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Sragments of Diagrams

Consider a countable structure A for a com-
putable language L.

e Open diagram of A, D(A) = Dy(A), is the set of all
quantifier-free sentences of L 4 true in A 4.

o n-diagram of A, D,,(A), is the set of all ¥, sentences of
L 4 that are true in A 4.

e Complete (elementary) diagram of A, D(A), is the set
of all sentences of L 4 that are true in A 4.

o Turing degree of A is the Turing degree of D(A).
o A is computable if its Turing degree is O.
o A is n-decidable if its n-diagram is computable.

o A is decidable if its complete diagram is computable.

e 3, sentences are Boolean combinations of >, (and II,,)
sentences.

e D,(A) =D(A)NY, =r D(A)N B,

e D, .1(A)is c.e. in and above D,,(.A), uniformly in 7.



Cramples

o A effectively eliminates quantifiers
(VB = A)|D(B) = Dy(B)]

(Intrinsic collapse of diagrams)

e (Moses)
There 1s a linear order that is n-decidable, but has no

(n + 1)-decidable copy.

e (Chisholm and Moses)
There 1s a linear order that is n-decidable for every n,
but has no decidable copy.

.N: (W,+,‘,S,O>
D,(N) =7 0™, uniformly in n

e (Knight)
A a nonstandard model of Peano Arithmetic (P A)
(HB ~ A) [Do(B> <7 Dl(B) <7 DQ(B) <7 .. ]

e (Knight)
A any model of PA
(3B ~ A)[D(B) =1 Dy(B)]



e (Knight)
A structure A is trivial if there is sequence ¢ € A< such
that every permutation of A that fixes e pointwise 1s an

automorphism of A.
(7) If A is trivial, then

(VB ~ A)[Dy(B) =1 Dy(A)]
(i1) If A is non-trivial, then
the set of Turing degrees of isomorphic copies of A is
closed upwards.

e (Harizanov, Knight, Morozov)
For any structure A, there exists B ~ A such that

D(B) =p Dy(B)

(1) A is trivial, via ¢ .
For every formula 9)( , effectively find
a quantifier-free formula ¥)"( ¢’, z’),
in the language with equality,
As (e, @) &y (c, )
(i1) A is non-trivial.
Let X be such that D¢(A) <r X.
There are structure /5, isomorphism f : A — B with

f <r X <p Dy(B)

— —
c, )

Thus,
X <r Do(B) <r D(B) <r f ® D(A) <r X



Intrinsic Collapse of Fragments of Diagrams

Questions

e (A) For fixed n, find syntactic conditions on A such that
(VB = A)|D“B) =r D,(B)]

e (B) For fixed n, find syntactic conditions on .4 such that

(VB 22 A)[D,.1(B) =¢ Da(B)].

(Harizanov, Knight, Morozov)

e (A) The following are equivalent:
(1) For every structure B = A we have
D(B) <r Dn(5B)
(22) There 1s ¢ € A¥anda computable function d as-
signing to every finitary formula 7(7) a computable in-
finitary formula
d”Y(?a ?) — \/ ﬁz(?a ?%
eW

where IV is c.e. and every (3, is a finitary >J,,, 1 formula,
such that

A (VT)NT) & d,(€, 7))
e (B) Similar characterization holds for
Dy1(B) <1 Dy(B)
In (i4), instead of an arbitrary finitary formula, v(z’) is
an arbitrary finitary 11,,.; formula.



Proofs based of the following relativized Ash-Nerode theo-
rem, similar to the one by Chisholm; Ash, Knight, Manasse
and Slaman.

e (Harizanov, Knight, Morozov)
For a sequence ( Ry )ic,, of relations on a structure A, the
following are equivalent:

() For every isomorphism f from A to some structure
B, f(Ry) is c.e. relative to D,(B), uniformly in k.

