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Abstract

A two-species interacting system, motivated by the triblock copolymers theory, is studied on a flat
torus, the quotient space of the complex plane by a lattice. The free energy of the system, which
contains both short range and long range interactions, admits disc-disc like stationary points. The relative
displacement of the disc centers in a stationary point is related to Green’s function of the Laplace operator
on the flat torus. When restricted to disc-disc configurations with relative displacements equal to half
periods, the free energy is minimized with respect to the lattice and its half periods. The resulting
optimal lattice depends on a single parameter. As this parameter varies, the optimal lattice may be
rectangular, square, rhombic, or hexagonal. This is in sharp contrast to single species systems where
optimal lattices are always hexagonal.
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1 Introduction

Pattern formation in inhibitory physical systems results from controlled growth and self-organization. Com-
mon in these systems is that a deviation from homogeneity has a strong positive feedback on its further
increase, and in the meantime a longer ranging inhibition mechanism exists to limit increase and spreading.
Exquisitely structured patterns arise in such systems as orderly outcomes.

An archetype of two-species interacting systems is a triblock copolymer. A triblock copolymer molecule
is a subchain of type A monomers connected to a subchain of type B monomers which in turn is connected
to a subchain of type C monomers. Because of the repulsion between the unlike monomers, the different
type subchains tend to segregate. However since subchains are chemically bonded in molecules, segregation
cannot lead to a macroscopic phase separation; only micro-domains rich in individual type monomers emerge,
forming morphological phases [3]. Here we treat two of the three monomer types in a triblock copolymer as
species and view the third type as the surrounding environment, dependent on the two species. This way a
triblock copolymer is a two-species interacting system.
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Two dimensional periodic structures are the focus of our study, and we take the sample space to be a
flat torus, namely the complex plane divided by a lattice. A lattice A on the complex plane C is generated
by two nonzero complex numbers a; and as, with Im(as/aq) > 0,

A:{j1a1 + joa : J1,J2 EZ}. (1.1)
Let @ = (a1, ) be a basis of A. The parallelogram,
P, = {thél +toan: 0< tj <1, 5= 1,2}, (12)

is termed the fundamental parallelogram associated with «.

The flat torus C/A is the space of A-equivalence classes of points in C. Two numbers in C are A-equivalent
if their difference is in A. When no confusion exists, a point in C and its A-equivalence class in C/A are
not distinguished. Functions on C/A can be identified with A-periodic functions on C; subsets of C/A can
be thought as A-periodic subsets of C. If a basis @ = (a1, as) is given, C/A may be represented by the
fundamental parallelogram P,. The area, or the Lebesgue measure, of C/A is |[C/A| = Im(@7as). However
|C/A| actually depends on the lattice A, not any particular basis . For simplicity we write |A] for |[C/A|,
ie.

Al = |C/A| = Im(@ras). (1.3)

Our model originates from Nakazawa and Ohta’s density functional theory for triblock copolymers [13]
with simplifications by Ren and Wei [20]. It is a variational problem defined on pairs of subsets of C/A with
prescribed area. There are two sets of parameters in this model. The first consists of two numbers w; and
wy satisfying

0 <wiy, we <1, and wy +wa < 1. (1.4)

The second set of parameters form a two by two symmetric matrix -,

Y11 Y12
= s = . 1.5
0 [ Vo1 a2 ] Y12 = Y21 ( )

A pair (Q1,2) of subsets of C/A is admissible if the following conditions hold. Both ©; and 2 are
Lebesgure measurable; 1 and €23 do not overlap in the sense that

|1 N Q| =0; (1.6)
the Lebesgue measure of (2; is fixed by wj, i.e.
] = wilA], [Q2] = walAl. (1.7)

In (1.6) and (1.7), | - | denotes the Lebesgue measure on C/A, and |A| is the Lebesgue measure of the torus
C/A, as in (1.3).

Given an admissible pair (21,2), let Q3 = (C/A)\(©1 U Q2). Define a functional Jx to be the free
energy of (Qq, %) by

3 2
Ta(,0) = 5 3 Pen(@) + Y [ TIA()() VI (@0)() dAG). (18)
j=1 k=1

Here Pc/a(£2;) is the perimeter of €2; in C/A given by

Pea(Q;) = sup { /Q divg(z)dA(z) : g€ CY(C/A,R?), |g(z)| < 1Vz e «:/A}. (1.9)

In (1.9), and (1.8), the integrals are taken against the Lebesgue measure, denoted [ ...dA. If ©; has piecewise
C'! boundary, then Pc/a(€25) is the length of the boundary. The first term in (1.8) is the total length of



the curves separating Q1, €5, and Q3. In 2?21 Pc/a(€2;) each boundary curve separating a €2; from a €,
jk =1,2,3, j # k, is counted twice. The constant % in the front takes care of the double counting. The
function I (€2;) is the solution of Poisson’s equation

—AIA(2;)(2) = xq,(2) —wj in C/A, /(;/A In(925)(2) dA(2) =0, (1.10)

where xq, is the characteristic function of ;. Equation (1.10) can be solved in terms of Green’s function
G of —A; Gy satisfies
1
—AGpA =06 — —, Ga(z)dA(z) =0, (1.11)
A" Jeya

where § is the d-measure centered at the A-equivalence class of the origin. Then
@) = [ Gale=0)dA(). (112)

A stationary point (€1,s) of Ja is an admissible pair at which the first variation of Jj vanishes. It is
a solution to the following equations of a free boundary problem:

K13 + Y1108 (1) + 71214 (Q2) = p1 on 901 N ON3 (1.13)

K23 + Y12Ia (1) + Y22 Ia (Q2) = p2 on 9y N O3 (1.14)

K12 + (711 — Y12)Ia (1) + (12 — Y22)Ia(Q2) = p1 — p2 on 0y N O (1.15)
Tis +Tos +Tia =0 at 9Q; NN, N INs. (1.16)

In (1.13)-(1.15) K13, K23, and K12 are the curvatures of the curves 991 N N3, 0Ny N N3, and Iy N Ny,
respectively. The unknown constants g1 and ps are Lagrange multipliers associated with the constraints
(1.7) for 27 and Qs respectively. The three interfaces, 991 NON3, 9N NON3 and 9N NIy, may meet at a
common point in C/A, which is termed a triple junction point. In (1.16), T3, T3 and T}2 are respectively
the unit tangent vectors of these curves at a triple junction point. This equation simply says that at every
triple junction point three curves meet at 120 degree angles.

The disc-disc structure is one of the simplest patterns on a flat torus. An admissible pair (Qq,s) is
called a disc-disc configuration if each species §2; forms a closed disc in C/A, j = 1,2; namely

Q; =B(§,r;)) ={2 € C/A: |z =§| <}, j=1,2, (1.17)

where £; € C/A are the centers, r; are the radii, and 1 +ry < |2 — &1|. Due to the translation invariance,
the relative displacement

C=& — &, (1.18)

rather than the centers & and &9, is the quantity that characterizes the configuration. However a disc-disc
configuration is not a stationary point of Jx. In this paper, we find stationary points that are close to
disc-disc configurations. Such a stationary point (£21,s) is called a disc-disc stationary point. Each €; is
a small perturbation of a disc B(¢;,r;), and

Q4| = 7ri, |Qe| = 773, (1.19)

Henceforth, 1 and 7o replace wy and we as the first set of parameters. The area constraint (1.7) becomes

(1.19). We set
p=1/1?+73. (1.20)
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For the second set of parameters, let

vl = Vi (1.21)

1
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be the norm of ~.

A disc-disc stationary point satisfies equations (1.13) and (1.14), The other two equations, (1.15) and
(1.16), are not needed, because in a disc-disc stationary point (€1, 2s), the subsets ; and Qs are separated
by a positive distance. Green’s function G of the —A operator on C/A plays a critical role here. Since it
is smooth on C/A except at the lattice point 0 where

lim Gp(z) = oo, (1.22)
z—0

G admits a global minimum. Our first theorem asserts that when r; and v, are in a suitable range, there
exists a disc-disc stationary point whose relative displacement is close to a global minimum of Gy .

Theorem 1.1. Let A be a lattice, Ay > 1, A3 > 1, and n > 0. There exists pg > 0 depending on A, Ay, As,
and n such that if

1. 0< p=+/r}+713 < po,

1

.
A71<ﬁ<A1’

each entry v >0 (5,k =1,2) and |y| < Asvi2,

o e

each diagonal entry v;; < @, i=12,
J

then Jx admits a stationary point to (1.8) and (1.19) of disc-disc type.
If p — 0 along a sequence, then the relative displacement of the stationary point converges, possibly along
a subsequence, to a global minimum of Gy .

This stationary point is in a sense stable. See the discussion after the proof of the theorem.

Whenever (€21, 29) is a stationary point, one can shift both €2;, j = 1,2, by an arbitrary amount ¢, and
the resulting pair (21 + ¢, + ¢) is again a stationary point. Therefore Theorem 1.1, as well as Theorem
1.2 below, gives a family of stationary points.

Theorem 1.1 will be proved by a Lyapunov-Schmidt reduction procedure tailored for this type of varia-
tional problems. It was first developed by Ren and Wei for the diblock copolymer problem [23, 22], a single
species system, and later used by Ren and Wang for the triblock copolymer problem [18]. There are two
steps. First one fixes a relative displacement ¢ and finds a “pseudo-solution” ¢(+, ) parametrized by ¢. This
pseudo-solution solves (1.13) and (1.14) up to a two dimendional subspace; see Lemma 5.3. In the second
step one considers the function ¢ = Ja(¢(+, ¢)) and shows that every critical point (. of this function gives
rise to a special pseudo-solution (-, {.), which solves (1.13) and (1.14) exactly; see Lemma 6.1. To find such
a (., one observes that the function ¢ — Ja(p(+,()) is closely related to Green’s function G». Since G
admits a global minimum, ¢ — Ja(¢(+,¢)) also has a minimum. Using this minimum as the critical point
(¢, we obtain a stationary point ¢(+, (.) of Ju, proving the theorem.

