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Abstract

We study critical points of a Ginzburg-Landau type functional with
an attractive-repulsive-attractive nonlocal interaction. Using an appro-
priate scaling and the I'-convergence method we reduce the problem to
a finite dimensional one. In contrast to a similar problem with just an
attractive-repulsive interaction, we obtain a richer set of solutions. The
soliton-stripe patterns appear as skewed local minimizers of the free en-
ergy, and dissappear or become symmetric as the number of interfaces
reaches a certain threshold. We also show how other critical points can
be constructed using results of the diblock copolymer problem.

1 Introduction

We study the free energy functional

1 2 1
I[u] = / (%|u’|2 + W (u))dz + e/ (Bu — %qﬁ + %(fyG + a)u])dz, (1.1)
0 0

defined for u € W12(0,1), where a,3,v are parameters with v > 0, W is
a double-well function with at least quadratic growth rate, such that W(0) =
W(1) =0, W”(0)=W"(1) >0, eg, W(u) = ;[(u—3)*— 1%, (G+a)u)(z) =
fol (vG(z,y) + a)u(y)dy and G is Green’s function of the —A operator, with the
Neumann boundary conditions.



The Euler-Lagrange equation for (1.1) is

{ ourdog el +9 e+ /) = (12)

W (0) =/ (1) =0,

where f = W’. (1.1) is the familiar Ginzburg—Landau free energy, with the
addition of the nonlocal term efol( Bu— $u? + 4(vG + a)[u])dz. In what fol-
lows, we construct periodic local minimizers of (1 1) for small e > 0, using the
I'-convergence method. These minimizers appear as lamellar patterns charac-
terized by sharp domain walls (“solitons”) delineating microdomains (“stripes”)
in which the phase field u takes values close to 0 or 1 (see [19] for a similar phe-
nomenon).

The motivation for studying (1.1) is twofold.

First, if « = 8 = 0 then (1.1) is another way of writing the functional

! 62 €
Ig[u]z/o (SWP+ W)+ )-8 = m)P)dz. (13)

When defined in X,, = {u € W12(0,1) fo u = m}, (1.3) models the diblock
copolymer system (see [9, 14, 5] for derlvatlon) Periodic local minimizers were
constructed in [15]. Later, the authors extended the analysis to lamellar patterns
in higher dimensional cubes [17, 18] (see also [16] for the discussion of the global
minimizer of (1.3) with another scaling). As we show below, the difference in the
spaces in which the functional is defined (we do not impose a mass constraint
fol u=m on (1.1)), together with the addition of the terms which are multiples
of @ and S, has a significant effect on the minimization of (1.1).

The second motivation is that in (1.1) fo (—%u? + %(vG + a)[u])dz can be

written as —1 fol fol (vG(z,y) + a)(u(z) — u(y))?dzdy, therefore (1.1) is similar
to the nonlocal van der Waals functional

7 1 1 1 , 1
=7 /0 /0 Je(z,y) (u(z) — u(y))*dedy + /O W (u(x))dz (1.4)

(defined on L?(0,1)). (1.4) (which, together with a mass constraint, was pro-
posed in [20]) can be derived as a mean-field limit of an Ising spin system [1].
n [3], J. was scaled by taking J.(z,y) = %JS(’”—y) —eJl(z,y), with J* > 0,
and W = Wy + eWy, with Wy balanced. ifo fl LT (%) (u(x) — u(y))?dedy
has the qualitative properties of fol 22 |u/(z)]?dx. E.g.7 without the nonlocal

term in (1.1) and without 1 fo fo JH(z, y) (u(x) —u(y))?dzdy in (1.4), neither I,
nor I? admit non—constant local minimizers [4]. To avoid some mathematical
difficulties one can therefore consider I, as an “approximation” of I”. In [3],
the authors studied (1.4) with J! being the Green’s function of —v” + v = u,
v'(0) = v/(1) = 0. Such a J! is positive, which makes the nonlocal interaction in
(1.4) locally attractive and long range repulsive (see [3] for a more detailed ex-
planation). In contrast, G in this paper is the solution of —G . (x,y) = 0, (z)—1,



G.(0,y) = G.(1,y) =0, fol G(z,y)dx =0 Yy € [0, 1], whose exact formula is

ﬁ + (17y)2 _

G(z,y) = { (21,@2

1
2 6 T <y,
2
1
R A

(1.5)

We see that G changes sign, therefore for small o the nonlocal interaction in
(1.1) is attractive-repulsive-attractive.

