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1. INTRODUCTION

We consider only computable languages, and countable structures,
with universe a subset of w, which we think of as a set of constants. We
identify sentences with their Gédel numbers. Thus, for a structure A,
the complete (elementary) diagram, D°(A), and the atomic diagram,
D(A), are subsets of w. We classify formulas as usual. A formula is
both ¥y and Il if it is open. For n > 0, a formula, in prenex normal
form, is X,,, or I, if it has n blocks of like quantifiers, beginning with
3, or V. For a formula 0, in prenex normal form, we let neg(f) denote
the dual formula that is logically equivalent to —60—if 0 is X, then
neg(#) is I1,,, and vice versa.

Definition 1.1. For a structure A, the n-diagram is
D, (A)=D(A)N%,.

We are interested in complexity, which we measure by Turing degree.
We denote Turing reducibility by <7, and Turing equivalence by =r.
It is clear that for any structure A, Dy(A) =7 D(A). We show that
for any A, there exists B = A such that D°(B) = D(B). If A is an
algebraically closed field, a real closed field, or any other structure in
which we have effective elimination of quantifiers, then this collapse
is “intrinsic”; i.e., it happens in all copies. For models of PA, the
collapse is not intrinsic. For the standard model of arithmetic, N' =
(w,+,-,5,0), we have D, (N) =¢ 0™, uniformly in n. In [10], it is
shown that for any model A of PA, there exists B = A such that
Dyis(B) £1 Da(B).

We first consider the following problem.
The authors gratefully acknowledge support of the NSF Binational Grant DMS-
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Problem 1. Find syntactic conditions on A guaranteeing that for some
n, for all B = A, D°(B) =r D,(B). In particular, for n = 0, find
syntactic conditions guaranteeing that for all B = A, D°(B) =r D(B).

For structures A that do not exhibit intrinsic collapse of the complete
diagram to the atomic diagram, we consider the sequences (D,,(B))new
for B = A. We focus on the corresponding sequences of Turing degrees.

Definition 1.2. (i) For sets X and Y, Y is c.e. in and above X if Y
1s c.e. relative to X, and X <r Y.

(17) An w-table is a sequence of sets (Cp)new such that Cpyq is c.e.
in and above C,, uniformly in n. Similarly, for N € w, an N-table is

a sequence (Cp)n<n such that forn+1 < N, C,11 is c.e. in and above
C,.

In [1], there is a definition of an «a-table, where « is an arbitrary com-
putable ordinal. These sequences are sometimes called a-RFA, or a-
CFA sets. The following proposition is clear.

Proposition 1.1. For any structure A, (D,,(A))ne, is an w-table.

We look for conditions guaranteeing that a structure will have copies
in which the degrees of n-diagrams can be assigned arbitrarily, subject
only to the constraints of Proposition 1.1.

Problem 2. For finite N, give conditions on A guaranteeing that for
every (N + 1)-table (C)n<n, there exists B = A such that for all
n <N, D,(B) =r C,.

Problem 3. Give conditions guaranteeing that for every w-table
(Cp)new, there exists B = A such that for all n, D,(B) =r C,,.

In Section 2, we give results related to Problem 1. In Section 3, we
describe some examples. In Section 4, we state the results on Problems
2 and 3. In Section 5, we give some applications. In Sections 6 and 7,
we prove the results on Problems 2 and 3. In Section 8, we give some
open problems.
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2. CONDITIONS FOR INTRINSIC COLLAPSE

A structure A is trivial if there is a tuple of elements ¢ such that every
permutation of the universe that fixes ¢ pointwise is an automorphism.
In [8], it is shown that for a non-trivial structure, the set of Turing
degrees of copies is closed upwards, while for a trivial structure, all
copies have the same Turing degree. The same ideas yield the result
below.

Theorem 2.1. For any structure A, there exists B = A such that
D(B) =r D¢(B). Then for all n, D,(B) =r D(B).

Proof. We consider two cases.

Case 1. Suppose A is non-trivial.

In [8], it is shown that if A is non-trivial, then for any set X such that
D(A) <r X, there is a permutation 7 of the universe such that for the
induced structure B with A 2, B, we have X <; D(B) and 7 <r X.
Since D(B) is computable in © @ D(A), it follows that D(B) <r X.
Here we choose X such that D(A) <r X. Then

X ST D(B) ST DC(B) ST TP DC<A) ST X

Case 2. Suppose A is trivial.

Take a tuple ¢ such that every permutation fixing ¢ pointwise is an
automorphism of A. We can show, by induction on formulas, that for
each formula (¢, ), there is a quantifier-free formula 6*(¢,T), in the
empty language (with just =), such that

AEVZ[0(ET) < 0°(¢,T).
Moreover, the process of passing from 6 to 6§ is effective in D(A).

The most interesting case is when ¢ = 0(¢,7) is an atomic formula
involving a relation symbol R, with some places filled by constants from
¢ and others by variables from T. We consider a family of quantifier-free
formulas (¢, 7), in the empty language, each specifying the equality
relation ¢, T completely, so that all possible equality relations are rep-
resented. For each formula (¢, T), we choose a sample tuple @ such
that A = ¢(¢,@). We let 6" be the disjunction of the formulas ¢ (¢, )
for which the corresponding sample tuple satisfies 6(¢,Z), or L, if no
sample tuple satisfies 0(¢, 7).
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The other clauses are as usual in arguments for effective elimination
of quantifiers. For the existential clause, consider § = Juy (¢, T, u),
where (¢, T, u) is quantifier-free in the empty language. By the usual
rearrangements, we may reduce to the case where (¢, T, u) is a con-
junction specifying the equality relations completely. If there is a con-
junct u = ¢ or u = x, then we can drop the quantifier Ju and replace
all occurrences of u by ¢, or z. If there are conjuncts u # ¢, u # «x
for all ¢ € ¢, x € T, then, assuming that we have a conjunct v = u,
we can drop the quantifier Ju and all conjuncts mentioning u—if there
is nothing left, then we replace 6 by T (truth). If we have a conjunct
u # u, then we replace 6 by L (falsity).

Here is our result on Problem 1, giving conditions for intrinsic col-
lapse of the complete diagram to the n-diagram.

Theorem 2.2. For any structure A and any n, the following are equiv-
alent:

(1) For all B= A, D°(B) =r D,(B),

(2) For some tuple €, there is a computable function d taking each
(finitary) formula 0(T) to a formula dy(¢,T), a c.e. disjunction
of (finitary) X,41 formulas with parameters ¢, such that

AEVE[0(T) < dy(c,T)].

Proof. For 2 = 1, let B be a copy of A, with tuple d corresponding
to ¢. Given D, (B), we can enumerate D,,,1(B). To determine whether
a sentence 0(b) is in D°(B), using D,,(B), we search simultaneously for
a disjunct of dy(d,b) and for a disjunct of d_¢(d,b). One of these will
appear, and then we will have the answer.

We obtain 1 = 2 by varying the following result from [3] and [5].

Proposition 2.1. For a structure A and a relation R on A, the fol-
lowing are equivalent:

(1) For all isomorphisms F from A onto a copy B, F(R) is c.e.
relative to Do(B),

(2) For some ¢, there is a c.e. set of finitary existential formulas,
with parameters ¢, whose disjunction defines R.