Green’s function G is A-periodic on C; it is also even, i.e. GA(¢) = Ga(—() for all ¢ € C. Consequently
VGa(h) = 0 where h is a half period, i.e. h € A but 2h € A. There are precisely three A-inequivalent half
periods. If (aq, ag) is a basis for A, they are given by

o) Qg o1t Qg
-t Tl 1.23
2, 22 ad (1.23

The question whether G5 admits other critical points was studied by Lin and Wang in [9]. It was shown
that G has either three or five critical points in C/A, depending on A. Our second theorem shows that
if (4 is a non-degenerate critical point of G, there exists a disc-disc type stationary point whose relative
displacement is close to (..

Theorem 1.2. Let A be a lattice, Ay > 1, As > 1, and n > 0. Suppose that G admits a non-degenerate
critical point (.. There exists pg > 0 depending on A, Ay, As, and n such that if

1. 0< p=/r}+713 < po,
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Figure 1: The fundamental parallelograms P, and the disc-disc configurations of optimal lattices. From

left to right: a rectangular lattice, a square lattice, a rhombic lattice, and a hexagonal lattice. In all cases
h = catas
2
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2. A71<ﬁ<A17

3. each entry vj >0 (j,k =1,2) and |y| < Aamiz,

4. each diagonal entry vj; < %—;”, j=12
J

then Ja admits a stationary point to (1.8) and (1.19) of disc-disc type.
If p — 0, then the relative displacement of the stationary point converges to (.

The proof of Theorem 1.2 starts with the same pseudo-solution ¢(-,{) mentioned earlier. Instead of
minimizing the function ¢ — Jx(p(+,¢)), consider its gradient V74 (p(+,¢)) and show that this vector field
can be approximated by VGj, the gradient of Go. Using a topological degree argument, we prove that
near every non-degenerate critical point ¢, of G there exists a critical point (. of Ja(¢(+,()), leading to a
stationary point (-, (.) of Ja.

In the second part of this paper, we address the role played by the lattice A. From honeycomb to chicken
wire fence, from graphene to carbon nanotube, the most common two dimensional lattice observed in nature
is the hexagonal lattice. This lattice admits a basis (a1, az) with 52 = = ¢™/3, The reason that this lattice is
called a hexagonal lattice comes from the notion of Voronoi cells. A Voronoi cell of a lattice point consists
of points in C that are closer to the lattice point than other lattice points. For the hexagonal lattice the
Voronoi cell of each lattice point is a regular hexagon.

Our finding goes against the conventional wisdom. For the two-species interacting system J, the hexag-
onal lattice is rarely a favored structure. In section 7 it is shown that the effect of the size of a lattice can
be separated from the effect of the shape of the lattice. One can determine the shape of an optimal lattice
first by restricting to those lattices whos area equals 1. Then the size of the optimal lattice follows easily.

In our investigation, we are content with disc-disc configurations whose relative displacements are half
periods. More precisely given 1,72 > 0, define an admissible set A,, ,, of pairs (A, k) such that (A, k) €
Ay, 7, if the following conditions hold:

1. A is a lattice with |A| = 1, and h is a half period of A;
2. B(A,r1) N B(X,7r1) = 0 whenever A\, \ € A and X # X;
3. B(A\,r2) N B(XN,re) =0 whenever A, N € A and X # X;
4. B(A\,r1) N B(N + h,73) = 0 whenever A\, \ € A.

Here the discs B(A,r;) and B(X,r;) are viewed as subsets in C. The conditions 2, 3, and 4 ensure that they
are separated from each other.

Although not every pair of lattice and half period belongs to A,, r,, the smaller 71 and 7o are, the larger
the admissible set A, ,, is. In order to capture all the interesting lattices, we assume that 1 and ry are
sufficiently small so that A,, ,, contains the following (A, h) pairs:



1. A has a rectangular fundamental parallelogram of unit area whose aspect ratio is in [1,v/3], and h is
the center of the rectangle;

2. A has a rhombic fundamental parallelogram of unit area whose acute angles are in [%, 5], and h is the
center of the rhombus.

Given an admissible set A,, ,, satisfying the conditions 1 and 2 above we pose the minimization problem

: B(0,71), B(h,r2)). 1.24
(A,h;’relﬁlrlﬂ‘z jA( ( ’T1)7 ( ’T‘2)) ( )

In section 8 we show that for problem (1.24), the hexagonal lattice is generally not optimal. Several
lattices will appear as the most favored structures. They are illustrated in Figure 1. A rectangular lattice
has a basis a whose fundamental parallelogram P, is a rectangle. A square lattice has a square as a
fundamental parallelogram. A rhombic lattice has a rhombus as a fundamental parallelogram. Finally a
hexagonal lattice is a rhombus lattice with two acute angles of P, equal to §. If

(&%)
_ 2 1.25
= (1.25)
then in terms of 7, A is rectangular if Re7 = 0, A is square if 7 = i, A is rhombic if |7| = 1, and A is

hexagonal if 7 = €™/3. Note that these classes of lattices are not mutually exclusive. A hexagonal lattice
is a rhombic lattice; a square lattice is both a rectangular lattice and a rhombic lattice. Here is the third
theorem of this paper.

Theorem 1.3. Let the parameters i, j, k = 1,2, satisfy the conditions

Y11 >0, Y22 > 0, 712 > 0, V11722 — Viz > 0, (1.26)

and set . . -
1T+ Yemy — 271970

b
Y117] + Y22rs

(1.27)

which lies in [0, 1] by (1.26). Suppose that vy and ro are sufficiently small so that A, r, satisfies the conditions
1 and 2 before (1.24).

The minimization problem (1.24) admits a minimum attained by a lattice Ay and a half period hy. The
lattice Ay has a basis ap = (o1, p,2) such that

Qp1 + Qp2

hy = >

(1.28)

Moreover there exists a number B = 0.1867... such that the following statements hold.
1. If b= 0, then P,, is a rectangle whose aspect ratio is /3.

2. If b€ (0,B), then P,, is a rectangle whose aspect ratio is in (1, \/3) As b increases from 0 to B, this
ratio decreases from V3 to 1.

3. If b€ [B,1— B], then P,, is a square.
4. If be (1 = B,1), then Py, is a rhombus. It has an acute angle in (5,%). As b increases from 1 — B

to 1, this angle decreases from 3 to %.

5. If b=1, then Py, is a rhombus with an acute angle equal to 5.

The minimum (Ay, hy) is unique up to rotation.



As you can see, only in the case b = 1, the optimal lattice is hexagonal; in all other cases, the optimal
lattice is not hexagonal. In contrast, there is a single species analogy to (1.8): the Ohta-Kawasaki diblock
copolymer problem [15]. If considered on a flat torus, the free energy of that problem takes the form

Tan@) =Pep(@+ % [ VL@ dAR) (1.29)
C/A

where  is a measurable subset of C/A of the prescribed area: || = wy|C/Al, wq € (0,1), and 4 > 0. This
Q is occupied by one of the two type monomers in a diblock copolymer and is viewed as the only species
of the system (the other type monomers form the environment). If one takes Q@ = B(0,7) to be a disc and
minimizes Jg A (B(0,r)) with respect to A, |A| = 1, Chen and Oshita showed that the minimum was achieved
by a hexagonal lattice [4]; Sandier and Serfaty gave a different proof of this fact in [26].

In recent years the single species problem (1.29) has been actively studied on flat tori and bounded
domains with the Neumann boundary condition for equation (1.10); see [19, 22, 8, 1, 5, 11, 7, 16] and the
references therein. The study of the two-species problem (1.8) is still in the early stage. There are results on
existence of stationary points in one and two dimensional domains with the Neumann boundary condition
21, 24, 25, 17, 18].

The threshold number B in Theorem 1.3 was first discovered by Luo, Ren, and Wei in their study of
another configuration [10]. Tt comprises two discs of the first species, B(&,r1) and B(£1,71), and two discs
of the second species, B(2,r2) and B(&5,72). In a fundamental parallelogram P, the four centers are

51 = 2041 + iag, fi = ial + 2042, 52 = ial + %Ozg, gé = %al + ZQQ, (130)
which form a parallelogram like a scaled down version of P, by a factor 1/2. When the energy of this
configuration is minimized among lattices of unit area, the optimal one is rectangular, square, rhombic, or
hexagonal, like in Theorem 1.3.

Another motivation for our work comes from a two-component Bose-Einstein condensates problem studied
by Mueller and Ho [12]. In a Bose gas made up of two hyperfine spin states of the same atom, the vortex
lattices are bound to be more intricate than those in single component condensates, as the vortices in different
components can move relative to one another. The model Mueller and Ho derived, different from our two-
species interacting system (1.8), also contains a parameter, and as it varies, numerical calculations show
various hexagonal, rhombic, square, and rectangular lattices appearing as the optimal lattices.

2 Disc-disc configuration

Section 2 to section 6 are devoted to the proofs of Theorems 1.1 and 1.2. The constants A; > 1, Ay > 1,
and 7 > 0 in the two theorems are fixed and the conditions 2, 3, and 4 on 7; and ~;; hold. Also fixed in
these sections is the lattice A, so we drop the subscript A in notations like Ju, Ix, and G, etc, and simply
write J, I, and G, respectively. There will be constants, such as Cy, C1, ¢2, Ca, and Cj, arising in various
estimates. They depend on Ay, Ao, 1, and A at most.

Denote the two parts of J by Js and J; for short range interaction and long rrange interaction respectively,
ie.

T (1, Q) = Ts(21,Q2) + Ti(1, Qa2), (2.1)
3
o, 9) = 53" P (/A), (22)
=1
& i
T, Q) = j’kzl Tk /(;/A VI(Q;)(2) - VI(Q)(z) dA(z). (2.3)



Let (a1, a2) be a basis of A. It is always assumed that

(65]
— cH 2.4
o € (24)
where
H={reC: Im7 >0} (2.5)

is the upper half plane. There is an explicit formula for Green’s function G:
| 2|2 1 2%ay z Qs z
G(2) = 4 — 5= log | S22 ) (1-e( 2
@) =g~ 208\ ey 200 T 20 “Nay

[ (o)) (el =

n=1

see [4, Lemma 1] for a proof. Here

e(w) = 2™, (2.7)
Sometimes one singles out the singularity of G at 0 and decompose G into
1 2 2
Glz) = —Log L B Ly (2.8)

2 VIA| 4|A]

1 22ag z as \ VI|A z
H(z) = ——1 ‘ -z ALY Sy 2
() or 8¢ <4i|A|a1 204 * 12a1> 2nz ¢ o

(e (o)) (e (v 20) 29

n=1
is a harmonic function on (C\A) U {0}.