Physically, u represents a general phase-field variable. The configuration of a
binary material is reflected in u, and it is natural to associate the preferred states
with local minimizers of I.. The double well function W induces segregation of
the mixture into states which are zeros of W, here 0 and 1. The term §|u’ |2
prohibits the interfacial area from being too large. The two terms taken together
give the Ginzburg-Landau functional, whose only local minima are 0 and 1 (see
[7, 2] for a description of evolution of the gradient flow w; = uy, — f(u), which
results in exponentially slow motion). The addition of a long-range term in (1.1)
introduces a competing, oscillation inducing effect.

The scaling in (1.1) is chosen so that e =!I, T'-converge to Iy, where

7| Dull(0,1)
Dlu) = + [y (Bu—$u + £(vG + a)[u])dz w e BV((0,1),{0,1}), (1.6)

otherwise.

Here, 7 = \/ifol /W (s)ds is the surface tension and BV ((0,1),{0,1}) = {u €
BV(0,1) : u(z) =0or 1 ae. z € (0,1)}. [|Dul|(0,1) is equal to the number of
jumps that v has. The main idea behind the construction of local minimizers of
I, is that if I, satisfies an additional uniform coercivity property, then isolated
minima of the I'-limit persist under small perturbation (this was first proved
and used in [8]). Minimizing (1.6) turns out to be a finite dimensional problem.
Such an approach provides an elegant and fast way for constructing solutions
with interfaces. Our results can probably be recovered by the more complicated
method of matched asymptotic expansions, i.e., by constructing inner and outer
solutions, then using the Implicit Function Theorem in an appropriate way
[6, 11] (see also [10], where the author developed a more general technique to
construct such solutions in systems of local equations).

Since we are comparing the minimization of I. with those of I¢ and I}, we
first mention the previous results [15, 3]. Both ¢~1I¢ and e I T-converge to
functionals I§ and I, which are very similar to Iy (however, for I§ 7 is defined
in a different way). Let us briefly discuss the local minima of I§ and I}, where
in I we take J' to be the aforementioned Green’s function. The structure of
BV((0,1),{0,1}) is rather simple. For each integer N > 0, we have a subset

Ay ={u € BV((0,1),{0,1}) : ||Du||(0,1) = N}, (1.7)

the set of functions with N jumps. Let &1,...,&y denote the points of jump
discontinuities of u € Ax. Ay can be further divided into A}, and A%:

Ay ={ueAy:u(x)=1, z€(0,&)},



AY ={uc Ay :u(z) =0, z € (0,£)},

so that we have a mutually disjoint decomposition

It turns out that it suffices to minimize I§ (1) in A (A%). For any fixed
N > 1, I§ (Iy') admits a unique critical point in AL (A%), which is then an
isolated local minimum of I§ (I7).

We follow a similar approach in the study of I.. However, we find that
Iy admits one, two or three critical points in A}, (A%;), of which one can be
unstable. This result is significantly different from those for I§ or Ij}. Not only
is the possible number of interfaces N of a local minimizer dependent on the
parameters «, 3 and v, but also the critical points of Iy in AL (A{,) are not
unique anymore. Moreover, Iy admits skewed local minimizers, which is perhaps
a counterintuitive result.

The paper is organized as follows. In Section 2 we make the above heuristic
discussion rigorous and present the computations in detail. In Section 3, we
show how other critical points of I. can be constructed using results for I¢.

