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1 Introduction

“In the beginning there was the word.”

This work deals, to a great extent, with the so-called finitely presented groups, algebraic struc-
tures motivated by languages. We start with a finite alphabet, the set of algebraic generators (for
example, a, b, c,...). The (binary) operation is writing (concatenation) and the elements are words
obtained from generators by writing (for example, w = aabbb = a?b®). Writing is associative:
(uv)w = u(vw), so we simply put wvw. The associativity gives the words with the writing operation
the algebraic structure of a semigroup.

There is an empty word, e, a unique algebraic identity for which we = ew = w. (The same
role is played by 0 for number addition, or 1 for number multiplication). A semigroup with identity
is called a monoid. For every generator a, there is an inverse element, a~!, and hence for every

1

word w, there is an inverse word w~!. For example, the inverse of ab is b~'a~!'. Writing its

1 1

inverse next to a word is equivalent to erasing the word: ww™ = w™ w = e. The inverses assure
that a semigroup with identity is actually a group. Since writing is usually noncommutative (that
is, for some words u,w, we have uw # wu), these groups are often noncommutative (also called
nonabelian after Abel). However, if we have only one symbol, say a, then we have a commutative
group with elements e, a, aa, . . ., and their inverses e,a™',a=2 = a~'a~!,.... This group is the same
as (algebraically isomorphic to) the group of integers 1,2,3,...,0,—1,—2,... under addition. For

example, (aa)(a ta"ta™!) corresponds to 2 + (—3).

So far, we have only finitely generated free groups. The only equalities are those imposed by the



identity and the inverses. We can also require that our words get identified under some other given
identities — they are called (group) relations. The relations are of the form u = w or, equivalently,

uw™! = e, in which case uw™?

is called a (group) relator. Thus every group G can be described
using two sets, the set of its generators X and the set of its relators R. We call the pair (X| R) a
presentation of the group G. If we have finitely many generators and finitely many relations, then
we have a finitely presented group.

It is easy to show that all finitely presented groups are countable. Finitely presented groups
can be studied using sophisticated algebraic, topological and logic methods, and their study forms
its own discipline within noncommutative algebra — combinatorial group theory. Topologists are
interested in these groups because the generators can be interpreted as moves on surfaces, whose
iteration forms paths. The inverse, of course, corresponds to taking the opposite direction.

Easy to state problems of combinatorial group theory quickly become very difficult to solve. For
example, in 1912, W. Dehn asked whether for every finitely presented group there is an algorithm
which for any two given arbitrary words of the group, v and w, decides whether they are equal:
u = w? If they are equal, their equality must follow from the group relations and nothing else. This
problem became known as the word problem and it was shown more than forty years later, by P.
Novikov in 1955 and independently by W. Bonne in 1959, that it is undecidable.

There are also infinitely generated and infinitely presented groups, which are much more com-
plicated than the finitely presented ones. Especially interesting among them are finitely generated
groups with algorithmic set of relators. A striking result about these groups is the Higman’s em-
bedding theorem which states that every such group can be embedded into a finitely presented one.
This theorem was proved in 1960 and also gave another solution for the word problem.

While the decidability results could be established earlier using the intuitive notion of an al-
gorithm, the undecidability results required the development of formal computability theory, the
mathematical theory of algorithms. For example, Dehn was able to show, using the intuitive no-
tion of an algorithm, that surface groups have a decidable word problem. The precise notion of an

algorithm was developed in the 1930’s and 1940’s when different, but equivalent, definitions were



given. Among the best-known are those proposed by Turing (1936), Church (1941), and Markov
(1954). Intuitively, problems which can be solved algorithmically (using Turing machines) are called
decidable. Provided that we have some “external knowledge” (that is, we are able to consult an
oracle, which can only answer certain types of questions), we can define generalized algorithms for
solving undecidable problems. Computational complexity of undecidable problems can be measured
using Turing degrees, which reflect the level of the “external knowledge” (or the “power of oracle”)
needed to solve these problems.

Decision problems studied in computability theory often arise naturally as consequences of im-
portant problems in other areas of mathematics. The best example related to our work is the
isomorphism problem for finitely presentable groups. That is, is there an algorithm that decides for
any two finitely presented groups, given via their generators and relators, whether they are isomor-
phic? The undecidability of the isomorphism problem follows from the undecidability of the word
problem. The existence of an algorithm that solves the isomorphism problem would have had some
strong consequences in other areas of mathematics. For example, in 3-dimensional topology many
important problems could be decided, in particular, the algorithmic Poincaré Conjecture, which is
related to the open (for more than one hundred years) Poincaré Conjecture.

In this work, we use techniques of computability theory to study computational properties of
groups and their orders. In particular, we are concerned with computable groups and their linear
orders. Such an order is left if it is left-invariant under the group operation: x < y implies zz < zy
for every z,y,z in G. Similarly, we define a right order and a bi-order. One of the main goals of
our work is to study computational complexity of left orders for some classes of computable groups.
It is well-known that the existence of a computable left order on a finitely presented group forces
the group to have a decidable word problem. Moreover, if there is a computable bi-order, then
also the conjugacy problem must be decidable. This makes the study of left orders important for
combinatorial group theory, and consequently, for other fields of mathematics.

Recently, the questions concerning left-orderability of fundamental groups of 3-manifolds have

been studied by 3-dimensional topologists, including D. Rolfsen, B. Wiest and S. Boyer. For example,



they showed that many classes of 3-manifold groups admit bi-orders. The property of orderability
of groups has strong consequences in topology. The primary interest for studying this property by
topologists is to find geometrical properties of 3-manifolds that are consequences of the fact that
their first homotopy groups are orderable. Although orderability has been studied for such groups
for some time, the questions concerning these relationships have not yet been answered completely.

Our general result gives a criterion for the Turing degree spectrum of left orders to include all
Turing degrees. We provide a relativized result, which states that for a fully left-orderable group, the
space of its left orders realizes all Turing degrees above an arbitrary degree d. A group is fully left-
orderable if every partial left order can be extended to a (total) left order. We also study, following
work of A. Sikora [66], topological properties of these spaces. For example, spaces of left orders for
some classes of finitely presentable groups admit an embedding of the Cantor set. We prove this
for a particular class of one-relator groups that arise in topology. For torsion-free abelian groups
the space of left orders is homeomorphic to the Cantor set. We study relations between topological
and computational properties of spaces of left orders. For instance, we show that for a finite greater
than 1 rank free group, the Turing degree spectrum of left-orders includes all Turing degrees. It is
still open whether the space of all left-orders (bi-orders) on such a group is homeomorphic to the
Cantor set (see Sikora’s Conjecture in [66], 2004). We provide a criterion for the space of left orders

on a countable group to be homeomorphic to the Cantor set.

In the remainder of this introduction we describe the other chapters. To make this work self-
contained, we introduce in chapter 2 some general facts and definitions from computable model
theory and combinatorial group theory, as well as some basic notions from topology.

In chapter 3, we focus on the computational content of some classes of groups. While all previous
research included only commutative (abelian) or metabelian (also called 2-step nilpotent) groups,
here we investigate highly noncommutative groups. We start, in section 3.1, with the definition of
the degree of the isomorphism type of a structure, first introduced by C. Jockusch and L. Richter
[60]. We review facts concerning degrees of the isomorphism type of some structures. Let A be a

countable structure in a computable language. The set of Turing degrees of all isomorphic copies of



A is called the Turing degree spectrum of A, in symbols DgSp(A). The least element in DgSp(A),
if it exists, is the degree of the isomorphism type of A. Since such a set of Turing degrees may not
have a least element, the isomorphism types of many structures fail to have a degree. Richter [60]
studied two kinds of theories. First, there are theories whose models have isomorphism types of
arbitrary Turing degrees. This case occurs whenever a theory T has a computable sequence of finite
models, which forms an antichain under embeddability, and satisfies certain additional conditions.
A method for constructing a model of a theory T satisfying these conditions is called a combination
method for T. Examples of such theories include abelian groups, partially ordered sets, trees with
an edge relation, lattices, and homogeneous graphs. The second class contains theories with models
whose isomorphism types are poor in degrees, that is, the only possible degree of the isomorphism
type of a countable model is 0. However, Richter also showed that all known theories rich in degrees
also have countable models whose isomorphism types have no degree.

In section 3.2, we investigate Turing degrees for some classes of “highly nonabelian” groups.
Using the combination method, we show that there is a countable centerless group A, obtained as
the free product of the sequence of nontrivial groups of finite orders, whose isomorphism type has
an arbitrary Turing degree, hence its Turing degree spectrum DgSp(A) includes all degrees above
an arbitrary degree d. A similar argument provides a centerless group with infinitely many finite
nonabelian subgroups, whose isomorphisms type does not have a degree. Our main theorems in
this chapter, Theorem 24 and Theorem 25, modify the previous conditions in order to allow infinite
structures in the sequence of models. As a consequence we obtain an interesting class of nonabelian
groups, whose isomorphism type has an arbitrary Turing degree. By our construction, a group in
this class is a countable centerless group with infinitely many infinite nonabelian subgroups, which
are finite rank Burnside groups of finite exponent.

Chapters 4 through 6 focus on a class of countable groups which are computable and left-
orderable. In chapter 4, we provide definitions and basic facts concerning partially and totally
left-orderable and bi-orderable groups. We discuss conditions for left-orderability and full left-

orderability of groups here, as well as the connection between left-orderability and local-indicability



of groups.

We consider the property of orderability for a finitely presented group from the point of view
of computability, using the so-called Markov property. If a property of finitely presentable groups
is Markov, then it is not computably recognizable. Since left-orderability of a finitely presentable
group is a Markov property, left-orderability is non-decidable. However, there are classes of finitely
presentable groups for which we can decide whether they are left-orderable, for instance, torsion-free
abelian groups and nilpotent groups, and (finitely generated) free groups. We will show that for
one-relator groups, the property of being left-orderable is also decidable.

We provide some interesting examples of orderable groups. Recently, it has been discovered that
many groups which arise naturally in topology are left-orderable, and even bi-orderable. Rolfsen and
Wiest [64] showed bi-orderability of the fundamental groups of closed surfaces, with the exceptions of
the projective plane and the Klein bottle. Together with Boyer [4], they also considered orderability
of 3-manifold groups. In most cases, fundamental groups of 3-manifolds admit left orders. However,
an interesting class of finitely presentable torsion-free fundamental groups of 3-manifolds that do
not admit any order has recently been found ([14], 2005).

In chapter 5, we turn our attention to computational and topological properties of spaces of left
orders. In section 5.1, we consider the complexity of the space of left orders for a computable group.
Throughout the text, we use Turing reducibility as the complexity measure. At the beginning of
this section, we recall R. Solomon’s [70] result concerning the connection between spaces of orders
and computably bounded I1{ classes. We also briefly recall Solomon’s results for torsion-free abelian
groups. We extend these results to finitely generated free groups in section 6.2. In the further part
of this section, we introduce the notion of the Turing degree spectrum of left orders on a computable
group G, DgSpc(LO). We define it to be the set of Turing degrees of all possible left orders on G.
We refer to this notion repeatedly in chapter 6. The key results of this section, Theorems 72, 73,
and Corollary 76, deal with Turing degree spectra of left orders for orderable, computable groups
and provide direct and easy arguments for both new and earlier results. For a computable group

G, Theorem 72 provides a general sufficient condition, expressed in terms of finite sets of generators



for partial left orders on G, for the set DgSpa(LO) to include all Turing degrees. Theorem 73 is
a relativized version of Theorem 72 and, under the additional assumption for the degree spectrum
to be closed upwards, it implies that DgSpa(LO) includes all Turing degrees above an arbitrary
degree d.

In section 5.2, following the work of A. Sikora [66], we define a topology on the space of left
orders LO(G) of a countable group G, in a very natural way, as the collection S of subsets of
LO(G), § = {Sa}acc, where S, = {P € LO(G)| a € P}. We describe (using positive cones of left
orders on G) LO(G) as a topological space to be compact, metrizable, and totally disconnected. The
main theorem of this section, Theorem 85, is a criterion for the space of left orders on a countable
group G to be homeomorphic to the Cantor set. Theorem 85 captures the similarities between
topological and computability-theoretic results since the sets of generators for partial left orders
of G need to satisfy virtually the same conditions as in Theorems 72 and 73. In particular, this
theorem implies the main result of [66] that the space of left orders on a computable torsion-free
abelian group of finite rank n greater than 1 is homeomorphic to the Cantor set. We extend this
result to the class of computable torsion-free abelian groups of infinite rank in the next chapter.

In chapter 6, we analyze the computational and topological properties of spaces of left-invariant
orders for various classes of computable groups. We derive results concerning both the Turing degree
spectra of left orders for these groups and the topological properties of their spaces of orders. In
section 6.1, we use Theorem 72 to prove that DgSps(LO) = D for a computable infinite rank
torsion-free abelian group G = Z“. Here, D is the set of all Turing degrees. The results of [70]
for torsion-free abelian groups are corollaries of this theorem. Moreover, we show that LO(Z%)
is homeomorphic to the Cantor set (using Theorem 85), which extends the main result of [66].
We finish section 6.1 with a proof of a more general result (see Proposition 91), which states that
DgSpa(LO) D {a € D| a > d} for a fully left-orderable group G. In section 6.2, we consider a free
group F, of rank n greater than 1. Using the properties of its lower central series, we prove that
DgSpr, (LO) = D. Sikora [66] showed that the space of left orders of F;, admits an embedding of

the Cantor set. However, it is still open whether these two topological spaces are homeomorphic. In



section 6.3, we prove the existence of the embedding of the Cantor set into the space of left orders
for a particular class of one-relator groups arising in topology, the fundamental groups of closed,
connected and orientable surfaces of genus g greater than 1. Furthermore, we conjecture that the
space of left orders for one-relator groups satisfying some specific conditions has an order in every
Turing degree. We conclude the chapter with some preliminary ideas for more general and thus

more complicated theory of finitely presented groups.



2 Basic Notions

In this chapter, we recall some notations and definitions used in the further parts of this thesis. We
denote the sets of integer, rational, and real numbers by Z, Q, and R, respectively. We consider first-
order computable languages. A computable language is a countable language with an algorithmically
presented set of symbols and their arities. We denote models by A, B, C,... and their universes by A,
B, C,..., respectively. We will focus on countable structures, that is, the structures whose domains
could be identified with the set of natural numbers w.

Let L be a language of A. Define the language

LA:LU{a|a6A}

to be L expanded by adding a constant symbol a for every element a € A. Let

Aa = (A a)aca

be the expansion of A to L4. The atomic (open) diagram of a structure A (denoted by D*(A) or
D°(A)) is the set of all atomic and negated atomic sentences of L4 which are true in A4. The
complete (elementary) diagram of A (denoted by D¢(A) or D¢(A)) is the set of all sentences of L4
which are true in Ay4.