We may vary Proposition 2.1, replacing the single relation by a family
of relations.
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Proposition 2.2. For a structure A and a sequence (Ry)ge. of rela-
tions on A, the following are equivalent:

(1) For all isomorphisms F from A onto a copy B, F(Ry) is c.e.
relative to Do(B), uniformly in k,

(2) For some ¢, for each k, we can effectively find an index for a
c.e. set of finutary existential formulas, with parametersc, whose
disjunction defines Rj.

We may vary Propositions 2.1 and 2.2, replacing the 0-diagram by
the n-diagram.

Proposition 2.3. For a structure A, a relation R on A, and n € w,
the following are equivalent:

(1) For all isomorphisms F from A onto a copy B, F(R) is c.e.
relative to D, (B),

(2) For some ¢, there is a c.e. set of finitary ¥,1 formulas, with
parameters ¢, whose disjunction defines R.

Proposition 2.4. For a structure A, a sequence (Ry)ke., of relations
on A, and n € w, the following are equivalent:

(1) For all isomorphisms F from A onto a copy B, F(Ry) is c.e.
relative to D, (B), uniformly in k,

(2) For some €, for each k, we can effectively find an index for
a c.e. set of finitary ¥,1 formulas, with parameters ¢, whose
disjunction defines Rj,.

We say just a little about the proofs of the propositions, emphasizing
the (minor) differences. In all cases, 2 = 1 is clear, and 1 = 2 is
obtained by producing a generic copy B of A. We take the proof of
Proposition 2.1 in [2] as our guide. Let B be an infinite computable
set of constants, for the universe of B. The forcing conditions are
finite partial 1-1 functions from B to A. As a forcing language, we use
a computable infinitary propositional language. For Proposition 2.1,
the propositional variables are the atomic sentences in the language
L(A) U B and those in the language {R} U B. For Proposition 2.2,
we replace {R} by {Ry : k € w}. For Propositions 2.3 and 2.4, we
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replace the atomic sentences in the language L(A) by the finitary 3,
sentences.

In all cases, we form a complete sequence of forcing conditions (py, )new
whose union is a 1-1 function from B onto A. We let F' be the inverse
function, and we let B be the structure induced by F' on B. From B,
and F'(R), or F'(Ry) for k € w, we obtain propositional structures in a
natural way. For Proposition 2.1, we take the set of atomic sentences
in D(B) together with the sentences Rb, where F'(b) € R. For Proposi-
tion 2.3, we take D,,(B) together with the atomic sentences Rb, where
F(b) € R. In each case, a sentence in the forcing language is true in
the appropriate propositional structure just in case it is forced by some
Pn- Let (,)ic. be a standard effective enumeration of all unary partial
computable functions, and let W; = dom(y;) for i € w.

For Proposition 2.1, the hypothesis says that F(R) = wPe®  for
some e. The forcing language includes a sentence with this meaning,
which must be forced by some p. Say p takes d to . Then R is defined
by a formula 0(¢,T) saying

(Fg 2 p) VIa®) =Z A gl 2B @) ],

b

where 0(¢,T) is a c.e. disjunction of finitary existential formulas.

For Proposition 2.2, the hypothesis says that there is some e such
that for all k, F\(Ry) = WD‘Z(?) The forcing language includes a sen-
tence with this meaning, which must be forced by some p. Say p takes

d to €. Then for each k, R}, is defined by a formula 6,(¢, 7;,) saying

(3¢ 2 p) \/1a(®) =Fx A q I o0 () 1],

b
For each k, 0,(¢,Ty) is a c.e. disjunction of finitary existential formulas,
with index determined effectively from .

For Proposition 2.3, the hypothesis says that F(R) = wr "(B), for
some e. Again, the forcing language includes a sentence with this
meaning, forced by some p. Say p has range ¢. We arrive at a definition
0(¢,7) of R saying

(Fq2p) \/[a®) = Aql- 2B ®) 1],
5

where 0(¢,T) is a c.e. disjunction of finitary ¥, ; formulas.
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For Proposition 2.4, the hypothesis says that there is some e such
that for all k, F(Ry) = Wf’&f). The forcing language includes a sen-
tence with this meaning, forced by some p. Say p has range ¢. Then

for each k, Ry, is defined by a formula 0 (¢, Ty), saying

Ba20) V@) =7 Al 076 () L)

where 0 (¢, Ty) is a c.e. disjunction of finitary ¥,,,; formulas, with index
determined effectively from k.

Using Proposition 2.4, we can easily complete the proof of Theorem
2.2. We let Ry, be the relation defined by the k' formula (7).

We next give a result on intrinsic collapse at a single level.

Theorem 2.5. For any structure A and any n, the following are
equivalent:

(1) For all B= A, Dy1(B) =r Dy(B),

(2) For some ¢, there is a computable function d taking each (fini-
tary) I, 11 formula 0(T) to a formula dy(¢,T), a c.e. disjunction
of finitary X, .1 formulas with parameters ¢, such that

AEVZ[0(T) < dy(c,T)].

Proof For 2 = 1, let B be a copy of A, with tuple d corresponding
to ¢. Given D, (B), we can enumerate D,,,1(B). To determine whether
a sentence 0(b) will appear, we search simultaneously for the sentence
itself and a disjunct of d_¢(d,b). For 1 = 2, we use Proposition 2.4

again, letting Ry be the relation defined by the k' 1,1 formula (7).
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3. EXAMPLES ILLUSTRATING THEOREMS 2.2 AND 2.5

For an algebraically closed field, or a real closed field, where there
is effective elimination of quantifiers, we have intrinsic collapse of the
complete diagram to the atomic diagram. Below, we give examples,
for each n > 0, for which there is intrinsic collapse of the complete
diagram to the n-diagram, but not to the (n — 1)-diagram.

The examples are linear orderings. We need some notation. If C and
D are linear orderings, then their product C-D is the result of replacing
each element of D by a copy of C. We let n denote the order type of
the rationals.

Example 3.1. For N > 1, if B is a linear ordering of type w”, then

D(B) =r Dan_1(B).

(This result is sharp. In Section 5, we shall return to this example and
show that there exist linear orderings B of type w such that for every
k <2N =1, Dp(B) <r Di11(B).)

We shall describe formulas dy. First, let A be a linear ordering of
type w? such that D°(A) is computable. The existence of such A is
well-known. We could give an inductive proof, staring with a decidable
linear ordering of type w, and using the fact that if linear orderings C
and D have decidable copies, then so does C - D (a consequence of the
Feferman-Vaught Theorem).

Claim 1. For each tuple @, we can find a (finitary) Yoy formula
1(T) that defines @ in A.

Proof. We give a brief description of the definitions in the case where
a consists of a single element a. If N = 1, then ¢,(z) is a finitary Il
formula saying that for the appropriate k, there are exactly k elements
to the left of z. If N = 2 and a does not lie on the first copy of w,
then v, () is a finitary II4 formula saying that for the appropriate m
and k, there are exactly m limit points to the left of x, and there are
exactly k elements between the last of these limit points and x. In
general, if N > 1 and a does not lie on the first copy of w", then v, ()
is a finitary Ilon formula saying that for the appropriate m, there are
exactly m (N — 1)-limit points to the left of x, and that x has the
position of the element a in the copy of w’¥~! that begins with the last
of these limit points.
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For each finitary formula 0(T), we let dy(T) be the disjunction of the
formulas 1-(Z) (as in Claim 1), where A = 6(a).

