
Mathematical Methods of Theoretical Physics, GWU Autumn 2008 H.W. Griesshammer

Problem Sheet 5 Due date: 21st October 2008 12:00 noon

For full credit, you should hand in a tidy and efficiently short presentation of your results and how they come about,
in a manner that can be understood and reproduced by your peers. All problems and solutions are for your personal
use only. Please do not pass solutions or problems on to incoming or other students who have not taken the course
(yet). Noncompliance with these rules is a breach of academic integrity.
I reserve the right to award zero points for any illegible, chaotic or irreproducible section of your homework.

News and .pdf-files of Problems also at http://home.gwu.edu/˜hgrie/lectures/math-methods08/math-methods08.html.

1. Structure Constants as Lie Algebra (4P): There are four criteria which define a Lie algebra:
closure, bi-linearity, anti-symmetry, Jacobi-identity. We now interpret the structure constants fabc as
matrices (f c)ab which give the (ab) entry of the cth generator of the Lie algebra. Show that these ma-
trices obey the definition of a Lie algebra. This representation is called the adjoint representation

of the Lie algebra.

2. Mapping SU(2) onto SO(3) (5P): Using the sine-cosine representation of an arbitrary element of
SU(2) from HW 4.7, show: When U [α] rotates a 2-dimensional complex vector by an angle α =√

αaαa ∈ R about the αa/α-axis, then the SO(3) matrix

2tr[U †[α]σaU [α]σb]

rotates a three-dimensional real vector ra about the same axis by an angle 2α. If you are lazy and
want to forfeit half of the points, you can consider only rotations of the form ασ1.

3. Multiple Products with Derivatives (5P): Evaluate using the ǫ-tensor and Einstein’s summation
convention:

a) (2P) ~∇× (~∇Φ), ~∇ · (~∇× ~A), ~∇× (Φ~∇Φ);

b) (1P) ~∇×
(

Φ(~x) ~A(~x)
)

= Φ ~∇× ~A − ~A × ~∇Φ;

c) (1P) ~∇× (~∇× ~A) = ~∇(~∇ · ~A) − ∆ ~A;

d) (1P) ~∇ · ( ~A × ~B)

Hint: While the ǫ-tensor is coordinate independent and hence commutes with derivatives, the arbitrary
scalar function Φ(~r) and arbitrary vector functions ~A(~r), ~B(~r) are not.

4. Quantum Mechanics and Scalar Products (2P): Show that

〈f |g〉 :=

∞
∫

−∞

dx

(2π)
f∗(x) g(x)w(x)

fulfills all criteria of a scalar product when f(x), g(x) are functions and 〈f |g〉 is finite. Under which
conditions on w(x) is the scalar product positive definite?

Please turn over.
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5. A Skewed Basis (4P): Given the following basis of the two-dimensional Euclidean space:

~e1 =

(

2

1

)

, ~e2 =

(

1

−1

)

a) (2P) Construct the metric tensor gij and dual basis ~ǫi.

b) (1P) Determine the covariant components of the vector ri in this basis for ~r = 2~ex − ~ey, with
~ex, ~ey the ordinary, orthonormal basis vectors of two-dimensional Euclidean space.

c) (1P) Determine the length of a vector ~r = 3~e1 + 2~e2 without using the Cartesian basis.

6. Lorentz Group (10P): We consider the group of two-dimensional matrices Λ which leaves the
Minkowski pseudo-metric gµν = diag(1,−1) invariant. The matrices acts only on real vectors.

a) (1P) Show: Interpreting the contravariant components of a vector in this metric as xµ =

(

ct

x

)

,

with t the temporal and x the spatial distance between two events, and c = 1 the speed of light,
this is the metric in which the speed of light is the same in all inertial systems. Calculate to this
end xµxµ in this metric, and interpret it!

b) (3P) Derive that the most general matrix with only positive entries on the diagonal which leaves
the Minkowski-metric invariant can be written as

Λµ
ν =

(

γ βγ
βγ γ

)

, where γ =
1

√

1 − β2
, 0 ≤ β < 1 .

Aside: We interpret β = v/c for an inertial system with velocity v relative to an observer. . .

c) (1P) Is the resulting Lie group of all two-dimensional Lorentz-transformations compact?

d) (1P) Determine the inverse of Λµ
ν and the transformation matrix Λµ

ν for covariant components.

e) (2P) Construct a complete ortho-normal basis of the Lie algebra.

f) (2P) Show that the group of all Lorentz transformations is obtained when one supplements the
transformations above with the elements of the Weyl group {diag(1, 1); diag(1,−1); diag(−1, 1);
diag(−1,−1)}. Study the behavour of the time- and space-component of the contravariant com-
ponents of a vector under this four-element group.

Aside: Lorentz transformations with Λ0

0
> 0 are called ortho-chronous. What would you call

a Lorentz transformation with Λ1

1
< 0?