A consistent deductively closed set of sentences in L is called a theory in L. Let A be a model
for some language L, then Th(A) denotes its theory. A (complete) type of a theory is a maximal
consistent set of formulae in a fixed number of variables. An n-type is a type in n variables, and a

finite type is an n-type for some n € w. Let p(x1,x2,...,2,) be a type in some language L, where



T1,Z2, ..., Ly are variables. Then a model A realizes the type p if for some by, bs,...,b, € A we have

A ': (p[btha a3 bn] for all (,0(1‘1, Z2, axn) € p(xlax% 7xn)

A type p is said to be finitely realizable in A if A realizes all finite subsets of p. We say a type
p(x1, X2, ..., n,) is computable (computably enumerable) if {"¢(x1, z2, ..., x,)|¢ € p} is a computable

(computably enumerable) set, where 7.7 is the Godel numbering of formulae of L.

Let X,Y C w. Theset X is Turing reducible to the set Y, in symbols X <7 Y, if X is Y-recursive
or, equivalently, if the characteristic function of X is Y-computable. Intuitively, it means that given
membership information about Y, we can construct an algorithm for deciding questions about X.

The characteristic function of a set X is given by

1 ifzxe X,
ex(z) =
0 ifzé¢X.
Moreover, X is said to be recursive (or computable) set if cx is a computable function, i.e., there
exists an algorithm that computes it. We say that X is computably (or recursively) enumerable
(abbreviated by c.e. or r.e.) whenever there exists an algorithm that enumerates the elements of
X. Now, the sets X and Y are Turing equivalent (denoted by X =r V) if X <r Y and Y <p X.

Let

deg(X) = {Y|X =1 ¥}

denote the Turing degree of X (also called the degree of unsolvability of X). Define 0 = deg()) to
be the degree of any recursive set, and 0’ to be the degree of the halting set.

The halting problem decides for an arbitrary x,y € w whether the program P, on the input
y ever halts, where P, is the Turing program with the code (or Godel) number z. Let ¢, be
the partial function computed by P,. We say that ¢, (y) converges, and denote it by ¢, (y) |, if
there exists an output z such that ¢,(y) = 2. Then, the halting set is defined as K = {(z,y)|
©,(y) |}. Since the halting problem is undecidable, the halting set K is not recursive. The set K is

recursively enumerable, i.e., K can be enumerated by a total computable (recursive) function. Now,
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let K4 = {(z,y)| v2(y) |}. The set K* is called the jump of a set A C w and it is denoted by A’.
Then the nth jump of A, A", is obtained by iterating the jump n times.

If x = deg(X), X C w, then x(™ = deg(X(™) for n > 1, where X denotes the nth jump of
X. We call a degree x < 0" a low degree if x'= 0’, i.e., if the jump x’ has the lowest degree possible,
and high if x’= 0" (the highest possible value). Define x(*) = deg(X“)) to be the degree of the
w-jump of X. The degree 0(“) is the natural upper bound for the sequence (0(”))%@7 while there is
no least upper bound for any ascending sequence of Turing degrees. Turing degrees x and y form a
minimal pair if x,y # 0 and

(Vz)[(z<xNhz<y)=1z=0].

The set of all Turing degrees is denoted by D. It is a partially ordered set D with cardinality 2%
and forms an upper semilattice, in which the supremum of deg(X) and deg(Y') is deg(X ®Y'), where
XeY={2nneX}U{2n+1n €Y} is the join of X and Y (X,Y Cw).

We say that X is enumeration reducible to Y, in symbols X <. Y, if there is a computably

enumerable binary relation E such that
reX e (Fu)D, CY AE(z,u)],

where D,, is the finite set with canonical index u. Intuitively, a set X is enumeration reducible to
a set Y if there exists an algorithm whose outputs enumerate X when any enumeration of Y in
any order is supplied for the inputs. In other words, X <. Y if and only if for every set S, if ¥
is c.e. relative to S, then X is c.e. relative to S. This reducibility is reflexive and transitive, so
it can be used to define en equivalence relation on classes of functions. The equivalence classes are
called enumeration degrees (or degrees of difficulty) and form a lattice called Medvedev lattice. For

additional information on Turing and enumerations degrees see [69], and [62] or [55].

Now, we are ready to recall some important notions from computable model theory, based on
[22].

We assume that a formula ¢ is identified with its Godel number [¢], so the set of formulae is a

11



subset of w. A set I' of formulae belongs to a computability-theoretic complexity class P if the set

{lellpeT}eP.

Hence, a theory T belongs to a complexity class P if the set of Godel numbers of the sentences
of T belongs to P. Moreover, a theory T is decidable (or computable) if T' is a computable set of
sentences. In other words, if Az is the set of axioms of a theory T', then T is decidable if there is
an algorithm which determines, for every sentence 7 of T', whether Ax 7. Since a computably
axiomatizable theory is obviously computably enumerable, a complete computably axiomatizable

theory is decidable. In particular, a complete finitely axiomatizable theory is decidable.

Example 1 The theory of dense linear orders is a complete finitely axiomatizable theory, hence a
decidable theory. Other important examples of decidable theories include additive number theory, as
well as the theories of algebraically closed fields, Boolean Algebras, abelian groups, free commutative
algebras, and the theory of linear order. The examples of undecidable theories include number theory,
the theories of simple groups, semigroups, Tings, fields, distributive lattices, the theory of partial

order, and the theory of the rational field.

We are interested in the theory of orderable groups. Let us recall the following well known result,
which states that the theory of orderable groups is computably but not finitely axiomatizable in the

first order language of groups.

Theorem 2 There is a computable set of sentences ® in the language of group theory such that for
every group G we have

G = @ if and only if G is left-orderable.

Moreover, such a set ® cannot be finite.

For the proof of Theorem 2 see [72].

Now, let us recall definitions of computable and decidable models.

Definition 3 A model A is computable if its domain A is computable and its relations and func-
tions are uniformly computable, or equivalently, A is computable if A is computable and there is a

computable enumeration of A such that the atomic diagram of A, D°(A), is decidable.
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The standard model of Peano Arithmetic, that is, a structure isomorphic to N' = (w, +, X, S,0), is

computable, yet there is no computable nonstandard model of Peano Arithmetic.

Definition 4 A model A is decidable if its domain A is computable and there is a computable
enumeration of A such that the complete diagram of A, D¢(A), is decidable, namely, if (a;)ic. 18

the computable enumeration of A, then Th((A,a;)ic,) s decidable.
The following theorem is the Effective Completeness Theorem.
Theorem 5 A decidable theory has a decidable model.

Obviously, every decidable model is computable, but the converse is not true. For example, N
is a computable, but non-decidable model by Goédel incompleteness theorem. However, if a com-
plete theory admits effective quantifier elimination, then every computable model of the theory is

decidable.

Definition 6 The Turing degree of a model A (in a finite language L), deg(A), is the least upper
bound of Turing degrees of its universe, relations, and functions (or, equivalently, the Turing degree

of its atomic diagram D°(A)).

Hence, A is computable if and only if deg(A) = 0. For example, every finite structure is computable.
A structure for a finite language is computable if its domain is a computable set and its operations and
relations are computable, while for infinite languages we need uniform computability of operations

and relations. In particular, we will be interested in computable groups.

Definition 7 A countable group (G,-) is computable if the set G C w is computable and the group-

theoretic operation - : G X G — G is computable.

Now let us introduce some necessary notions from combinatorial group theory. For more infor-

mation see [40].

Definition 8 Let X be a subset of a group F. Then F is a free group with basis X if for any
function ¢ : X — G, where G is a group, there exists a unique extension of ¢ to a homomorphism

" F—G.

13



Remark 9 The requirement for the homomorphism ¢* : F — G to be unique for the map ¢ : X — G
is equivalent to F' being generated by X. Moreover, one can easily prove that all bases of a free group

F have the same cardinality, which is called the rank of a free group F'.

We will sketch here a construction of a free group with the basis X. Let W(X) denote the set of
all finite words on the alphabet X U X!, where X ! = {27! | z € X} is the set of all inverses of

generators x € X. Define an involution

n: XUuX ' -oXxux!

by putting n(z) = 2~ ! and n(z~!) = x, which we express as (r)~' = 2! and (z71)~! = z. For any

words wy,wy € W(X), define a new word w by concatenating wy and ws, i.e.

w = WiWs.

Thus, every element of W (X) can be viewed as a concatenation of letters in X U X 1. Using the
above interpretation, one defines the inverse of w = z12s...2,, where n > 1 and z; € X U X! for

1<i<n,as

A word w € W (X)) is reduced if it does not contain any subword of the form zz~!, where z € XUX ~1.
The product w = wywsy of reduced words wy,ws € W(X) need not be reduced. However, one can
show that for any w € W(X), there is unique reduced word that is obtained from w by deleting all
subwords of the form xz~! for 2 € X U X 1. This leads to the definition of the product on the set
of reduced words F(X). That is, for wy,wy € F(X), we define w to be the unique reduced word
obtained from wjws. Obviously, the empty word is reduced, and also if w is a reduced word, then
so is w™!. The set of reduced words F(X) with the operation defined above and the empty word
serving as an identity element forms a group. One can check that F(X) is a free group with basis

X. Hence, the following theorem holds.

Theorem 10 If X is any set, then there exists a free group with X as its basis.

14



Now, let G be any group and let

X ={z4|g € G}.
By theorem 10, F'(X) is a free group with the basis X. Define
p: X -G
such that

p(zg) = g.

By the definition of F(X), we have that for every map ¢ : X — G there exists a unique homomor-
phism

¥: F(X) - G.
Notice that 1) is an epimorphism since
(Vg € G)(Bxg € X C F(X))[¥(xg) = p(z4) = gl,
SO
F(X)/ker ) = G.

Thus, the following holds.
Proposition 11 FEvery group is isomorphic to the quotient of a free group.
In particular, we have the following result.

Corollary 12 If a group is generated by a set of n elements (where n is finite or infinite), then it

is a quotient group of a free group of rank n.

Let us now define a presentation for a group. Since every group has a presentation, we can
conveniently define groups using their presentations. Moreover, many significant properties of groups
can be studied in terms of generators and relations. Let F(X) be a free group with basis X and let

R C F(X). Define

(R):= [ N,

NeN

15



where

N ={N < F(X)|RC N}.

Then ((R)) = ﬂ N is the smallest normal subgroup of F'(X) containing R. Denote by (X|R) the
NeN
group obtained as the quotient of F(X) by its normal subgroup ({R)), that is

(X|R) := F(X)/{(R)).

We call (X|R) a presentation for the group F(X)/{(R)) and we refer to the elements of X as
generators and to the elements of R as relators, while the equations » = 1 for » € R are called

relations. Thus, in order to describe any group G, it is sufficient to provide the set X of generators

of F(X) and the subset R of F(X) such that
G = F(X)/((R)),

which is always possible by Proposition 11. We will focus on the case when both X and R C F(X)
are finite sets and we will call the group described by (z1, 22, ...,xp | 71,72, ..., T"m ), Wwhere n,m € Z,
and r; € F({z1,xa,...,2,}), 1 <i < n, a finitely presented group. A group for which there exists a
finite presentation is called finitely presentable. Let us emphasize the fact that not every group is
finitely presentable, for example, Q does not admit a finite presentation.

Now, let us recall an important decision problem for finitely presentable groups.

Definition 13 A (finitely generated) group G = {g1, 92, ..., gn|R) has a decidable (or recursively
solvable) word problem with respect to a system of generators gi,gs,...,gn if the set U of words

w(xy, Tay .oy Tn) on the symbols 1, xa, ..., T, for which the equation
w(x1, Tay ooy Tpy) = 1

is satisfied in G upon substituting g1, gs, .-, gn fOr T1, X2, ..., Tn, 1S a Tecursive subset of the set of all

words on Ty, xo, ..., Ty

The word problem for a (finitely generated) free group F, is trivially decidable, since given a word

w, it represents e of F' if and only if the reduced form for w is e. Hence, every (finitely generated)
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free group has a decidable word problem. All (finitely generated) abelian groups have a decidable

word problem, as well as all finitely presented groups with a single defining relator.

Theorem 14 (M. Rabin [59]) A finitely generated group G = (g1, g2, ..., gn|R) has a decidable word
problem with respect to a system of generators g1, gs,...,gn if and only if G has a computable iso-

morphic copy.

We will now recall the defnition of a free product of groups. Let {G; | i € I} be a family of

groups. A free product of these groups is a group G, in symbols

x._ G

iel )

which has the following properties:
(i) G contains an isomorphic copy of each G,

(ii) for every group B and every family of homomorphisms f; : G; — B, i € I, there is a unique
homomorphism h : G — B extending each f;. We call G;’s the free factors of G. It can be

shown that a free product exists. The next result is the Kurosh Subgroup Theorem, see [40].

Theorem 15 Let G = x,_,G;. Let H be a subgroup of G. Then H is isomorphic to the free product

of a free group together with groups that are conjugates of subgroups of the free factors of G.

It follows that H is isomorphic to the free product of a free group together with groups isomorphic

to subgroups of G; ’s.

In further sections we study topology on the spaces of left orders of a group G. Let us recall the
notions of topology and topological space. Let X be a set and 7 be a family of it subsets which

satisfies the following properties:
e ), X e

o If U, € 7 for all « € T', then UUQGT;

acl

o IfUy,Us,....Uy €7, then (\U; €7, n € Zy.
=1
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The family 7 satisfying the above conditions is called a topology on X, and the pair (X, 7) is called
a topological space. Fach element U of topology 7 (U € 7) is called an open set and each subset C

of X such that X\C is open (X\C € 7) is called a closed set of X.

Example 16 Let X = R be a set of all real numbers and let 7 = {U C X | X\U is finite} U {0}.

Then 7 is a topology on X and (X, T) is a topological space.

By the definition of 7, § € 7 and since X\ X = 0 is finite, X € 7. Now, if {U, }aer is a family of
elements of 7, then X\ |J Uy = ) X\U, is either finite or all of X. Hence, |J U, € 7. Moreover,

aecl ael’ ael’
it is easy to see that X\ (U; = |J X\U; is either finite or all of X. Therefore, ((U; € 7. So we
A =

i=1 i= =1

have just checked that (X, ) is topological space.

It is usually not easy to describe every element of a given topology 7 on X. For example, if
we take the standard topology on X = R, we usually use the following descriptive definition of its
elements. A set U C R is open in R if for every point € U there is an open interval (a,b) C U
such that = € (a,b), where (a,b) = {x € R | a < z < b}. Therefore, we see that open sets in R are
defined in terms of a smaller collection B consisting of all open intervals. Obviously, the collection
B is not a topology on R. For example, union of two open intervals need not be an open interval,
so the family of open intervals is not closed for unions of its elements, thus B cannot be a topology.

However, the collection B satisfies the following properties:
(i) For any = € X there is B € B such that € B (the collection B covers X);
(ii) For any Bj, By € B if © € By N By, then there is By € BB such that € B3 C B; N B.

Any collection B of subsets of X that satisfies conditions (i) and (ii) is called a basis. One can verify

that the collection
TB)={UCX|(VzeX)[(xeU)= (3B B) [x € BCU]|}.

of subsets of X is a topology on X, and it is called the topology generated by B. Obviously, ) € 7(B)
and by the property (i) of B we have X € 7(B). Moreover, if {U, }aer is a family of elements of

7(B) and € |J Uy, then x € U, for some a € I'. Therefore, by the definition of 7(B), there is
acl
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B € B such that x € B C U,. Since U, C |J U,, for any z € |J U, there is B € B such that
ael’ ael

x€BC UFUa, which shows that UPUa € 7(B). Now, let Uy,Us € 7(B) and 2 € U; N Usy. Then
a€ aE

there are By, By € B such that « € By C Uy and © € By C Us. Therefore, by (ii), there is Bs € B
such that € By C B; N By C Uy NUs. This shows that U; N Us € 7(B), and by induction we have
that if Uy, Us, ..., U, € 7(B), then 'ﬁUi € 7(B). So, 7(B) is a topology on X.

