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Abstract

We study critical points of a Ginzburg-Landau type functional with

an attractive-repulsive-attractive nonlocal interaction. Using an appro-

priate scaling and the Γ-convergence method we reduce the problem to

a finite dimensional one. In contrast to a similar problem with just an

attractive-repulsive interaction, we obtain a richer set of solutions. The

soliton-stripe patterns appear as skewed local minimizers of the free en-

ergy, and dissappear or become symmetric as the number of interfaces

reaches a certain threshold. We also show how other critical points can

be constructed using results of the diblock copolymer problem.

1 Introduction

We study the free energy functional

Iǫ[u] =

∫ 1

0

(ǫ2

2
|u′|2 + W (u)

)

dx + ǫ

∫ 1

0

(

βu − α

2
u2 +

u

2
(γG + α)[u]

)

dx, (1.1)

defined for u ∈ W 1,2(0, 1), where α, β, γ are parameters with γ > 0, W is
a double-well function with at least quadratic growth rate, such that W (0) =
W (1) = 0, W ′′(0) = W ′′(1) > 0, e.g., W (u) = 1

4 [(u− 1
2 )2− 1

4 ]2, (γG+α)[u](x) ≡
∫ 1

0
(γG(x, y)+α)u(y)dy and G is Green’s function of the −∆ operator, with the

Neumann boundary conditions.
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The Euler-Lagrange equation for (1.1) is

{

−ǫ2∆u + ǫ[(γG + α)[u] + β − αu] + f(u) = 0,
u′(0) = u′(1) = 0,

(1.2)

where f = W ′. (1.1) is the familiar Ginzburg-Landau free energy, with the

addition of the nonlocal term ǫ
∫ 1

0

(

βu − α
2 u2 + u

2 (γG + α)[u]
)

dx. In what fol-
lows, we construct periodic local minimizers of (1.1) for small ǫ > 0, using the
Γ-convergence method. These minimizers appear as lamellar patterns charac-
terized by sharp domain walls (“solitons”) delineating microdomains (“stripes”)
in which the phase field u takes values close to 0 or 1 (see [19] for a similar phe-
nomenon).

The motivation for studying (1.1) is twofold.
First, if α = β = 0 then (1.1) is another way of writing the functional

Ic
ǫ [u] =

∫ 1

0

(ǫ2

2
|u′|2 + W (u) +

ǫγ

2
|(−∆)−1/2(u − m)|2

)

dx. (1.3)

When defined in Xm ≡ {u ∈ W 1,2(0, 1) :
∫ 1

0
u = m}, (1.3) models the diblock

copolymer system (see [9, 14, 5] for derivation). Periodic local minimizers were
constructed in [15]. Later, the authors extended the analysis to lamellar patterns
in higher dimensional cubes [17, 18] (see also [16] for the discussion of the global
minimizer of (1.3) with another scaling). As we show below, the difference in the
spaces in which the functional is defined (we do not impose a mass constraint
∫ 1

0
u = m on (1.1)), together with the addition of the terms which are multiples

of α and β, has a significant effect on the minimization of (1.1).

The second motivation is that in (1.1)
∫ 1

0

(

−α
2 u2 + u

2 (γG + α)[u]
)

dx can be

written as − 1
4

∫ 1

0

∫ 1

0
(γG(x, y) + α)(u(x) − u(y))2dxdy, therefore (1.1) is similar

to the nonlocal van der Waals functional

In
ǫ [u] =

1

4

∫ 1

0

∫ 1

0

Jǫ(x, y)(u(x) − u(y))2dxdy +

∫ 1

0

W (u(x))dx (1.4)

(defined on L2(0, 1)). (1.4) (which, together with a mass constraint, was pro-
posed in [20]) can be derived as a mean-field limit of an Ising spin system [1].
In [3], Jǫ was scaled by taking Jǫ(x, y) = 1