In Example 3.1, we described formulas dy that appear to be infinitary.
However, we could carry out an effective elimination of quantifiers, and
assign to each formula 6 a formula dy (equivalent to 6 in w?), where
dg is finitary Yo . In the next example, the formulas dy are necessarily
infinitary.

Example 3.2. If B is a linear ordering of type w™ -7, then
DC(B) =7 DQN(B)

(In Section 5, we shall return to this ezample and show that there exist
linear orderings B of type w™ -1 such that for every k < 2N, Dy(B) <r
Di11(B).)

We shall describe formulas dy. First, let A be a linear ordering of
type w™ - 7 such that D°(A) is computable. The existence of such A
follows from the fact that there are decidable linear orderings of types
w and 7 (using the Feferman-Vaught Theorem).

Claim 2. For each tuple @, we can find a (finitary) oy, formula
1(T) that defines the orbit of @ under the automorphisms of A.

Proof. The formula ¢4(Z) says how the elements of the tuple are
ordered, gives the position of each element in its copy of w¥, and for
each successive pair in the tuple, says whether there is an N-limit point
between them.

For each formula 6(T), we let dy(T) be the disjunction of the formulas

1=(T) (as in Claim 2), where A | 6(a).

We show that in the case where N = 1, there is a formula # such
that dy cannot be made finitary.

Claim 3. Let 0(z,y) be the formula saying that © < y and there is
no limit point between x and y. There is no finitary X3 formula that
is equivalent to 0(z,y) in w - n.

Proof. Consider the formula 0(z,y) = FZVu v é(x,y,Z,w,v), where
d is open. We show that if 6(x,y) is satisfied by pairs sufficiently far
apart on a single copy of w, then it is satisfied by pairs on different
copies of w. Let m > length(w), n > length(v), and r > length(Z).
Choose = and y such that the interval between them is finite, but of
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size at least rmn. Take Z such that Va 30 d(x, y,Z,u,v) holds. Look at
the way Z partitions the interval between x and y. There must be at
least one sub-interval of size at least mn. We refer to this sub-interval
as “large”.

Now, choose z*, y* and z*, ordered in the same way as z, y and Z,
such that z* and y* lie on different copies of w, and the sizes of the
corresponding intervals match, except that the interval correspond-
ing to the large finite sub-interval is infinite. To show that 6(z*,y*)
holds, it is enough to show that for any u*, there exists v* such that
d(z*,y*,z*,u*, ") holds. We look at the way uw* partitions the infi-
nite sub-interval. We choose u matching any sub-sub-intervals of size
less than n, and letting others have size at least n. We have v such
that d(z,y,Z, 7, 7) holds. Then we can choose T* so that the orderings
match. It follows that §(z*, y*,Z*,u*, ) holds. This proves the claim.

We show that Theorem 2.5 applies to some structures to which The-
orem 2.2 does not apply.

Example 3.3. Moses [12] showed that for each n, there is a lin-
ear ordering A such that D, (A) is computable, but D, 1(A) is not
computable. The structure A* = (A, (a)aca) is relatively computably
stable—for any copy B, the unique isomorphism is computable rela-
tive to Do(B). It follows that for all B = A*, D, (B) <r Dy(B), but
Dn+1(B) #\T Dn(B)

Chisholm and Moses [6] also gave an example of a linear ordering A
such that for alln, D, (A) is computable, but D°(A) is not computable.
Again A* = (A, (a)aca) is relatively computably stable. For all B =~ A*
and all n, D,,(B) <t Do(B), but D¢(B) £ Do(B).!

4. RESULTS ON PROBLEMS 2 AND 3

Here we give conditions on a structure A guaranteeing that we can
represent Turing degrees of an arbitrary N-table, or w-table by the
degrees of n-diagrams of copies of A. For simplicity, we consider only
structures for a finite relational language. In addition, we adopt the
convention that if ¢ denotes a tuple from A, then the elements of ¢ are
distinct. If ¢,@ denotes the concatenation of tuples ¢ and @, then the
elements of ¢ and @ are all assumed to be distinct.

17 Knight and R. Shore have similar examples in a finite relational language.
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The standard back-and-forth relations <, are defined in [4] and [2]
for arbitrary countable ordinals a. Below, we give a definition in the
case where « is finite. The fact that we have a finite relational language
simplifies the definition of <.

Definition 4.1. Let @, b be tuples from A with length(a) < length(b).

(1) @ <o b if the open formulas true of @ are all true of the corre-
sponding elements of b.

(2) @ <,41 b if for each d, there exists T such that b,d <, @,T.

Next, we define a notion of independence. We consider formulas in
the language of A. We say that a tuple @ in A corresponds to a tuple of
variables w if the tuples have the same length, so that @ is appropriate
to substitute for .

Definition 4.2. Let @ be a tuple of variables.

(1) The formula 0(u,T) is O-independent over @ if it is open, and
for each © in A, corresponding to u, there exist @ and @, corre-
sponding to T, such that A = 0(¢,a) and A = —0(¢,@'). (The
assumption of distinctness means that = is preserved between
C,a and ¢,a'.)

(2) Forn >0, the formula 0(w,T) is n-independent over @ if it is
I1,, and for each ¢, corresponding to u,

(1) there exists @ such that A |= 0(¢,a), and

(1) for anya such that A |= 0(¢,a), and any @, there exist@ and
@y such that A= —0(¢,@') and ¢,a,a1 <, ¢,@,a.

Here are the results on Problems 2 and 3.

Theorem 4.1. Suppose Dy(A) is computable, and the relations <,
are c.e., for n < N. Suppose also that for each tuple w of variables,
and eachn < N, we can effectively find a formula that is n-independent
over w. Then for any (N + 1)-table (C,,)n<n, there exists B = A such
that D, (B) =r C,, for alln < N.
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Theorem 4.2. Suppose D(A) is computable, and the relations <,
are c.e., uniformly in n, for n € w. Suppose also that for each tuple uw
of distinct variables, and each n, we can effectively find a 11, formula
that is n-independent over w. Then for any w-table (Cp)n<w, there
exists B = A such that D,,(B) =1 C,,, uniformly in n. The uniformity
implies that D*(B) = ®,C,,.2

Before proving Theorems 4.1 and 4.2, we consider some examples.

5. EXAMPLES ILLUSTRATING THEOREMS 4.1 AND 4.2

In Section 3, we showed that for any linear ordering B of type w”,
D(B) =1 Dan_1(B).
We also showed that for any linear ordering B of type w - 7,
D¢(B) =r Dan(B).

Now, using Theorem 4.1, we show that for any 2/N-table (C,)n<an—1,
there is a linear ordering B of type w” such that for all n < 2N — 1,
D, (B) =r C,,. We also show that for any (2N + 1)-table (C,)n<2n,
there is a linear ordering B of type w” -7 such that for all n < 2N,
D, (B) =r C,. We begin with the case where N = 1.

Proposition 5.1. For any 2-table (C,)n<1, there is an ordering B of
type w such that for everyn <1, D, (B) = C,.

Proof. We shall apply Theorem 4.1 with N = 1. We have @ < b if
the ordering of @ is the same as that of the corresponding elements of
b. We need n-independent formulas for n = 0,1. As a 0-independent
formula over @, we take 0(@, x, y) saying that x is greater than anything
in 7, and < y. As a l-independent formula over @, we take 0(u, z,y)
saying that x is greater than anything in w, and y is the successor
of z. We satisfy the effectiveness conditions by taking an ordering A of

type w such that D;(.A) is computable. We are in a position to apply
Theorem 4.1. We get B = A such that D,,(B) = C,, for n =0, 1.