Note that G is a smooth function on C/A except at the lattice point 0, where G(z) — oo as z — 0. For
sufficienlty small § > 0,

where

min G(z) < min G(z) (2.10)
2€C/A 2€(C/M\(C/A)s

where (C/A)s is subset of C/A given by
(C/A)s ={z € C/A: |z| > ¢} (2.11)

By (2.10), if ¢, is a minimum of G in C/A, then |(.| > §. Henceforth we fix one such 4.
Let Q; = B(&j,75), j = 1,2, be two discs in C/A centered at &; of radii ;:

B(fj,Tj):{ZEC/AS |Z*£j|§7’j}, ]:1,2 (212)
Denote by
(=&L—-& (2.13)
the relative displacement from &; to &. One requires that
IC| > 0, i.e., ¢ € (C/A)s, (2.14)
and 5
< d=L2 (2.15)
Under (2.14) and (2.15), for any two points z; € B(§j,r;), j = 1,2,
6 & 0
|20 — 21| > |2 — &1l =1 — 72 > 1 1 (2.16)

so the two sets B(&1,71) and B(&2,72) are well separated. We call (B(1,71), B(&2,72)) a disc-disc configu-
ration.



Lemma 2.1. Let B(§,r) be a disc in C/A centered at & of radius r. Then

_ £12 2 2
2 4§| +%_%logr if |z—¢l€[0,r]
I(B(&7))(2) = 72
_?log|z—f| if lz—¢l>r
',"2 2 LT4

1
- —1 + —(mr?|z — €2 + +7r?H(z — ).
2 * \/‘> A| 4|A|( " |Z f| 2 ) " (Z E)

Proof. Without the loss of generality, assume £ = 0. Since the integral of G on C/A is zero, by (2.8)

71'7‘2

100G = [ 66-0 (><B(o,r><<> - |A|) 2A(Q)

C/A

[ 6lz-0da)
B(0,r)

! 1 2
Ny A
2 - ¢ )
+/B<om TA©+ [ HE=0dA)

B(0,r)

)= [ . (;ﬁ) log |2 — ¢| dA(),

which is a radially symmetric solution of —Av = xp(, in R? = C. With t = |2|,

Let

1
—Utt — ;Ut = X(0,7)» v¢(0) = 0.
Solving this equation, one finds
2 2 2
-7t TZ - %logr ift €10,r]
v(t) = ) +C.

—%logt ift>r

2

To determine the constant C, let t = 0 and then v(0) = & — é logr + C. On the other hand

2 2

1 r? 7
v(0) = /B(OW) (‘27T) log |0 — ¢[dA(C) = T 5 loer

Hence C' = 0. For the remaining terms in (2.17), one finds

1 > 2m r2 2m
- log dA(() = ——=log ——
/B(o,r) ( 27 VIA] 2 VIA|
2 = ¢J? 1 ( 21,2 7”“4>
dA(Q) = — [ 7mre|z|* + —
Jrony 4100 = g (o714

/ H(z— ¢)dA(C) = m2H(2)
B(0,r)

where the last one follows from the mean value property for harmonic functions.

(2.17)



Lemma 2.2. Let (B(&1,71), B(&2,72)) be a disc-disc configuration. Then

wrf 277 7T7’4 m2ré
J (B(&1,71), B(§2,72)) 2271'7"] Z%J <—J og Tk + —L + 7 H(0) + 2

VA 8 4|A|
72 (r2ry + rird
e (Gl T L)
where ( =&y — &
Proof. Obviously
\7( (Ela’rl 527T2 ZQWTJ (218)

To find J;(B(&1,71), B(€2,72)), note that, by Lemma 2.1,

/ / Gz — w) dA(w)dA(z) = / (B, 7)) (=) dA(z)
B(&j,m5) Y B(&5,m5) B(SJ)TJ)

ﬂ'r 2 rd
— g 7”"]+7+er(0)

2 \/W 8 4|A]\ ’
/ / G(z —w) dA(w)dA(z) = / I(B(&k,ri))(2) dA(2)
B(&j,r5) J B(&korr) B(&;:r5)

7'('2(7“]2-7“% + r,%r;-l)

2.6

j=1,2, (2.19)

= WQT?T]%G(fj — &) + LT (2.20)

8JA|
The lemma follows from (2.18), (2.19), and (2.20). O
3 First variation
Define a Hilbert space Z of functions whose values are in R?,
27
2={6=(or.02): ¢, €LX(S"), | ;00 =0, j=1,2}. (3.1)
0

Here S! is the unit circle identified with [0,27], and L?(S!) is the real valued L?-space on S!. The inner
product on Z is

2 27
@)= [ o000 0. (3.2)
j=1"0
Next let
YV={¢=(¢1,¢2) € Z: ¢; € H'(S"), j=1,2} (3.3)

be a subspace of Z. Here H'(S') is the usual H' Sobolev space on S'. The norm of ) is given by

27
6|2 = Z / 2L 2) d (3.4)

Finally define

X={¢=(d1,¢2) € Z: ¢; € H*(S"), j=1,2} (3.5)
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where H?(S1) is the H? Sobolev space on S and the norm of X is given by

2 2
w%=2/ ((61) + (64) + 62) do. (3.6)
j=1"0

Clearly X C Y C Z.
Fix §; and r;, j = 1,2, subject to the conditions (2.14) and (2.15). If ¢ and ¢, are 27-periodic continuous
functions, collectively denoted ¢ = (¢1, ¢2), then they specify two subsets of C/A as

Q; = {gj te? € C/A: 0 e0,2n], t e [0, r2 +2¢j(9)] } j=1,2, (3.7)

provided 73 4 2¢;(6#) > 0 for all 6 € [0,27], j = 1,2. In particular ¢ = (0,0) corresponds to the the disc-disc

configuration (B(&1,71), B(&2,72)).
One views J as a functional of ¢ and the domain of 7 is taken to be

Dom(J) = {6 €V [dlly < dp?}. (38)

In (3.8), d is a positive number small enough so that

1
2Cd(1+ A?) < 3 (3.9)
where C' > 0 is a constant in the imbedding H'(S) — C(S1), i.e
[ fllzo(s1) < Cllfllmi(sry, for all f € H'(SY), (3.10)
and A; > 1 is the constant in condition 2 of Theorems 1.1 and 1.2.
Note that under (3.8) and (3.9),
2
r
12051 o< (s1) < 2C|j ]| a1 (s1) < 2Cdp* < 2Cd(1 + A%)sz' < Ejv (3.11)
and hence
TJZ 2 37“]2- 1
O<5<rj+2¢j(9)<7, forall @ € S*. (3.12)

The lower bound in (3.12) shows that Q; is well-defined by (3.7). The upper bound in (3.12) implies that
)y and Qo are well separated, for if z; € QJ7 j =1,2, then by (2.14) and (2.15),

|22—21|>|§2—£1|—\/>r1 \fr2>5 \/><> f(j):o.:sg?ﬁ...xé. (3.13)

The area of € is
27 1/T?+2¢j (0) ) 27
1] = / /0 tdtdd = mr; + ; ¢;(0)do. (3.14)
Since ¢ € Z, fo% ¢;(6) d = 0. Hence
Q| =7r?, j=1,2, 3.15
J J

satisfying the area constraint (1.19).
Like J, Js and J; defined in (2.2) and (2.3) are also functionals of ¢. More explicitly

o (¢))°
2
‘ /0 \lr +2¢J+2+2¢jd0 (3.16)
2
Jj
g

T 2+2¢J (0 2T T +2¢] ) )
/ / / G(te'? — qe)tq dgdn dtd
k=1 0

rl +2¢1 (19 27 r2+2¢72(n )
+ Y12 / / / / (—C +tel? — ge™)tq dgdn dtd. (3.17)
0

11
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)
Ji(9)



Remark 3.1. In addition to ¢, Ji(¢), and J(¢) consequently, also depend on (, as seen in the last line of
(3.17). However ¢ is fixed until section 5.

The first variation of 7 is a nonlinear integro-differential operator S such that

dJ (¢ + )

- ~ (5(0). ) (3.15)

e=0

The operator S maps a neighborhood of 0 in X' into Z. More precisely the domain of S is set to be
Dom(S) = {p € X : ||¢[lx < dp*}. (3.19)

Note that the d in (3.19) is the same as the d in (3.8), so Dom(S) is a subset of Dom(J).
For functions f; and f» defined on S, it is convenient to use the notation

fi= f2 (3.20)

if f1 and f, differ by a constant. One can find the constant by averaging, i.e.