Defining a topology 7 on X by providing its basis B is one of the most common ways to introduce
topology on X. However, it does not need to be the most efficient one as a smaller collection might
be sufficient to describe 7 on X. Suppose that we are given a collection S of subsets of X such that

for all z € X thereis S € § with x € S. Every collection § with such a property is called a subbasis.

And let us consider a collection B(S) consisting of all finite intersections of elements of S, that is,
B(S)={S1NSnN..NS,|S;€8,i=12,...k k€ Zs}.

One can easily show that B(S) is a basis, as it obviously covers X (because S C B(S) and S covers
X by the definition of §). Moreover, if By, By € B(S), then both of them are finite intersections
of elements of the family S, so B; N By is also a finite intersection of elements of S. Therefore,
Bi1N By € B(S), and for any x € By N By there is B3 = B1 N By € B(S) such that « € B3 C B; N Bs.
We call the collection B(S) a basis generated by the subbasis S. In section 6.2, we use this approach,
following work of Sikora, to define a topology on the set of all left-invariant orders LO(G) on a
countable group G. We also use another approach to define a basis for a topology on LO(G). Recall,

that a function d : X x X — R, is called a metric on X if d satisfies the following conditions:
(i) For any z,y € X we have d(z,y) = 0 if and only if x = y;

(ii) For any z,y € X we have d(z,y) = d(y, z);

(iii) For any z,y,z € X we have d(z,y) < d(z, z) + d(z,y).

The pair (X, d) is called a metric space.

Let d be a metric on X, zg € X, and € > 0. Then the subset

B(xg,€) ={z € X | d(zo,z) < €}
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is called an open ball in X with the center z¢ and radius e. Now, let C = {B(z¢, ) | z0 € X, € > 0}.
Notice that the collection C is a basis. The topology 7(C) generated by C is called a metric topology
on X. We say that a topological space (X, 7) is metrizable if there is a metric d on X such that the
topology 7(C) generated by the collection C of all open balls in X equals 7 (1 = 7(C)). A collection
A = {U,}aer of open subsets of a topological space X is called an open covering if for all x € X
there is U, € A such that x € U,. We say that an open covering A = {U,}aer is a finite open
covering if the index set I is a finite set (the collection A is finite). A topological space (X, 7) is said
to be compact if from any open covering A of X we can choose a finite subcollection D (D C A) that
covers X. In the case of a metric space (X, d), the condition for compactness can be formulated in
terms of sequences in X. Recall that in a metric space, a sequence {x,, }necz, is said to be convergent
to xg if

(Ve > 0)(INg € Z)(Vn > No)[d(zp, zo) < €.

We say that a metric space (X,d) is compact if from every sequence {x,}ncz, of elements of X
one can choose a convergent subsequence {z,, }rez, . In the following chapters, we also need the
following notion of a totally disconnected topological space. We say that a topological space (X, 7)
is totally disconnected if for any two distinct points x,y € X there are open sets Uy, U, containing
x and y, respectively (z € U, and y € U,) such that X = U, UU, and U, N U, = (). We observe

that in such a space every open subset U is also closed.
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3 Turing degrees of nonabelian groups

3.1 Turing degrees of isomorphism types of structures

In this section, we recall a definition of the Turing degree of the isomorphism type of a structure and
some well-known facts about Turing degree spectra and degrees of isomorphism types for countable
structures. We also discuss the criteria for the isomorphism type of a structure to have an arbitrary
Turing degree as well as no degree.

Let A be a countable structure (its universe is a subset of w) with a finite number of predicates
and functions. We can assign a degree of unsolvability to A by defining deg(.A) to be the least upper
bound of the Turing degrees of the universe, predicates, and functions of A. However, deg(.A) is not
an invariant under isomorphisms of 4. Namely, two countable classically isomorphic structures may
have different Turing degrees. Another complexity measure of a structure that is invariant under
isomorphisms, the degree of the isomorphism type of a structure, was introduced by Jockusch and
Richter [60] by assigning the least element, if it exists, in the class of all degrees of isomorphic copies
of the structure.

Let us consider the set of Turing degrees of all isomorphic copies of a structure A. The Turing

degree spectrum of A, denoted by DgSp(A), is defined as follows:
DgSp(A) = {deg(B) | B= A}.

Recall that a countable structure A is automorphically trivial if there is a finite subset P of the do-

main A such that every permutation of A, whose restriction to P is the identity, is an automorphism

21



of A. Knight [33] proved that for an automorphically nontrivial structure A, and a Turing degree
x with x > deg(A), there is a structure B = A such that deg(B) = x. That is, DgSp(A) is closed
upwards. On the other hand, for an automorphically trivial structure, all isomorphic copies have
the same Turing degree, and in the case of a finite language that degree must be 0 [24]. Harizanov,
Knight, and Morozov [25] showed that, while for every automorphically trivial structure A, we have
D¢(A) =r D*(A), for every automorphically nontrivial structure A, and every set X >7 D¢(A),
there exists B & A such that D¢(B) =r D*(B) =7 X. Now, we can rewrite the definition of the

degree of the isomorphism type of a structure as follows.

Definition 17 Turing degree of the isomorphism type of a structure A, if it exists, is the least

Turing degree in DgSp(A).

If no least degree exists in DgSp(.A), the degree of the isomorphism type of A is undefined. Obviously,
if the Turing degree spectrum of a given structure contains a computable isomorphic copy, then the
degree of its isomorphism type is 0. Slaman [68] and Wehner [74] independently showed that there
exists a structure with isomorphic copies in every nonzero Turing degree, but without a computable
isomorphic copy. While the structure in [74] is elementarily equivalent to a computable structure,
the structure in [68] is not.

We will focus on degrees of isomorphism types for countable groups. In [32], it was shown that for
every abelian p-group (p is a prime number) without a computable isomorphic copy, its isomorphism
type does not have a degree. Downey and Knight [16] showed that for any Turing degree d, there
is a rank 1 torsion-free abelian group whose isomorphism type has degree d. Also, Downey and
Jockusch [16] showed that some rank 1 torsion-free abelian groups do not have a degree of the
isomorphism type. Calvert, Harizanov, and Shlapentokh, in [8], proved that there are torsion-free
abelian groups of any finite rank whose isomorphism types have arbitrary Turing degrees, as well as
those in the same classes whose isomorphism types fail to have a Turing degree. The similar results
were obtained for (countable) fields and rings of algebraic numbers and functions [8]. The authors of
[27] proved a general result from which it follows that there are 2-step nilpotent groups, also called

metabelian, with arbitrary Turing degrees of their isomorphism types, as well as metabelian groups
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without such degrees.

For countable structures that fail to have a degree of their isomorphism types, we can consider
Turing jump degrees, introduced by Jockusch. The jump degrees have been studied for torsion
abelian groups [54] and for rank 1 torsion-free abelian groups [10]. Moreover, Turing degrees and
jump degrees of the isomorphism types have been studied for partial and linear orders, trees, Boolean
algebras, models of Peano arithmetic, and prime models. For more details, see [23].

Richter [60] established the following general criterion for existence of a structure whose isomor-

phism type has an arbitrary Turing degree. We will write A <— B if A is embeddable in B.

Theorem 18 (L. Richter [60]) Let T be a theory in a finite language L such that there is a com-
putable sequence

Ao, A1, As, ...

of finite structures for L, which are pairwise nonembeddable. Assume that for every set X C w,

there is a (countable) model Ax of T such that

Ax <r X,

and for every i € w,

A — Ax &ie X.

Then for every Turing degree d, there is a model of T whose isomorphism type has degree d.

The procedure for constructing a structure Ax satisfying the assumptions of the above theorem
is called a combination method for T. Richter applied Theorem 18 to prove that for every Turing
degree d, there is a countable abelian group whose isomorphism type has degree d. The group Ax
constructed in [60] using the combination method is a countable direct product of cyclic groups of
prime order, hence it is an abelian torsion group. On the other hand, Richter [60] showed that a
modification of Theorem 18, obtained by replacing Turing reducibility in Ax <7 X by enumeration
reducibility Ax <. X, yields a different conclusion, namely, that the isomorphism type of Ax does

not have a degree.
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Theorem 19 (L. Richter [60]) Let T be a theory in a finite language L such that there is a com-
putable sequence

AO,A17A27 v
of finite structures for L, which are pairwise nonembeddable. Assume that for every set X C w,
there is a (countable) model Ax of T such that
AX <e X;
and for every i € w,
AZ‘ — .AX sSre X.

Then there is a set Y such that the isomorphism type of Ay does not have a degree.
As a corollary, we have that there is a countable torsion abelian group whose isomorphism type does
not have a degree.

As we can see, all groups whose isomorphism type degrees were studied so far are abelian or
metabelian. In the next section, we will consider Turing degrees of isomorphism types for some

‘highly non-abelian’ groups. In particular, since our groups are obtained using nontrivial free prod-

ucts, they are centerless, hence non-nilpotent.

3.2 Turing degrees of isomorphism types of centerless groups

In this section, we will use Theorem 18 to study the Turing degrees of the isomorphism types for

various nonabelian groups. Recall, for a group G, its center, denoted by Z(G), is defined as follows:

Z(G) = {z € G| (Vg € G)[zg = g7]}.

A group G is centerless if Z(G) = {e}. Clearly, nontrivial centerless groups are non-nilpotent.
The free product of nontrivial groups produces an infinite centerless group. Now, let us recall the

following well-known group theoretic result.

Lemma 20 Let p and q be prime numbers such that q | (p — 1). Then there is a nonabelian group

of order pq.
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Proof. Let (Z,,+) be the additive cyclic group with ¢ elements, where Z, = {0,1,...,¢ — 1}. Let

(Z3,-) be the multiplicative group of the field (Z,, +,-). Consider the embedding 7:

T (ZQ7+) — (Z;;v)

Let G(g,p) be the semidirect product of (Z,, +) and (Z,,+). That is, for (a,bd), (c,d) € Zy X Z,,, we
have in G(g,p):

(a,b)(c,d) = (a+ ¢, b+ 7(a) - d).

The group G(g,p) is nonabelian and of order pg. m

Theorem 21 For every Turing degree d, there is a centerless group G whose isomorphism type has
degree d. Hence

DgSp(G) = {x € D|x > d}.

Furthermore, G has infinitely many finite nonabelian subgroups.

Proof. Let
Po = 37]71 = 57p2 = 77

be an increasing sequence of all primes > 2. For every i € w, let ¢; be the greatest prime divisor of
p; — 1, and let

A;i = G(qi, pi).

The sequence (A;);c., consists of pairwise nonembeddable groups, since for primes p;, g;, p;, ¢; with

gi < p; and g; < p;j, we have
(pigi | pja;) < (Pi =pj Nai = ;).
Let X C w. Let Ax be the free product of the groups A; for i € X:
Ax =, A;.
We can arrange that Ax is a group with domain w such that

Ax <r X.
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Clearly, if i € X, then A; — Ax. Conversely, for some k € w, let f be an embedding from Ay into
Ax. Consider f(Ay). Since f(Ag) is a subgroup of Ax consisting of the elements of finite order, by
the Kurosh Subgroup Theorem (Theorem 15), it is a conjugate of some subgroup of A; for ¢ € X.
Hence k=1, s0 k € X.

Let

A:AXa

where X = D@ D and D C w is a set of Turing degree d. Since A is automorphically nontrivial,
we have that

DgSp(A) = {x € D|x > d},

which completes the proof m
Now, if we choose the set X C w so that the set of functions {f : ran(f) = X}, where ran(f)

denotes the range of f, has no Turing least element, we can obtain the following result.

Theorem 22 There is a centerless group with infinitely many finite nonabelian groups such that its

isomorphism type does not have a Turing degree.

We can also apply a free product construction, similar to the one in the proof of Theorem 21, to

the sequence of cyclic groups of prime order

Z27237Z5aZ77 SERE)

to obtain the following result.

Theorem 23

(i) For every Turing degree d, there is a centerless group A without infinite noncyclic abelian sub-
groups, whose all finite subgroups are cyclic, such that the isomorphism type of A has degree

d.

(ii) There is a centerless group B without infinite noncyclic abelian subgroups, whose all finite

subgroups are cyclic, such that the isomorphism type of B has no degree.
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We now prove a general result, which is a modification of Theorem 18, but allows infinite struc-

tures in the sequence.

Theorem 24 Let C be a class of countable structures in language L, closed under isomorphisms.
Assume that there is a computable sequence Ao, A1, Az, . .. of computable (possibly infinite) structures

for L such that for any set X C w, there is a structure Ax in C satisfying the following conditions:
(i) Ax <r X

(i) For every i € w,

Ai‘—>./4x<:>i€X.

(iii) Suppose that Ax is isomorphic to a structure B. Then there is a uniformly effective procedure
with oracle B, which for a pair of structures A;, A; such that ezactly one of the structures

embeds in B, decides which of the two structures embeds in B.
Then for every Turing degree d, there is a structure in C whose isomorphism type has degree d.

Proof. Let D C w be such that deg(D) = d. We will show that A5 is a structure in C, whose

isomorphism type has Turing degree d. Clearly, (by definition of D and assumption (i)),
b yp g deg Yy, By p
deg(Apgp) < deg(D @ D) =d.

Now, let a structure B be such that B ~ A} 5. We then have, by the definition of D & D and

assumption (ii) of the theorem, that for every j € w:
(jGD@AQj%B),aHd

(¢ D e Ayji1 — B).

Thus, by assumption (iii) of the theorem, we conclude that D <7 B. Hence deg(Ap,5) = d, and
the degree of the isomorphism type of Ay 5 isd. m

We can also establish the following result, ‘dual’ to Theorem 24, which we state without proof.
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Theorem 25 Let C be a class of countable structures in language L, closed under isomorphisms.
Assume that there is a computable sequence Ag, A1, Az, . .. of computable (possibly infinite) structures

for L such that for any set X C w, there is a structure Ax in C satisfying the following conditions:

(i) Ax <. X

(ii) For every i € w,

Ai;’AxﬁiEX.

(iii) Suppose that Ax is isomorphic to a structure B. Then from any enumeration of B we can

effectively enumerate those i for which A; embeds in B.

Then there is a set Y such that the isomorphism type of Ay has no degree.

We will now apply the last two results to an interesting class of nonabelian groups. We first

introduce the following definition.

Definition 26 A group G is of a finite exponent if there is a finite integer n such that g" = e for
all g € G. If, in addition, there is no positive integer m < n such that g™ = e for all g € G, then

we say that G has an exponent n.

W. Burnside [7] was first to consider groups G of finite exponents. In particular, he was interested
in the case when G is a finitely generated group of a fixed exponent. He asked whether there exists
an infinite but finitely generated group G of finite exponent. This question is now known as the
Burnside Problem.