2R. Shore pointed out the uniformity and its consequence for the complete
diagram.
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Proposition 5.2. For any 3-table (C},),<2, there is an ordering B of
type w - n such that for every n < 2, D,(B) =r C,,.

Proof. We apply Theorem 4.1 with N = 2. As above, @ < b if
the ordering is preserved. We have @ <; b if the ordering is preserved,
and, in addition, the intervals determined by @ are at least as large as
the intervals determined by the corresponding elements of b. We need
n-independent formulas for n = 0,1,2. For n = 0,1, we use the same
formulas as above. As a 2-independent formula over @, we take 0(, z)
saying that x is greater than anything in w, and it is first in its copy of
w. We satisfy the effectiveness conditions by taking an ordering A of
type w - 1 such that Dy(A) is computable, and <; is c.e.> We are in a
position to apply Theorem 4.1. We get B = A such that D, (B) =7 C,
forn=0,1,2.

Here are the extensions of Propositions 5.1 and 5.2.

Proposition 5.3. For any 2N -table (C),)n<an—1, there is an ordering
B of type w" such that for alln < 2N — 1, D,(B) = C,,.

Proposition 5.4. For any (2N + 1)-table (Cy,)n<an, there is an order-
ing B of type w - n such that for alln < 2N, D,(B) = C,,.

For orderings of type w* or w* - 7, we can represent the sequence of
Turing degrees of an arbitrary w-table.

Proposition 5.5. For any w-table (Cy,)ney, there is an ordering B of
type w* such that for all n, D,(B) =r C,, uniformly in n. There is
also an ordering B of type w* - n such that for all n, D,(B) =r C,,
uniformly in n.

Propositions 5.3 and 5.4 are proved using Theorem 4.1. Proposition
5.5 uses Theorem 4.2. The n-independent formulas are taken from
Moses [12]. For n = 0,1,2, they are the same as for Propositions
5.1 and 5.2. To make the pattern clear, we also give the formulas for
n =3,4,5.

(1) The 0-independent formula over u says that z is greater than
anything in @, and = < y.

3In a computable structure for a finite relational language, <o is automatically
c.e.
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(2) The l-independent formula over @ says that x is greater than
anything in %, and y is the successor of x.

(3) The 2-independent formula over 7 says that = is greater than
anything in 7@, and x is a 1-limit (i.e., first in its copy of w).

(4) The 3-independent formula over @ says that x is greater than
anything in @, and x and y are 1-limits, where y is the next one
after z.

(5) The 4-independent formula over 7 says that = is greater than
anything in W, and z is a 2-limit (i.e., first in its copy of w?).

(6) The 5-independent formula over 7 says that x is greater than
anything in @, and x and y are 2-limits, where y is the next one
after x.

Remarks

(1) Using Proposition 5.3 or Proposition 5.4, we may obtain the
result of Moses [12] saying that for each n, there is a linear
ordering B such that D, (B) is computable, but D,,.;(B) is not.
We take N such that 2N — 1, or 2N, is greater than n, and we
choose sets C}, such that for k£ < n, C} is computable, but C,,
is not computable. We get orderings B of types w’¥ and w? -
such that D, (B) is computable, but D,,1(B) is not.

(2) Using Proposition 5.5, we may obtain the result of Chisholm
and Moses [6] saying that there is a linear ordering B such that
D,,(B) is computable for all n, but D¢(B) is not computable.
We choose an w-table (C},),e, such that C,, is computable for
all n, but @,C, is not computable. For example, we may let
C,, = KN(n+1), where K is the halting set. We get orderings B
of types w* and w* - i such that for all n, D,,(B) is computable,
but D¢(B) =r K.

6. A SPECIAL CASE OF THEOREM 4.1

We begin by proving Theorem 4.1 in the case where N = 3. Here is
the statement.
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Theorem 6.1. Let A be a structure for a finite relational language.
Suppose Ds(A) is computable, <; is c.e., and for each tuple of vari-
ables w, and each n < 3, we can effectively find a formula that is n-
independent over w. Then for any 3-table (C,)n<3, there exists B = A
such that for n <3, D,(B) =r C,,.

Proof. We use a tree construction here, in hopes of making as much
as possible look familiar. The requirements are at three different levels,
with information coming from the sets Cy, C7 and C5. We determine
stage s approximations of these sets in such a way that there are “true”
stages—in which the information in the approximations is all correct.
One feature of the construction is that requirements at lower levels are
allowed to crowd in front of those at higher levels, so the priorities
change as the construction proceeds.

Let B be an infinite computable set of constants, for the universe of
B. For n € {0,1}, let (¢} )kew be a computable list of the ¥,, sentences
in the language L(.A) U B. We may suppose that the constants of 1}
are among the first k. We shall determine a 1-1 function F' from B
onto A, and let B be the structure induced on B so that B =, A.

Requirements
We group the requirements as follows.
Ryy: Code x(, (k) and decide whether ) € Dy(B).
Rsi41: Code x¢, (k) and decide whether Yy € Di(B).

Rsii2: Code X, (k) and put into ran(F'), dom(F) the k™ element
of A, B, respectively.

For each m, requirement R,, corresponds to the pair (n, k), where
m=3k+nforn<3andk € w.

Labels

Let F be the set of finite partial 1-1 functions from B to A. At each
stage in the construction, we determine a label ¢ = (p,e,w), where
p € F, e is a finite set of sentences in the language L(A) U B, each
of which is ¥, or II, for some n < 3, w is a function defined on a
finite set of pairs (n,k), where if (n,k) € dom(w) and k' < k, then
(n, k") € dom(w), and the following conditions are satisfied:
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(1) If ¢ € e is a X, sentence for n € {1,2}, then e also includes a
IT,,_; sentence witnessing the truth of ¢,

(2) For each pair (n, k) € dom(w), w(n, k) = (0, u), where 6, called
the coding sentence, is 11,,, and u, called the action, is 0 or 1;
moreover, if the action is 0 then 6 € e, and if the action is 1
then neg(f) € e,

(3) If (n, k) € dom(w), then e includes ¢} or neg(vyy,),

(4) dom(p) includes the constants appearing in the sentences of e,
and p makes these sentences true in A.

For a label ¢ = (p, e, w), we may write p(¢), E({), w(¢) for p, e, w,
respectively. We may write E,,(¢) for the restriction of E(¢) to ¥,, and
I1,, sentences, and we may write w,(¢) for the restriction of w(¢) to
pairs (n, k).

We say that ¢ = (p, e, w) satisfies Rayi, using information u, where
u is 0 or 1, provided that:

(1) w(f)(n, k) | with action u,

(2) If n = 2, then p(¢) includes the first k& constants from B in its
domain, and the first k elements of A in its range.

Relations on labels

Let L be the set of labels. We have binary relations <y, <;, C on
tuples from A. We extend the relations first to F, and then to L. For
p,q € F, we have p <q q, p <1 ¢, or p C ¢ if dom(p) C dom(q) and the
relation <y, <;, or C holds between ran(p) and ran(q). For ¢,¢' € L
and n € {0,1}, we let £ <,, " if p(¢) <, p(¢'), E;(¢) C E;(¢') for j < n,
and w({)(j, k) = w(?)(j, k), whenever w(j,k) |, for j < n. We let
CC Uit p(l) Cp(l), E(0) C E), and w(f) C w().