ǫ Js(x−y
ǫ ) − ǫJ l(x, y), with Js ≥ 0,

and W = W0 + ǫW1, with W0 balanced. 1
4

∫ 1

0

∫ 1

0
1
ǫ Js(x−y

ǫ )(u(x) − u(y))2dxdy

has the qualitative properties of
∫ 1

0
ǫ2

2 |u′(x)|2dx. E.g., without the nonlocal

term in (1.1) and without 1
4

∫ 1

0

∫ 1

0
J l(x, y)(u(x)−u(y))2dxdy in (1.4), neither Iǫ

nor In
ǫ admit non-constant local minimizers [4]. To avoid some mathematical

difficulties one can therefore consider Iǫ as an “approximation” of In
ǫ . In [3],

the authors studied (1.4) with J l being the Green’s function of −v′′ + v = u,
v′(0) = v′(1) = 0. Such a J l is positive, which makes the nonlocal interaction in
(1.4) locally attractive and long range repulsive (see [3] for a more detailed ex-
planation). In contrast, G in this paper is the solution of −Gxx(x, y) = δy(x)−1,
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Gx(0, y) = Gx(1, y) = 0,
∫ 1

0
G(x, y)dx = 0 ∀y ∈ [0, 1], whose exact formula is

G(x, y) =

{

x2

2 + (1−y)2

2 − 1
6 , x < y,

(1−x)2

2 + y2

2 − 1
6 , x > y.

(1.5)

We see that G changes sign, therefore for small α the nonlocal interaction in
(1.1) is attractive-repulsive-attractive.

Physically, u represents a general phase-field variable. The configuration of a
binary material is reflected in u, and it is natural to associate the preferred states
with local minimizers of Iǫ. The double well function W induces segregation of

the mixture into states which are zeros of W , here 0 and 1. The term ǫ2

2 |u′|2
prohibits the interfacial area from being too large. The two terms taken together
give the Ginzburg-Landau functional, whose only local minima are 0 and 1 (see
[7, 2] for a description of evolution of the gradient flow ut = uxx − f(u), which
results in exponentially slow motion). The addition of a long-range term in (1.1)
introduces a competing, oscillation inducing effect.

The scaling in (1.1) is chosen so that ǫ−1Iǫ Γ-converge to I0, where

I0[u] =







τ ||Du||(0, 1)

+
∫ 1

0

(

βu − α
2 u2 + u

2 (γG + α)[u]
)

dx u ∈ BV ((0, 1), {0, 1}),
∞ otherwise.

(1.6)

Here, τ =
√

2
∫ 1

0

√

W (s)ds is the surface tension and BV ((0, 1), {0, 1}) = {u ∈
BV (0, 1) : u(x) = 0 or 1 a.e. x ∈ (0, 1)}. ||Du||(0, 1) is equal to the number of
jumps that u has. The main idea behind the construction of local minimizers of
Iǫ is that if Iǫ satisfies an additional uniform coercivity property, then isolated
minima of the Γ-limit persist under small perturbation (this was first proved
and used in [8]). Minimizing (1.6) turns out to be a finite dimensional problem.
Such an approach provides an elegant and fast way for constructing solutions
with interfaces. Our results can probably be recovered by the more complicated
method of matched asymptotic expansions, i.e., by constructing inner and outer
solutions, then using the Implicit Function Theorem in an appropriate way
[6, 11] (see also [10], where the author developed a more general technique to
construct such solutions in systems of local equations).

Since we are comparing the minimization of Iǫ with those of Ic
ǫ and In

ǫ , we
first mention the previous results [15, 3]. Both ǫ−1Ic

ǫ and ǫ−1In
ǫ Γ-converge to

functionals Ic
0 and In

0 , which are very similar to I0 (however, for In
0 τ is defined

in a different way). Let us briefly discuss the local minima of Ic
0 and In

0 , where
in In

0 we take J l to be the aforementioned Green’s function. The structure of
BV ((0, 1), {0, 1}) is rather simple. For each integer N ≥ 0, we have a subset

AN = {u ∈ BV ((0, 1), {0, 1}) : ||Du||(0, 1) = N}, (1.7)

the set of functions with N jumps. Let ξ1, . . . , ξN denote the points of jump
discontinuities of u ∈ AN . AN can be further divided into A1

N and A0
N :

A1
N = {u ∈ AN : u(x) = 1, x ∈ (0, ξ1)},
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A0
N = {u ∈ AN : u(x) = 0, x ∈ (0, ξ1)},

so that we have a mutually disjoint decomposition

BV ((0, 1), {0, 1}) = ∪∞
N=0(A

1
N ∪ A0

N ).