2 Periodic local minimizers
We first review the I'-convergence method.

Proposition 2.1 e 'I. I'-converges to Iy as € — 0 in the following sense.
1. For every {u.} € WH%(0,1) with lim._oue = u in L?(0,1),

liminf e I (ue) > Io(u);

e—0

2. For every u € W12(0,1) N BV((0,1),{0,1}), there exists a family {uc} C
L?(0,1) such that lim._ou. = u in L*(0,1), and

limsup e I (uc) < Io(u).

e—0

Proof. See [12, 13] for a proof for the Ginzburg-Landau functional. The
conclusion follows since I'-convergence is stable under continuous perturbations.
O

Proposition 2.2 Let €, be a sequence of positive numbers converging to 0, and
{un} a sequence in WH2(0,1). Ife; 1., (uy,) is bounded above inn, then {u,} is
relatively compact in L*(0,1) and its cluster points belong to BV ((0,1),{0,1}).

Proof. See [12, 13] or [15]. O

Using Propositions 2.1 and 2.2 one can show [8, 15]



Proposition 2.3 Let § > 0 and uyg € L*(0,1) be such that Ip(ug) < Ip(u)
for all Bs(ug) with w # ug. Then for small € there exists uc € Bs/o(uo) with
I(ue) < Ic(u) for all u € Bsjo(uo). In addition lime_q [[ue — ugl|2 = 0.

The next proposition allows us to focus our attention on minimizing I in

Ax (AR)-

Proposition 2.4 Ifu € A}, (AY) is a strict local minimum of Iy restricted on
AL (AS), then u is a strict local minimum of Iy defined on L?(0,1).

Proof. See [3] (Thm. 2.6, p. 146). O

Without loss of generality, we can assume u € AL,. We identify u with its
jump discontinuities &1,...,&y. Since ||Dul|(0,1) = N and N is fixed, Ip[u]
can be expressed as a function of &;’s. Let F(&1,...,&n) = Iplu]. Propositions
2.1-2.4 reduce the construction of local minimizers of I, to the finite dimensional
problem of finding strict local minima of F'.

Lemma 2.5 The critical points of F in Ay, N > 1, are given by & = %,
&= %Ta7 § = jJrTa, 4= 477@, ... If u is determined by &;’s then u = folu is
a solution of %[ﬂ —a(u— %)) =u(u—1)(1 —2u). Thus there are none, one,
two or three solutions.

Proof. We first determine the critical points of F', then investigate their sta-
bility.

oF ) &

o9 _ Y 0p_“ _ Qa2 el
&3 o
+ [ Gul(x)ds + .. .)} = 0= 5 +ai+9Gu)(&)
&2
since
9Glu] _ i[ E1G(ac )y + &G(x )y + .| = Gla, &)
851 afl yy)ay & yy)ay yG1)-
Thus we deduce that
oF ; 1
= (=) @B+a(@— ) +9Gu)(&)), i=1,...,N.
0¢; 2
Recalling (1.5), the critical points (£1,...,£n) are therefore determined from
the system
" =u—1u, v=0, v'(0) =v'(1) =0,
1 (2.1)
ﬂ—’_ ( 5)""}”0(&):0,’6:1, 7N
On (&1,&2), v solves —v" = u — (&1) = v(&2), thus v is symmetric about

(&1+€2)/2, and hence v/ (&) =
v'(0) = 0, v(&2) = v(&3). v

A~ —
|
S =

v(&
2). On (0,&) and (&2,&3), v solves —v” = u,
2)

&)= and v/'(£1) = —v'(&) thus imply that

261 = &3 — &o. (2.2)
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Figure 1: The two functions of @ on each graph represent @ and a(u—1)(1—
2a@). (1) Case > 0and aa=0. (2) Case f <0 and o = 0.