Approximations

Let i be an index such that C; = W and Cy = W' (Posner’s
trick). We describe a construction in stages, using oracle Cy. We must
say what information is used at stage s. First, we define, for arbitrary
o € 2<% a specific restriction of W7, denoted by o*. The idea is that if
0, is the restriction of the characteristic function of a set X to s, then
for each n, there should be a unique s such that o is the restriction
of WX to n. We define o+ by induction on the length of o.
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Definition 6.1. For length 0, we let 07 = (). Let o have length s and
let p be an extension of length (s+1). Suppose that we have determined
o, which has length n, and we need to determine p™.

(1) If there emists k < n such that k € W/, — W7,
(ot]k)1.

(2) If there is no such k, then p* is the restriction to (n+1) of the
characteristic function of W/, ,.

then p™ =

Definition 6.2. The stage s version of C,, denoted by C, s, is as
follows forn =0,1,2:

(1) Cos = Xeylss
(2) Cuy =y,
(3) Cy = Cf,.

Note that the lengths of Cy 5, C' 5, and (s s need not match. In general,
Co,s will be longer than C} s, which will be longer than Cs ;.

Information tree

As usual in a tree construction, we define a tree of sequences, each
carrying information for a finite set of requirements, and also assigning
priorities to those requirements. We let T" consist of all finite sequences

(noa kO)“O(nlu ]ﬁ)ul cee (nm kr)um

where for ¢t < r, u; is 0 or 1, n; < 3, and

(1) if ¢ ?é tli then (nt7 kt) 7é (nt’7 kt’)a
(2) if k < k4, then there exists ¢’ < t with ny = n; and ky = k.

Step-by-step construction

For each stage s, we determine 0, € T, recording the stage s in-
formation, as follows. We let §; = (. We suppose that for s’ < s,
ds records, in some order, the triples carrying information from Cjp g,
Ci1s and Cyy. Let r < s be greatest such that ¢, C (441 and
Ca,r C Cy 41, say Oy, has length m. Let ¢ < s be greatest such that
Cit C Ch 541, say Cy, has length n. It should be the case that Cp 41
extends Cp s to s, C} 441 extends C1; to n, and Cy 411 extends Oy, to

m. We let §, be an initial segment of d,,1. Next, we put any further
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triples of form (1,z)u or (0,z)u from ¢;, in order. After that, we put
any further triples of the form (0, z)u from d, in order. Finally, we put
(0,5)Cos+1(5), (1,n)Cy s11(n), and (2, m)Cy41(m), in this order.

For each s, we determine a label /,, satisfying the requirements with
information in d,. This is done in such a way that the following condi-
tions are maintained.

Preservation

Let s’ < s.

(1) Then 4y <q ¢s. Moreover, for k < &', the coding sentence for
(0, k) depends only on Cy|k, not on Cy(k).

(2) IfCLS/ Q Cl,s; then gsl Sl gs- Ifcl,s’|k Q Cl,s and w(fs/)(l, k) l,
then w(/,)(1,k) |, and the coding sentence is the same.

(3) If 0175/ g Cl,s and 0275/ Q 0275, then fsl g 65. If 0275/“{3 Q 0275
and w(ly)(2,k) |, then w(ls)(2,k) |, and the coding sentence
is the same.

Now, we define /.
Construction of /7,

Stage 0. Let ¢y = (po, €0, wp), where p = (), eg = (), and wq = ().

Stage (s + 1). We pass from stage s to stage (s + 1) as follows. Let
r, t, m and n be as above—r < s is greatest such that C, C C} .41
and Cy, C Cy441, and m is the length of Cy,; t < s is greatest such
that C1; C C1 441, and n is the length of Cy ;. Let ' > r be first, if
any, such that Cy,» C C} 541 and w(¢,v)(2,m) |, and let t' > ¢ be first,
if any, such that w(¢y)(1,n) |.

Case 1. Suppose t' and 7’ are both undefined. By the preservation
conditions, we have
gr g gt Sl gs-

Say p, maps d to ¢. Let T correspond to ¢, and let (@, =) be 0-
independent over @. Let b be a tuple of new constants corresponding
to Z. Then y(d,b) is the coding sentence for (0,s). This sentence
depends only on Cp,, not on Cpsi1(s). We let wp 1 map (0,s) to
(00(d,b), ), for u = Cy4s1(s). We extend p, to ¢, taking b to @, where
A E 0y(¢,a) just in case u = 0. We let Ep,y1 extend Eyg, adding
0(d,b) or neg(A(d,b)), and 1° or neg(1?), where ¢ makes these true in
A.
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Since p; <1 ¢, there exists ¢’ O p; such that ¢ <o ¢’. Say ¢’ maps d to
?. Let @ correspond to @, and let 0;(@,T') be 1-independent over u'.
Let b be a tuple of new constants corresponding to 7. Then 91@/,5/)
is the coding sentence for (1,n). We let w;(fs11) extend wy(¢;), taking
(1,n) to (01(d,7),u), where v/ = Cls11(n). We extend the current
¢, taking b to some @', where A = 0,(¢,@') just in case v’ = 0. We
let Ey((y1) extend Fi(4,), adding 0(d,0) or neg(8(d, b)), and ¢! or
neg(1!), where ¢ makes these true in A. If A |= neg(6,(¢,@)), then
we extend ¢’ further to include in the range elements witnessing the
truth of neg(6,(¢,a)).

Say at this point ¢ maps d to?. Letu" correspond to @', and let
05(", ) be 2-independent over W”. Let b be a tuple of new constants
corresponding to T. Then 92(3/’,5”) is the coding sentence for (2,m).
We let ws(lyy1) extend wo(4,), mapping (2,m) to (62(d ,8"),u"), for
u" = Cy541(m). We extend the current ¢/, mapping b to some @ ,
where A |= 65(¢”,a@") just in case u” = 0. If A |= neg(t%(a”,zﬂ)), then
we extend ¢’ further to include in the range elements witnessing the
truth of neg(6s(d ,b")). Finally, we extend ¢’ to include the first (s+1)
elements of A in the range and the first (s + 1) elements of B in the
domain. We now have /.1, where p,,; is the final version of ¢’, and
the other components are as described.

Case 2. Suppose t' and r’ are defined, where C ; and C 41, differ on
n, and Cy,» and Cy 441 differ on m. We have

C2,r C 02,7" C CZ,t and Cl,t C Cl,t’ C Cl,s-
By the preservation conditions, we have
gr - gr’ - gt <1 Et’ <1 gs‘

As in Case 1, we extend ps to ¢, determine a coding sentence for (0, s),
and extend Ey s to Ep si1.
Since py <; ¢, there exists ¢’ O py such that ¢ <y ¢’. Say

w(le)(1,n) = (6:(,5),0),

where py and ¢ make (91(3,,5,) true in A. We may suppose that
dom(p;) C d. By l-independence, there exists ¢’ O ¢'|d such that
¢ <o ¢" and ¢" makes neg(0,(d',¥)) true in A. We extend ¢” to in-
clude witnesses for the existential sentence. Since p; <; ¢”, there exists
¢" D p; such that ¢" <y ¢”. Then ¢"” makes neg(@l(a/,z/)) true in
A. We let wy(£y11) extend wiy(4,), taking (1,n) to (01(d,5),1). We
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let Ej 41 extend Ej,, adding neg(@l(al,gl)), and also adding 1} or
"

neg(1}), whichever is made true in A by ¢"”.
Since p,» <1 ¢, there exists ¢ D p,» such that ¢ <; ¢"". Say

w(gr’>(2’m) = (62(3”>6”)70)>

where p,» and ¢"” make 02(8”,5”) true in A. We may suppose that
dom(p,) C d. By 2-independence, there exists ¢ O ¢" |E” such
that ¢ <; ¢"" and ¢"" makes neg(Qg(E”,E”)) true in A. We extend
¢"" to include witnesses for the Y5 sentence. Finally, we extend it
to include the first (s + 1) elements in the domain and range. The
resulting function is psy1. We let wy(541) extend ws(4,), taking (2, m)
to (02(d",0"),1). We let Es 411 extend Es ., adding neg(f(d ,b')), and
also adding ¢, or neg(¢2), whichever is made true in A by p,.1. We
have determined all of ;.