Let F. = (x1,%2,...,2,) be the free group of rank r and let B(r,n) = F./N, where N is the
normal subgroup of F,. generated by {¢"| g € F,.}. We denote by B(r,n) the rank r Burnside group
of exponent n. Using this notation, Burnside’s question can be formulated as: For what values of r
and n is B(r,n) infinite?

The group B(r,n) was shown to be finite when » = 1, or r is an arbitrary positive integer and
n =2,3,4,6 in [7, 65, 21]. It was proved by Novikov and Adjan [50, 51, 52] that B(r,n) is infinite

when r > 1, n is odd, and n > 4381. This result was later improved by Adjan [1], who showed that
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B(r,n) is infinite if » > 1, n is odd, and n > 665. Moreover, for these values of r and n, Novikov
and Adjan’s proof implies that any finite or abelian subgroup of B(r, n) is cyclic, as well as that the
word problem (and the conjugacy problem) for B(r,n) is decidable. Hence, every such group has a
computable copy.

Let the sequence (p;)ie,, be an increasing sequence of all prime numbers > 665. Let G;, i € w,

be a group such that

where r > 2 is fixed, and ¢ € w. Notice that G; is computable. The following propositions establish

an important property for the sequence of groups (G;)ice-
Proposition 27 Leti,j € w. Then G; — G; iff i=j.

Proof. First observe that every element of G; = B(r, p;) has a fixed prime order. Hence, G; — §; if
and only if G; has an element of order p;. Since p; is prime, we have that p; = p;, and thus i =j. m
It follows from the Torsion Theorem for Free Products [40] that an element of finite order in a free

product of groups is a conjugate of an element of finite order in one of the factors.
Proposition 28 Let X C w, and let B ~ _*ng. Then
Je
jeX

Moreover, there is an a uniformly effective procedure with oracle B which for a pair of structures G;,
G; such that exactly one of the structures embeds in B, decides which of the two groups embeds in B.

Also, from any enumeration of B, we can effectively enumerate those i for which G; embeds in B.

We are now ready to apply Theorems 24 and 25 to the sequence (G;)icw. Thus we obtain the

following result.

Theorem 29 For ecvery Turing degree d, there is a centerless group A whose isomorphism type
has degree d, such that A has infinitely many infinite nonabelian subgroups, which are generated by
a fized finite number of generators, and are of finite exponents. Moreover, every finite or abelian

subgroup of A is cyclic. There is also such a group B whose isomorphism type has no degree.
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4 Left-orderable, fully left-orderable, and bi-orderable groups

In this chapter, we recall the definitions and some important facts concerning orderable groups.
Groups, on which one is able to define an order that is left-invariant (or/and right-invariant) under
the group operation, have been studied for a long time. Some results concerning orderable groups,
due to Holder, are from the beginning of the last century. Many algebraically strong properties
of groups are implied by the existence of an order on them. Recent interest in left-ordered groups
of Rolfsen, Boyer, Wiest [4, 64], and Sikora [66] (in topology), and Solomon [70, 71] (in recursion

theory) brought a new perspective to the theory of orderable groups.

Definition 30 Let G be a multiplicative group. We say that G is left-orderable (partially left-

orderable) if there is an order (a partial order, respectively) < on G with the property:
(Vz,y,2 € G)[z <y = zz < zy).

Analogously, G is right-orderable (partially right-orderable) if there is an order (a partial order,

respectively) < on G such that:
(Vz,y,z € G)[z <y = zz < yz|.

We call a group G orderable (or bi-orderable) if the relation < is both left- and right-invariant under

the group operation.
Given a partial (or a total) order < on G, let < be a relation on G defined as follows:

(Vo,y € Gz <y & (z <y) Az # y)l.
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We call < a strict partial (or total) order.

Remark 31 Obviously, every left-invariant order < on a group G induces a right-invariant order
<" on G simply by setting:

g<' heht<g!forg hed.

Therefore, there is a one-to-one correspondence between left-invariant and right-invariant orders on

G.

The existence of a left-invariant (right-invariant) order on a group G implies the following alge-
braic property of left-orderable (right-orderable) groups.
Proposition 32 FEvery nontrivial left-orderable group G is torsion-free.
Proof. Suppose that there is an element x € G with z # e and such that 2" = e, n € Z,. Then
e<x§m2§...§x"_1<x":e,

a contradiction. m
It follows from the above proposition that no finite nontrivial group is left-orderable. Moreover,
left-orderable groups can be viewed as subgroups of the group of orientation-preserving homeomor-

phisms of R.

Theorem 33 If G is a countable group, then the following are equivalent:

(i) G is left-orderable.

(ii) G is isomorphic to a subgroup of orientation-preserving homeomorphisms of R, Homeo4 (R).
(iii) G is isomorphic to a subgroup of orientation-preserving homeomorphisms of Q, Homeo, (Q).

The previous theorem can be found in [4].

Note that left-orderable groups admit effective actions by order-preserving bijections on linearly
ordered sets. We say that a group G acts (from the left or right) on a set X if there exists a
homomorphism ¢ : G — Sym(X), where Sym(X) denotes the set of all bijections of X. We say

that G acts effectively on X if ker(¢)) = {e}.
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Theorem 34 (P. F. Conrad [11]) A group G is left-orderable if and only if it acts effectively on a

linearly ordered set X by order-preserving bijections.

Proof. Since G acts on itself by right multiplications, we take X = G. Since G is linearly ordered
and the order on G is left-invariant, then the only-if-direction follows.
For the if-part, let us assume that G acts effectively on a linearly ordered set X by order-preserving

bijections. That is,

(Vg € G)(Vx,y € X)[z <y = ¥(g)(x) < ¥(9)(y)]-

Let < be some well-ordering of the elements of X. For g # h and g, h € G define

g = hif and only if ¥(g)(z) = ¥(h)(x),

where
z =min{y € X[¢(g9)(y) # v(h)(y)},

and the minimum is taken with respect to the well-ordering < on X. One can easily check that =<
on G is left-invariant. m

A left-ordering < on a group G is called Archimedean if for all z,y € G such that e < x < y we
have

(3n € Z)ly < 2").

Algebraic properties of groups that admit a left-invariant ordering with the Archimedean property

are characterized by the following result, which can be found in [11]

Theorem 35 (0. Hélder [29]) If a left-orderable group G is Archimedean, then the order < on G
is a bi-order and G is isomorphic (via the order-preserving isomorphism) to a subgroup of the group

of additive real numbers (R, +) with the standard order. In particular, G is abelian.

The theorem above states that if the order on a group G is Archimedean, then the group does not
have algebraically interesting structure.
Since any torsion-free abelian group admits a total bi-order [29] (see also Corollary 44 below),

examples of bi-orderable groups can be found among familiar groups.

32



Example 36 The additive group of integers (Z,+) is bi-orderable with the standard order.

Example 37 The additive group of complex numbers (C,+) is bi-orderable with the ordering < that

is defined as follows: for ay + b1i, as + bat € C we set

a1+ b1t < as + byt & [(al < GQ) V (a1 =as Nby < bg)]

In our further discussion, we will identify an order on a group with a subset of its ‘positive’
elements. This is a more convenient way for working with orderable groups, which also allows us to

easier formulate results in the following section.

Definition 38 Let < be a partial left order on a group G. Define a positive partial cone P as
follows:

P ={z € Gle < z}.
Similarly, define a negative partial cone as
Pl={zecGzteP}={recCGlz<e}
The following properties of cones are simple consequences of the properties of <.
Proposition 39 Let P, P~ be subsets of a group G defined above. Then
(i) PPC P& PP 1 C Pt (P, P! are sub-semigroups of G),
(ii) PN P~ ={e} (P, P! are called pure sub-semigroups),
(ili) PUP~! =G if < is a total left order on G (P, P~! are total).

We denote a positive cone and a negative cone for a total order on G by PT and P~ respectively.
Proof. (i) If z,y € P, then e <z and e < y, so e < ay, i.e. zy € P, thus PP C P. Similarly for
pPL.

(ii) Let x € PN P~! and o # e, then e < x and e > x, hence e < x < e, a contradiction. Hence,

one has PN P~ = {e}.
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(iii) Since the relation < is total, for all x € G we have either e < x or e > x, i.e., x € P or

r€P 1, soPUP'=CG.nm

Proposition 40 If in a group G there are subsets P and P~1 satisfying conditions (i), (ii), and

(iii) of Proposition 39, then there is a total left order <; on G with the positive cone PT = P.
Proof. Let us define a relation <; on G as follows:
(Va,b € Q)[(a <1 b) & (a b € P)).

We show that <; is a linear ordering on G, which is left-invariant under the group operation. If
r <y yand y < z, then

zlye Pandy 'z e P.

Since P satisfies (i) (P is a semigroup), then

SO

Hence x <y z. Therefore, the relation <; is transitive.

If x <; y and y <7 x, then

1

zlye Pand y lz e P
That is,
zlye Pand (z7'y)"t € P,
SO
7 'yePandz lye P71
Hence

7 lye PNnP! = {e}

by (ii), and we have x = y. Moreover, since e € P, for any z € G we have z <; x, so <; is reflexive.

This shows that <; is a partial ordering on G.
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By property (iii), we have

(Vz,y € |z 'ly e P)v (z7 'y e P71

Therefore, we have either x <; y or y <y x for z,y € G. So <; is a linear ordering on G.

We will now prove that <;j is left-invariant under the group operation. Suppose z <; y and

z € (G. Since
T lyeP
and
ey = (272" (2y) = (22) ' (2y) € P,
we have
2r <1 2Y,
SO

(Vz e Gz <1y = zx <4 2y

Therefore, <i is a left ordering on G. m
Remark 41 If in addition to conditions (i), (ii), and (ii3) of Proposition 39 we assume that
(Vx € G)[z~'Px C P,

in which case P is called a normal cone, then P defines a bi-invariant order on G. To see this, let
(G, <) be left-orderable with positive cone P. Let x,y € G with x <y. Then x~'y € P. Since P is
normal,

(Vz € @)z ta lyz = (x2) " (yz) € P).

Hence for all z € G we havexrz < yz, so < is a bi-order.

Properties (i), (ii) and (iii) listed in Proposition 39 state that P and P~! are pure and total
sub-semigroups of G. Therefore, we may study orders on G by studying total pure sub-semigroups

of G.

35



Let {z1,22,...,2n} be a nonempty subset of G. Define sgr({x1,zs,...,2,}) to be the minimal

sub-semigroup of G containing {z1, za, ..., 2.}, i.e.,
sgr({z1, x2, ..., xn}) = {arag...ax] aj € {z1,22, ..., 20}, 7=1,2,..,k; k € w},

and sgr() = 0. Let P = sgr({z1,z2,...,xn}), where x1, 2o, ..., T, are nonidentity elements of G.
It can easily be shown that a sub-semigroup P U {e} defines a partial left order on G if and only
if e ¢ P. Since finitely generated sub-semigroups P with e ¢ P are determined by the choice of

elements g1, g2, ..., gn € G, we can identify each P with its finite set of generators p = {g1, g2, ..., gn }-

Remark 42 [t is not true that every partial left order (right order) on a group G can be extended
to a total left order (right order). It was shown in [11] that a partial right order P U {e} can be
extended to a total right order PT on G if and only if for every finite set {x1,xa,....,x,} C G\{e}

there exists a finite sequence of corresponding integers €1, €a, ..., €,, where €; = +1, such that
e ¢ sgr(PU{z{', 25, ...,z }).

Note that if we take P to be the empty set, P = (), the above criterion becomes a mnecessary and

sufficient condition for the existence of a total right order (left order) on G.

We call the groups with the property that all partial left orders on them can be extended to total
left orders fully left-orderable. The following criterion determines whether a given group G is fully

left-orderable.

Theorem 43 (S. A. Todorinov, see [35]) A group G is fully left-orderable if and only if for every

element a € G\ {e} we have the following two conditions satisfied:
(i) a™ #e foralln € w,

(ii) For any nontrivial subset S of G and for any nonidentity elements b € sgr(S~*\{e},a) and

c € sgr(ST\{e},a™1), the semigroup sgr(S\{e},b,c) contains the identity element e.

Using the above theorem, we can show that many classes of groups, including torsion-free abelian

groups and torsion-free nilpotent groups, are fully left-orderable.
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Corollary 44 FEvery torsion-free abelian group is fully bi-orderable.

Proof. Let a € G, a # e. Since G is torsion-free, then o # e for all n € w. Let S C G, S # {e}.

An element

b€ sgr(S~'\{e},a)
iff

J
b= Z klE + kaa
i=1

J
where ki, k € Zy U{0} and } k; + k # 0, and 5; = —s;, s; € S\{e}.

=1

Let c € sgr(S™*\{e},a™!). Then

!
c= Y m;5 +ma
i=1

!
where m;,m € Z; U{0} and > m; +m # 0.
i=1
If k =0or m =0, then b € sgr(S~'\{e}) or ¢ € sgr(S~'\{e}). Hence —b € sgr(S\{e}) or
—c € sgr(S\{e}). Thus,

e € sgr(S\{e},b,c).

Therefore, we may assume that k£ # 0 and m # 0 in which case

J
b+ Zkisi = ka,

=1
and
1

c+ Y. m;s; =ma
i=1

where @ = —a, which implies that
e = m(ka) + k(ma) € sgr(S\{e}, b, c).

Thus, by Theorem 43, every torsion-free abelian group is fully left-orderable, hence fully bi-orderable.

Another useful criterion for orderability of groups is given in the following theorem.
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Theorem 45 (R. Burns, V. Hale [6]) A group is left-orderable if and only if every finitely generated

subgroup has a nontrivial quotient which is left-orderable.

Now, let us recall an important notion for the theory of orderable groups, the notion of locally

indicable groups.

Definition 46 A group G is locally indicable if every nontrivial finitely generated subgroup of G

has 7. as a quotient.

Note that, by Theorem 45, every locally indicable group is left-orderable.

Example 47 The group Z" is locally indicable. Every free group is locally indicable.

Next theorem establishes a connection between locally indicable and bi-orderable groups [11, 6].

Theorem 48 If G is a bi-orderable group, then G is locally indicable. If G is locally indicable, then

G is left-orderable.
The following example shows that local-indicability of a group G does not imply its bi-orderability.

Example 49 The group G given by the following presentation (x,y|xyz~y)! is locally indicable (it
was shown in [28] that any torsion-free one-relator group is locally indicable), hence left-orderable,

but mot bi-orderable. In order to see that G is not bi-orderable, notice that since in G the relation

1

xzyx~ly = e holds, then xy = y 'x. Hence, every element of G can be written in the form x%®,

where a,b € Z. One defines
Pt ={z%* € GlacZ,V(a=0AbEZ,)}

to be a positive cone for a left order on G. Let us assume that there exists a bi-order < on G. Then,

since zyr~1 = y~! in G, we have that if, for evample, e < y, then x < xy (since < is left-invariant),

1 1

soe=zrx ! <ayr~! =y~ (since < is right-invariant), thus e < y~*, a contradiction.

More generally, one can show that every torsion-free finitely generated group with one-relator admits

a left-invariant order, which is not necessarily a bi-order.