2m 1 2m

1
fi—fa= o f1(0)do — — f2(0) db. (3.21)
T Jo 2m Jy

Write § = S; + S; where S and S; are the first variations of Js and J; respectively. They are also
operators from Dom(S) to Z, and calculations show

3(¢%(0))*
7 +2¢;(0) + 726,0) )

(¢(60)? )3/2 J
)

S5, (0)(0) ~
(rf. +26;(0) + =736,

=1,2. (3.22)

where the right side is the curvature of 9€2;. Note that ~, instead of =, is used in (3.22). This is because
the first variation of 7, is calculated in the space ), where functions have zero average. The left side S; ;(¢)
must have zero average but the curvature on the right side does not, and the two differ by a constant. If we
denote the right side of (3.22) by K;(¢;), then

Ss.j(9) = Kj(¢5) — Ki(¢5) (3.23)

where K;(¢;) denotes the average of K;(¢,),

27
K5(0;) = — / K5(6;)(0) do. (3.24)

The components of S;(¢) are

S1.1(9)(9)

12

’}/11[(91) (61 + 7’% + 2¢1(9)6i6> + ’}/12[(92) <£1 + T% + 2¢1 (G)eie) 5 (325)

S1.2(9)(0)

R

Y121(21) (52 +4/73 + 2¢2(0)ew> + Y221(22) (52 +4/7r2 + 2¢52(0)6i0> ) (3.26)
Again the left side and the right side in each of (3.25) and (3.26) differ by a constant. Let
1
G(z) = 5 log |z| + R(2) (3.27)
™

where by (2.8)

R(z) = L lo Gl + P + H(z) (3.28)

2r % /1Al AIA]
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is smooth on (C\A) U {0}. The S; operator may be written in a more explicit form:

2m 2+2¢1(n )
Si1(6)(0) ~ %1/ / log |\/72 + 2¢1(0 ) — te'

2 7’1+2¢1(77 ) )
+ 711 / R ( 2 + 20 (0)el? — te”7> t dtdn
0 0

J
o /0271' /O\/r2+2¢>2 <<+

t dtdn

2 4+ 261 (0)el? — tei”> t dtdn (3.29)

oy [2T [VTET2E2(0) .
S20)0) = =5 | | log [v/r3 + 265(0)e® — te| ¢ dtdn
2m /13 +262(n) ' .
+ Y22 / / R < 2 4+ 2¢5(0)el? — L‘e”’) t dtdn
o Jo
2r /T3 4+261(n) _ _
+ 712 / / G <C + /72 + 2¢2(0)el? — te”7> t dtdn. (3.30)
o Jo

Comparing (3.22), (3.25), and (3.26) to (1.13) and (1.14), we see that if
S(6) =0, (3:31)

then the pair (1, 2) described by ¢ is a stationary point of 7.
In this paper, the O(-) notation is used. For instance O(|y|p*) in the next lemma stands for a quantity
that can be bounded by C|v|p* uniformly in 6 for some C' > 0 where C is independent of v, r;, and (.

Lemma 3.2. The first variation at the disc-disc configuration, represented by ¢ = (0,0), is

51(0,0)(8) = y117riVH(0) - re? + Y271raVG(—=C) - re? + O(|v]p*)
S2(0,0)(8) = 'yggm"%VH(O) roe? + *ylgm’lVG(() croel? + O(|’y|p4).

Proof. The curvature of a circle is the inverse of its radius, so

1
S6,(0,0) ~ —, j=1,2. (3.32)
Ty
By Lemma 2.1 and dropping constant terms, one derives

r? 21mry 3mrd
S1,1(0,0)(6) ~ v11 | ——= log —— h

~ i H(rie') + yemr3G(=¢ + rie)
~ vy (H(0) + VH(O) e £ 0(p ) 4+ 1273 (G(—¢) + VG(—() - re? + 0(p?))

2 i0 7”"‘21
+ Y12 |3 G(—C + 1€ >+ m

~ 1 mr2VH(0) - rel o4 12772V G(—C) - rel? + O(|v|ph) (3.33)
r2 271y 3mrd mrd
S12(0,0)(0) ~ —21lo + 2 4 mr2H(reel?) | + |:7T7“ + roe! 1}
1;2( )( ) Y22 l 2 g \/W 8|A| 2 ( 2 ) Y12 1 (C 2 ) 8|A|

~ ’YQQWTSVH(O) croel? + ’)/127T7’%VG(<) croet? + O(|’y|p4). (3.34)
Now that
1 .
$1(0,0)(8) ~ - + 1172 VH(0) - r1e? + y191mraVG(—=C) - 1€ + O(|7]p*)

~ i VH(0) - 1€ + 71273 VG(=C) - 1€ + O(||p*)
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by (3.32) and (3.33), there is K € R, independent of 6, such that
81(0,0)(8) = 1172 VH(0) - r1€? + 71012 VG (—C) - r1€? + O(|y]p*) + K. (3.35)
Since §(0,0) € Z, the average of S1(0,0) vanishes. Integrating (3.35) with respect to 6 yields
0=0+0+O0(lyp*) + K,

which implies
K = O(Jy1p")

and
S51(0,0)(0) = y117riVH(0) - rel? + Y127raVG(=C) - ret? + O(|7\p4).

The same argument applies to S2(0, 0). O

4 Second variation

The Fréchet derivative of S at (0,0), which is the second variation of J at (0,0), is a linear operator,

S'(0,0): ue X — 8'(0,0)(u) € 2. (4.1)
Calculations show
S1(0,0)(u)(0)
1
~ L ((0) + ua(0))
1
27
- % ; u1(n) log |T1€19 —r1edn — %UI(G)
o i0 in uy(6) i0 i0
+ 711 ur(n)R(re’ —rieM)dn + y11——= VR(re? —z)-e’dA(z)
0 7'1 B(O,’l‘l)
o i0 in u1(9) i0 i0
+ Y12 us(N)G(—=C 4+ r1e' —rae™)dn + y12 o VG(—C+r1e? —2) - e’ dA(z) (4.2)
0 B(O,T'z)
S5(0,0)(u)(0)
1
~ L ((0) + us(6))
2
27
— ’;—2; ; us(n) log |rge‘9 —roe|dn — %uz(ﬂ)

27
) ) us (6
+ Yoo / Ug (7’])R(7’2616 —roe™)dn + Y22 2(0)

/ VR(rye? — 2) - dA(2)
0 ] B(0,r2)

uz(0)

T2

2
+ 712 / uy (7)G(C + 79e? — r1eM)dn + v1o / VG(¢ 4 reel? — 2) - € dA(2). (4.3)
0 B(O,Tl)

Write §’(0,0) as a sum of two parts: £ and F where

1 . 27 ) ) . )
Eul) =~ —— (u)(8) +u;(0)) — 2 [ wj(n)loglrje® — i€ dy— Lu;(0), j=1,2,  (4.4)
rs 2 Jo 2



is the major part, and

2 . . up (0 - i
Fru(f) ~ y11 / uy (n)R(r1€'? —r1e)dn + 'yllL / VR(re? — 2) - edA(z)
0 B(O,Tl)

T1
Ul (0)
T1

27
+ Y12 / ug ()G (—C + r1€? — rae)dn + Y12
0

’Z,LQ(Q)

T2

/ VG(—C +re? —2)-e?dA(z) (4.5)
B(O,T'Q)

27
Fou() ~ 722/ ug(n)R(rgeie — rgei”)dn + Y22 / VR(rgeiG —2)- eiedA(z)
0 B(O,Tz)

uz(6)

T2

27
+ Y12 / u1 ()G (C + r9€? — rie™)dn + v12 / VG(C + e — 2) - ¥ dA(2) (4.6)
0 B(0,71)
is the minor part.
Note that & and & are decoupled in Eu: & acts on u; only and & acts on us only. To determine the
spectrum of £, decompose

Z=3 Z(n), where Z(n) = {Acosn0 + Bsinnf: A,B€R?*}, n=1,2,... (4.7
n=1
Since
oo
; cos k6
1 1 _ i0 — _
ogll —ef|=—% ——,
k=1
we deduce
in n®—1 in Vi in Yii in .
Ei(em?y = Tge 9+#e 9—%@ o n=1,2,.., j=1,2. (4.8)
This means that, the eigenvalues of £ are
Mn:b Qi 3 forp=1,2,3, ..., and j = 1,2. (4.9)
7 ré 2n 2
The corresponding eigenvectors are
cosnb sinnf| . 0 of ...
, , if j=1; 1 , if j=2. (4.10)
0 0 cosnb sin nf

These four vectors generate the invariant subspace Z(n).
Let IT be the orthogonal projection operator from Z to a subspace Z,, where

Z, = {QS = (¢1,¢2) € Z: OQW ¢jcosfdd = 0% ¢;sinfdd =0, j=1,2, } . (4.11)
Then Z, is the orthogonal compliment of Z(1) and
Z, = EQZ(n). (4.12)
Also define
Y, =YNZ, X =XN2Z,. (4.13)

When ¢ € Z,, the perturbed disc €2; described by ¢; is considered to be centered at &;.
We are more interested in IIS’(0,0) and IIE restricted to X, instead of S’(0,0) and £ on X. Since & maps
A, into Z,, II€ = & on A,.
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Lemma 4.1. There exists co > 0 such that

1.
(TTEu, u)

Y

229 ||ulf3,

HEullz > 2e2p™"[Jullx

for allu e AX,.
Proof. As TIE agrees with £ on X, by (4.9) the eigenvalues of II€ in A, are

(n—1) 3 ;
,un,j = TT? (27L(’I’L —+ 1) — rijTj) , = 2,37 ey ] = 1,2

According to condition 4 of Theorems 1.1 and 1.2, fy]jr < 12 — 7. Hence

n—1
tnj > %(2n(n+l)—l2+n).

Then there exists ¢ > 0 such that
P >cpPn? n=23, .., j=12 (4.14)

Given u € X, C Z,, one can expand it with respect to the eigenvectors (4.10) so that

o0 .
_ Z 4 cosnf sin nf 0 v B 0 (4.15)
u P n,1 n,1 n,2 cosnd n,2 sin nd s .
> cosnb sin nf 0
IEu = Z An,l,un,l + Bn,l,ufn,l + An,QPJn,Q + Bn,Q,Ufn,Q . . (416)
o 0 0 cosnf sin nf
They imply
(ITEwu, u) = WZZ +32 ) B (4.17)
n=2j=1
l[ull3, —WZZ 2+ B2 (1+n?), (4.18)
n=2 j=1
|1_[$u||2,7 *WZZ +B2 H’n,j? (419)
n=2 j=1
llu||% —WZZ ;+ B ) (1 +n%+n). (4.20)
n=2 j=1
Both parts of the lemma follow after one sets co = ¢/4. O

Lemma 4.2. There exists Co > 0 such that
[Fullz < Colylp llul £

for allu € A,.
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Proof. Note, for example,

/ ’ ur(n)R (r1€? —rie") dn = / ur(n) (R(0) + VR(0) - (e’ —rie™)) dn +/ ﬁ o) dn
0 0 ’
:iéﬂummow%dn
WO [ onpe -y =" o) = @) 00
1 B(0,71) "

by the facts that, since u € Z,,

2w 2 2
| wtman= [T wmeosndg = [ wmsnnan=o.j=1.2
and the area of B(0,r1) is of order p2. Similarly estimates hold for the other terms in Fi (u)(0) and F(u)(9),
and the lemma follows. O
Lemma 4.3. There exists co > 0 such that when p is sufficiently small,