It turns out that it suffices to minimize Ic
0 (In

0 ) in A1
N (A0

N ). For any fixed
N ≥ 1, Ic

0 (In
0 ) admits a unique critical point in A1

N (A0
N ), which is then an

isolated local minimum of Ic
0 (In

0 ).
We follow a similar approach in the study of Iǫ. However, we find that

I0 admits one, two or three critical points in A1
N (A0

N ), of which one can be
unstable. This result is significantly different from those for Ic

0 or In
0 . Not only

is the possible number of interfaces N of a local minimizer dependent on the
parameters α, β and γ, but also the critical points of I0 in A1

N (A0
N ) are not

unique anymore. Moreover, I0 admits skewed local minimizers, which is perhaps
a counterintuitive result.

The paper is organized as follows. In Section 2 we make the above heuristic
discussion rigorous and present the computations in detail. In Section 3, we
show how other critical points of Iǫ can be constructed using results for Ic

ǫ .

2 Periodic local minimizers

We first review the Γ-convergence method.

Proposition 2.1 ǫ−1Iǫ Γ-converges to I0 as ǫ → 0 in the following sense.

1. For every {uǫ} ⊂ W 1,2(0, 1) with limǫ→0uǫ = u in L2(0, 1),

lim inf
ǫ→0

ǫ−1Iǫ(uǫ) ≥ I0(u);

2. For every u ∈ W 1,2(0, 1) ∩ BV ((0, 1), {0, 1}), there exists a family {uǫ} ⊂
L2(0, 1) such that limǫ→0uǫ = u in L2(0, 1), and

lim sup
ǫ→0

ǫ−1Iǫ(uǫ) ≤ I0(u).

Proof. See [12, 13] for a proof for the Ginzburg-Landau functional. The
conclusion follows since Γ-convergence is stable under continuous perturbations.
2

Proposition 2.2 Let ǫn be a sequence of positive numbers converging to 0, and
{un} a sequence in W 1,2(0, 1). If ǫ−1

n Iǫn
(un) is bounded above in n, then {un} is

relatively compact in L2(0, 1) and its cluster points belong to BV ((0, 1), {0, 1}).

Proof. See [12, 13] or [15]. 2

Using Propositions 2.1 and 2.2 one can show [8, 15]
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Proposition 2.3 Let δ > 0 and u0 ∈ L2(0, 1) be such that I0(u0) < I0(u)
for all Bδ(u0) with u 6= u0. Then for small ǫ there exists uǫ ∈ Bδ/2(u0) with
Iǫ(uǫ) ≤ Iǫ(u) for all u ∈ Bδ/2(u0). In addition limǫ→0 ||uǫ − u0||2 = 0.

The next proposition allows us to focus our attention on minimizing I0 in
A1

N (A0
N ).

Proposition 2.4 If u ∈ A1
N (A0

N ) is a strict local minimum of I0 restricted on
A1

N (A0
N ), then u is a strict local minimum of I0 defined on L2(0, 1).

Proof. See [3] (Thm. 2.6, p. 146). 2

Without loss of generality, we can assume u ∈ A1
N . We identify u with its

jump discontinuities ξ1, . . . , ξN . Since ||Du||(0, 1) = N and N is fixed, I0[u]
can be expressed as a function of ξi’s. Let F (ξ1, . . . , ξN ) ≡ I0[u]. Propositions
2.1-2.4 reduce the construction of local minimizers of Iǫ to the finite dimensional
problem of finding strict local minima of F .

Lemma 2.5 The critical points of F in A1
N , N ≥ 1, are given by ξ1 = ū

N ,

ξ2 = 2−ū
N , ξ3 = 2+ū

N , ξ4 = 4−ū
N , . . .. If u is determined by ξi’s then ū =

∫ 1

0
u is

a solution of 3N2

γ [β − α(ū − 1
2 )] = ū(ū − 1)(1 − 2ū). Thus there are none, one,

two or three solutions.

Proof. We first determine the critical points of F , then investigate their sta-
bility.

∂F

∂ξ1
=

∂

∂ξ1

[

(β − α

2
)(ξ1 + ξ3 − ξ2 + . . .) +

α

2
ū2 +

γ

2

(

∫ ξ1

0

G[u](x)dx

+

∫ ξ3

ξ2

G[u](x)dx + . . .
)

]

= β − α

2
+ αū + γG[u](ξ1)

since

∂G[u]

∂ξ1
=

∂

∂ξ1

[

∫ ξ1

0

G(x, y)dy +

∫ ξ3

ξ2

G(x, y)dy + . . .
]

= G(x, ξ1).