IThe group given by this presentation is isomorphic to the fundamental group of the Klein bottle.
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As we mentioned before, interesting examples of computable and orderable groups arise when
we deal with topological spaces, in particular, with at most 3-dimensional manifolds. Recall that to
every path-connected topological space X, we associate, up to isomorphism, its fundamental group
m1(X). Usually (in the majority of interesting cases, such as for 3-dimensional manifolds obtained as
complements of links in a 3-dimensional sphere S3), these groups are given by finite presentations.
The existence of left orders on fundamental groups of 3-manifolds is a rather common property.
For example, fundamental groups of a wide class of 3-manifolds obtained as complements of links
in $3 admit left orders, which are not bi-invariant [4]. Even though it is quite difficult to find
classes of 3-manifolds whose fundamental groups do not admit left orders, the following example of

a torsion-free group without a left order has recently been found [14].

Example 50 The group G given by the following presentation (z,y| x?yx?y~t y2xy?xz~1) is not

left-orderable.

The proof that this group is not left-orderable can be found in [14], where families of finitely pre-
sentable torsion-free fundamental groups with no left-invariant orders were found for certain classes
of 3-dimensional manifolds obtained as cyclic branched covers of S? along some classes of two-bridge
and precel links.

In the case of connected 2-manifolds, the following theorem holds.

Theorem 51 (D. Rolfsen, B. Wiest [64]) If N is any connected surface other than the projective
plane RP? or Klein bottle, then w1(N) is bi-orderable. For N =Klein bottle, w1 (N) is left-orderable

(see Example 49) and for N = RP?, w1(N) does not admit any order since it is isomorphic to Zs.

Notice that all fundamental groups of orientable, connected 2-manifolds are bi-orderable, in partic-

ular, we have the following examples.

Example 52 The fundamental group of a closed, connected and orientable surface Mgy of genus

g > 1, described using the following presentation

7T1(-2\4-9) = <x13~~~7xgay17"‘7yg | [xlvyl][x%yZ] [xg,ygba
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where [zi,yi] = x; 'y, wyi, 1 < i < g, is bi-orderable®.

Example 53 72 = Z © Z = (z,y | xyz~ 'y~ ') is a presentation of the fundamental group of a

two-dimensional torus T? and it is bi-orderable with the positive cone defined as follows
Pt ={2"P’lacZ,V(a=0AbeEZ,)}.
The next proposition is a consequence of Theorem 90 in section 6.1.

Proposition 54 There are uncountably many different bi-orders on Z™ for n > 1.

Let us now consider the property of orderability for the class of finitely presented groups from

the point of view of computability.

Definition 55 A property P of finitely presentable groups is called a Markov property if the fol-

lowing conditions are satisfied:
(i) There exists a finitely presented group G with property P;

(ii) There exists a finitely presented group G_ such that for any finitely presentable group H if G_

embeds in H, then H does not have property P.

Proposition 56 The property of being left-orderable for finitely presentable groups is a Markov

property.

Proof. Obviously, there exist a finitely presented group that is left-orderable, for example, let
G4+ =Z @ Z. For a finitely presented group that is not left-orderable, let us take G_ = Zy. Let H
be a finitely presentable group such that G_ embeds in H. Since G_ has a torsion, then H has a
torsion, so H cannot be left-orderable. m

The above result is quite interesting for the following reason.

Theorem 57 (M. Rabin [58]) Every Markov property P of finitely presentable groups is not decid-

able.

2Moreover, analyzing the lower central series of w1 (M) [36], we can show that BiO(w1(My)) is uncountable and

as a topological space admits an embedding of the Cantor set.
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Thus, we obtain the following result.

Corollary 58 The property of being left-orderable for finitely presentable groups is not decidable.

Recall that groups with presentations of the form

(21,22, oy T |7,

where r € F({x1,x2,...,x,}), are called one-relator groups. The theory of one-relator groups is quite
well understood. Many decision problems, such as the word problem or the conjugacy problem,
have been proven to be decidable for this class of groups. Therefore, one may expect to be able to
understand the problem of the existence of an order on them.

Let r € F,,, where F}, denotes the free group with the basis of cardinality n € Z, . Then r can be
uniquely written in the form r = s for some m € Z,, where m is a maximal positive integer with

this property, and s € F,,. We call s the root of r. If m = 1, we say that r is not a proper power.

Theorem 59 Let G = (x1,xa,....,x,| ). Then G is torsion-free if and only if v is not a proper

power.

Since every orderable group must be torsion-free, the above theorem? provides us with a simple
method of excluding the possibility for the existence of left-invariant orders on one-relator groups.
It happens that torsion-free one-relator groups are left-orderable, which is a consequence of the

following theorem.

Theorem 60 (S. D. Brodsky [5]) Any torsion-free subgroup of a one-relator group is locally indica-

ble.

Since every locally indicable group is left-orderable (Theorem 48), we have an immediate criterion

for orderability of one-relator groups.

Corollary 61 For one-relator groups, the problem of being left-orderable is decidable.

3The proof of Theorem 59 can be found in [42].
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Proof. Consider the following decision problem in a free group F;,. Given r € F},, decide whether

k_ Since this problem is decidable, the problem

there exist k € Zy and w € F,, such that r = w
whether a one-relator group is torsion-free is decidable. Therefore, by Theorem 60, it follows that

it is possible to decide whether a one-relator group is left-orderable. m
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5 Spaces of left orders for computable groups

Let LO(G) be the set of all left-invariant orders on a group G. Using Proposition 40, we can identify

LO(G) with the set of all positive cones in G, i.e.,
LO(G) = {P+ C G | Py is positive cone for a total left order on G}.

Similarly, we can define RO(G) to be the set of all right-invariant orders on G, and BiO(G) to be

the set of all orderings on G that are bi-invariant (left- and right-invariant at the same time). Thus,
BiO(G) = LO(G) N RO(G).

Since we are interested in left-orderable groups, we will always assume (unless otherwise stated) that

LO(G) # 0.

5.1 Computability theoretic analysis of the space of left orders

In this section, we analyze computational properties of spaces of left orders on computable groups.
We recall R. Solomon’s result describing the complexity of spaces of orders on computable groups
in terms of computably bounded TIY classes [70]. We also cite his results concerning the complexity
of the space of orders for a class of computable torsion-free abelian groups. We will later extend our
considerations by introducing a new complexity measure for the space of left orders on a computable
group G, the Turing degree spectrum of left orders. We will use the results of this section to provide,

in chapter 7, recursive description of spaces of left orders for some interesting classes of groups.
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Let us first recall the notion of a computably bounded I1{ class, which was used by Solomon to

analyze the complexity of the space of orders for orderable, computable groups in [70].

Definition 62 A binary branching tree is a set T C {0,1}<% such that for all a, 3 € {0,1}<% :
(aCHANBeT)=acT.

A path in T is a function ¢ : w — {0,1} such that (p(0),(1),...,0(n)) € T for all n.

Definition 63 The subset C C {0,1}* is a computably bounded II{ class (c.b. I class) if there

is a computable binary branching tree T such that C is the set of paths in T.
The following results of Jockusch and Soare characterize c.b. T1{ classes.

Theorem 64 (C. G. Jockusch Jr., R. I. Soare [31]) There is an infinite c.b. 11{ class C' such that
foralla,8 € C:

a# 8= «a and 3 are Turing incomparable.
The next result is Low Basis Theorem.

Theorem 65 (C. G. Jockusch Jr., R. I. Soare [31]) Every c.b. TI{ class has a member of low degree

or, equivalently, every infinite computable binary branching tree has a low path.

Given a computable, orderable group G, a natural question to ask is how complicated are the
elements of its space of orders. The question was answered by Solomon, who established a connection

between BiO(G) and c.b. 1Y classes.

Theorem 66 (R. Solomon [70]) Let G be a bi-orderable computable group. Then there is a c.b. 1Y

class C and a bijection ¢ : BiO(G) — C that preserves Turing degrees.

A general strategy used in the proof of Theorem 66 is as follows: starting with a computable bi-
orderable group G, build a computable binary branching tree 1" with paths that code all the orders
on G. The tree is infinite since G is orderable and the paths of T correspond, up to Turing degree,

to the orders of G. Hence the space of orders on G is, up to Turing degree, a c.b. IIY class.*

4 A rigorous proof of Theorem 66 can be found in [70], Theorem 3.34.
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Remark 67 We know that a stronger result does not hold, namely, it is not true that for every c.b.

IV class C there exists an orderable computable group G and a Turing degree preserving bijection

¢ : BiO(G) — C.

To see this, notice that for any orderable group G we have

P=r P

However, there is a c.b. 1Y class C such that

(Vo, B € O)a # B = deg(a) # deg(B)].

In his Ph.D. thesis [70], Solomon also considered the problem of the computational complexity

of the space of orders for computable torsion-free abelian groups.

Theorem 68 (R. Solomon [70])

(1) If G is a computable torsion-free abelian group of rank 1, then G has exactly two orders, both

of which are computable.

i) If G is a computable torsion-free abelian group of finite rank > 1, then G has 2% orders and
(ii) g

has orders of every Turing degree.

(iii) If G is a computable torsion-free abelian group of infinite rank, then G has 2% distinct orders

and has orders of every degree a > 0.

We will later show that the results (ii) and (iii) follow from Theorem 72. Notice that Theorem 68
implies that every computable torsion-free abelian group of finite rank has a computable order since
the group has a finite basis. However, this is not the case if the rank is infinite since we need an
oracle () to find a basis of G.

The following theorem shows that the space of orders BiO(G) for a computable torsion-free

abelian group G is not sufficient to represent all c.b. TI{ classes, not even in a weak sense.
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Theorem 69 (R. Solomon [70]) There is a c.b. 119 class C such that for any computable torsion-free

abelian group G we have that
{deg(a)| a € C} # {deg(P)| P € BiO(G)}.

To prove this theorem, let C' be an infinite c.b. II{ class as in Theorem 64, and let G be any
computable torsion-free abelian group. By Theorem 68, G has only computable orders, orders of
every degree, or orders of every degree above 0’. Hence the set of degrees of elements of BiO(G)
cannot be equal to the set of degrees of elements of C' in any of the cases.

Actually, it is shown in the next theorem that even more is true. First, recall that if A, B C w

and AN B =, then S is a separating set for A and B if
either ACSASNB=0or BCSASNA=.

Then, the subset C' C {0,1}* is a I1{ class of separating sets if there are computably enumerable

sets A and B such that C' is the class of characteristic functions for the separating sets of A and B.

Theorem 70 (R. Solomon [70]) There is a 119 class of separating sets C' such that for any com-

putable torsion-free abelian group G
{deg(a)| a € C} # {deg(P)| P € BiO(G)}.

In 1986, Downey and Kurtz [17] showed that there exists a computable, orderable abelian group G
with no computable order. They constructed a computable group isomorphic to Z%, thus isomorphic
to a computable group with a computable order. Therefore, Downey and Kurtz asked whether every
computable, orderable abelian group is isomorphic to a computable group with a computable order
(the isomorphism does not have to be order-preserving). The question was answered positively by
Solomon [70] who used a result by Dobritsa [15] that every computable torsion-free abelian group is
isomorphic to a computable group with a computable basis. The questions concerning computability

of orders can naturally be asked for the class of computable and orderable non-abelian groups.

We will now introduce the following notion of a Turing degree spectrum of left orders on a

computable group G.
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Definition 71 The Turing degree spectrum of left orders on a computable group G, in symbols

DgSpa(LO), is the set of Turing degrees of all possible left orders on G, that is,
DgSpa(LO) = {deg(P*)| P* € LO(G)},

Similarly, we define DgSpg(RO) for right orders and DgSpg(BiO) for bi-orders on G. Since G is
computable, without loss of generality, we may assume that its domain is a subset of w. A finite set

of natural numbers can be coded (indexed) by its canonical index in the following way. Let

Do =gey 0.

For m > 0, let

D,, ={do,...,dx_1},
where dy < ... < dj_1 and m = 2% 4 ... +2dk-1. A sequence {p;};c,, of finite sets is called a strong
array if there is a unary computable function v such that for every ¢ € w we have

pi = Doy

The following result gives a general criterion, expressed in terms of finite sets of generators for
partial left orders, for DgSps(LO) to include all Turing degrees. The set of all Turing degrees is

denoted by D.

Theorem 72 Let G be a computable group. Assume that there is a strong array {p;}icw for which
P = {p; }icw is a family of finite subsets of G\{e} such that each partial left order P; = sgr(p;) U {e}
on G could be extended to a total left order on G, and for all elements p € P, the following two

conditions are satisfied:
(i) BaeG\{e}) Bg,reP) [(a2p)AN(r2p)A(a€q)A(a ! en);
(ii) (Va€ G\{e}) GaeP) [(g2p)A((a€q)V(a~" €q)).

Then

DgSpc(LO) =D.
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Theorem 72 is a special case of the following more general result.

Theorem 73 Let G be a computable group. Let D C w be a set of Turing degree d. Assume that
there is a D-computable enumeration {p;}icw for which P = {p;}ic. is a family of finite subsets of
G\{e} such that each partial left order P; = sgr(p;) U{e} on G can be extended to a total left order

on G, and for all elements p of P we have:

(i) GaeG\{e}) (Fg,reP) [(g2p)A(r2p)Alacq)Alat €7)];
(i) (Va€ G\{e}) GaeP) [(g2p)A((a€q)V(a~" €q)).
Then for every Turing degree x > d, there exists z € DgSpc(LO) such that x =z V d.

Proof. Let x € D, x > d, and let X be a set of natural numbers such that deg(X) = x. We will use
an extension argument to construct a subsequence (p;, )se., of finite sets of generators for partial left
orders P;_ = sgr(p;,) U{e} on G such that the union Use,, P;, defines a left order on G as a positive
cone and deg(Use, P;.) = x.

Construction

Stage s = 0. Set p;, = 0.

Stage s +1 = 2k + 1. At the end of stage s we have p;, (a finite set of generators for a partial

order P;, = sgr(pi,) U{e}). Using the oracle D, find the first pair of elements 1,72 € P such that
r1 2 pi, and 1y 2 pi,,
hence
sgr(r1) 2 sgr(pi,) and sgr(rz) 2 sgr(pi,)-

Then for some a € G\{e}, we have

acrianda ! e ro,

hence

sgr(ry) # sgr(ra).
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Choose the least such a. Define p;_, ,, using oracle X, by

ry if ke X,
Pigtr =

ro if k¢ X.
Stage s + 1 = 2k + 2. Let a be the least element in G such that
a¢p;, and a ' ¢ p;..

Define p;, , to be the first element ¢ in P such that

q 2 pi,

and

aEq\/cflEq.

End of the construction.

Let

f =def Usewpis'

Clearly, f is the positive cone of a left order on G. Let z = deg(f).
Lemma 74 f <p X

Proof. Since the construction is computable in D and X, and D <p X, the sequence (p;,)scw 18
X-computable. Let a € G\{e}. To decide whether a € f or a~! € f, find the least s such that

a€p,oralep, . m
Lemma 75 X <p f& D

Proof. We prove inductively that (p;,)scw is an f @ D-computable sequence, and that X <r f& D.