1.
(TIS'(0,0) (), u) > cop™®|ull3, for allu € X,

ITLS(0,0)(u)||z > cap™?||ullx, for all u € X,
3. the operator 118'(0,0) is one-to-one and onto from X, to Z,.
Proof. In this proof and later let Cy > 0 such that
P’y < Co, (4.21)

by condition 4 of Theorems 1.1 and 1.2.
By Lemma 4.2, for all u € &, and sufficiently small p,

1Fullz < Calylpllull z < C2Cop™ [lull 7 < cop™[lull 2 (4.22)
and by Lemma 4.1.1,

(1IS'(0,0)(u), u) (ITEu, u) + (I1Fu,u)

2e2p % |[ull3) — c2p™?lullZ

c2p”"||ull3,

ARV

which proves part 1 of the lemma. For part 2, by Lemma 4.1.2 and (4.22),

[IS'(0,0)(w)lz = [HEulz — [[ILFullz
> 200p  flullx — 27l 2
> cop”°|lullx,
for all u € A,.
For part 3, a weaker version of part 2,
ITLS’(0,0)(u) ||z > c2p?||ullz, for all u € A, (4.23)

implies that IIS’(0,0) is one-to-one.
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Let v € Z, be perpendicular to the range of I1S'(0,0), ie. (IIS'(0,0)(u),v) = 0 for all u € Aj,.
Since I1S’(0,0) is a self-adjoint operator on Z, with the domain X, C Z,, one deduces that v € &, and
I1S’(0,0)(v) = 0. By the injectivity of TIS’(0,0), v = 0. Hence the range of II§’(0,0) is dense in Z,.

To show that IIS’(0, 0) is surjective, let w € Z,. There exist u,, € X, such that I18’(0,0)(u,) = w in Z,.
Therefore T1S’(0,0)(uy,) is a Cauchy sequence in Z,. By (4.23), u, is also a Cauchy seqence in Z,. There
exists u € Zp, such that u, — u in Zp. As a self-adjoint operator, I1S’(0,0) has a closed graph in Z, x Z,,
so (u,w) is on this graph. This means that u € A} and I1S8’(0,0)(u) = w. O

5 Reduction
It is not possible to solve S(¢) = 0, (3.31), for every ¢ € (C/A)s. Instead we solve the equation
IIS(¢) =0 (5.1)
for each ¢ in this section. A solution of (5.1) is called a pseudo-solution of (3.31).
Lemma 5.1. There exists C7 > 0 such that
ITS(0,0)][z < Calylp*. (5:2)
Proof. This follows from Lemma 3.2 and the definition of the projection operator II. O

Also needed is an estimate on the second Fréchet derivative of S, i.e. the third variation of J.

Lemma 5.2. There exists C5 > 0 such that for all ¢ € Dom(S), the following estimates hold for all u € X
and v € X,

1.
(8" (8)(ws0),0)] < Cs (07> + y1p2) [lul 10113

18" () (u, v)llz < Cs3 (p" + V1o ™2) llull x [[v]] 2 -

We refer to [23, Lemma 3.2] and [22, Lemma 6.1] for proofs of these results.

Lemma 5.3. When p is sufficiently small, there exists p € X, for every ¢ € (C/A)s such that ¢ solves (5.1)
and

C
ol < 22 lo.
2
Proof. Expand S(¢) as
S(¢) = S5(0,0) + 8(0,0)(¢) + R(¢) (5:3)
where R(¢), defined by (5.3), is a higher order term. Turn (5.1) to a fixed point form:
¢=TI(9) (5-4)
where
T(¢) = —(I18(0,0)) 7" (118(0,0) + IIR(9)). (5-5)

is an operator defined on W = {¢ € &, : ||¢||x < ep?} C Dom(S). Here € > 0 is to be determined.
By Lemmas 5.1 and 4.3.2,

(115" (0,0)) " TIS (0, 0) v < %W. (5.6)
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Lemma 5.2.2 implies that

IR@)lz < C3 (p7° + 1lp™?) Il (5.7)
By Lemma 4.3.2,
_ Cs , _
I01S'0,0) " TR@) e < (572 + i) 91 53)
For ¢ € W, by (4.21), (5.5), (5.6), and (5.8) one deduces
C C C C C
IT(@)lx < —|ylp" + == (p* + 71p°) € < (—lcop2 + 2 + —30062)/)2~
Co C2 C2 C2 C2
Take J
—_— 3 Cz —
6_mm{Axcg(l+Co)’ 2} (59)

where d comes from (3.19), the domain of S. Let p be small enough such that %1C’0p2 < 5 and Lemma 4.3
holds. Then

IT()llx < ep®.

Therefore 7 maps W into itself.
Next show that 7T is a contraction. Let ¢, € W. First note that

T(¢) = T(¢) = —(118'(0,0)) " (IT) (R(¢) — R(¥)). (5.10)
Because
R(¢) —R(¥) = S(¢) — S(v) — §'(0,0)(¢ — ), (5.11)
one finds, with the help of Lemma 5.2.2, that

IR(¢) = R()llz < 8" ()(¢ — 9) = §'(0,0)(¢ — )|z + % (P2 +1e™?) o — vl%

< 05 (0 + hlo™) Illello — e+ 2 (0=° +lo™) o — vl
<Cs(p° +1le7?) (et ) p?llo — vlla
<2eC3(p° + 1) lo — ¥l x-

Then Lemma 4.3.2, (4.21) and (5.9) imply that

IT(8) — T < 225

1
L+ Co)llé = ¥llx < Sllé — - (5.12)
Hence T is a contraction mapping, and a unique fixed point ¢ exists in W.
By the definition of W, |l¢||x = O(p?). However, this can be improved, if one revisits the equation
¢ = T () and derives from (5.5), (5.6) and (5.8) that
_ _ C1 Cs , _
lella < 1(I187(0,0)) 7S (0, 0) ]| + || (T1S'(0,0)) " IR ()| < glvlﬂ7 + (02 + Ilp) ol -

Rewrite the above as

Cs , _ C
(1= 72+ bl el ) Dol < Sl (5.13)
C2 C2
In (5.13) estimate
Cs , _ C C 1
= (p+ hlp) lgllx < == (1+hlp*) e < = (14 Co)e < 5 (5.14)
C2 Co Co 4
by (4.21) and (5.9). The estimate of ¢ follows from (5.13) and (5.14). O
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The next two lemmas show some properties of the pseudo-solution ¢. Lemma 5.4 says that I1S'(¢) is
positive definite, so ¢ locally minimizes 7 in &,. Lemma 5.5 gives a good estimate of J () which is very
close to J(0,0), the energy of the disc-disc configuration of the same relative displacement.

Lemma 5.4. When p is sufficiently small, for all u € X},
1.

Co -
(118 (o) (w),w) > ol
Co _
IS (9) ()l > 2l .
Proof. By Lemma 5.2,

(11" (¢0) (), )

(TI1S'(0,0)(u), u) + (TII(S'(¢) — S'(0,0))u, u)
cop”?ull3 — Cs (p7° + |71~ 2) llellallull3

2C,C3C,
(02 _2GG co>p2) ol

Y

Y

C2
and
IT1S7(0,0)(u) || z — [[TI(S" () — S'(0,0))(w)] =
cop ullx = Cs (p7° + 710 ~2) llell xllull
> (o 20900 o) ol

C2

LS (0) (u) ]| 2

If p is sufficiently small, then %(1 + Cp)p? < % and both parts of the lemma follow. O

Lemma 5.5. It holds uniformly for ¢ € (C/A)s that

2 g 4 Vs 4
T(p) = Z_: <2m~j n % (—T;J log \;I%I + % + 724 H(0) | | + am2r2r3G(C) + O(n1p%).
Jj=1
Proof. Expanding J (y) yields
1 1,
T () = J(0,0) +(S(0,0), ) + 5{S(0,0)(«0), ¢) + 5 (" (tp) (. 0), ) (5.15)

for some t € (0,1). On the other hand expanding S(¢), and then applying IT on both sides give

1
TS () — T18(0,0) — IIS'(0,0) ()] = < SEEPIQIIHS"(W)(% o)z (5.16)
te (0,

Since IIS() = 0, (5.16) shows that

! 1 !
[TIS(0,0) +T18"(0,0)(p) ||z < sup [[TIS"(te)(w,9)| 2,
te(o,l)2

which implies that

te(0,1)

IKI1S(0,0), ) + (T18'(0,0)(0), )|z < < sup ;IHS"(t@)(%@)Iz> el - (5.17)
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Since ¢ € A},

(TIS(0,0), ) = (5(0,0), ), (T8'(0,0)(¢), ) = (5'(0,0) (), )- (5.18)
Then (5.17) shows that
1(5(0,0), ) + (S'(0,0)(¢9), )|z < (teszépl);lHgfx(tw)(%@)||2> el (5.19)

By (5.19), (5.15) yields that

1 te(0,1)

T() = 7(0,0) ~ (50,0, 9)| < = ( sup ||5"(t<p)(90,<ﬁ)||2> il

Therefore Lemma 5.1, (5.18), Lemma 5.2.2 and Lemma 5.3 imply that

T(e) - T0.0] < ;|<S(070)7<P>|+152<Sup)||5”(fw)(%w)||z> ol

te(0,1

1 20, 5 B o (20, 3
S(C1p" ) =W p" + =C5 (72 + vlp2) [ —lp"
2 C2o 12 C2

<
C?  1003C3
= |yf*p" (1 +—a (14 |7|p3)lw|p5> :
Co 3cs
Finally one uses Lemma 2.2 and (4.21) to complete the proof. O

6 Stationary points

We emphasize the dependence of 7 and S on ¢ and write them as J (-, ¢) and S(-, ¢) respectively. It is proved
in Lemma 5.3 that for every ¢ € (C/A)s, there exists ¢ € A&, such that IIS(p) = 0. This pseudo-solution
© also depends on (, so we write it as ¢(-,¢). In this section we prove Theorems 1.1 and 1.2 by finding a
particular (. such that at { = (,

S(‘ﬁ(%Cc%CC) =0. (6'1)
Then the pair of subsets in C/A specified by ¢(-, ;) is a stationary point of 7. Define a function
J(C) = T(e(+,¢),Q), ¢ € (C/A)s. (6.2)

Lemma 6.1. If . € (C/A)s is a critical point of the function J, then (-, (.) s a solution of (6.1).