In a similar way we find that

S2—& =8 —&. (2.3)

Since @ can be represented as @ = & + (§3 — &2) + ... we get & = . Also,
1=&+(&L—&)+...+(1-E&n) = N&+ F (& — &) which gives & = 2%, With

N
&1 and &y determined, the rest of §;’s are easily found using (2.2) and (2.3).
To find the dependence of @ on N, we use the equality ¥ = 0. To this end,
first we determine from (2.1) that
L =L ]
2 N 2N?2 ~ ’ N N’

After elementary calculations, the equality fol N v(z)dxr = 0 can then be sim-
plified to

3N? 1
T[ﬁ +au— 5)] =
It is easily seen that for any given N > 1 there are none, one, two or three
solutions to (2.4) (Figures 1 and 2). O

]

(@—1)(1 - 2a). (2.4)

We now determine the stability of the solutions of (2.4). To avoid tedious
calculations, we only discuss the cases a = 0 or 3 = 0.

Lemma 2.6 (a) If « = 3 = 0, there exists one saddle critical point of F
corresponding to u = %
(b) If « = 0 and B # 0, there exist two critical points of F if |g| €

(0, %), and no critical points if |@| > % A critical point corresponding
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Figure 2: The two functions of @ on each graph represent %(ﬂ - %) and
a(u—1)(1 —2a). (1) Case a > 0 and §=0. (2) Case a < 0 and 5 = 0.

tou e (0,3 — ?) U5+ %, 1) 4s a strict local minimum. A critical point

corresponding to U € (% - %, % + %) is a saddle.

(¢) If 3 =0 and o # 0, there exists one saddle critical point i = 3 if a < 0.

3N2%q <1
Bt

5 and one critical point if

If a > 0, there exist three critical points i

% > %, which is a strict local minimum. In the case of three critical points,
the ones corresponding to u € (0, % - %) U (% + ?, 1) are strict local minima,

the one corresponding to u = % s a saddle.

Proof. The existence part for case (a) is obvious. For case (b), note that

(@ —1)(1 — 2u) has local extrema at § + ?, with values :F§~ Existence then
is obtained with the help of Figure 1. For case (c¢), note that the derivative of
the right side of (2.4) with respect to @ at 3 is 3, and see Figure 2.

To determine the stability of the critical points, we need to find the eigen-

values of the hessian of F' at (&1,...,&n). The (i,7) entry of this matrix H

is
O°F 4 G(&6) — "5, i=j
H:=—— =(-1 H_Ja—‘,— { 15, N 7 j"
T 060¢; =1 T D)WGELE), i #

To find the eigenvalues of H we first discuss the matrix [G(§;,§;)]. According

to [17, Section 5 and Appendix B], it has N — 1 eigenvalues whose eigenvectors
are perpendicular to (1,1,...,1)7. These eigenvalues are

1

—, 2.5
A-l-B—Qj ( )

where
A=—, B=—_ (2.6)



and g; is

+v/A2 + B2 4+ 2ABcos (9:M, j:2,37...7M)7 if N is odd

2
(2.7)

or

2w(j — 1)

+v/A%2 + B2+ 24Bcosf (0 = i

N
, i =2,3,..., ?), A—B, if N is even.

(2.8)
The remaining eigenvalue corresponds to the eigenvector (1,1,...,1)T. It is

N i 2 2 N
_ &  (1-g)° 1 1-&)? &§ 1
2 Gt = ;Qz*ﬁﬁ+g;( >ty 5
Vg XN NE; —2j¢; N
_ Z%_ Z&JF#JF? (2.9)
i=1 i=j+1
Note that ) i i
§i2171/2+(;\fl)(1/27U)' (2'10)

Using (2.10) we compute the first three terms in (2.9).

