SATAHA NOCUDA OJIABUSA
(JOSEPHUS PROBLEM)

M.A.AnekceeB

PaccMorpum 3aj1a4y, HOCSIYIO UM M3BECTHOI'O UCTOpHUKA nepBoro Beka Mocuda Piiapus.
Ee dbopmynupoBka cBg3aHa ¢ TaKoil JiereH10it [1] Bo Bpemsa myneiickoit Boitubl oTpsiyn Mocu-
da, cocrosmuit u3 41 gesioBeka, ObLI OKPYZKeH puMJigHamMu. He kesast momnacTsb B 1JIeH, BOWHBI
PEIININ BBICTPOUTLCA B KPYI' M YOMBATh KayKJIOI'O TPETbEro M3 »KHUBBIX /IO TeX IIOp, MOKa He
ocTaHeTCss HH oJAHOro 4desoBeka. Mocud cuesr mogobHBIN KOHEI 6eCCMbICIEHHBIM B OBICTPO BBI-
YHCINA JJIA Cesl CIIaCUTEAbHOe “HocaemHee” MeCTo.

B 60s1ee obrieit hopMyanpoBKe 3a1a49a BBINISIUT TAK: 1 9€J0BEK BbICTPAUBAIOTCH 110 KPYTY
U HAYMHAIOT CYET 10 YaCOBOil CTpEJIKe, TPU KOTOPOM KarKIbIl ¢-bIif 9YeI0BeK BHIOBIBAET u3
kpyra. HeobxoaumMo omnpeie/iiThb, KTO K€ OCTAHeTCs TOCJIE THIM.

st yrupolenus JaJbHERIIero moBecTBOBAHUS 3aHyMepyeM Joieil B Kpyre IO 4acoBOi
crpeske uncaaMu ot 0 1o n — 1, mpuuem HOMep 0 JaauM UeJTOBEKY, ¢ KOTOPOTO HAYHMHAET-
cs caer. Homep mckomoro “nocrieguero” denoBeka obo3uadnm depes J,(n).

DTa 3a/1a9a HE TAK MPOCTA, KAK KAYKEeTCsl HA TIePBbI B3TJISI, U B MOJTHOM 00beMe He pPerreHa
Jio cux nop. llox pemenuem 35ech MOHUMaeTcd JUOO HaXOXKIEHUE ITPOCTOH 3aMKHYTOH (op-
MyJTel 11t Jy(n), b0 yKasaHue JOCTATOTHO GBICTPOrO aIropuTMa i BhIYHCIeHus Jy(n) Ha
KOMITbIOTEpe. YIOBIETBOPHUTEIbHBIE PE3yJIbTAaThl MOJIYIEHBI TOJBKO B caydae n > ¢q. Kak 0y-
JeT IOKA3AHO Jajiee, B ITOM CJIydae CyIeCTBYeT aaropuTM Jist Boaucaenns J,(n) rpebyommit
O((¢ — 1) Inn) geicrBuii.

Cragasia monpobyem moAcIuTaTh Jy(n) Jyid MaJbIX 3HAYCHHIT N.

Cnyuait n = 1 TpuBHajeH: y Hac BCETO OJTHO MECTO — OHO U ABJdeTcd “mocaenaum . [losTomy
J (1) =0.

B ciaygae n = 2 Bce pemniaer 4eTHOCTD YHUC/IA ¢: €CJU ¢ 9Y€THO, TO BHIOBIBAET Y€JIOBEK 110 HOME-
pom 1; ecim HedeTHO — 110 HOMepoM (. TToaTOMy MOXKHO yTBEPKAATH, 9TO HOMED OCTABIIETOCs
J,(2) = ¢ mod 2.

Cayuait n = 3 cioxkuee. [lepseiM n3 Kpyra BeIObIBaeT YeoBeK moj Homepom (¢ — 1) mod 3.
B kpyry ocranyrcs 2 denoBeka — CHUTyalHs TPEJbIIYIIETro Caydas ¢ eJIMHCTBEHHBIM OTJIUYINEM:
CYeT HAYMHAETCS C 4Ye/I0BeKa 1oy nomepom ¢ mod 3. Ho 310 pacxoxkjenne JIerko yCTPaHUTh:
“moseprem” m3BecTHBIH HaMm orBeT J,(2) Ha ¢ mod 3 HOMEPOB IO 4acoBOil cTpeske. JHCICHHO
9TO BBITJISIIUT TAK

J,(3) = (J4(2) + (¢ mod 3)) mod 3 = (J,(2) + ¢) mod 3.