Proof. There is a general first variation formula for (€21, Q) deformed to (.1, Qe 2):

aj(QE,la QE,Z)
Oe

2
= [ (@) + IO N, X ds (63)
e= =1/

where ds is the length element; see [24, Lemma 2.4] or [25, Lemma 2.4]. Let (€1, Q2) be the pair of perturbed
discs specified by ¢(-, () and the boundary of 2; be parametrized by R;; namely

R;(0) =& + /12 +2¢;(0,() €, j=1,2. (6.4)

The unit tangent and normal vectors of R; are

IR, (0)

T;(0) = ‘OR@*"(&)' and N;(0) = iT;(9), (6.5)
00
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respectively. Since ds = |6R8+‘;9)|d07

T(g)@ _ aRJ(a) _ 88% eiG 4. /r2 4+ 20, ieie (6 6)
y = = “ Ji .
/AT e
dpj
ds _ B0 .10 /.2 i0
N] (0)@ = \/ﬁ 1e” — 'I"j + 2@] € (67)
j AP

In (6.3), x; is the curvature of R;, and N; points inwards.

In this proof we generate four deformations by varying &; = (£},£7), j = 1,2. They supply X; in (6.3).
First take £§ to be a variable and keep the other 531"5 fixed. This amounts to moving €2y horizontally while
changing the shapes of ; and €y slightly. Then, with ¢ = & — &,

OR 5ot S e
X = —+ = (1,0) + ——=L_¢!% = (1,0) TS — (6.8)
733 Vi + 201 Vi + 201
N X@——isinﬁ—q/ﬁ—i—Q cos@—l—% (6.9)
VNG T T R o L act '
0 act
— IRy _ 37?12 Tgi i0 % i0
Xo=2g = e’ =——= e, (6.10)
0&; T5 4+ 29 r5 + 29
ds  Ops
Ny - Xog— = —= 6.11
220 ot (6.11)
Since p € A},
27 27 21
/ <pjd9:/ apjcosedez/ pjsinfddd =0, j=1,2. (6.12)
0 0 0
It follows that
27 27 27
0p; Op; Op; . .
—=df = L cosfdf = L sinfdd =0, j=1,2, k=1,2. 6.13
AT A o Ok / (619

Because

27 d 5 ) 8()01
o N; -X;ds = /0 {_de (\/7‘1 + 21 smH) + 8(1] df =0, (6.14)

27
o
Ny - Xsds = —=df =0, 6.15
) e (.15

by (6.13), one deduces from (3.22), (3.25), (3.26), and (6.3)

0T (01, Q) 2
_— = — 8 N . x d . .
3 jzzl/mj i ON; - Xy ds (6.16)

Since IIS(p(+, ¢),¢) = 0, there exist constants A;(¢) and B;({) depending on ¢ such that

S;(e(+,¢),¢) = Aj({)cos@ + B;(¢)sind, j=1,2. (6.17)
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When & — & = (., the left side of (6.16) vanishes and, with the help of (6.13),

2 8ga1
0=-— A (¢, 0+ B1((. 0) 0— +2 0+ df
/O (A1(Ce) cos 1(¢c) sin ( mbm mcob 341)
27
N / (A2(C.) cos 0 + Ba(C,) sinb) g?f df
0

2
:/ (A1(¢c) cos + Bi(¢.)sinf) — pT] <\/ + 21 sin@) do
2
= A1(¢) / \/12 + 291 sin? 0dO — By (C.) / \/7% 4+ 2¢1 sin 6 cos 0 db. (6.18)

The two integrals in the last line are estimated by the bound on ¢ from Lemma 5.3 and one finds

A1(Ce) (w1 + O(171p°)) = Bi(Ge) (0+ O(ly1p°)) = 0. (6.19)
Next vary &2 while keeping the other ff’s fixed to derive analogously
~A1(¢e) (0+0(I71p) + Bi(Ge) (w1 + O(716°%)) = 0.. (6.20)

Equations (6.19) and (6.20) form a homogeneous linear system for A4;({.) and B;((.), and since the system
is nonsingular when p is small,

Ai(Ce) = Bi(¢e) = 0. (6.21)
Taking variations with respect to £} and &3 shows in a similar way that
Az(Ce) = Ba(¢e) = 0. (6.22)
By (6.21) and (6.22), (6.17) implies
Si(p(+¢e)sCe) =0, j=1,2, (6.23)
and this proves the lemma. O

Proof of Theorem 1.1. Let (, be a minimum of J on (C/A);. It suffices to show that ¢, € (C/A)s, so ¢, is
a critical point of J and Lemma 6.1 applies. Let (, — (o as p — 0, possibly along a sequence. By Lemma
5.5 and conditions 2 and 3 of Theorem 1.1,

2 4 4
1 Yig [Ty, 27T
—53 > {2mr + 2 [ ——Llog =L ‘H 24
B o J(C) 2 ( rj + 5 ( 5 log I + I+ 3 H(0) — G((), asp— 0, (6.24)

uniformly with respect to ¢ € (C/A),.

If (o were not a minimum of G in (C/A)s, let ¢, be a minimum of G in (C/A)s. Then G(¢.) < G(Co),
and, by (6.24), J(¢.) < J({,) when p is small. This contradicts our assumption that ¢, is a minimum of J
on (C/A)s. Now that (o is a minimum of G in (C/A)s, we deduce (y € (C/A)s by (2.10). Then ¢, € (C/A);
when p is sufficiently small.

Because the minimum ¢, of J is in the interior of (C/A)s, (, is a critical point of J and ¢(-,(,) is a
stationary point of J by Lemma 6.1. Since (p is also a global minimum of G in C/A by (2.10), any limit of
the relative displacement ¢, as p — 0 along a sequence is a global minimum of G. O

The stationary point ¢(-,(,) is in a sense stable. In the first step of our Lyapunov-Schmidt reduction
procedure, the pseudo-solution (-, () is constructed as a fixed point and its second variation IIS’(y) is
positive definite, Lemma 5.4. This means that ¢(-, () locally minimizes J among the pairs whose relative
displacement equals ¢ described by the members in &},. In the second step of the Lyapunov-Schmidt reduc-
tion, ¢(-, ,) is found as a minimum of 7 among ¢(-, {) with respect to the relative displacement ¢ € (C/A)s.
Therefore as a minimum of minimum, we claim a sense of stability for (-, (,).
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Proof of Theorem 1.2. Let (, be a non-degenerate critical point of Green’s function G. Make § smaller if
necessary, so that (. € (C/A)s. One proceeds to show that for sufficiently small p, there exists a critical
point ¢, of the function J such that as p — 0, ¢, — («. The theorem then follows from Lemma 6.1.

Suppose that this assertion is false. Then there exist p, — 0 and € > 0, such that J has no critical point
in the closed disc B((x,€) C (C/A)s if p = pn, and (. is the only critical point of G in B(, €).

Note that J(¢) = J(¢(+, (), () depends on ¢ in two ways. First ¢(+, ) depends on (; second the functional
J depends on G which contains ¢ in its variable as in (3.17). Then the derivative of J with respect to ¢!,
the first cordinate of (, is

0J DJ 9¢ N DJ
a¢t ~ Dy 8¢t T D(1

B Op DJ
- <S( ) 8C1> + DCI
D
_ 7D£“71 , (6.25)

Here the expression %— is just the first variation of J at ¢ and %‘Z gg’l = (S (<p)7 aTl> Since IIS(¢) =

S(p) L Z,. But ¢ € &, implies that gg’l € X, C Z,. Hence (S(yp), 841> =0. For £ DC“ by (3.17) and G bemg
even,
a1 _ Dy
ot D¢t
27 r242p01(0) p2m  py/rE4+202(n) b
| /
o Jo o Jo

84-1 (_C + teie - qei")tq dqdndtd&

o /T2 201 (0) V3 +202(n) 8G(C)
= Y1z / / / / 5,1 + O(p))tq dqdn dtdf
0 0 0 0 z

GQ)
921

2,..2
=127 Ty

r3 O(120°).

Similarly,

aJ 0G(¢
g =2 rirg 82(2) (1120°).

Hence,
1
————5VJ({() =VGE)+ O 6.26
g V(0 = VG +0() (6.26)
by conditions 2 and 3 of Theorem 1.2, and

1

2.2
V12T 7’17"2

5VJ — VG uniformly in (C/A)s, as n — oo. (6.27)

Since ¢, is non-degenerate and the only critical point of G in B((,€), and J has no critical point in B(, €),
by the topological degree theory (see [14, Chapter 1]),

deg (VG, B(Cs, €), (0, O)) =-1, or1, (6.28)
1
d ————=VJ,B((,€), (0, =0. .2
eg <7127727“fr2 VJ, B((x,€), (0 O)) 0 (6.29)
However (6.27) implies that
— 1 —
B *9C )y ’ = N ) ’ B *9 &)y ) ’ .
deg (VG, B((x,€),(0,0)) = deg <’)/127T27‘%T% VJ, B(Cs,€), (0 O)) (6.30)
when p,, is sufficiently small. A contradiction. O
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7 Shape versus size

In the last two sections we study the impact of the underlying lattice A on the disc-disc structure. The
subscript A is now restored in notations like Jx, Ip, Gp, and Hy. When we compare lattices, it is more
appropriate to consider the energy per area instead of the energy; namely

iJA(Ql,Qg). (7.1)

Ta (1, ) = A

Since there are stationary points with relative displacements close to half periods (provided the half periods
are non-degenerate as critical points of G ) by Theorem 1.2 and according to Lemma 5.3, any stationary point
(-, ¢) is very well approximated by a disc-disc configuration ¢ = (0,0) of the same relative displacement,
we shall be content with an analysis of the energy per area of disc-disc configurations, instead of disc-disc
stationary points, with their relative displacements equal to half periods.