Given p;,, s = 2k, D-computably find the corresponding r, 2, and then the corresponding a. Since
acp;,,, ifkelX,

and

at €pi, ifk¢gX,
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we can use an f @ D-oracle to determine whether k € X. Since

Pigy, =T1 1fk€X,

and

pis+1 = T2 ifk‘%X,

we can also use an f @ D-oracle to determine p;,,,. Now, given p;,,, we can find p;, ., computably
inD.m
Since X <p f@& D, f<rX,and D <p X, we have X = f® D,ie,x=2Vd nm

Recall that a set S of Turing degrees is closed upward if for all x,z €D we have:

(ze SAx>z)=>x€ S

Corollary 76 Let the conditions of Theorem 78 be satisfied for a computable group G and a set D

of Turing degree d. If, in addition, the set DgSpa(LO) is closed upward, then

{x€D|x>d} C DgSpc(LO).

Note that we do not require that for all p, ¢ € P such that p # g we have sgr(p) # sgr(q). Let us
also emphasize that the family P in Theorem 73 does not have to include all possible finite subsets
of G such that the partial left orders on G defined by them can be extended to total left orders on G.
In particular, there is no need to assume that G is fully left-orderable. This motivates the following

definition.

Definition 77 A family P = {ps}scw of finite subsets of G\{e} is called complete if P consists of
all finite subsets p C G\{e} such that each partial left order P = sgr(p) U {e} can be extended to a

total left order P+ on G.
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5.2 Topology on the space of left orders

In this section, we give a simple topological description of the space of left orders LO(G) on a
countable group G. We provide new proofs of the results obtained in [66] in terms of positive cones
so that the proofs fit better into our framework. Finally, we provide a new criterion for the space of
left orders on G to be homeomorphic to the Cantor set. In the next chapter, we will use this result
to prove the existence of the homeomorphism between the space of left orders on Z“ and the Cantor
set.

Recall that we can identify the elements of LO(G) with total, pure sub-semigroups of G. That
is,

LO(G) = {P; C G| P4 is a total and pure sub-semigroup of G}.

Following the work of A. S. Sikora [66] let us define the topology on LO(G) as follows. For each

a € G, define
S, ={P € LO(G)| a € P}.
Let
S ={Su}aca-
Obviously, the family S covers LO(G), i.e.,
U Sa =LO(G).
ac@

Thus, the collection § is a subbasis for a topology on LO(G). Let 75 be the topology generated by

S.

Theorem 78 (A. Sikora [66]) If G is a countable group, then the topological space (LO(G),Ts) is

metrizable.

Proof. We define a metric p on LO(G) such that the topology induced by p on LO(G) is the same
as the topology 7s defined above. Let {G,};c. be a family of finite subsets of G which satisfies the

following properties:

(i) GocGyc...cG,C...CQG;

o1



G |JaGi=¢.

1EW
Since G is a countable group, such a collection always exists, and any collection of finite subsets of G
that satisfies conditions (i) and (ii) is called a complete filtration. Let p : LO(G) x LO(G) — Ry

be a function defined as follows:

2% ifr=max{i cw| G;NPT=G;,NQT, GNP~ =G;NQ"} < oo,

p(P*, Q") =
0 otherwise.

We show now that p is a metric on LO(G). From the definition of p, it follows that p is a non-negative

and symmetric function. If p(P*, Q%) = 0, then
max{i cw| GNP =G;NQT, GNP =G;NQ"} = oo,
so for all ¢ € w we have that
(PTNG,=Q"NGHAN (P NG =Q NG,),
hence

(JeynpPt=(JaG)nQ".

1EW 1EW

Since the filtration {G; };ic., is complete,
PTNG=Q"NG,
but since P*,Q% C G, we have
PT=GNnPT=GnQ"=Q".
Obviously, if Py = @4, then for all i € w :
(PTNG,=Q"NGH)AN (P NG =Q NG,).
Hence

7"=max{i€w| G,L-OP*:G,L-QQ*,G,-QP’:GiﬁQ’}>n
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for all n € w. Thus r = oo, and so
p(PT,Q") =0.
We now prove that p satisfies the triangle inequality. Let PT,Q", R* € LO(G) and assume that
p(PHR) = oo (R, Q) = o and (P, QF) = 5
We need to show that

min{n,m} <r, min{n,r} <m, and min{m,r} <n.

Let us consider the first inequality. Suppose that » < min{n, m}. Then, without loss of generality,

we may assume that r < n < m. Hence

(G,.NP" = G,NRHANG, NP =G,NR")
and
(GmNR" = GuNQHANGL,NR =G,NQ).

Since n < m, then G,, C G,,, so we also have

(G, NR" =G, NQNHA (G, "R =G,NQ).

Therefore,

(G,.NPT =G, NnQHAN (G, NP =G, NQ),

hence

max{i cw| (G;NPT =G, NQHAN (GNP =G;NnQ ™)} >n,

so p(P*,QT) < 5, but p(PT,QT) = 5, thus 3+ < 5+, so 7 > n, a contradiction. Thus,

1 1 1 1
Prof =—<_—— <4+ __— =p(P",RT R OT).
p( >Q ) or — 2m1n{n,m} = on + om P( ’ )+p( ,Q )

The case when at least one of the numbers p(PT, RT), p(RT,Q"), p(PT,Q") equals 0 is obvious,

so we have proved that p is a metric on LO(G).

Now, let T(Lo(a),p) be the topology induced by p on LO(G). We need to show that

T(LO(G),p) = TS-
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Since T(Lo(a),p) is generated by the following basis collection
B={B,(P",e)| Pt € LO(G),e > 0},

it is sufficient to show that B,(P*,¢) € 75 for any PT € LO(G),e > 0. Notice that B,(P",¢) € 75
if and only if for every positive cone QT € B,(P™,¢) there exists U € 75 with QT € U and such

that U C B,(P*,¢). Let QT € B,(P*,¢), then p(PT,Q") <e. Let
L. 1
r = min{i € w| i < e}.
Then
(PTNG,=QTNGIAN(P NG, =Q NG,).

Let

G.(P)=G,NnP"U{acGlateG NP }.

Notice that G,.(P*) # 0. Let

U= (] S

a€Gn(P+)

so U € 75 since it is a finite intersection of generators of 7s. We show that QT € U and U C
B,(P*,¢). Notice that

G.(PT)C PT,

since G, NP+t C Ptand {a € G| a~! € G,NP~} C P*. To see the latter, notice that G,N P~ C P~

and G = Pt U P~. Moreover, since
(PPNG, =Q NG )N (P NG, =Q NG,),

then

Go(PT) = G (@),

And since for every a € G,.(P1) we have Qt € S, then

Qte () Sua= [) Su=U

a€Gr(QT) a€G.(PT)
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To see that U C BP(P+,E), let R € U, and since

U= (] Se

a€G,(PT)

so for all a € G,.(P*) we have RT € S,. Hence for all a € G,.(P") we have a € R, and thus
G, (PT)CR™.
Moreover, since
G.(PT)=G,NnPTu{aeGlateG. NP},

it follows that

G.NPT=G,NRT and G, NP~ =G, NR".
Then, by the definition of r, we have
max{i cw| (GNPt =G NRHAN (GNP =G;NR)}>r,

SO

Rt € B,(P*,e).
Therefore,

T(LO(G),p) E TS

We will now show that 7s C 7(L0o(q),p)- Since 7s is generated by S as its subbasis, it is enough

to show that every generator S € S is an element of 7(10(q),p)- Let S € S. Then § = S, for some
a € G. Let Pt € LO(G) be such that PT € S,, so a € PT. We will show that for any ¢ > 0 we

have

Bp(P+,s) cS,.

Since U G; = G, there is r € w such that a € G,.. Let ¢ = QL We argue that B,(P*,e) C S,. Let
€W

Q" € B,(PT,¢), then p(PT,Q") < 7-. Hence
max{i € w| (GNPt =G NQNA (GNP =G,NQ™)}>r,

so, in particular,

G, NPt=G, NnQ™T,
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thus a € Q. Therefore, we have Q1 € S, which completes the proof. m

Remark 79 The metric p defined on LO(G) does not depend on the choice of a complete filtration

since we have shown that 7(Lo(q),p) = Ts for an arbitrary complete filtration.

Recall that a topological space is totally disconnected if and only if two distinct points of the
space are contained in two disjoint open sets covering the space. In the case of a countable group

G, the following theorem characterizes the topological space (LO(G),7s).
Theorem 80 (A. Sikora [66]) (LO(G),7s) is a compact, totally disconnected topological space.
Proof. For any a € G\{e}, one has
LO(G) = 8,U S,—1
and
SeNSy-1=0,

since if PT € LO(G), then

either a € P or ™! € PT,

but it cannot happen that both a € P+ and a=! € P*. Therefore,
either Pt € S, or Pt € 5,1,

and no P* € LO(G) is an element of the set S, N S,-1.
Let P*,Q% € LO(G) and assume that Pt # Q™. Then there exists an element a € G\{e} such

that

ac€P"ANad¢QT.
Since
G=Q"uQ,
a€Q ,s0a ! €Qt. Thus, we have
a€ Ptanda!eQt,
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and hence

PteS,orQTeS, 1.
Since S, S,-1 € 7s and S, U S,-1 = LO(G), and S, NS,-1 = (), the topological space (LO(G), Ts)
is totally disconnected.

We will show that (LO(G),7g) is compact. Since LO(G) with topology 7s is metrizable, it
suffices to show that LO(G) is sequentially compact, i.e., that every sequence in LO(G) has a
convergent subsequence. Let Gy C G1 C ... be a complete filtration in G by its finite subsets and let
p the metric as in the proof of Theorem 78. Consider the metric space (LO(G), p) and let Py, P, ...
be a sequence of points in LO(G). Since G is finite, there are infinitely many terms of the sequence

{P; 152, with the following property
P,jg N Go :P}:[l) NGy =..

and

Pk_g N Go :Pk_llj NGy =...
Otherwise, all but finitely many terms of the sequence {P;}7° , satisfy the following property
GoN P #Gon P or GNPy #GoN P
for j #1, i.e.,
(ANo € w)(V4,1 = No) [(1 # j) = (GoN P # GoN PV (GoN P # Gon P,

which is impossible since Gy is finite. Now, one chooses an infinite subsequence {P];"1 };?‘;0 of the
j

oo

sequence {P];E 5= with the property
J

PLNGL=P,iNnG,
0 1

and
P,;l NGy :P,;l NGy = ...
0 1
Again, since (G is finite, such a subsequence exists. Proceeding in the same way for each term of

the sequence {G;}$2,, one obtains a family of sequences
F={P}}50l1=0,1,2,..}.
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Define a new subsequence {Q; }3°, of the sequence { P, }2°  as follows

o - 7,
where ¢ = 0,1,2, ....

Claim 81 {Q; }32, is convergent.

Define Q% as follows:

aeQt & ANy ew)(Vnew) [n= Ny =acQ)]

First, we show that QT € LO(G). Let a,b € Q*, then ab € Q™, since by the definition of Q1 we
have

a€Qt o 3Ny ew)(Vnew) [n= Ny =acQ)],

and, analogously,

beQt & FKycw)(Vnew) n=>Ko=be Q).

Define

MO = IHaX{No, KQ}
Since @ ’s are positive cones, then
(vn > My) [ab € Q7).

Therefore, we have
QTQT cQ,
so Q7 is a semigroup. We show that for every a € G\{e}, we have either

acQorate@",

and there is no element a € G\{e} such that both a € QT and a=! € Q. If there is a € G\{e}

such that a € QT and a=! € @, then there is Ny € w such that
(Vn > No) [a,a™! € Q]
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1

but Q;" is a positive cone, so a = a~! = ¢, a contradiction. We will now show that Q7 is total. Let

acG\{e}. If

ANy € w)(Vn €w) [n = Ny = a € Q],

then a € QT. If

(VNo €Ew)(Fn €w) [n>NoAad Q)

then let Ny = 0, hence

(3N1 > 0) [a ¢ Qy, ).
Since a € G, there is r € w such that a € G,., so a ¢ Qﬁl NG, and a € Q, N G,. Since
(Vk > N1) [(Qf NGr=Qy, NG) A (Qp NG =Qy, NG,)]
by the construction of {Q; }22,, for every k > N; we have a ¢ Q; Hence we showed that
(3Ko = Ny)(Vn€w) [n > Ko = a ¢ Q],

SO

3Ky =N)(Vnew) [n>Ky=ateQl],

hence ¢! € Qt. Therefore, QT is a well-defined positive cone. Now, we show that {QZ+ o
converges to Q7. Let ¢ > 0 be given. We show that there is Ky € w such that for all n > Ky one

has p(Q*,Q;}) < . Define

r = min{i € w| %<5}
and let Ko =r.
Claim 82 For all n > Ky we have p(QT, Q) < e.
By the definition of {Q; }22,, we have that for all i > 7 :
(QING, =Q NG)H)AN(Q; NG, =Q; NG,.).

Then

(Vi > r)(Va € G (Q)) [a € Qf],
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where G.,.(Q;F) defined as in the proof of Theorem 78. Thus G,(Q;7) C QT, since all elements of

G.(Q;") belong to all but a finite number of terms of {Q; }5¢,,. This implies that for i > r we have
QNG =Q"NG)A QI NG =Q™ NGy,
which, in turn, implies that
(Vi >r) [max{j € w| (Qf NG; =Q NG A(Q; NG;=Q NGy} >7],
0 p(QT,Qf) < & <e.m

Recall that any nonempty, metrizable, compact, perfect, and totally disconnected set is the
Cantor set. A set is perfect if every point in the set is a limit point. It was shown in the above
theorems that LO(G) is metrizable, compact and totally disconnected for any countable group G.
To show that LO(G) is homeomorphic to the Cantor set, we need to show that it is perfect, which

is equivalent to the condition in the corollary below.

Corollary 83 (A. Sikora [66]) Let G be a countable group. Then LO(G) is homeomorphic to the
Cantor set if and only if LO(G) # 0 and for any sequence a1, az, ..., an € G, the set Sq, NSy, N...NS,,

is either empty or infinite.

Since BiO(QG) is a subset of LO(G), BiO(G) naturally inherits the subspace topology induced

from LO(G).

Proposition 84 (A. Sikora [66]) BiO(G) is a closed subset of LO(G). Hence BiO(G) is homeo-
morphic to the Cantor set if and only if BiO(G) # 0 and for any sequence a1, ag, ..., a, € G, the
set

BiO(G) N Sgy N Say NN Sa,
is either empty or infinite.
It is not true that if BiO(G) is infinite, then BiO(G) is homeomorphic to the Cantor set. The

example of a family of groups with a countable infinity of orders can be found in [47]. We will

use Corollary 83 to prove a new criterion for the space of left orders of a countable group G to be
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homeomorphic to the Cantor set. Recall (from the previous section) that a family P = {ps}sc., of
finite subsets of G\{e} is complete if P consists of all finite subsets p C G'\{e} such that each partial

left order P = sgr(p) U {e} can be extended to a total left order P on G.