Thus we deduce that

∂F

∂ξi
= (−1)i+1(β + α(ū − 1

2
) + γG[u](ξi)), i = 1, . . . , N.

Recalling (1.5), the critical points (ξ1, . . . , ξN ) are therefore determined from
the system

{

−v′′ = u − ū, v̄ = 0, v′(0) = v′(1) = 0,
β + α(ū − 1

2 ) + γv(ξi) = 0, i = 1, . . . , N.
(2.1)

On (ξ1, ξ2), v solves −v′′ = u − ū, v(ξ1) = v(ξ2), thus v is symmetric about
(ξ1+ξ2)/2, and hence v′(ξ1) = −v′(ξ2). On (0, ξ1) and (ξ2, ξ3), v solves −v′′ = u,
v′(0) = 0, v(ξ2) = v(ξ3). v(ξ1) = v(ξ2) and v′(ξ1) = −v′(ξ2) thus imply that

2ξ1 = ξ3 − ξ2. (2.2)

5



0 0.2 0.4 0.6 0.8 1
−0.1

−0.05

0

0.05

0.1

0 0.2 0.4 0.6 0.8 1
−0.1

−0.05

0

0.05

0.1

Figure 1: The two functions of ū on each graph represent 3N2β
γ and ū(ū−1)(1−

2ū). (1) Case β > 0 and α = 0. (2) Case β < 0 and α = 0.

In a similar way we find that

ξ2 − ξ1 = ξ4 − ξ3. (2.3)

Since ū can be represented as ū = ξ1 + (ξ3 − ξ2) + . . . we get ξ1 = ū
N . Also,

1 = ξ1+(ξ2−ξ1)+ . . .+(1−ξN ) = Nξ1+ N
2 (ξ2−ξ1) which gives ξ2 = 2−ū

N . With
ξ1 and ξ2 determined, the rest of ξi’s are easily found using (2.2) and (2.3).

To find the dependence of ū on N , we use the equality v̄ = 0. To this end,
first we determine from (2.1) that

v(x) =















ū − 1

2
x2 − ū2(ū − 1)

2N2
− β + α(ū − 1

2 )

γ
, x ∈

(

0,
ū

N

)

,

ū

2

(

x − 1

N

)2

− ū(ū − 1)2

2N2
− β + α(ū − 1

2 )

γ
, x ∈

( ū

N
,

1

N

)

.

After elementary calculations, the equality
∫ 1/N

0
v(x)dx = 0 can then be sim-

plified to
3N2

γ
[β + α(ū − 1

2
)] = ū(ū − 1)(1 − 2ū). (2.4)

It is easily seen that for any given N ≥ 1 there are none, one, two or three
solutions to (2.4) (Figures 1 and 2). 2

We now determine the stability of the solutions of (2.4). To avoid tedious
calculations, we only discuss the cases α = 0 or β = 0.

Lemma 2.6 (a) If α = β = 0, there exists one saddle critical point of F
corresponding to ū = 1

2 .

(b) If α = 0 and β 6= 0, there exist two critical points of F if |3βN2

γ | ∈
(0,

√
3

12 ), and no critical points if | 3βN2

γ | >
√

3
12 . A critical point corresponding
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Figure 2: The two functions of ū on each graph represent 3N2α
γ (ū − 1

2 ) and

ū(ū − 1)(1 − 2ū). (1) Case α > 0 and β = 0. (2) Case α < 0 and β = 0.

to ū ∈ (0, 1
2 −

√
3

6 ) ∪ ( 1
2 +

√
3

6 , 1) is a strict local minimum. A critical point

corresponding to ū ∈ (1
2 −

√
3

6 , 1
2 +

√
3

6 ) is a saddle.
(c) If β = 0 and α 6= 0, there exists one saddle critical point ū = 1

2 if α < 0.

If α > 0, there exist three critical points if 3N2α
γ < 1

2 and one critical point if
3N2α

γ > 1
2 , which is a strict local minimum. In the case of three critical points,

the ones corresponding to ū ∈ (0, 1
2 −

√
3

6 ) ∪ ( 1
2 +

√
3

6 , 1) are strict local minima,
the one corresponding to ū = 1

2 is a saddle.

Proof. The existence part for case (a) is obvious. For case (b), note that

ū(ū− 1)(1− 2ū) has local extrema at 1
2 ±

√
3

6 , with values ∓
√

3
12 . Existence then

is obtained with the help of Figure 1. For case (c), note that the derivative of
the right side of (2.4) with respect to ū at 1

2 is 1
2 , and see Figure 2.