AHajoruaHbBIE PACCYKICHUS TO3BOJIAIOT YCTAHOBUTH OOIIYI0 PEKYDPPEHTHYIO (POPMYIIY.



Jlemma 1. Cnpasedausa pexyppernmmuas Gopmyaa
Jy(n+1) = (Jy,(n) + ¢q) mod (n+1). (1)

BamernM, uro ecin Jy(n) + ¢ < n+ 1, To onepanus B3ATHSA 10 MOAYI0 B dopmyrte (1)
HUKAaK He BJIUAET Ha pesysbrat, a noromy J,(n+1) = J,(n) + ¢. loupobyem aBunyrbest palee:
ecin Jy(n+1)4+qg<n+2, 10 Jy(n+2)=J,(n+1)+q=Jy(n)+ 2q.

BosHuKaer BOIIPOC: /10 KAKUX TIOP Mbl MOYKEM MO/Iy4aTh TAKKE OTHOCUTEIBHO IIPOCTHIE BhIPa-
kerns? OrBer naer HepaBeHCTBO J (n)+sq < n+s. Ilycts s = Sy €ro MakCHMAIbHOE PeIleHne,
Torja Jis BeeX t < So cupasegiusa gopmyna J,(n +t) = J,(n) + tg. MoxHO TakxKe caenarnb
OJIUH IIar “3a s¢” U MOIy<IuTh 11 t = 5o + 1 dopmyny J,(n +t) = (J,(n) + tg) mod (n +t).

Jlemma 2. Jlaat=0,1,..., {%‘Il(n)-‘ CNPasedsusa Popmyna

Jy(n+1t) = (Jy(n) +tq) mod (n +1¢). (2)

IIpu n < ¢ 1a HopMysIa He MO3BOJAET JIBUTATHCS ¢ MIATOM GOJIBITUM 1 U 0 CyTH HHYEM He
orimaaercst ot (1).

3aro mpu n > ¢ dopmyna (2) mo3Bosger OBICTPO BHIUUCIATH Jy(n) MO 3apanee BBITHC-
aennomy suadenuio J,(¢ — 1) = J,(¢). B wacrrocrun mosTomy ocoOblil HHTEPEC HPEICTaBIACT
BBIUHCIeHEe “cTaproBoro” 3uadenns J,(q). Ha qanmsiit MOMEHT He H3BECTHO aITOPHTMA, TO3BO-
JIAIONIEr0 BBIYHCIATH 3Hadenue J,(q) 6picrpee dem 3a O(q) oueparnuii, Wi, IpyrIMHA CJIOBAMH,

o o oo

He Haiijieno opmysibl cymecrsento Jyuiedl dbopmysst (1). Iocneposarensnocts {Jq(q)} 2,
JOCTATOYHO M3BECTHA W YKa3aHa, HATIPUMED, B [2].

Naest ymoMsiHyTOro yCKOPEHUs: BBIYUCAEHUI COCTOMT B TOM, 4TO ¢ HOMOLIbIO hopmysibl (2)

J n J m=Jq(m)
3 OMEPEIHOrO BBIMUCACHHOTO 3Hadenus Jq(1m) Mbl cpasy mepexomnm K Jy(m + | === ), 1
TAKIMH “CeMHMUIJIBHBIMI MIaramu jBuraeMmcs or snadenus J,(¢ — 1) k Jy(n). Ho npexne vem

IEPEXONTH K JETAJSM JTaHHOTO Hporecca, Jasaiite ynpocrum dbopmyny (2) npu t = {%‘an)—‘ .

_ | n=Jq(n)
Teopema 3. Ilpun>qut= {?"1-‘ CNPasedsusa Popmyia

Jy(n+1t) = (J(n) —n) +t(qg—1).

[TocTpouMm mocie0BATEILHOCTD “ONOPHBIX . 3HAYCHHIT

— —J
Mpr1 = My, + [—mk Jg(mk)—‘ — [qu o (M)
qg—1 qg—1

W, k=0,1,... (3)

3/lech Y HaC ecThb cBOOOJA B BBIOOPE HAYATBHOTO 3HaYEHUS my. MOXKHO, HaIpuMep, CUUTATH
mo=q— 1.