Theorem 85 Let G be a countable group. Then there exists a complete family P = {ps}scw satis-

fying conditions (i) and (ii) of Theorem 72, that is, for all elements p of P
(i) GaeG\{e}) (Fg,reP) [(g2p)A(r2p)Ala€q)A(a"t €7)] and
(ii) (Va€ G\{e}) GgeP) [(g2p)A((a€q) V(e €q))]

if and only if LO(G) is homeomorphic to the Cantor set C.

Note that the family P = {ps}scw in the above result does not have to be a strong array as in

Theorem 72.

Proof. Suppose we have a complete family P = {ps}se., of finite sets that satisfies conditions (i)

and (ii) of Theorem 72. To show that the space (LO(G),7s) is homeomorphic to the Cantor set,

we need to show that for all finite subsets {g1, g2,...,gx} C G,k € w, the set _(k]ngj is either empty
j=

or infinite (Corollary 83).

k
Suppose that () Sy, # 0. Then there is a left order P* € LO(G) such that
j=1

{917927 791@} g P+,

hence
Sgr({gtha 79]@}) - P+-

Since P = {ps}scw is complete,

p=1{91,92,-, 91} € P.

Using property (i) of the family P, we can find a € G\{e} and finite subsets ¢,r € P, such that p C ¢

and pCr=panda€panda ! €r. Thus, let

g=pU{a}andr =pU{a'}.
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Notice that any left order QT on G extending the partial left order sgr(q) U {e} cannot extend
sgr(r)U{e}, and, analogously, any left order RT extending the partial left order sgr(r)U{e} cannot
extend sgr(q)U{e}. The existence of extensions ¢,r € P for any a € G\{e} is guaranteed by property

(ii) of the family P. Moreover, for all PT € LO(G):
+ +o f
(sgr(p) CPT)= (PT € _ﬂlsgj).
J:

Therefore, for any finite set p C G\{e} such that [\ Sy # 0, one has that ) Sy is infinite.
gep gep
Suppose now that LO(G) is homeomorphic to the Cantor set. Let A = {p;};e, be the family of

all finite subsets of G. We define the family P as follows:

(Vpe ApeP s NS, #0]

g€p
We will now show that P satisfies condition (i) of Theorem 72. For p € P we have (S, # 0, so since

gep

LO(G) is homeomorphic to the Cantor set, (]S, contains infinitely many elements Pt € LO(G)
gep
such that sgr(p) C PT.

Let QT,RT € Sy and QT # R*. Then

gep

sgr(p) C Q%1 and sgr(p) C RT,
and there is an a € G\{e} such that
acQ and ™! € RT.

Notice that a ¢ p. Otherwise, a € RT since R € (1 S,, so a,a”! € RT. Since R" is a pure
gep
sub-semigroup, we have a = e, which contradicts our choice of a € G\{e}.

Now, define the subsets
g=pU{a}andr =pU{a'}.

Obviously, p C ¢ and p C r. Moreover, since sgr(q) € Q* and sgr(r) C RT,

ﬂSg#(bandnSg#&

ge€q ger

hence ¢,r € P. This completes the proof of condition (i).
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Condition (ii) for the family P follows from the fact that if (S, # 0, then sgr(p) C Pt for
gep

some Pt € (NS, thus for any a € G\{e} one has
gep

aePtora!lepPt,
as Pt U P~ = G. Hence we define

g=pU{a}org=pu{a'},

depending on whether a € P or a=! € PT. Obviously, in each case p C ¢, and since sgr(q) C P+,
we have that ¢ € P, which completes the proof of condition (ii).
The completeness of the family P follows directly from its definition. m

Notice that, as we mentioned before, the statement in Theorem 85 about LO(G) being homeo-
morphic to the Cantor set does not imply that DgSpg(LO) = D (as in the statement of Theorem
72) since the family P constructed in the proof of Theorem 85 does not necessarily use a recursive
predicate (S, # 0. Therefore, one may not be able to construct a family P that is a strong array

gep

and satisfies the conditions (i) and (ii) of Theorem 72. However, using the fact that LO(G) is
homeomorphic to the Cantor set together with the assumption that the condition in Remark 42 is
computable, one can derive the conclusion of Theorem 72. This applies when, for example, we use

Theorem 85 for a computable, finite rank, torsion-free, abelian group. In particular, Theorems 85

and 72 allow us to obtain some of the results of [70] and [66] as corollaries.
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6 Turing degrees of left orders on computable groups

In the following sections, we use the results of the previous chapter to investigate computational
and also topological properties of spaces of left orders for computable torsion-free abelian groups,

finitely generated free groups, and some classes of one-relator groups.

6.1 Orders on Z"™ and Z¥

We consider orders on a finite rank, computable, torsion-free, abelian group G. Notice that the
basis of G can be found algorithmically, and since each left order on G is also a bi-order, LO(G) =
BiO(G). Since every finite rank computable torsion-free abelian group is computably isomorphic to
7™, without loss of generality, we may assume that G = Z™ with the chosen ordered set of generators
{e;},, where

e; = (0,0,...,0,1,0,...,0).

1 in the 4th position

Moreover, every order on G can be uniquely extended to an order on its divisible closure D, and
also every order on G can be viewed as a restriction of an order on D. Obviously, D = Q" is the
divisible closure of G. We will start this section with a complete topological description of the space
of orders on Q™. We will follow an argument of Proposition 1.7 of [66].

Since we can view Q™ as a subset of R™ (here R™ is equipped with the standard topology), Q™ is
given the topology induced from R™. Therefore, given PT € LO(Q™), we regard it also as a subset

R™. One shows that the boundary of the closure of P™ in R” is a hyperplane

Hy_y = O(Clge (PH)).
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This hyperplane splits R” into two closed half-spaces H, and H,, such that
HfUH, =R"and H NH, =H, ;.
Moreover,
either P* C H,f or P C H,, .

In the case when P N H, 1 = {0}, where 0 = (0,0, ...,0) € R", the order P is determined
by the hyperplane H,,_1 and one of the half-spaces H,” or H,. Now, if P™ N H,_; # {0}, then

P*T N H,_; defines an order on Q" N H,,_;. Suppose

k = dimg(Q" N H,,—1),
(k <n—1). Then

Clg-(Q" N Hy—1) = Hg,

(Hj, ~ RF) and P* N H,_; induces an order on Q"N H,,_;. Therefore, there is a (k — 1)-dimensional

subspace

Hi 4 = 8(ClHk(P+ NH,_1)) C H, CR",

which splits Hj, into two sets (half-subspaces), H ,j and H,_, such that P* N H,,_; is contained in
one of them, and

HYUH, =Hyand H NH, = Hj,_1.

Hence, in the case when P™ N Hy_; = {0}, the order P" is determined by the hyperplane H,,_1,
one of the half-spaces H," or H, and, additionally, by a subspace Hy C H,,_1, its subspace Hy_1
and one of the half-subspaces H,j or H_ . If Pt N Hy_1 # {0}, then PT N Hy_; defines an order on

Q" N Hy—1. We can continue as in the previous case, obtaining (I — 1)-dimensional subspace
Hy_1=0(Cly,(PTNH,_1)) C H = Clgn(Q" N Hx_1) CR™.

In the case when H; 1 N PT = {0}, the following sets are sufficient to describe P :

i) Hy—1,

ii) H; or H,,

65



iii) Hyp(C H,_1) and Hy_1 C Hy,
iv) H," or H,,

v) H;(C Hi-1) and H;—y C Hy,
vi) H;" or H] .

Since the dimension of Q" is finite, every PT € LO(Q") can be determined by such a collection of

subspaces and half-subspaces of R™.

Example 86 To define an order Pt on Q2?, we choose a line £ : ax +by = 0 in R?, a® + b2 £ 0. If

Q2N ¢ =1{0},0=(0,0), then one of two sets,

{(z,y) € Q*| az + by > 0} U {0}

or
{(z,y) € Q°| az + by < 0} U {0},
can be chosen to determine P*. In the case when Q* N { # {0}, each of the following subsets of Q2

can be chosen to determine Pt :

{(z,y) € Q°| az + by > 0} U{(z,y)| az + by = 0,z > 0}

or

{(z,y) € Q?| ax + by > 0} U {(z,y)| ax + by = 0,2 < 0}
or

{(z,y) € Q?| ax + by < 0} U {(z,y)| ax + by = 0,2 > 0}
or

{(z,y) € Q% az + by < 0} U{(z,y)| az + by =0,z < 0}.

That is, every line £ : ax + by = 0 in R? determines either two (in the case when the slope of £ is
irrational) or four (in the case when the slope of € is rational or co) different orders on Q2, hence

on Z2.
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Let A= {g1,92,...,9;} CZ"\{0} C Q",j € w. We denote by

J J
sgro(A) = sgro({g1, 92, ;) ={a € Q' a=> aigi, Y ¢ #0, ¢: >0,  €Q, i =1,2,....5}
=1 =1

the sub-semigroup of Q™ generated by A.

Proposition 87 Let A = {g1,92,....9;} C Z"\{0}. Then there is an algorithm which decides

whether the sub-semigroup sgro(A) C Q™ defines a partial order
P = sgrq(4) U {0}

on Q.
Proof. We notice that a sub-semigroup sgrqo({g1, g2, -.,9;}) C Q" defines a partial order

P = sgro({g1. 92, - 9;}) U{0}
on Q" if and only if

sgro({g1, 92, - 9;}) Nsgro({gr ' 92951} = 0.
This condition is equivalent to the following:
(Va € Q") [a € sgro({g1, 92, -, 0;}) = a™" ¢ sgro({g1, 92, ... g; })]-
Since Q™ is fully orderable, the last condition is equivalent to:
(3PT € LO@Q")) [sgro({g1, 92, -, 9;}) C PT].

Using the topological description of orders on Q", this condition is equivalent to the existence of an
affine hyperplane H C Q™ (0 ¢ H) such that the convex hull,
J J
COnUQ({glag% 7gj}) = {X = (xlvx% 73771) S Qn‘ X = Ztlgh th = ]-7 ti Z 07 ti € Qa 1= 1727 "'7j})
i=1 i=1

spanned by {g1, g2, ..., g; }, can be separated from the point 0 € Q™ by H. That is, if

H={xeQ" (nx)= an =20},
=1
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where n = (n1,n2,...n,) € Q" is a normal vector to H and 2y € Q, then for all g € G,
(g€ A)=(ge HY),

where
HY = {x€Q"| (n,x) = nia; < 2}
i=1
and

0cH ={xecQ" (n,x)= an:nl > 20}
i=1

Therefore, our problem reduces to the following Linear Programming (LP) problem:

Find
20 € Qand n € Q"

such that

n

<nagk> = angf < 20, where gk = (glfagga 795) € A7 k= 1323 5]
i=1
and
zo < 0.

This LP problem can, in turn, be reduced to the following LP problem.

Maximize:
Objective function: f(n,z0) = —2
n
Subject to constraints: nigh — 20 <0 where g = (g%, 95,...,0F) € A, k=1,2,...,5
i=1

and —zp <1
Since the existence of the solution to the above LP problem can be determined algorithmically using
the symplex method (we can actually use Mathematica software to solve it), we have an algorithm that
decides whether a given finite set of generators A C Z"\{0} determines a partial order sgrg(A)U{0}
on Q". m
In [70], it was shown that the degree spectrum of left orders on Z™ includes all Turing degrees

(see Corollary 89) by providing a direct argument in the case n = 2 and using direct decomposition
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7" = 72 ® 7" 2 for n > 3. Solomon used a lexicographic extension of each order on Z2 to Z"
(thus preserving Turing degrees) and constructed orders on Z™ of an arbitrary Turing degree. This,
however, could be achieved by applying Theorem 72 directly. We will see that this result is also a
corollary of Theorem 88 below. Moreover, the result of [66] about LO(Z™) being homeomorphic to
the Cantor set for any n > 2 (see Corollary 90) is a direct consequence of Theorem 85, and it can

also be considered a special case of the following result.

Theorem 88 Let Z¥ = ®;c,Z be a direct sum of infinite number of copies of Z. Then
(i) DgSpc(LO)="D.

(i) LO(G) with the topology defined in section 5.2 is homeomorphic to the Cantor set.

Proof. We construct a complete family PP of finite subsets of Z“\{0}, which satisfies the conditions

of Theorem 72. Let us start by fixing an enumeration

p: (Z°\{0})™ - w

of all finite subsets of Z“. Since there is a Turing degree preserving bijection between LO(Z*) and
LO(Q¥), we can consider orders on Q“ instead of orders on Z¢. Consider sgrqo({g1, g2, ..., g;j}), the
sub-semigroup of Q“ generated by {g1,92,...,9;} C Z°\{0}. Since A = {g1, g2, ..., g;} is finite and

each g; = (g}, ¢%,...) € Z*, 1 <i < j, there is
n= n({gbg% )g]}) = max{l(gz)| 1 S 1 S j}a
where
I(g;) = max{k € w| gF # 0}.

Thus,

sgro({91,92,--.9;}) € Q™.

We can apply Proposition 87 to decide whether the sub-semigroup sgro({g1, g2, .-.,g;}) defines

a partial left order on Q™ C Q“. Since each partial left order on Q“ can be extended to a total left
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order Pt on Q¥ (as Q¥ is fully orderable), using our function ¢, we recursively define the family P

as follows:
_ -1
po = (ko),
where
ko = min{j € w| 0 ¢ Convg(p~'(4)) C Q", n=n(p"(j))}
Suppose that pg, p1, ..., pm—1 have been already constructed. Therefore, there exist indices
ko <ki<..<kn_1

such that p; = ¢~ 1(k;), j =0,1,...,m — 1. Define

P =" (km),
where
km = min{j € w\{0,1, ... ky—1}| 0 & Conug(¢™' (7)) C Q", n=n(¢™'(5)}}-
Now, we need to check that the family P we constructed satisfies conditions (i) and (ii) of

Theorem 72. Let p € P, and notice that the set

S(p) = {s e P\{p}| pC s} # 0,
as there is PT € LO(Q%) such that sgrg(p) C P*. For each g € Z*\{0}, define
g9 =pU{g}andry =pU{g~"}.
Define
a = min{g € Z*\{0}| (g ¢ p) A (0 & Convg(gy)) A (0 ¢ Conug(ry))}-
We now show that the element a € Z¥\{0} defined above exists. First, we note that if the set
S = {9 € Z°\{0}] (9 & p) A (0 ¢ Convglgy)) A (0 ¢ Convg(rg))} # 0,

then S is computable since, obviously, g ¢ p is a computable predicate, and both 0 ¢ Convg(gy) and
0 ¢ Conuvg(ry) are computable predicates by Proposition 87. Now, S # ) for the following reason.

