Mathematical Methods of Theoretical Physics, GWU H.W. GRIESSHAMMER

Supplement on the Fourier Transform ¢f. [SG, App. B.2]

Def. Fourier (Integral) Transform F[f(z)] of f(z), Inverse Fourier (Integral) Transform F~1[f(k)]:

Flf ()]

fo = 1) =N [ are e po) L FUS) = ) = @)= o [ dket k)

(z, k) are conjugate variables, (f(x), f(k)) are a Fourier transform pair.

The sign e for F[f] is convention, but see property (4) below.
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Convention for normalisation A in Quantum Mechanics: Nom = Wors ie. (klx) = Nor e ke,
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Convention for normalisation A/ in Electrodynamics/QFT: NeDyn = 1,
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Generalisation to d dimensions:

FIf) = N /Ooddr T FUS = W /Ooddk eHET F(K)
Properties Vf,g € H, a € C:
(1) F[f] exists if /Oodx |f(x)] < oo (weaker than square-integrability)
(2) Flaf +4g] = a_ : [f]+ Flg] linearity
® ) = 17 (%) scaling
(4) FIT = F relation between F and F—!

(5) When f(x) = f(—x) even in z, then f(k) = f(—k) even.
When in addition f(z) € R = f(k) € R
When f(z) = —f(—z) odd in z, then f(k) = —f(—k) odd.
When in addition f(z) € R = f(k) €I

(6) Ff(x+a)] =e* f(k) translation
(7) Fle®™ f(2)] = f(k +ia) exponential multiplication
8) (fIf) = /dx ‘f(x)‘z = /dk ]f(/f)\z Parseval’s relation (norm-conserving)
9) [f *gl(z) == N/dy flz—y)gly) = f_l[f(k‘) (k)] Faltung/Convolution theorem
(10) F [—iﬂ] =k f(k) derivatives become polynomials