There are two other possible cases, in which just one of ¢’ and ' is
defined. We omit the discussion of these cases, as the ideas are given
in the first two cases.

We have described the sequence of steps, computable in Cy. For each
n, let s(n) be the first s such that Cy s = x¢,|n. For each k, let (k)
be the first r such that Cy, = X02|k and C1, C x¢,. Let p be the
first component of £,). The functions p;, £ € w, form a chain, and
F =gep Ugpy, is a 1-1 function from B onto A. Let B be the induced
structure.

Lemma 6.2. Dy(B) <r Cy

Proof. We have
DO(B) <r DC(B) N (ZO U HO) = Uk:ewEO,r(k) = UsewEO,s-
The last of these is computable in Cj.

Lemma 6.3. Cy <p Dy(B)

Proof. We describe an inductive procedure for determining Cy N s,
using Dy(B). Given CyN s, we can find ¢4 and the coding sentence for
(0, s), which will never change. Using Dy(B), we determine whether
the sentence is true, and then we know Cy N (s + 1).
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Lemma 6.4. D{(B) <p (4

Proof. Using C, we can find s(n) for every n. We have
D1 (B) <r DC(B> N (El U Hl) = UkEwEl,r(k:) = UnEwEl,s(n)-

Since (s(n))new is computable in Cf, the last of these is c.e. relative to
Ch.

Lemma 6.5. C; < D;(B)

Proof. We describe an inductive procedure for determining C; N n,
using Cp and D;(B). Using Cy and C; N'n, we can find s(n) and the
coding sentence for (1,n). After C;Nn is correct, and a coding sentence
for (1,n) has been chosen, the coding sentence will never change. Using
D, (B), we determine whether the sentence is true, and then we know

Lemma 6.6. We have F <p Cy. Hence, Ds(B) <7 Cs.

Proof. Using C; and Cy, we can find r(k) for every k, and from this,
we can determine F. Given F and using Ds(A), which is computable,
we can determine Dy (B).

Lemma 6.7. Cy <7 Dy(B)

Proof. We describe an inductive procedure for determining Cs N
k, using Do(B) and C}, where C) <r Di(B) <p Do(B). Using (4,
and knowing Cy N k, we can find r(k) and the coding sentence for
(2,k). After Cy Nk is correct and a coding sentence for (2, k) has
been chosen, at a stage where the information about (] is correct, the
coding sentence for (2, k) will remain the same at all stages where the
information about C is correct. Using Dy(B), we determine whether
the sentence is true, and then we know Cy N (k + 1).

This completes the proof of Theorem 6.1.
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7. PROOFS OF THEOREMS 4.1 AND 4.2

We shall use some general machinery. We begin by describing the
basic setting. By a tree, we mean a set P of nonempty finite sequences,
closed under nonempty initial segments. We say that the tree is on L
if the terms in the finite sequences come from L. A path through P is
a function 7 on w such that for all n > 1, m|n € P. We consider a tree
Ponaset L. Let a < w.

Definition 7.1. An enumeration function on o« X L is a function E
mapping elements of a x L to finite subsets of w. We write E,({) for
E(n,?).

Definition 7.2. Let D be the set of all finite sets d C a X w such that
if (n,z) € d and y < z, then (n,y) € d. A coding function on L is a
function w such that w(f) is a function from some d € D to w x {0, 1}.
If w(l)(n,z) = (b,u), then we call b the coding witness and we call u
the action. We write w,(¢) for the restriction of w({) to pairs with first
component n.

Let { € L, where w(f) = (. We consider a tree P of finite sequences

from L, all with first term {. For a path m = 00,0 . . ,and n € w, let
E,(7) = UL E, (L), and let w(m) = Ugw(lg).

Object of the construction

Let L, w, é, E and P be as described above, where L and P are c.e.
Recall that o < w. Let (C},),<a be an a-table. We want to produce a
path 7 such that:

(1) E,(rm) is c.e. in C,,, uniformly in n, for n < «,
(2) For n < av and x € w, w(m)(n,x) | with action C,(z),

(3) For z € w and n < «a, we can effectively determine the coding
witness in w(m)(n,z), using C, Nz and C,,_; if n > 0, or just
C,Nzifn=0.
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The conditions guaranteeing success of the construction involve a
further function b : . — w, and binary relations <, on L, for n < «.
The function b chooses coding witnesses for pairs (0, z). The relations
<,, are used in “preservation conditions”. We assume that if ¢ <, ¢,
then w,,(¢) C w,,(¢') and E,,(¢) C E,,(¢) for all m < n. For finite a,
say a« = N +1, we may write C for <y. For a = w, we may write C for
the intersection of all <,,. We suppose that if 0 = {y¢; ... is in P, then
by C by for all k € w. We shall make a further assumption involving
the relations <,—saying that “pictures” can be “completed”.

For n < a, the pairs (n, z) represent the requirements for coding the
set Cp,. If n > 0, then the strategy for requirement (n,z)—viewed at
level n, where we have oracle C,,_;—is to designate a coding witness b,
and take action 0 until/unless = appears in C,,, then switch to action 1,
dropping any coding witnesses that have been designated for require-
ments (n,y), where y > z. At level (n + 1), where we have oracle C,,
there is no change in the action. If n = 0, and x is first such that
w(£)(0,z) 7T for the current ¢, then the strategy for requirement (0, z),
at level 1, is to use b(¢) as a coding witness, and take action Cy(z).
The following definition indicates the strategy for requirements (n, z)
for successive steps at levels n and (n + 1).

Definition 7.3. Suppose ¢,0* € L. We say that ¢* follows ¢ with
action u on (n,z) provided that:

(1) w(€*) and w(f) agree on pairs (n,y) fory < x,

(2) ify > x, then w(f*)(n,y) T,

(3) w(l*)(n,z) has form (b,u), where one of the following holds
(a) z is first such that w(¢)(n,x) 1, and if n = 0, then b = b({),

(b) n > 1, and for some b,
w(l)(n,z) = (b,0), while w(¢*)(n,x) = (b,1).
(Alternative (b) may happen at level n, not at level (n+ 1).)

The next definition represents information passed down through a
sequence of levels.
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Definition 7.4. A picture is a triple ¢ = (6f°,7,a), where ol° € P,
and 7 and a satisfy one of the following:

(1) 7=0, and a : {(n,z)} — {0,1}, where n < « and x is first
such that w(®)(n,x) T,

(2) 7 has form nol* ... n._10* and

a: {(TLOa .Io), SRR (nk—la xk—l)a (nkvxk)} - {07 ]-}a
where
(@) np < ...<ng < a,

(b) £° o S O,
(¢) for i < k: x; s first such that w(¢")(n;, x;) T,
(d) fori <k, either

() w()(ni,z;) T, or

(i) w0 (ng, z;) has action 0, while a(n;, z;) = 1.