Dopwmyina (3) meygobua Tem, 94TO B Hee BXOAUT HemsBecrHoe 3Hadenne J,(my). Hamreit 6in-
Kafireit 1meibio OyaerT u30aBUTHCA B PEKyppeHTHOH opmysie s My OT 3aBUCUMOCTH OT

Jq(mk>-



Teopema 3 TO3BOJIAET MOJMYIHTH PEKYPPEHTHOE COOTHOIIeHne tst J,(my,)
Jo(mpg1) = Jo(mp) — mp + (Mpgr — my)(q — 1) = Jg(ma) + (¢ — 1)y — gy

[IpocymmupoBaB 310 paBeHCTBO 110 k o1 0 10 kK — 1, moydum

k—1

To(mi) = Jy(mo) + (g — Dymy, — »_mj — (g — 1)mo. (4)

j=0

[Toxcrapisst 910 Bhipazkenue B (3), Mbl moydaeM GhopMyLy

k
| 2i=0my — Ja(mo)
Mgy1 = + my,
qg—1
TeHepb IIOCJIEAOBATEJIBHOCTE My < My < ... JIETKO IOCTPOUTH OTTAJKHUBAACH TOJBKO OT
Jy(myp). Buadenns J, B TOYKAX 9TON 1OCIEA0BATEIBHOCTH TAKZKE JIEIKO OlPEAestioTcest 10 $hop-

myte (4).
[TorsiTHO, UTO /1151 THOOOTO N 2> Mg MBI MOYKeM HailT Takoe k, 9To my_1 < n < my. Teopema
3 BkyIe ¢ dpopmysioil (3) mo3BoJIsieT yTBEPKIATH

CaenctBue 4. ITycmo my_1 < n < my. Tozda

k-1

Jy(n) = Jy,(mo) + qn — ij — (g — 1)mo = gn — (¢ — 1)my. + J,(my). (5)

Hamra 1nens gocrurmyTa: no 3HadeHuto .J,(mg) Mbl HAyYHJINCH OBICTPO HAXOAUTH 3HAUEHHE
Jy(n) nast n > mo. A Bot, 9T00BI OIEHUTH OBICTPOTY OHHCAHHOrO CHOCOOA BBIMHC/ICHUI, JTydIme
B3IVITHYTH Ha (POPMYIBI HEMHOTO C JPYTOil CTOPOHEI.

ToxecTBo (4) MOXKHO MEpenncars B BHE

k—1

(¢ = Dy, = Jy(mi) = (g = Dymo = Jy(mo)) + ) m. (6)

J=0

def
Beenem oboznadenme D,E,Q) =(q — 1)my, — J,(my) cooTBETCTBYIOIIEE AHATOTHIHOMY (C TOU-

HOCTBIO 110 casura uHaekcos) B [1]. Tormna dbopmyrty (5) MoKHO 3amucaTh Kak
Jy(n) = ng — D7, (7)

IIpu srom opmysst (3) u (6) MOKHO COOTBETCTBEHHO MPUBECTH K BHJLY

(@)
2

qg—1



k—1
DY =D+ " m;.
5=0
[Ipeobpaszyem mocieiHIO0 (HhOPMYITY
@ _ @ N (@ W . | P 4
D," = Dg" + ;mj =Dt me = D5+ || = L]_—leql—‘ : 9)

13 dopmyias (8) caemyer, 9T0 HEPABEHCTBO M1 < N < My PABHOCHIBHO TOMY, UTO 3HAUE-

Hue D,(Cq) SIBJISIETCS] MUHUMATBHBIM G0stbiuM 9eM (g — 1). Orcroga u dbopmynst (9) 3akaodae,
ITO YUCJIO IIAroB
n(g—1) nsq
(2) ~
Dy

B 3akJiiouenune JjokazkeM OJIMH MHTEPECHbIH Pe3y/IbTaT, [10-BUJMMOMY, BIIEPBbIE HOJLY YeHHbI
B pabore [3].

ko< log o (¢g—1)Inn.

Teopema 5.

de C' — J D
ede KOHCMPYKMUBHO onpedeasemas Konemanma (3asucawas om Dy ).
JlokazkeM ero, UCHOIb3Ys TEXHUKY, onucannyio B [4] (c.34).