¢2 N 1 (1/2—a)?  (1/2—a)(-1)N
5 G N av T 2N » (211)

ZHMZ

2 _ ;2 (=11 — (—1)N-i
Zgi_zv P+ 0200 -,
i=j+1
NG -246 (/2@ —1/2)? -
— = = o . (2.13)

Putting (2.11) (2.12) and (2.13) back to (2.9) we find the last eigenvalue of

[G(&,&)): L 2o
vt (2.14)

Now we consider the matrix H whose (i, 7) entry is

i a2 if = g,
Z‘j—a—f")/G(&',fj)—"/ 0 1fz7é] (215)

Since H;; = (— )Z‘HH”,

and (¢;)}_, are an eigenpair of H, then X and ((— 1)7¢;)M., are an eigenpair

H and H share the same eigenvalues, because if A

of H. The matrix H consists of three parts: The rank one matrix [a], the
matrix [G;;] and a scalar multiple of the identity matrix. The rank one ma-
trix [a] has one eigenvalue N corresponding to the eigenvector (1,1, ...,1)7 and



another eigenvalue 0, of multiplicity N — 1, whose eigenspace is the N — 1 di-
mensional subspace perpendicular to (1,1,...,1)7. Hence the eigenvalues of H
are as follows. Corresponding to the eigenvector (1,1, ..., 1), the eigenvalue of
H is

1 (1/2—w)?* a(l—a)
O‘N+7[12NJr N N J

Other eigenvectors of H are perpendicular to (1,1, ...,1)7. They are

7[AJFJ;qj B ﬂ(lj\;a)]

By (2.5), (2.6), (2.7) and (2.8) we find that these N — 1 eigenvalues are positive,
since
1 a(l—a) 1 a(l—a)

A+B-q N ~A+BrArB N OV

Therefore whether H is positive definite depends on whether

1 @47 ai-a)
12N N N

aN +~ (2.16)
is positive. Thus a critical point of F' corresponding to @ is a strict local

minimum if and only if (2.16) is positive. In case (b), this is equivalent to
ue(0,1— %) Ui+ %, 1). In case (c), this is equivalent to % >10
Let Bs(u) denote an L2(0,1) ball with radius § and center u. Using Propo-

sition 2.4 and Lemma 2.6, we conclude that

Theorem 2.7 Let uyo € A\, N > 1, be a strict local minimum of Iy corre-
sponding to

ﬂe(O,%—%)U(%—l—%,l) in the case « =0, 3 #£0 and\%\e(o,g), or
ﬂE(O,%—%)U(%+%,1) in the case B =0, a #0 and%<%, or

ﬂ:%inthe case =0, a#0 andw>%.
There ezists a & > 0 such that for small € > 0 there exist local minima up .
of I. in Bs(un ), satisfying lim._o ||un,e — un,0l|2 =0,

Remark 2.8 1. In a similar way, we can construct local minima of I. that are
close to those members in A, which are strict local minima of I .
2. For I. having a balanced double-well function, one might expect only
1

solutions corresponding to u = 5 to possibly be local minimizers. Instead we see

that for a =0, 3 #0 and|g| € (0,%), or3=0,a>0 and% < %, Iy
admits skewed strict local minima.

Denote by X%, i = 1,2,3, the critical points of Iy in A}, with 3 = 0 and
a > 0. We conclude this section with a discussion of In(x% ) as a function of N.
In [15, 3] it was shown that I§(xn) and IJ(xn) were convex functions of N,



where xn denote the unique minimizers of I§ and I} with N interfaces. Here
the difference is that there are three branches of solutions to consider. Since

1 1 /N 1/N 1
/ uGluldx = / v2dx = N(/ (u—1)*z%dx +/ w’(x — *) da:)
0 0 0 /N

_w(u—1)?
- 3N2
we get
; at au?  yut(u—1)?
Io(xv) =™N — — + —

Let x3 be the solution corresponding to @ = % Then since @ is constant with

respect to N we see that Io(x%) a convex function of N. If @ # 3 then (2.4)

can be written as 3iv227°‘ = 4(@ — 1). Using this equality we get for i = 1,3
; 3N2a?
Ip(x%) =7N — .
olxn) =7 8

We see that for i = 1,3, I(xY) is a concave function of N.