Next, we say how the information in a picture is used.

Definition 7.5. Let ¢ = (0/°,7,a) be a picture.

Case 1. Suppose 7 = 0, and a(n,z) = u. Then ¢ completes c
provided that:

(1) o’ € P,
(2) if m > n, then wy,(£) = w,,({°),
(3) £ follows £° with action u on (n,z).

Case 2. Suppose T has formngl* ... ny_10*, and fori < k, a(n;, z;) =
u;. Then ¢ completes ¢ provided that:

(1) o’ € P,

(2) if 0 <i <k, then 0" <, ¢,

(3) if i <k, then ¢ follows ¢ with action u; on (n;, x;),
(4) if i < k, then { follows (" with action u; on (n;, z;),
(5) if m > ng, then wy,(€) = w,, (%),

(6)

6) if niy1 < m < ng, then wy,(£) = w,(£Y).
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Definition 7.6. Suppose a < w. A coding and enumerating a-system
1S a structure

(L,w, B, b, 0, P, (<p)nea)s
where w is a coding function on L, E is an enumeration function on
ax L, e L with w(@) =0, (<p)n<a is a family of binary relations on
L, P is a tree on L, consisting of finite sequences lol1ls ... L, such that
lo =/ and fori <r, l; Cliq (where C is the intersection of all <,),
and the following conditions hold:

(1) <, is reflexive and transitive,

(2) if € <py1 U, then £ <, V',

(3) if ¢ <, U, then E,(¢) C E,(¢') and w,(¢) C w,(¢'),
)

(4) every picture has a completion, where these are defined above.

Note. In the presence of Condition 2, Condition 3 says that if £ <,, ¢,
then for m <n, E,,(¢) C E,,(¢') and w,,(¢) C w,(¢).

Here is the metatheorem for coding and enumerating a-systems,
where av < w. For the proof, see [11].

Metatheorem. Suppose (L,w,E.b, (P, (<n)n<a) is a coding and
enumerating a-system, where L and P are c.e., w and b are partial
computable, and the relations <,, are c.e., uniformly in n. Let (C)n<a
be an a-table. Then P has a path m such that for n < a, E,(m) is c.e.
relative to C,,, uniformly in n, and for (n,z) € a X w, w(w)(n,z) |
with action X, (x), and we have an effective procedure for determining
the coding witness in w(m)(n,x), using C,, Nx and (if n > 1) Cp_4.

We are ready to prove Theorems 4.1 and 4.2. Recall the statements.

Theorem 4.1. Suppose Dy(A) is computable, and the relations <,
on tuples (standard back-and-forth relations) are c.e. for n < N. Sup-
pose also that for each tuple u of variables, and each n < N, we can
effectively find a formula that is n-independent over w. Then for any
(N +1)-table (Cy)n<n, there exists B = A such that D,,(B) =r C,, for
all n < N.

Theorem 4.2. Suppose D°(A) is computable, and the relations <,
(standard back-and-forth relations again) are c.e., uniformly in n, for
n € w. Suppose also that for each tuple w, and each n, we can effectively
find a formula that is n-independent over w. Then for any w-table
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(Cy)n<w, there exists B = A such that D, (B) = C,,, uniformly in n,
for n e w.

Proofs of Theorems 4.1 and 4.2. For simplicity, we suppose A is a
structure for a finite relational language. We define a coding and enu-
merating a-system (L, w, E, b, /P, (<n)n<a), where for Theorem 4.1,
a = N + 1, and for Theorem 4.2, @« = w. Let B be an infinite com-
putable set of constants, for the universe of B. Let ¢} be the k' II,,
sentence in the language L(A) U B.

Let F be the set of finite 1-1 partial functions from B to A. Let D
be the set of all finite sets d C o X w such that if (n,z) € d and y < z,
then (n,y) € d. Let L be the set of triples (p, e, w) with the following
features:

(1) pe F,

(2) w is a function on some d € D, such that for all (n,z) € d,
w(n,z) is a pair (6,u), where the action u is 0 or 1, and the
coding sentence 6 involves an initial set of constants, different
for distinct pairs in d,

(3) The coding sentence of w(n,x) has the form 6(d,b), where d
consists of the first few constants, b consists of the next few
constants, and for any (m,y) € d, if the coding sentence of
w(m, y) has fewer constants, these are included in d, and 0(, 7)
is effectively chosen to be n-independent over a tuple of variables
T, corresponding to d,

(4) e is a finite set of sentences made true by p in A, such that any
Y,11 sentence in e is witnessed by a II,, sentence,

(5) If w(n,z) = (0,u), then 0 € e if u =0, and neg(f) € e if u = 1,

(6) If (n,7) € d and 9 is the 2" TI,, sentence, then the constants
from 1 are in dom(p), and ¢» € e if p makes v true, while
neg(y) € e, if p makes neg(v) true.

Let w be the function on L such that if ¢ = (p, e, w), then w({) = w.
Let E be the function on « x L such that if ¢ = (p, e, w), then E(n,/)
is the set of ¥J,, and II,, sentences in e. Let b be the function on L such
that if £ = (p,e,w), where dom(p) = d, and % is the initial tuple of
variables, corresponding to d, then b(¢) is 6(d,b), where 0(T,T) is the
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effectively given formula that is 0-independent over u, and b consists of
the next few constants after those in d.

Suppose ¢ = (p,e,w) and ¢’ = (q,¢',w"). Let £ <, ¢ if the following
hold:

(1) p <, q, except if « = N+1 and n = N, where we require p C g,
(2) for m < n, w,(¢) C wy,(¢') and E,(¢) C E,(¢),

(3) if (m, x) € dom(w') — dom(w), where m < n, then the coding
sentence in w'(m, z) has the form 6(d, b), where dom(p) C d.

Let ¢ = (0,0,0). Let P consist of the finite sequences (ol . .. 0,
where ¢y = ¢ and for i < r,

(1) if ¢; = (pi, €, w;), then dom(p;) includes the first ¢ elements of
B, and ran(p;) includes the first i elements of A,
(2) 64 C...C4,.

The following lemma is clear from the definitions.

Lemma 7.1. Let m = loly ... be a path through P such that w(m) is
defined on all pairs (n,x) in axw. Say l; = (p;, e;,w;). Then F = U;p;
is a 1-1 function from B onto A, and if B is the structure such that
B =p A, then E,(m) = D°(B) N (I, UX,) forn € w.

We should check the conditions for a coding and enumerating a-
system. This is done in the next four lemmas. The first three are clear
from the definitions.

Lemma 7.2. The relation <,, is transitive and reflezive.
Lemma 7.3. If{ <, V', then { <, /.
Lemma 7.4. If{ <, V', then E,(¢) C E,(¢') and w,(£) C w,(¢).

Lemma 7.5. Fvery picture has a completion.
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Proof. Let ¢ = (o/°,7,a) be a picture. We will show that ¢ has a
completion /*. We consider two cases.

Case 1. Suppose 7 = ) and a(n, z) = u.

