzy —

A ~ caz N A c Z
—Cz3  —bzp — FHL b—l—c—ﬁz

without altering its determinant. Note thata > c implies 1 —2(a —a?) < 1 —2(c —c?).
So ¢ +a > Oyields ¢ + a > 0. Now it suffices to show that

[@+a)@+b) —azll- [ +a)b+¢) —ezd] > [b(E +d)z +aczizs. (A
For the left-hand side of (A.1), & + b > 0 implies

2
LHS of (A.1) > [S —éa\/1—23/1 —z%} :

S=ab+bé+éa=C+a)a+b)—a*>0,
by the same reasoning as in estimating the 2-by-2 minor in Section 5. The right-hand
side of (A.1) can be written as

2
RHS of (A.1) = [s —2b%(h(¢ 4 @) + éa) — a1 — z34/1 — z%} .

where
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So, to obtain (A.1), we show that b(¢ + &) + éa > 0, which is equivalent to
@G+8)@+b)—a*> 2b@aa(l —a) + éc(l — ¢)). (A.2)

We prove this by contradiction. Suppose that (A.2) is false.
We first claim that a > 1/2 > b+ c. Suppose a < 1/2. Since (A.2) does not hold, we
must have

b@a((1—a)Y+a®+é&(1—-c)+cH))+aé<0. (A.3)
But
b@((1 —a)* +a* +&((1 — o) + %)
>b(@+ &)@+ b +ch)

. ac(ab+ c) <2b2 n ab(a +b) + be(b + C)) (@ + )
¢ a

- 2b2ac(a + ) <b2+a2+ ab(a + b)

b

) > 2abcc.
c
Thus (A.3) implies that

be(b + ¢)
a

1_
a> > b+ 2+ +2abc>b2+c2+<—“+2a)bc>(b+c)2.
a

This implies @ > 1/2, a contradiction to the assumption a < 1/2. Therefore we obtain
a>1/72>b+c.
Next we estimate the two sides of (A.2).

(@+¢éa+b) —a
ab(a + b) N be(b + c)) <2c2 n ac(a + c¢) N be(b + c))

g <2b2 * c a b a
— (@ — B+’
> a>(b + ¢) + a’be + 2a> (B> + ¢*) + 2abe(1 + a) + 2b*¢* + ab’c
+ (b* + ¢*)(ab + be + ca). (A4)
Since
aa(b + ¢) + éc(a + b) = 2ab> + be(a + ¢ + b* — ¢?) < 2ab* + be,
we deduce that
2b(aa(l — a) + éc(1 — ¢)) = 2baa(b + ¢) + éc(a + b))
2(@*(b + ¢) + *a + b)(2ab + ¢)
2a*b(b + ¢) +2a°b(b + ¢) + 2a’c(b + ¢)
+ 4abc*(a 4 b) + 2¢*(a + b).

A

A
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Comparing the last inequality and (A.4), we have
[@+b)@+¢) —a’] = [2b@aa(l — a) + éc(1 — )]

>a*(a—b+c)b+c)+2a*b(b + ¢)* + 2abe + 2b*c* + ab*c — a*be
—dabc*(a+b) —Fa+b)

> 2a3c(b +c) + 2a’bc* + 2abe + 2b*c* + ab*c — a’be
—dabc*(a +b) — (a+b)

> (2a’bc — a’be) + 2a3c? — a) + (2a*b® — be?) + (2abe — 4a”bc?)
+ (217202 + ab’c — 4ab202)

> a’bc(2a — 1) + ac*(2a*> — ¢) + bc*(2a° — ¢) + 2abe(1 — 2ac)
+ (2 = 2a)b*c* + ab*c(1 — 2¢))

> 0.

Here in the second-to-last line, the first term is positive since 2a > 1. The second and
third terms are positive since 2a> > 1/2 > c. The fourth and the last terms are positive
since 2¢ < 1. This contradicts the assumption that (A.2) is false.
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