3 Other critical points

Proposition 2.4 enabled us to conclude that if Iy has strict local minimizers, as
determined in Lemma 2.6, then I, also admits local minimizers for € > 0 small
enough, which converge to those of Iy as € — 0 in L? norm. However, if I
has unstable critical points, e.g., the saddles discussed in Lemma 2.6, we do not
know if one can use any argument based on I'-convergence to obtain existence
of unstable critical points of I, converging to the saddles of Ij.

Here we make a connection with the diblock copolymer problem to construct
critical points of I. for & = 0, converging to the saddles of Iy. Note that the
Euler-Lagrange equation for I¢ (1.3) defined in X, is

{ —Au+ eyGlu] + f(u) = A" (3.1)

' (0) =/ (1) = 0.

A local minimizer " solves (3.1), thus the Lagrange multiplier A* = fol flul
If —ef is equal to A", then the solution of (3.1) is also a solution of (1.2). We
show that this is actually the case for small ¢ > 0 by using an asymptotic
expansion of A" in € > 0 determined in [17].

We first establish the following continuity property of A\*’s.

Let x'% be the strict local minimizer of I§ in Ay N X, [15]. It was shown
in [15] that x'% is continuous in m in L%(0, 1) norm and for small enough € > 0
there exist local minimizers ufy . of I in X,,, such that [[ulj, — x}ll2 — 0 as
e — 0. In [17] it was shown that w7 N are locally unique local minimizers of IS
in X,,, in a small L?(0,1) neighbourhood of x%.

10



Lemma 3.1 For any N > 1 and e > 0, A\, = fo (uy ) is continuous in m.

Proof. Let i(m) = inf I¢[u], where the infimum is taken over a small L?(0,1)
neighbourhood of X3 intersected with X,,. Denote u,, = uj  and i(m) =
I¢[u,]. Suppose there is a sequence m, — mg € (0,1) for which ||u,, —
Umgll2 7 0. There exists a subsequence m — mg and some u*, such that
U, — u* strongly in L?(0,1) and weakly in W12(0,1), as m — mo. Thus

liminf If{u.,] > IS[u*] > i(mo).

m—mgo

On the other hand, i(m) < Iflug + m — mg] = i(mo) + o(m — myg), so we
get I¢[u*] < i(mgp). From the local uniqueness discussed above u* = ug, a
contradiction. It now easily follows that fol flu fo (Uimg )-

The asymptotic expansion of Ay is as follows.

Proposition 3.2

1
m €y
Be= ﬁ/0 GU® — m](1 — m)dE + O(N?€?)
where U° is 0 on (0,1 —m) and 1 on (1 —m,1).

Proof. Since we assumed f/(0) = f’(1), from [17, Lemma A.4] we get

1 *ﬂ 1 Ofm —m)ax 262
| tenie= 55 [ ow —mia - myas + ovee),

where U € X, is the locally unique one layer local minimizer of

/0 [6;\7 2 2N2|( de) I/Q(U*m)|2+W(U)}d§

that is close to U4° [16]. It was shown in [17, Theorem 2. 3] that uﬁ . has the

shape of N rescaled copies of U or its reversal. Thus fol fuu fo uyy, .) from
which the Proposition follows. O

We can now obtain the existence result.

Theorem 3.3 For any N > 1 and |3ﬁ,y—N2\ € (0, 12) for small € > 0 there
exjst two solutions u§V76, i=1,2, of (1.2) with a = 0, satisfying lim._,o HuN,6 —
Uy oll2 = 0, where uly o are the critical points of Io in A%.

Proof. Since fol GU® — m](1 = m)dz = m(1 — m)(1 — 2m), Proposition 3.2
implies that for any N > 1 there exist solutions of

{ —e2Au+ eyGlu] + f(u) — exgzm(l —m)(1 —2m) — O(N?€*) =0,
u'(0) = /(1) = 0.