To determine the stability of the critical points, we need to find the eigen-
values of the hessian of F at (ξ1, . . . , ξN ). The (i, j) entry of this matrix H
is

Hij ≡ ∂2F

∂ξi∂ξj
= (−1)i+jα + γ

{

G(ξi, ξi) − ū(1−ū)
N , i = j,

(−1)i+jG(ξi, ξj), i 6= j.

To find the eigenvalues of H we first discuss the matrix [G(ξi, ξj)]. According
to [17, Section 5 and Appendix B], it has N − 1 eigenvalues whose eigenvectors
are perpendicular to (1, 1, ..., 1)T . These eigenvalues are

1

A + B − qj
, (2.5)

where

A =
N

2ū
, B =

N

2(1 − ū)
, (2.6)
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and qj is

±
√

A2 + B2 + 2AB cos θ (θ =
2π(j − 1)

N
, j = 2, 3, ...,

N + 1

2
), if N is odd

(2.7)
or

±
√

A2 + B2 + 2AB cos θ (θ =
2π(j − 1)

N
, j = 2, 3, ...,

N

2
), A−B, if N is even.

(2.8)
The remaining eigenvalue corresponds to the eigenvector (1, 1, ..., 1)T . It is

N
∑

i=1

G(ξi, ξj) =

j
∑

i=1

(ξ2
i

2
+

(1 − ξj)
2

2
− 1

6

)

+

N
∑

i=j+1

( (1 − ξi)
2

2
+

ξ2
j

2
− 1

6

)

=

N
∑

i=1

ξ2
i

2
−

N
∑

i=j+1

ξi +
Nξ2

j − 2jξj

2
+

N

3
. (2.9)

Note that

ξi =
i − 1/2 + (−1)i(1/2 − ū)

N
. (2.10)

Using (2.10) we compute the first three terms in (2.9).

N
∑

i=1

ξ2
i

2
=

N

6
− 1

24N
+

(1/2 − ū)2

2N
+

(1/2 − ū)(−1)N

2N
, (2.11)

N
∑

i=j+1

ξi =
N2 − j2 + (1/2 − ū)(−1)j+1(1 − (−1)N−j)

2N
, (2.12)

Nξ2
j − 2jξj

2
=

((−1)j(1/2 − ū) − 1/2)2 − j2

2N
. (2.13)

Putting (2.11) (2.12) and (2.13) back to (2.9) we find the last eigenvalue of
[G(ξi, ξj)]:

1

12N
+

(1/2 − ū)2

N
. (2.14)

Now we consider the matrix H̃ whose (i, j) entry is

H̃ij = α + γG(ξi, ξj) − γ

{

ū(1−ū)
N if i = j,

0 if i 6= j.
(2.15)

Since Hij = (−1)i+jH̃ij , H and H̃ share the same eigenvalues, because if λ

and (cj)
N
j=1 are an eigenpair of H̃, then λ and ((−1)jcj)

N
j=1 are an eigenpair

of H. The matrix H̃ consists of three parts: The rank one matrix [α], the
matrix [Gij ] and a scalar multiple of the identity matrix. The rank one ma-
trix [a] has one eigenvalue N corresponding to the eigenvector (1, 1, ..., 1)T and

8



another eigenvalue 0, of multiplicity N − 1, whose eigenspace is the N − 1 di-
mensional subspace perpendicular to (1, 1, ..., 1)T . Hence the eigenvalues of H̃
are as follows. Corresponding to the eigenvector (1, 1, ..., 1)T , the eigenvalue of
H̃ is

αN + γ
[ 1

12N
+

(1/2 − ū)2

N
− ū(1 − ū)

N

]

.

Other eigenvectors of H̃ are perpendicular to (1, 1, ..., 1)T . They are

γ
[ 1

A + B − qj
− ū(1 − ū)

N

]

.

By (2.5), (2.6), (2.7) and (2.8) we find that these N −1 eigenvalues are positive,
since

1

A + B − qj
− ū(1 − ū)

N
>

1

A + B + A + B
− ū(1 − ū)

N
= 0.