The role played by the size of a lattice can be separated from the role played by the shape of the lattice.
Write a lattice as tA with ¢ > 0 and |A| = 1, then ¢t measures its size and A its shape. Also write an
admissible pair as tQ2 = (t£21,t£)3), so its energy per area becomes

Tntt) = (3) aa9)

= %(%ZPC/A(QJ‘)) 23 B VIN(9))(2) - VIASW)(2) d. (7.2)

Jk=1 c/A

With respect to ¢, (7.2) is minimized at

1 —3 1/3
f g — ( : 3 2 =1 Pc/a(€Y;) ) (7.3)
Dkt Vit Joya VIA(Q)(2) - VIA(Qu)(2) dz

and the minimum value is

138 2/3 2 1/3
Funlta) =3 > Peni@) (3 o L, V0 VIr@u)(2) i)
= 3k
1/3
= 2 (Fn@0.09) " (27 @0.0)) . (7.4)
As explained earlier, we set
(91792) = (B(Oarl)aB(haTQ)) =B, (75)
where h is a half period; namely

h & A, but 2h € A. (7.6)

There are three A-inequivalent half periods. If (a1, asg) is a basis of A, then they are

ap a2 a1t

27 927 2

(7.7)

To ensure that the discs do not overlap, we require that (A, h) € A,, -, and the radii 71 and ro are sufficiently
small as in the conditions 1 and 2 before (1.24).
Note that
jS’A(B) = 27ry + 27rs, (78)

is independent of A and h, so to minimize

Fion(t5B) = 5 (7.a8))" (25108)) (79)
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with respect to A and h, it suffices to minimize J; 5 (B) with respect to (A, k) with |A] = 1 and h being a
half period of A. This is also equivalent to minimizing Jx(B) with respect to (A, k), as in the statement of
Theorem 1.3.

Lemma 7.1. Let (a1, a2) be a basis of A, [A| =1, and 7 = §2 € H. Then

2.4 2,4 1—
Tin(B(O,r1), Bhyr)) = (W ri e 7“2) (g*m— - blog2>
78

4 4 2,.6 2

2 2(,.2,4 | 4
Vi s ey mwerd w2 (rirs + rirs)
#3221 ) o (UL,

Here
1. gu(t) =bg(r)+ (1 =b)g(27) if h= —,

2 g.(r) =bg(r) +(1-b)g () ifh =2,

1
5 gu(r) = balr) + (1= 0)g (T3 ) =152,
where b is given in (1.27),

: (7.10)

and n is Dedekind’s eta function:

n(r)=eT J] (1—e>). (7.11)

Proof. By Lemma 2.2, "
+ 712 (erfrgGA(h) + W)
_ (7117r2rilﬂ;’7227r27"§) Ha(0) + 71om2r2r2G A (R)
+ 1 (—W;% log(271) + %’q% + ﬂZf) + 22 (—F;glog(Qwrg) + %«g + Wifg)
(P

Only HA(0) and G (h) depend on A and only G (h) depends on h, so we focus on

(vt + yaom?rd)

HA(0) + y12m2riraGa(h)

2
72t + yoom?rsy — 2y1om3rivd
_ (Vn 1T V22 5 2 712 1 Q)HA(O) + 712797“%7"5 (HA(O) =+ GA(h))
T2t + Yoom3ry
_ <7H 1t 2> (bHA(0) + (1= B) (HA(0) + Ga(R))

where

4 4 2.2
b— Y11TT + Y2279 — 27127175

4 4
YT+ Y221

2,.2
2v1271T5

= 1 1
Y1171 + Y2275

) 1-
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The lemma will follow after one deduces the following identities.

1
HA(0) =~ log | Tm(r)y*(7)|
1
HA(0) + G (ﬂ) =~ log Im(QT)n‘*(zT)‘ — log?2
2 47 T
a2y _ b N4 (T ,,L
HA(O)JFGA(Q)* 17 108 Im(2)’7 (2) 17 1082
a1 + o 1 T+ 1 4 T+ 1 1
H — —loglT ’——1 2
A(O)+GA< 2 i 8 (2) (2) i 8

- ) (-2) -
=0 log | Im(7) e (%) 10:01(1 _ e(m—))4’
= *ilog Im(7)774(7)‘

’ a% - |a11|2 - ?oﬁ; =1 (Zf) = Im(7)

by Im(aras) = |A| = 1.
By (2.6) and (7.12),

a1 1 T a
e (7) 2 T 2|,
Ga (5) = =57 loee (5 ()g( +e(nr)
ary 1 T = 7 4
Hx(0) + Ga <7> =1 log 21m(27)e< ) H (1 —e(2n1)) ’
n=1
1
=~ log Im(2r)n4(27)‘ — —log2,
which is (7.13).
To see (7.14), note that, since Im(agas) = 1,
2~ 2
500 Qy |042| T
= =2 2i) = z
iy ~ T6iar 1) = Tgiap @@ T2 = T T g

and consequently by (2.6),

27
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o) 1 T
HA(0) + G (7) = loglI T
A0+ G (5 ir B m(T)e(IZ) : 1
—Liog|mrye (D)L (1-e ()|
Ar 12/ 11 2
__ V(T - 2
1m 108 Im(2>” (2)‘ log2
Finally for (7.15), start with
(01 +a2)’ar _ |oa + aof?(a1 + an)an
16i0y 16i(a1 + )y

‘Oél + 042|2 ((Oél + 042)011 + 21)

161(011 + 042)041

_ ‘Ckl —|—a2|2 + a1 +C¥2

161 80(1

a1 + asl? 1

T
161 8

so that

and

1 T4+1\ 4 (7+1 1
~ g1 ‘——1 2.
ir 08 m(2)”(2) i 08

Here, to simplify the two infinite products, one uses the identity

ﬁue(m))f[l <1+e(<n;> T)> f[l (16(271731))7101 <1e<(2n1) T?))
:ﬁ<1—e(nT—2’—1>>.
This completes the proof of the lemma. 0

Remark 7.2. Although J; A(B(0,r1), B(h,72)) is defined only for (A,h) € Ay, ,,, the three g.’s found in
Lemma 7.1 are meaningful for all (A, h) pairs as long as |A| =1 and h is a half period of A, even if (A, h)
is not in Ar 5.
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Fsro.z2) Fr, w

Figure 2: The fundamental domain Fgr,2 7, the fundamental domain Fr,, and the set W.

8 Optimal lattice

The modular group SL(2,7Z) is the set of all two by two matrices of integer entries with determinants equal
to 1,

SL(2,Z) = H Zi gi ] 2 dj €7, j=1,2,3,4, dids — dody = 1}. (8.1)
This group is generated by
[él}and[l_ol} (8.2)
It acts on H by the linear fractional transform
T—)MT:H,TEH, M_[gjl Zi}eSL@,Z). (8.3)

A fundamental domain of this action by SL(2,Z) on H is
1 1 1 3
FSL(Q,Z){TGH: |7| > 1, 2<Re7<2}U{TEH: ReT:§, Im7—>\f}
1
U{TEH:T|:1,O<ReT<2}; (8.4)

see the left plot of Figure 2 and consult [6, VI.1] for a proof.

Remark 8.1. We use the term fundamental domain in the strict sense: every orbit of the action SL(2,Z)
on H has one and only one element in Fsr,(27)-

Also needed is a subgroup of SL(2,7Z), called the theta group Iy,

Fg{MeSL(z,Z);M[(l) H m0d2,orM[(1) H mod2}. (8.5)

[éﬂand[(l) 01}; (8.6)

see [6, Appendix to VI.5] for more on the theta group. A fundamental domain of the action by I'y on H is

This group is generated by

Fr,={r€H: |7|>1, -1<Rer<1}U{r€H: Rer =1}
U{reH: |r|=1, 0<Rer <1}; (8.7)
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see the center plot of Figure 2.
Denote g, in the third case of Lemma 7.1 by g:

T+1
2

gb(T):bg(T)—i—(l—b)g( ), TeH, bel0,1]. (8.8)

Some of the properties of g, below hold even if b € R. We state so explicitly in those cases.
Lemma 8.2. The following transformation rules hold for g and gy.

1. For all M € SL(2,Z) and 7 € H,
g(Mr) = g(7).

2. For all M € Ty, T € H, and b € R,

g(MT2+1> 29(7‘51), and go(M7) = go(7).

3. ForallT € H and b € R,

o) =ar), o (5 ) =0 (T50) and a7 = an(r),

2 2

_ -1
4. Under the transform 7 — o = 25 of H,

1 1 —1
9(7')29(0_2'— ), and g(T;— )zg(a), TcH and U=:+1€H;

consequently, for all b € R,

T—1

€ H.
T+1

(o) =g1-p(7), TEH and o=

Proof. Dedekind’s eta function has the transformation properties that for all 7 € H,

i

n(t+1) =exp (12) n(7) and 17( — %) = /=it n(7) (8.9)

where /- stands for the principal branch of square root; see [2, Chapter 2]. It follows that

g(t+1)=g(7) and g (—i) =g(r), T € H. (8.10)

Hence ¢(7) is invariant under the generators (8.2), and consequently invariant under the modular group
SL(2,7Z). This proves part 1.

To prove part 2, consider the transforms 7 — 7+ 2 and 7 — —% by the generators (8.6) of I'y, and use
the transformation properties of ¢g in (8.10) to derive

T ) ()
g(_i;l) 9(7271) g(Tzrl) 9(72:1) g(rfl) 9(731)

Part 3 follows from the definitions (7.10) and (7.11) of g and 7.
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T

For part 4, note that the transform o = T—j& and its inverse T = _0‘7:11 are both maps from H onto H,

but they are not actions by elements of SL(2,7). Nevertheless,

g(a—;):g(”l;l)—9<T11>=g(7) (8.11)
g<7;rl> =g<1_1;ﬂ> =g<0__11) =g(0) (8.12)

since T — 7 and 0 — ;—_11 are both actions by elements in SL(2,Z) under which g is invariant. O

An important number B is defined in [10]. When b = B, the second derivative of g;(7) with respect to
Im 7 vanishes at i; namely
02 gp(T)

—_— = . .1
O(Im )2 lb=B,r=i 0 (8.13)

One can solve (8.13) for B and write it as a quotient of series and find its numerical value:

4r?n e ™"
1+En 1 (1- ((e_") ))2

B =
B —0.2982...
T —1.2982... — 0.2982...
=0.1867... (8.14)

The next two lemmas were proved by Luo, Ren, and Wei in [10].
Lemma 8.3 ([10, Lemma 4.4]). The following properties hold for t — g,(ti), t € (0, 00).