Jlokasamenvemso. Tlepenmmem dbopmyny (9) npu ¢ = 3 B Buge
3
DY = §D,<j£1 + oy, (10)

3
rjie ¢ IpuHHMaeT SHaAYCHU A 0 mmm % B 3aBUCHUMOCTH OT TOTI'O, ABJIAE€TCd JIU YUCJIO %Déjl eJIbIM
nJjaIn HET.

“Pazseprem” pekyppenTryio dopmysy (10)
DY =3DY) + o, =2 <%D(3_)2 + ozn_1> tan= () DY+ dan 1 tan=...=
n n—1 n—2 n n k
D O e (O = () (00 £ ().

Onpenesmum koucrauty C' bopmyJioit

def =< /2\* 2 2\ 2
c= D + <§> ozk:D(()3)+§oz1+ (5) ag+ ... (11)
k=1



PaccemoTrpum pasHocTb
3\ (3) _ (3\» (3)
(5)"C-D"=(5)" Dy +
o0
=(3)" 2
k=n+1
st foka3aTesbcTBA YTBEPIKIAEHHSI TEOPEeMbl JOCTATOYHO MOKa3aTh, UTO

(g) C—-D® < 1. (13)

8

win

() o) - )" (00 +
Vo= 3 ()

k=n+1

5 @) ) -

k k=1

(12)

N

~—
wIno

0

N

JleBasi 4acTh 3TOrO HEPABEHCTBA TPUBHATLHA BBHUILY (hopMmysibl (12) u HepaBencTBa oy, > 0.
Jlnst nokazaresbeTBa MpaBoii yacTu BocnoJb3yemcs (12), HepaBeHCTBOM oy < % u popmyiioit
JIIS CYMMBI T€OMEeTPUYeCKOil mporpeccun

e-Z0 < E O

k=n-+1

Bl TIOYTH y TEMH: OCTAJOCh TOJBKO TOKa3aTh, YTO PA3HOCTH (3 — Dy’ He MOxKeT
b n 3
paBuaThbcd 1 HU npu KakoMm n. [IpeanosoxKum npoTuBHOE, T.e. YTO (%) C - Dé) = 1 opm

HEKOTOPOM 1, HO Toraa 13 (14) mosayaum, 9To oy = % npu Beex k > n. [ocearee paBHOCHIBHO

k> DY I ot 2
TOMy, qT0o HpI/I ~Z N BCE YuCJIa k HEYE€THBHI. yCTb MaKCHUMaJIbHaA4d CTEIIEeHDb —KI/I7 KOTOpaH

JIEJUT TUCI0 D,(E’) + 1. U3 dopmyb

3 1 D¥ +1
DP +1= (§ij”) + 5) +1= 3%

. 3 _
cJIeyeT, YTO MaKCUMAJIbHOM CTelleHbI0 2-K1, KOTOpasd JIeJTUT D§L+)1 +1, 6yzer 2071, Anasoruuno

DS:Q + 1 6yner geauTbcs MakcHMyM Ha 2072 u T, Dq(szt + 1 6ymer aeauThesd MaKCHMyM Ha

3 3
20 = 1, uro o3mauaer, 4YTO YUC/IO Dfllt + 1 neyernoe, a 4uCJIO D,(llt COOTBETCTBEHHO 4YeTHOE.

[TonyderHoe IPOTHBOPEYNE 3aBepINaeT T0KA3aTeIbCTBO HepaBeHCTBa (13). O

IIpumep 6. Ecau, caedya [1], cuumamo Dég) = 1, mo wucaennvie 3HAYENUA OAA Qf NPU
k=1,2,...,40 6ydym caedyrowumu:

1 1
a =35 Q11 = 5 ag =0 az =0
CJ./QZO (1/12:0 QQQZ% Oz32:0

_ 1 _ _ 1 _
a3 =5 a3 =10 Qo3 = 5 azz =0

_ 1 _1 _ _
Qy = 5 0414—% 0624—? ags =0
as =0 15 = 5 Qo5 = 5 azs =0
046:() 041620 0626:0 &36:%
ar =10 =1 a7 =0 o7 =1
058:% ajg =0 aQSZ% azg =0
g =3 Qg = % Qa9 = 0 Qg = &
9 — 39 19 — 3 29_1 39 — 3
ap =0 az =0 a30 = 3 g =0

Onu noasoastom svivuciumo C = 1.622270503 ... ¢ mounocmuvio 1077.
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