Therefore whether H is positive definite depends on whether

αN + γ
[ 1

12N
+

(ū − 1
2 )2

N
− ū(1 − ū)

N

]

(2.16)

is positive. Thus a critical point of F corresponding to ū is a strict local
minimum if and only if (2.16) is positive. In case (b), this is equivalent to

ū ∈ (0, 1
2 −

√
3

6 ) ∪ ( 1
2 +

√
3

6 , 1). In case (c), this is equivalent to 3N2α
γ > 1

2 . 2

Let Bδ(u) denote an L2(0, 1) ball with radius δ and center u. Using Propo-
sition 2.4 and Lemma 2.6, we conclude that

Theorem 2.7 Let uN,0 ∈ A1
N , N ≥ 1, be a strict local minimum of I0 corre-

sponding to

ū ∈ (0, 1
2 −

√
3

6 ) ∪ ( 1
2 +

√
3

6 , 1) in the case α = 0, β 6= 0 and |3βN2

γ | ∈ (0,
√

3
12 ), or

ū ∈ (0, 1
2 −

√
3

6 ) ∪ ( 1
2 +

√
3

6 , 1) in the case β = 0, α 6= 0 and 3N2α
γ < 1

2 , or

ū = 1
2 in the case β = 0, α 6= 0 and 3N2α

γ > 1
2 .

There exists a δ > 0 such that for small ǫ > 0 there exist local minima uN,ǫ

of Iǫ in Bδ(uN,0), satisfying limǫ→0 ||uN,ǫ − uN,0||2 = 0,

Remark 2.8 1. In a similar way, we can construct local minima of Iǫ that are
close to those members in A0

N which are strict local minima of I0 .
2. For Iǫ having a balanced double-well function, one might expect only

solutions corresponding to ū = 1
2 to possibly be local minimizers. Instead we see

that for α = 0, β 6= 0 and |3βN2

γ | ∈ (0,
√

3
12 ), or β = 0, α > 0 and 3N2α

γ < 1
2 , I0

admits skewed strict local minima.

Denote by χi
N , i = 1, 2, 3, the critical points of I0 in A1

N , with β = 0 and
α > 0. We conclude this section with a discussion of I0(χ

i
N ) as a function of N .

In [15, 3] it was shown that Ic
0(χN ) and In

0 (χN ) were convex functions of N ,

9



where χN denote the unique minimizers of Ic
0 and In

0 with N interfaces. Here
the difference is that there are three branches of solutions to consider. Since

∫ 1

0

uG[u]dx =

∫ 1

0

v′2dx = N
(

∫ ū/N

0

(ū − 1)2x2dx +

∫ 1/N

ū/N

ū2(x − 1

N
)2dx

)

=
ū2(ū − 1)2

3N2
,

we get

I0(χ
i
N ) = τN − αū

2
+

αū2

2
+

γū2(ū − 1)2

6N2
.

Let χ2
N be the solution corresponding to ū = 1

2 . Then since ū is constant with
respect to N we see that I0(χ

2
N ) a convex function of N . If ū 6= 1

2 then (2.4)

can be written as 3N2α
−2γ = ū(ū − 1). Using this equality we get for i = 1, 3

I0(χ
i
N ) = τN − 3N2α2

8γ
.

We see that for i = 1, 3, I0(χ
i
N ) is a concave function of N .

3 Other critical points

Proposition 2.4 enabled us to conclude that if I0 has strict local minimizers, as
determined in Lemma 2.6, then Iǫ also admits local minimizers for ǫ > 0 small
enough, which converge to those of I0 as ǫ → 0 in L2 norm. However, if I0

has unstable critical points, e.g., the saddles discussed in Lemma 2.6, we do not
know if one can use any argument based on Γ-convergence to obtain existence
of unstable critical points of Iǫ, converging to the saddles of I0.

Here we make a connection with the diblock copolymer problem to construct
critical points of Iǫ for α = 0, converging to the saddles of I0. Note that the
Euler-Lagrange equation for Ic

ǫ (1.3) defined in Xm is

{

−ǫ2∆u + ǫγG[u] + f(u) = λm
ǫ

u′(0) = u′(1) = 0.
(3.1)

A local minimizer um
ǫ solves (3.1), thus the Lagrange multiplier λm

ǫ =
∫ 1

0
f(um

ǫ ).
If −ǫβ is equal to λm

ǫ , then the solution of (3.1) is also a solution of (1.2). We
show that this is actually the case for small ǫ > 0 by using an asymptotic
expansion of λm

ǫ in ǫ > 0 determined in [17].
We first establish the following continuity property of λm

ǫ ’s.
Let χm

N be the strict local minimizer of Ic
0 in A1

N ∩ Xm [15]. It was shown
in [15] that χm

N is continuous in m in L2(0, 1) norm and for small enough ǫ > 0
there exist local minimizers um

N,ǫ of Ic
ǫ in Xm, such that ||um

N,ǫ − χm
N ||2 → 0 as

ǫ → 0. In [17] it was shown that um
N,ǫ are locally unique local minimizers of Ic

ǫ

in Xm, in a small L2(0, 1) neighbourhood of χm
N .