(i1) For some ¢ € A<, for each k, we can effectively
find an index for a c.e. set of finitary >, . ; formulas with
parameters ¢ , whose disjunction defines R.

o Cramples
(i) For N > 1, if B is a linear order of type w", then
DC<B> =T DQN_1(8>
(i7) If B is a linear order of type w' - n,
where 1) 1s the order type of rationals, then

D(B) =p Doy (B)



Turing Degrees of 1-Diagrams

e (Harizanov)
Let Y C w be c.e. There is a computable linear order
B of order type w whose successor relation S is Turing
equivalent to Y. Hence
Dy(B) =rY,
since Moses showed that D1(B) <7 Dy(B) ® S.

e (Harizanov, Knight, Morozov)
LetY C wbec.e. Let A be 1-decidable. Assume that
for every ¢ € A<, we can effectively find a finitary I1;

formula §( ¢, «') and @ such that

AA |: 9<?7 E))a
and for every finitary ¥ formula o( ¢, u),
K

— —

Aslo(c, @)= 3d)Asl (o(c, a)r-0(c, a'))].

Then there is a computable structure B ~ A such that
Dl(B> =T Y.



Turing Degrees of the First Two Diagrams

e (Harizanov, Knight, Morozov)
Let X, Y C wbesuchthatY isc.e. in and above X and

Do(A) <1 X.
Assume that A satisfies the following conditions.
(0) For every ¢ € A<“, we can effectively find a fini-
tary /A, formula (given by a pair of finitary >, [I; formu-
— —
las) x( c¢’, x') such that

< (¢, @)

Nran(z ) DA x
ran(¢) Nran(z) =0 A -y

€ A=Y, we can effectively find a flnltary
, 2 )and @ € A< such that

AsE0(c,a),

and for every finitary Zl formula CT(_>
— —

AsEo(C, @) = (3a )[AA = (o(c, a")A-0(c, a))]
Then there is B ~ A such that
DyB)=r X AND{(B)=rY

o Crample: A = (w, <)
For a given ¢ = (cg, ..., Cm_1), a corresponding II;
— .
formula 6( ¢, x,y) is
S(y,x) Nx >coN... NT > 1],
and a corresponding A formula X(?, x,1) is
(z<y)ANx>cogN...Nx > cpl

Ay | (37)
As B (37
(1) For every
[1; formula 6(

—

ran(_)) > 7))l
c) (¢, z)

—

l

ol®

—
X

Y 9



Examples of A such that there exists B = A with
Do(B) =T X and D1<B) =T Y,

where Y i1s c.e. in and above X

e Let A be the Boolean algebra I(w)
A corresponding I1; formula uses
a unary atom relation, and
a corresponding A; formula uses
the binary relation of being disjoint.

e Let A be the Abelian group Z) © Z,.
A corresponding 11; formula uses
the unary relation of not being divisible by p, and
a corresponding A\ formula uses
the binary relation of one element
being a multiple by p of the other element.



Turing Degrees of Gequences of n-Diagrams

e An (N +1)-table is a sequence of sets (C), ), < such that
C,+118 c.e. in and above C), for n < .

e An w-table is a sequence of sets (C,) ey, where C) 11 is
c.e. in and above (), uniformly in n.

e We say these tables are over (.

e For any structure A, (D,(A)),ew is an w-table.

e (Knight)
For a sequence of Turing degrees (d,,),c., the following
are equivalent:
(1) There exists a nonstandard model A of P A such that
for all n,
deg(D,(A)) =d,.
(1) There exists an w-table (C),),e., Over a completion
of PA, such that for all n,

deg(C,) = d,.



Questions

e For fixed N € w, find conditions on A guaranteeing that
for every (N 4 1)-table (C,,),, < there exists B = A such
that

(Vn < N)[D,(B) =r C))]

e Find conditions on A guaranteeing that for every w-table
(C)new there exists B = A such that
(Vn € w)|D,(B) =r C,)]



Bact and Forth Relations

For simplicity, assume A is a structure for a finite relational
language.