1. When b € [0, B), the function t — gy(ti), t > 0, has ezactly three critical points at q%,’ 1, and q, where
@ € (1,/3]. Moreover

@ Sl <0t (03).
W ote (1),
) 20| <oifie ),
() ggl’;f;) >0t (g 00).

As b increases from 0 to B, q, decreases from /3 towards 1.

2. When b € [B, 1], the function t — g,(ti), t > 0, has only one critical point at 1, and

(a) ggﬁflj <0ifte (o),
()ggﬁf”? t>0@ft€(1oo)

Define a subset W and its closure Wy in H as follows.

W={reH:0<Rer <1, |7| >1}, (8.15)
Wp={reH:0<Rer <1, |7| >1}. (8.16)

See the right plot of Figure 2.
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Lemma 8.4 ([10, Lemma 5.2]). Let b € [0,1 — B] and W be given in (8.15). Then

Jgs(7)
O(ReT)

>0, forallT e W.

Remark 8.5. The function g, here is equal to —4= fy in [10].
Now we are ready to prove the main theorem.

Proof of Theorem 1.5. We temporarily dispense with the requirement (A, h) € A, ,, and allow discs B(0,71)
and B(h,r2) to overlap. According to Remark 7.2 the three g.’s in Lemma 7.1 are defined for all (A, h),
provided that |A] =1 and h is a half period of A, including those (A, h)’s not in Ay, ,.

First assume b € [0,1 — B, and consider the third case of Lemma 7.1 where g, = g,. We show that g, in

H is minimized at 73, where
. @i ifbe [0, B)
Tb_{ i ifbe[B,1-B] "’ (8.17)

and the points in the orbit of 7, under the group I'y. Recall that ¢, € (1, \/3) is given in Lemma 8.3.1.
Consider gy, restricted to Wy. Lemma 8.4 asserts that g, is strictly increasing in the horizontal direction

in W, so it can only attain a minimum in Wy on the part of the unit circle in the first quadrant, i.e. {7 €

H: 0 <Rer <1, |r| =1}, or on the part of the imaginary axis above i, i.e. {r € H: Rer =0, Im7 > 1}.
The unit circle can be ruled out. By Lemma 8.2.4

T—1
T+1

g(0) =g1-p(7), TEH, 0= € H. (8.18)

Take 7 =ti, t > 1, to be on the imaginary axis. Then

t271+ 2 .
o= 5——+ 5——1
t24+1 241

is on the unit circle. As 7 moves from i to oo upwards along the imaginary axis, o moves from i to 1 clockwise
along the unit circle. When b € [0,1—B], 1—b € [B, 1]. Since t — g1_(¢i) is strictly increasing for ¢ € (1, c0)
by Lemma 8.3.2, g,(0) is strictly increasing when ¢ moves from i to 1 clockwise along the unit circle. Then
gy cannot attain a minimum on {¢ € H: 0 < Reo <1, |o| =1}.

Therefore in Wy, g, can only achieve a minimum on {7 € H: Re7 =0, Im7 > 1}. By Lemma 8.3, this
minimum is ¢l if b € [0, B) and is i if b € [B, 1 — B]; according to (8.17), it is denoted 7.

By the invariance ¢5(—7) = g»(7), 7 € H, in Lemma 8.2.3, when restricted to Fr,, g, achieves a unique
minimum at 7. Since Fr, is a fundamental domain of the theta group I'g and g is invariant under I'y, gp
in H is minimized at the orbit of 7, {T'r, : T € T'y}, under I'y when b € [0,1 — B].

Next consider the case b € (1 — B, 1]. Since 1 —b € [0, B), the above result applies to g1, which in H is
minimized at {T'7_p : T € I'p}. Lemma 8.2.4 asserts that

T—1

€ H.
T+ 1

g(0) =g1-p(7), TEH and o=

Hence g, in H is minimized at {ATT_p : T € 'y} where

A= [ } _11 } (8.19)

Define
Tb:ATlfb, be (].—B,].], (820)

where 7 _; on the right side is given by (8.17); more explicitly,

.1 2q_
fop ="y 20 5 e (1- B, (8.21)

Ty —
qib‘*‘l qib"‘l ’
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where ¢1_; € (1,/3] is given in Lemma 8.3.1. Note that in this case, 7, is on the arc {r € H: 0 < Ret <
3, =1}
From the definition (8.5) of the theta group, it is easy to see that

ATyA !t =Ty. (8.22)

One writes AT, = ATA 17, by (8.20). Hence, as in the b € [0,1 — B] case, when b € (1 — B,1], g, in H
is minimized at {T'7, : T € T'p}.
In summary, for each b € [0, 1], g5 in H is minimized at

{T7,: T €Ty}, (8.23)
where 73, is given by (8.17) and (8.21). Moreover,
1. when b =0, 7p = V/3i;

2. when b € (0, B), 7, is on the segment {7 € H: Re7 =0, 1 < Im7 < v/3} of the imaginary axis, and
as b increases from 0 to B, 7, moves from v/31i to i;

3. when b € [B,1 - B], 7, = 1i;

4. when b € (1 — B,1), 7, is on the arc {r € H: 0 < Rer < 1

5, |T| = 1} of the unit circle, and as b
mi/3.

increases from 1 — B to 1, 7, moves from i clockwise to e

5. when b =1, 7, = e™/5.

Let ap = (a1, p,2) be a basis associated with 7, i.e. 7, = ZZT The corresponding half period is

Qp1 + Qp 2

hy = =

(8.24)
The fundamental parallelogram P,, is a non-square rectangle in cases 1 and 2; P,, is a square in case 3; P,,
is a rthombus in cases 4 and 5.

The function g, arises in case 3 of Lemma 7.1 where the half period h is the center point % It

remains to study the other two half periods, 5 and 5. Consider case 1 of Lemma 7.1 where h = % under
a basis (a1, asz) of lattice A. Let
My = [ _11 (1) } € SL(2,7Z), (8.25)

and introduce a new basis (1, 82) of the same lattice A by

)onl
=M . 8.26
RS (8.26)
Then, with o = 52,
g2 _etoar a1 (8.27)
B1 —Q2 (&%) T
and the half period h is
a;  Bi+ B
h=—= 8.28
e (3.25)

which is the center of Pg, the fundamental parallelogram of the new basis. This reduces case 1 of Lemma
7.1 to case 3 under the basis (81, 82), with o = % Consequently,

bg(r) + (1 =) g(27) = gu(0). (8.29)
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For case 2 of Lemma 7.1 where h = S2 under a basis (a1, az), let

My = [ (1) _11 } € SL(2,7), (8.30)

and (1, 82) be a new basis of the same lattice by

Ba } [ % }
= M. . 8.31
{ By |l (8:31)
Then 5
2 p— o
o=—= =——-1=7-1, 8.32
b1 a1 aq ( )
and the half period h is
az P11+
h=—2= . 8.33
5 5 (8.33)
This again reduces to case 3 of Lemma 7.1 under the basis (81, 52), with o = %, and consequently
T
bg(r)+(1=b)g (5) = gv(0). (8.34)

All three cases of half periods have been reduced to the minimization of g, in H. Each b € [0, 1] determines
7 by (8.17) and (8.21). Any lattice A, of unit area with a basis (ap 1, p2) such that 222 = 7, and with a

Qp,1
half period hy = %, minimizes J; o (B(0,71), B(h,72)) of Lemma 7.1. The five assertions of Theorem
1.3 regarding the shape of the fundamental parallelogram P,, follow from the remark after (8.23).

Now we reinstate the requirement (A,h) € A,, ,,. This removes some (A, h) pairs from consideration.
However, for every b € [0,1], any lattice A, specified by 7, and the center point h; of the associated
fundamental parallelogram belongs to A,, ,,. Hence, this (Ay, hp), associated with the minimum 7, of gy, is
also a minimum of the problem (1.24).

Finally we show that the minimum of (1.24) is unique up to rotation. Let (A,h) and (A’,h’) both

@2

minimize problem (1.24). Choose a basis (a1, as) for A, with 7 = g2, so that h = cidez - Similarly choose

(o, 0h), 7' = %:2, for A’ with b/ = # As both 7 and 7’ minimize g in H, by (8.23) there exists M € T'y
1
such that 7/ = M7; namely

Ol/2 dl()é2 —+ d20¢1 dl d2
—_ = here M = Ty. 8.35
0/1 dyog —|—d3041’ where |: dy d3 €le ( )
Then there exists k € C\{0} such that
0/2 o dl d2 (%)
EARF R A1 e
which means
A = kA, (8.37)
Since |A| = |A’| =1, |k| =1 and A’ is a rotation of A by &.
Moreover,
/ _|_ O/
B — ai 2
2
_ K(dQ +d3)ay + (dy + dy)as
5 .
By (8.5),

do+d3s=dy+dys=1 mod 2,
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and hence

(d2 +d3)ag + (dr +da)as a1 + o

5 = 5 mod A
= h.
Therefore
h = kh, (8.38)
and A’ is also a rotation of h by k. O
In the proof of Theorem 1.3, the half periods %t and < are transformed to the center @ of a new

basis (81, 82) by M; and M in SL(2,7Z) respectively, so the center is not preserved under the modular group
SL(2,Z). However if one transforms a basis by the generators of the theta group I'y in (8.6) from (aq,as)

to (1, B2), then

b1+ B2 artas+201 o +as

5 = 5 =— mod A (8.39)
51;52 :O‘Q;al 5“1;% mod A (8.40)

for the two generators respectively. Therefore the center is preserved under the action of the theta group.
The theta group is a non-normal subgroup of the modular group of index three. One can write down a
right coset decomposition
SL(2,2Z) =TyUTyM; UTyMs,. (8.41)

Every element in I’y M; transforms %t to the center of another fundamental parallelogram; the elements in

2
'y Ms do the same to <.
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