11



From Lemma 3.1, the term O(NZ%€?) is continuous in m, therefore, recalling

(2.4) and Figure 1, we see that for \g\ € (0, g) and € > 0 small, there exist

two solutions u}'v’s, i=1,2, of (1.2). lim._g ||u§\,6 - UZ}V,OHz = 0 follows from
[15]. O

Remark 3.4 Theorem 3.3 gives us only the existence of solutions of (1.2) with
a = 0. It is quite likely that for a fixed N > 1, the skewed solution coincides
with the local minimizer constructed in Theorem 2.7.

References

[1] P.W. BATES AND A. CHMAJ, An integrodifferential model for phase tran-
sitions: stationary solutions in higher space dimensions, J. Statist. Phys.,
95 (1999), 1119-1139.

[2] J. CARR AND R. PEGO, Metastable patterns in solutions of u; = €2z, —
f(u), Comm. Pure Appl. Math., 42 (1989), 523-576.

[3] A. CHMAJ AND X. REN, Multiple layered solutions of the nonlocal bistable
equation, Physica D, 147 (2000), 135-154.

[4] A. CHMAJ AND X. REN, Stationary and dynamic solutions of the nonlocal
bistable equation, Methods Appl. Anal., 8 (2001), 369-385.

[5] R. CHOKSI AND X. REN, On the derivation of a density functional the-
ory for microphase separation of diblock copolymers, J. Statist. Phys., to
appear.

[6] P.C. FIFE, Boundary and interior transition layer phenomena for pairs of
second-order differential equations, J. Math. Anal. Appl., 54 (1976), 497-
521.

[7] G. Fusco aND J.K. HALE, Slow-motion manifolds, dormant instability,
and singular perturbations, J. Dynam. Differential Equations, 1 (1989),
75-94.

[8] R. KOHN AND P. STERNBERG, Local minimizers and singular perturba-
tions, Proc. Roy. Soc. Edinburgh Sect. A, 111 (1989), 69-84.

[9] L. LEIBLER, Theory of microphase separation in block copolymers, Macro-
molecules, 13 (1980), 1602-1617.

[10] X.-B. LN, Construction and asymptotic stability of structurally stable
internal layer solutions, Trans. Amer. Math. Soc., 353 (2001), 2983-3043.

[11] M. MIMURA, M. TABATA AND Y. HosonNoO, Multiple solutions of two-

point boundary value problems of Neumann type with a small parameter,
SIAM J. Math. Anal., 11 (1980), 613-631.

12



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

L. MobicAa AND S. MORTOLA, Un esempio di I'"-convergenza, Boll. Un.
Mat. Ital., (5) 14 (1977), 285-299.

L. Mobica, The gradient theory of phase transitions and the minimal
interface criterion, Arch. Rational Mech. Anal., 98 (1987) 123-142.

T. OHTA AND K. KAWASAKI, Equilibrium morphology of block copolymer
melts, Macromolecules, 19 (1986), 2621-2632.

X. REN AND J. WEIL, On the multiplicity of solutions of two nonlocal
variational problems, STAM J. Math. Anal., 31 (2000), 909-924.

X. REN AND J. WEIL, On energy minimizers of the di-block copolymer
problem, Interfaces Free Bound., 5 (2003), 193-238.

X. REN AND J. WEI, On the spectra of 3-D lamellar solutions of the
diblock copolymer problem, STAM J. Math. Anal., to appear.

X. REN AND J. WEI, Wriggled lamellar solutions and their stability in the
diblock copolymer problem, preprint.

J.V. SELINGER, Z.-G. WaANG, R.F. BRUINSMA AND C.M. KNOBLER,
Chiral symmetry breaking in Langmuir monolayers and smectic films, Phys.
Rev. Lett., 70 (1993), 1139-1142.

J.D. vAN DER WAALS, The thermodynamic theory of capillarity under
the hypothesis of a continuous variation of density, (in Dutch), Verhandel
Konink. Akad. Weten. Amsterdam, 8 (1893). (Translation by J.S. Rowlin-
son, J. Statist. Phys. 20 (1979), 197-244.)

13