Say /° = (p, e, w), where p maps d to €. Let @ be the initial sequence
of variables corresponding to ¢, and let 6(u,T) be effectively chosen
to be n-independent over @. Let b consist of the next few constants
after d. We let ¢ be an extension of p taking b to some @ such that
A= 0(c,a) iff u = 0. We extend the current ¢, if necessary, to include
the required elements in the range and domain. Next, we let w’ be
the extension of w taking (n,z) to (6(d,b),u). Finally, we extend e
to €, including 0(d, b) or neg(0(d, b)), and ¥ or neg(x"). We extend
¢’ further, if necessary, so that for any Y, sentence in €' for n > 0,
there is a II,,_; sentence witnessing its truth. We choose sentences and
extend the current g further, if necessary, so that the final ¢ makes the
sentences of € true in A. Then ¢* =4 (¢, €, w’) completes c.

Case 2. Suppose T = ngl*...n,_1£%, and for i <k, a(n;, z;) = u;.

Say ¢ = (p;,e;, w;). Working our way from i = k back to i = 0, we
determine ¢; 2 p;, such that for i <k, ¢i11 <,,,, ¢;. We also determine
w; and €, such that for m < n;, w) is defined on pairs (m,x) the way
we want w(f*) to be, and e; has the ¥, and II,,, sentences that we want
in E,,(0*).

We begin with i = k. Suppose p, maps d to . Let 7 be the initial
sequence of variables, corresponding to ¢. Let 0(w,T) be effectively
chosen to be n;-independent over 7, and let b be a sequence of constants
appropriate for 7, the next few after d. Note that if nj, = 0, then 6(d, b)
is b(¢*). Take @ such that A | 0(c,a) iff up = 0. Let g, extend py,
taking b to @. We let w], agree with wy on pairs (m, ) for m < n,
but we extend it, taking (ny,zx) to (6(d,b),u;). We put into e the
¥,, and II,, sentences in e, for m < ny. We add 6(d, b) or neg(0(d, b)),
and ¥,* or neg(¢,*), and for any ¥, sentence that we have added for
m > 0, we add a I1,,,_; sentence witnessing it. We do all of this in such
a way that ¢, makes the sentences of e} true in A.

We next consider ¢ = nj_;. There are two possibilities, depending
on whether (ny_1,zx_1) € dom(wy,).

(a) Suppose that wg(ng_1, k1) 1.
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We proceed much as in Case 1. Since py_1 <,,,_, Pr C qx, there exists
q 2 pg—1 such that ¢, <,,, ¢. (We could take ¢ such that q; <,, ,-1 g,
but we do not need it here.) Say ¢ maps d to@. Let @ be the initial
sequence of variables, corresponding to d. Let 0' (', ™) be effectively
chosen to be n;_i-independent over @', and let b be a sequence ap-
propriate for 7', the next few constants after d. Take @ such that
A 0@, @) iff upy = 0. Let gu_1 extend ¢, taking b to @. We let
w),_, agree with wj, on pairs (m, z) for m < ny, and with wy_, on pairs
(m, x), where ni, < m < ng_1, but we extend it, taking (ng_1,xx_1) to
(9'(3/,5),1%,1). Let e},_, contain the 3, and II,, sentences in ¢ for
m < ng, and further X,, and II,, sentences in e;_; for m < n,_;. We
add 0'(d ) or neg(6'(d, b)), and Vit or neg(ihyr-1), plus witnessing
sentences. We do all of this in such a way that ¢;_; makes the sentences
of e}, true in A.

(b) Suppose that wy(ng_1, x—1) |-

Let 6'(d,b) be the coding sentence in wy(ng_1,24_1). The action
is 0, while a(ng_1,zx_1) = 1. We have dom(py_1) C E/, and ¢, makes
0'(8,,5/) true in A. Take ' agreeing with ¢, on d , such that ¢ makes
neg(@’(ﬁl,gl)) true in A, and ¢, <,, ¢. (We could take ¢’ such that
Ok <n,_,—1 ¢, but we do not need it here.) We extend the current ¢, if

necessary, to include witnesses for neg(@’(ﬁl,y)). Since pr—1 <n,_, ¢,
there exists gx—1 2 pr—1 such that ¢’ <,, ;-1 ¢xz—1. Using this, we
obtain that ¢,_; makes neg(Q'(El,E’)) true. We determine wy_; and
ex—1 as in (a).

We continue in this way until we arrive at ¢, w; and ep. We let
q* O qo, including the required elements in the domain and range. We
let w* O wy, agreeing with wy on any pair (m,x) for m > ny. We let
e* D ey, adding any further ¥, and II,, sentences, for m > ng, from
eg. Then 0* =45 (¢*, €*, w*) is the desired completion.

We are in a position to apply the metatheorem. We get a special
path 7 = 0005.... Foralln < a and z € w, w(m)(n,xz) |. Say
l; = (pi, e, w;), and let F' = U;p;. By Lemma 7.1, F' is a 1-1 mapping
from B onto A. Let B be the induced structure, with B = A. Again,
by Lemma 7.1, for all n < o, E,,(7) = D(B) N (Il,,U%,,). Since E, ()
is c.e. relative to C,,, and v}, or neg(v;) must appear, D,(B) <r C,,.
For all n < a and all € w, w(w)(n,x) has action C,,(x), and we can
determine the coding sentence, using C,_; and C,, Nz if n > 0, or
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using Cy N x if n = 0. Knowing the coding sentence, we can determine
whether = € C,,, using D,,(B). Therefore, for all n < a, C,, <p D,(B).
The procedures are all uniform in n.

8. OPEN PROBLEMS

Here, we mention some open problems. First, we would like versions
of Theorems 4.1 and 4.2 that apply to a larger collection of structures.

Problem 4. Weaken the definition of n-independent formulas so that
Theorems 4.1 and 4.2 still hold, but can be applied to Boolean algebras
and other structures. Goncharov [7] showed that for every n, there is
a Boolean algebra that is n-decidable, but not (n + 1)-decidable. Gon-
charov [7] also showed that there is a Boolean algebra that is n-decidable
for every n, but not decidable.

The next three problems concern models of arithmetic. See [10], [11]
for background.

Problem 5. What are the possible sequences of Turing degrees (deg(D,,(B)))new,
where BN ?

Problem 6. If A is a nonstandard model of PA, must there be B~ A
such that D1(A) <r D1(B) and Do(B) <7 Do(A)?

Related to Problem 6, it was shown in [9] that for any nonstandard
model of PA, there is an isomorphic copy whose atomic diagram has
strictly lower Turing degree. What is difficult is to produce such a copy
without decreasing the degree of the 1-diagram.

In [10], it is shown that for any model of PA, there is a copy B
such that the sequence (deg(D,,(B)))new is strictly increasing. In [11],
there is a characterization of the sequences (deg(D,,(B)))new, where B
ranges over all nonstandard models of PA. They are the sequences

(deg(Cy))new, where (C)new is an w-table and Cy is a completion of
PA.

Problem 7. Characterize the sequences of Turing degrees of n-diagrams
for models of a given completion of PA.
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There are some known necessary conditions. The following conjec-
ture says that these conditions are sufficient.

Conjecture. Let S be a completion of PA and let (C},),e, be an w-
table. Suppose that there exist an enumeration R of a Scott set and a
family of functions (¢,),>1 such that:

(1) R <r Cy,

(2) t,, <7 C,_1, uniformly in n,

(3) lims t,(s) is an R-index for SN X%,

(4) for all s, t,(s) is an R-index for a subset of S N %,,.

Then there is a (nonstandard) model A of S such that D, (A) = C,,

uniformly in n.
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