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Supplement on Spherical Harmonics

Conventions from Arfken/Weber: Mathematical Methods for Physicists. 2 = (6, ¢): solid angle.
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Eigenfunctions of the Laplace Operator: AY;n(Q) = Yim () (1)

Definition: Yim(Q) = " 2t + ! 1/ —m) "(cosf) €™ (2)
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Orthonormality: /dQ Y () Y (Q) = Sy Oy (3)

Completeness/Closure: Z Z Y (Q) Vi (Q) =6(Q — Q) = 5(cos§ —cos @) 6(¢p —¢')  (4)
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Rodrigues’ formula for Associated Legendre-Polynomials:
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Legendre-function: eigenfunction to Legendre ODE: T (1—u®) T P(u) =—l(1+1) P(u) (7)
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Rodrigues’ formula for Legendre-Polynomials:  Pj(u) = ﬁ w(u -1) (8)
Generating Function: _— Pi(u) for |p| <1 (9
o Zp () for |ol <1 (9)
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N lisation: du P, By = Oy 1
ormalisation / u Py(u) Py(u) T (10)
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Addition Theorem [with « the angle between (6, ¢) and (6',¢')]:
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Some Examples:
1
Py(z) =1 P(z)=x Py(z) = 3 (322 — 1) (12)
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Yoo(Q) = ——= (13)
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Y10(Q) = gy cosf = — Y141(Q) =F - sinf e™¥ = F Y (14)
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Yoo (2) = 20 -1 — 1
20(92) Tor (3cos ) = 6r 2 (15)
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Yor1(Q)=F 15 cosf sinf et = 15 Az 5 iy) (16)
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Yo10(Q) = 15 sin? § e*2Y = 15 (zly) (17)
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Graph of the first Spherical Harmonics and Legendre-Polynomials Yj(0, ¢) = 22—;1 Py(cos )
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Visualising as Deformation of a Sphere: R(¢,¢) =1+ a0 Yio(?,¢) , a < 1

Xy