Convention: If @’ € A=Y assume the elements in o dis-
tinct. Assume concatenation a ~ ¢ defined only if the ele-

ments in a distinct from the elements in ¢ .

(Barwise; Ash and Knight)
b b

.LetE> b € A= be such that h("a’) < lh(
()@ <y b iff

the open formu_l)as true of @ are all true of b

(’LZ) n+1 b iff
(v d)ET)

)

— —
b d <,

—
a " ]

a <, b iff the infinitary 11, formulas
true of @ are also true of b



Independence of Sormulas

(Harizanov, Knight, Morozov)
7, ?) is O-independent over u ifitis open,
— Ihu ., — _,>
and for every ¢ € A" ") there exist @ and o’ :
A E0(C, a)rA-0(c,a")

e Forn > 0,0(w, z) is n-independent over u if it is
H

I1,, and for every c':
(1) There exists @ such that A4 = 6(
(74) For every o with A4 = 9(?, ?), and every al,
— — —

there exist @’ and @/ such that 44 = —60(c’, a') and
— —

e Formula 6(

— —
c,a),

>/\ >/\ > H/\ /] ~
c a a <po1 C G a

o Cramples: w”, w¥-n
O-independent: x 1s greater than elements in u,
and xg < 21;
l-independent: . .. and S(x1, x¢);
2-independent: ... and x is a 1-limit
(first in 1ts copy of w);
3-independent: ... and xy and x; are 1-limits,
where x; 1s the next one after x;
4-independent: ... and x 1s a 2-limit
(first in its copy of w?), etc.
These successor relations and initial element relations were
used by Moses.



Turing Degrees of Arbitvary Gequences of Diagrams

e (Harizanov, Knight, Morozov)
Suppose Dy(.A) is computable, and the relations <,, are
c.e.,, for n < N. Suppose also that for each tuple u of
distinct variables, and eachn < N, we can find a formula
that is n-independent over u . Then for any (N+1)-table
(C)n<n, there exists B = A such that

(Vn < N)[D,(B) =r C))]

e (Harizanov, Knight, Morozov)
Suppose D(\A) is computable, and the relations <,, are
c.e., uniformly in n, forn € w. Suppose also that for each
tuple u of distinct variables, and each n, we can find a
[1,, formula that is n-independent over . Then for any
w-table (C}, )<y, there exists B = A such that
D, (B) =r C,,, uniformly in n.
The uniformity implies that
DC(B) =T @nC'n



Cramples

e For any 2/N-table (C),),,<an_1, there is a linear order BB of
type w'¥ such that for alln < 2N — 1, D,,(B) =1 C,.

e For any (2N + 1)-table (C},),<2n, there is a linear order
B oftype w” -n such that foralln < 2N, D, (B) =1 C,.

e For any w-table (C},),cw, there is a linear order B of type
w* or of type w* - 7 such that for all n, D,(B) =r C,,
uniformly in n.

Open Problems

e Weaken the definition of n-independent formulas so that
the general results still hold, but can be applied to Boolean

algebras and other structures.

e What are the possible sequences (deg(D,(B)))new, for
B=N?

e Characterize the sequences of Turing degrees of n-diagrams
for models of a given completion of P A.



Anight's Conjecture

Let S be a completion of PA and let (C),),,c,, be an w-table.
Suppose that there exist an enumeration i of a Scott set and
a family of functions (Z,),>1 such that:

o R <7 (),
o t, <r C,_1 uniformly in n,
e lim,7,(s) is an R-index for S N %,

e for all s, t,(s) is an R-index for a subset of S N X,,.
Then there is a (nonstandard) model A of S such that

D, (A) =r C,, uniformly in n.

Open Problem

e If A isanon-standard model of PA, musttherebe B = A
such that D1(A) <p D1(B) and Dy(B) <7 Dy(A)?

Knight showed that for any nonstandard model of P A,
there 1s an isomorphic copy whose atomic diagram has
strictly lower Turing degree. The problem is to produce
such a copy without lowering the degree of the 1-diagram.