10



Lemma 3.1 For any N ≥ 1 and ǫ > 0, λm
N,ǫ ≡

∫ 1

0
f(um

N,ǫ) is continuous in m.

Proof. Let i(m) = inf Ic
ǫ [u], where the infimum is taken over a small L2(0, 1)

neighbourhood of χm
N intersected with Xm. Denote um = um

N,ǫ and i(m) =
Ic
ǫ [um]. Suppose there is a sequence mn → m0 ∈ (0, 1) for which ||umn

−
um0

||2 6→ 0. There exists a subsequence m → m0 and some u∗, such that
um → u∗ strongly in L2(0, 1) and weakly in W 1,2(0, 1), as m → m0. Thus

lim inf
m→m0

Ic
ǫ [um] ≥ Ic

ǫ [u∗] ≥ i(m0).

On the other hand, i(m) ≤ Ic
ǫ [u0 + m − m0] = i(m0) + o(m − m0), so we

get Ic
ǫ [u∗] ≤ i(m0). From the local uniqueness discussed above, u∗ = u0, a

contradiction. It now easily follows that
∫ 1

0
f(um) →

∫ 1

0
f(um0

). 2

The asymptotic expansion of λm
N,ǫ is as follows.

Proposition 3.2

λm
N,ǫ =

ǫγ

N2

∫ 1

0

G[U0 − m](1 − m)dξ + O(N2ǫ2)

where U0 is 0 on (0, 1 − m) and 1 on (1 − m, 1).

Proof. Since we assumed f ′(0) = f ′(1), from [17, Lemma A.4] we get

∫ 1

0

f(U)dξ =
ǫγ

N2

∫ 1

0

G[U0 − m](1 − m)dx + O(N2ǫ2),

where U ∈ Xm is the locally unique one layer local minimizer of

∫ 1

0

[ǫ2N2

2
|U ′|2 +

ǫγ

2N2

∣

∣

(

− d2

dξ2

)−1/2
(U − m)

∣

∣

2
+ W (U)

]

dξ

that is close to U0 [16]. It was shown in [17, Theorem 2.3] that um
N,ǫ has the

shape of N rescaled copies of U or its reversal. Thus
∫ 1

0
f(U) =

∫ 1

0
f(um

N,ǫ) from
which the Proposition follows. 2

We can now obtain the existence result.

Theorem 3.3 For any N ≥ 1 and |3βN2

γ | ∈ (0,
√

3
12 ), for small ǫ > 0 there

exist two solutions ui
N,ǫ, i = 1, 2, of (1.2) with α = 0, satisfying limǫ→0 ||ui

N,ǫ −
ui

N,0||2 = 0, where ui
N,0 are the critical points of I0 in A0

N .

Proof. Since
∫ 1

0
G[U0 − m](1 − m)dx = 1

3m(1 − m)(1 − 2m), Proposition 3.2
implies that for any N ≥ 1 there exist solutions of

{

−ǫ2∆u + ǫγG[u] + f(u) − ǫ γ
3N2 m(1 − m)(1 − 2m) − O(N2ǫ2) = 0,

u′(0) = u′(1) = 0.

11



From Lemma 3.1, the term O(N2ǫ2) is continuous in m, therefore, recalling

(2.4) and Figure 1, we see that for |3βN2

γ | ∈ (0,
√

3
12 ) and ǫ > 0 small, there exist

two solutions ui
N,ǫ, i = 1, 2, of (1.2). limǫ→0 ||ui

N,ǫ − ui
N,0||2 = 0 follows from

[15]. 2

Remark 3.4 Theorem 3.3 gives us only the existence of solutions of (1.2) with
α = 0. It is quite likely that for a fixed N ≥ 1, the skewed solution coincides
with the local minimizer constructed in Theorem 2.7.
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