Since p € P, (from the proof of Proposition 87) there is zp € Q and n € Q™ such that

Convg(p) C HY = {x € Q"] (n,x) = anxl < z0},
i=1
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n
where zg < 0. Since n € Q", the intersection of the hyperplane H,, = {x € Q"| (n,x) = > n;xz; = 0}
i=1

and Z"\{0} is nonempty. Let g € (H, NZ™)\{0}, and define
g9 =pU{g}andry =pU{g~'}.
Obviously, since H,, N Convg(p) = 0, we have g ¢ p. Moreover,
0 ¢ Convg(gy) and 0 ¢ Conug(ry).
Otherwise, there exist A, A2 € QN [0, 1], and x,y € Convg(p) such that

A1X + (1 —)\1)9 =0

or
Aoy + (1= X)g ' =0,
hence
0= (n,A\ix+(1-XA)g) = A (n,x) + (1 - A1) (n,9) = (n,x) < A2
or

0=(n Aoy +(L-X)g ") =Xa(my)+(1—X)(ng ") =X (ny) <oz

Since zg < 0, it follows A; = 0 or A2 = 0, so in both cases, we obtain that g = 0, contradicting the

choice of g € (H™ NZ™)\{0}. This shows that S # () which, in turn, implies that

a =min{g € Z*\{0}] (g ¢ p) A (0 & Convg(py)) A (0 & Convg(gg))}

is well-defined. We define

g=pU{a}andr =pU{a'}.
By definition, we have p C ¢ and p C r and @ € ¢ and a~! € 7, and also ¢,r € P as both of them
(according to Proposition 87) define the partial orders sgrg(q)U{e} and sgrg(r)U{e} on Q, which
could be extended to linear orders Q@+ and R on Q“, respectively. The property (ii) of the family
P follows immediately from the fact that for any extension P* of the partial order sgrg(p) U {e} we

have

PTUP =Q%and PT NP~ ={0}.
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Hence the set
S(p) ={s e P\{p}| pC s} #0.
Since for any a € Z*\{0} we have a € P* or a~! € PT,
cither ¢ = (pU {a}) € S(p) or ¢ = (pU{a™'}) € S(p)

as either sgro(pU {a}) C P or sgro(pU {a='}) C PT. Therefore, the family P of finite subsets of
7+\{0} satisfies all requirements of Theorem 72, hence DgSpz.(LO) = D.

To prove the second part of the theorem, notice that the family P of finite subsets of Z“\{0}
is complete as it consists of all finite subsets p C Z“\{0} such that sgrg(p) C P for some P €
LO(Q%). Moreover, since for all elements of P both conditions of Theorem 72 are satisfied (as we
have just shown), we have by Theorem 85 that LO(Z*) is homeomorphic to the Cantor set. m

The following two known results can now be obtained as corollaries of the proof of Theorem 88.
Corollary 89 (R. Solomon [70]) DgSpzn(LO) =D for n > 2.

Corollary 90 (A. Sikora [66]) LO(Z™) with the topology defined in section 5.2 is homeomorphic to

the Cantor set for any n > 2.

The techniques used in the proof of Theorem 88 motivate the following result. Recall that a

group G is fully left-orderable if all partial left orders on G can be extended to total left orders.

Proposition 91 Let D C w be a set of Turing degree d. Suppose G is a computable fully left-

orderable group with the following properties:
(i) No left order on G is determined uniquely by a finite subset A C G\{e};
(i) For all finite subsets A C G\{e} and for all a € G, the problem
a € sgr(A)
is d-decidable;
(iii) DgSpa(LO) is closed upward.
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Then

DgSpe(LO) D {x € D| x > d}.

Proof. We construct a family P = {p; };c,, of finite subsets of G\{e} which satisfies the assumptions
of Theorem 73. Let us start by fixing some enumeration ¢ : (G\{e})<* — w of all finite subsets of
G\{e}. We now consider sgr({g1, g2, ...,g;}), the sub-semigroup of G generated by {g1, g2,...,9;} C
G\{e}. By assumption (ii), we can decide with degree d whether sgr({g1, g2, ...,9;}) U {e} defines
a partial left order on G. Since G is fully left-orderable, each partial order on G can be extended to

a total left order P* on G. Using the function ¢, we define the family P as follows:

Po = w_l(ko)v

where
ko = min{j € w| e & sgr(v~"(4))}-

Suppose that pg,p1, ..., pn—1 have been already constructed. Thus, there exist indices kg < k1 <

<o < k1 such that p; = ¢ *(k;), 5 =0,1,...,m — 1. Define

Pm = w_l(km)a

where
km = min{j € W\{0,1, ..., km_1}| € & sgr(™ ()}

Now, we need to check that the family P, which we have just constructed, satisfies conditions (i)

and (ii) of Theorem 73. Let p € P, and notice that the set
S(p) ={s e P\{p}| pC s} #0,

as there is PT € LO(G) such that sgr(p) C P*. For each g € G\{e}, let
g5 =pU{g}and ry =pU{g~'}.

Define

a=min{g € G\{e}| (g & p) A (e ¢ sgr(qy)) A (e & sg7(rg))}-
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We now show that an element a € G\{e} defined above exists. First, we note that if the set

S={geG\{e}| (g ¢p)N(edsgr(qy)) (e sgr(rg))} #0,

then S is clearly d-computable. This is obvious as g ¢ p is a decidable predicate and both predicates,
e ¢ sgr(qy) and e ¢ sgr(ry), are d-computable because of assumption (ii). Now, S # @ for the
following reason. By assumption (i), no left order P* € LO(G) can be determined uniquely by a
finite subset p C G\{e}, so there are at least two distinct left orders @, RT € LO(G) such that

sgr(p) C QT N RT. Hence there is g € G\{e}, g ¢ p, such that
geEQt and g ¢ RT.

Since R* UR™ = G, we have g~ € RT as g € R™. Hence, both partial left orders, sgr(q,) U {e} =
sgr(pU{g}) U {e} and sgr(ry) U {e} = sgr(pU{g~'}) U{e}, can be extended to distinct linear left
orders on G. And therefore,

e ¢ sgr(qy) and e ¢ sgr(ry),
S0

S={geG\{e}| (g ¢p)N(edsgr(qy)) N(ed sgr(rg))} #0.

This shows that the family P = {p; };c., satisfies property (i) of Theorem 73. Property (ii) of the
family P follows immediately from the fact that for any extension Pt of the partial order sgr(p)U{e}
we have

PTUP  =Gand Pt NP ={e}.

Hence the set

S(p) = {s e P\{p}| pC s} # 0,
and since for any a € G'\{e} we have a € P* or a=! € P*, then
cither ¢ = (pU {a}) € S(p) or ¢ = (pU{a™"}) € S(p),

as either sgrg(pU{a}) C PT or sgrg(pU{a='}) C PT. Therefore, the family P of finite subsets of

G\{e} satisfies all requirements of Theorem 73 for a computable fully left-orderable group G and a
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set D of Turing degree d. Since (by assumption (iii)) DgSpa(LO) is closed upward, we have
DgSpa(LO) 2 {x € D|x > d}

by Corollary 76. m

We can show that the following result is a consequence of Proposition 91.

Corollary 92 (R. Solomon [70]) Let G be a computable torsion-free abelian group of infinite rank.
Then

{x€D| x>0} C DgSpa(LO).

Proof. As an abelian torsion-free group G is fully orderable. Since there is a degree preserving
bijection between LO(G) and LO(D), where D is a divisible closure of G, we can restrict our
consideration to the case when G is a computable divisible torsion-free abelian group of infinite rank.
It can be shown [70] that for G one can find a basis {ej, es, ...} in 0’ degree. Given g1, go, ...gx € G,

each g;, © = 1,2, ...k, can be uniquely expressed as
9i = die1 + ge2 + q, e,

where q,’l #0, q; €Q,j=1,2,..n;. Let n = max{n;| i = 1,2,...,k}. Then we have {g1, g2, ...gx} C
Q". Now, using Proposition 87, we can decide with 0’-oracle whether a ¢ sgr{gi, g2, ...gr} for any
a € G. Obviously, no left order on G can be uniquely determined by a finite subset A of nonidentity
elements of G since A C Q™ and no finite subset of Q™ can uniquely determine a left order on Q™

and so on G. Since DgSpg(LO) is closed upward, by Proposition 91, we have that
{x€D| x>0} C DgSps(LO),

which completes the proof. m

6.2 Orders on finitely generated free groups

In this section, we are use free differential calculus of R. Fox [18, 19] to investigate Turing degrees on

free groups of finite rank. Let F,, = (x1,z2,...,2,|—) be a free group generated by {x1,x2, ..., z,}.
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The results of [18] and [19], which we will briefly discuss, allow us to construct bi-orders on F,.
First, we review some standard notation from algebra. Let G be a multiplicative group, and let

a,b € G. As usual, define the commutator of a and b as:
[a,b] = a"'b " ab,

and define

a®=b"taband a ® =b"ta"'b.

If H, K < G are subgroups of G, then by [H, K| we denote a subgroup of G generated by the set
{[h,k]|h e H, k€ K} :
[H, K] = {[h.k]l h e H, k € K}).
Definition 93 Let v,(G) = G and fori=1,2,3, ... we set
Yit1(G) = [7:(G), G].
The descending sequence of subgroups
Y1(G) =2 72(G) = 73(G) = -+ = 7,(G) = -+

1s called the lower central series of G.

A convenient tool for dealing with the lower central series of a group is free differential calculus

introduced by Fox in [18]. Recall that a derivation on a group ring Z|G] is a Z-linear map
D : Z|G] - Z|G],
which satisfies the following condition:
(Vg,h € G)[D(gh) = D(g) + gD(h)].

The existence and uniqueness of a derivation for a free group of finite rank n > 1, F},, is assured by

the following theorem.
Theorem 94 (R. Fox [18]) For each generator x; of F,, there is a corresponding derivation
D, : Z[F,]) — Z|F,)
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defined as follows:

8f(x1, o, ,(En)

Di(f) = 9,

It is called a free derivative with respect to x; and has the property:

due . 1 ifi=k,

=0k =
8331‘ !

For a construction of orders on F;,, we will recall important properties of the lower central series of

F,. Let ¢ : Z[F,] — Z be an augmentation homomorphism defined as follows. For a free polynomial
k
[ = Zaiwi € ZFy),
i=1
where a; € Z, w; € F,,, k € Z4, let

k k
e(f = Zaiwi) = Zai-
i=1 i=1

Let S be a free semigroup generated by the set {x1,zo,...,2,}. For any element f € Z[F,] and any

a=ajas...a € S, where a; € {z1,z9,...,2,}, 1 =1,2,...,k, let us denote

Ok f

~ 4o 4o 0
6(3a16a2...8ak) €Z by Da(f)

Remark 95 In [19], it was proved that an element w of F, lies in v, (Fy) if and only if D%(w) =0

for all a = a1as...a; of length j smaller than k. Therefore, the predicate w € v, (F,,) is decidable.

Using free derivative, one can show that for a free group F), of a finite rank n > 1, we have the

property described in the following theorem.
Theorem 96 (W. Magnus [{3]) Let F,, be a free group of rank n, then
() 7:(Fn) = {e},
i=1
where v, (Fp) > vo(Fn) > ... > 7v,,(Fy) > ... is the lower central series of F,,.

For the purpose of constructing orders on finitely generated free groups, we need another impor-

tant property of the lower central series of Fj,, which can be proved using free calculus. Recall that
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the Mébius function p is a number theoretic function defined for all n € w, and has its values in

{=1,0,1} depending on the factorization of n into prime factors:

1 if n is a square-free positive integer with an even number of distinct prime factors,
p(n) = -1 if n is a square-free positive integer with an odd number of distinct prime factors,
0 if n is not square-free.

Theorem 97 (M. Hall [20]) v;(Fn)/v;s1(Fn) = Z%, where
1 i
ki =~ Z,U,(g)ﬂ )
T

1=1,2,..., and p is the Mdbius function.

It is important to mention that the above isomorphism is uniformly computable since the basis of
Yi(Fn)/Vig1(Fr) can be found algorithmically, and the groups ;(F,)’s are computable (see Remark

95). The algorithm for constructing a basis for v, (F,)/v; 1 (F) is given in [20].

Example 98 If n =2 and i = 1, then v, (F2)/v2(Fs) has a basis given by the set Hy = {x1,z2},
where Fy = (x1,x2]|—). In the case when i = 2, y4(Fs)/v5(F2) has a basis given by Ha = {[x1,z2]},

and for i = 3 we have a basis Hy = {[[z1, x2], z1], [[z1, x2], z2] }, ete.

Thus, in general, we denote the basis of v,(Fy)/v,1(Fn) by H;, and call it the Hall basis. Notice

that
|Hi| = rank(y;(Fn)/viq1 (Fn)) = ki

by Theorem 97.

Proposition 99 There is an algorithm, which given g € v;(Fn)\vip1(Fn) finds a projection of g

onto i (Fn) /i1 (Fn).

Proof. We show that there is an algorithm, which given g € v;(F,) and g ¢ ~,,,(F,) computes

(a1, sz, ..., ar,) € ZF such that
ki
9= b?i mody, 1,
j=1
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where H; = {b1, b, ..., by, } is the Hall basis of v,(F},) /7,41 (Fn), i = 1,2,.... Let g € F;, be such that

g €7,;(F,) and g ¢ v,,,(F,) and let

0:ZF - w

be an effective enumeration of elements of Z*. Since H; is a basis of v,;(F,)/v;1(Fn), there is

ki
unique (g, g, ..., g, ) € ZFi such that g = [ b7* mod~y,; ;. The algorithm lists elements of ZFi:
j=1

0 10), 07 (1), ....

For each element o~ '(j) = (al,d}, ..., aii) € Z¥: the algorithm tests whether
ki .
_ a]
g=||b" mody;
=1
. k7 ll'j . . . .
by checking whether 7' [[b;" € 7,1 (F,). Since the predicate w € 7, ,,(F,) is decidable for any
I=1
ki
w € F, (see Remark 95), we can decide whether g = [[b;" mod~, ;. The procedure must terminate
=1
after finitely many steps since there is a unique j € w such that ¢=1(j) = (a1, a2, ...,a,). ®
Exploiting an idea introduced in [53], we construct orders on F;, using orders on quotients of the
successive terms of the lower central of F,. We observe that different choices of orders on quotients
of the lower central series of F;, induce different bi-orderings on F;,. Since we can assign to them
desired Turing degrees using the result of Corollary 89, we will be able to produce on F;, orders of
given Turing degrees.
In the proof of Theorem 102 below, we need to be able to identify elements of a given term of the

lower central series of F),, hence we need to introduce the following notion of weight of an element

of a group.

Definition 100 Let G be a group, and let v1(G) > v5(G) > ... > 7,,(G) > ... be its lower central

series. A function w : G — Zy defined by
max{i € Zi| w e v,(G)} if wHe,

w(w) =
00 if w=e,

is called the weight function.

Lemma 101 The weight function w : F,, — Z4 is computable.
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Proof. Assume that w # e. Since we have m v;(Fp) = {e}, there is i € Z; such that
i=1

w € ;(Fn) and w ¢ v, (Fn),
s0 S ={i€Zyilwey(G)} #0and S is finite, so the function w is well-defined. Moreover, the
predicate w € v;(F,,) is decidable (see Remark 95). Hence the function w is computable. m

To simplify notation, we denote by 7, (= v, (Fy)) the kth term of the lower central series of F,.
Theorem 102 Let F,, be a free group of rank n > 1. Then DgSpr, (LO) = D.

Proof. We construct a family P = {p; };e,, of finite subsets of F;,, which satisfies the assumptions of

“ — w of all finite subsets

Theorem 72 as follows. We start by fixing an enumeration ¢ : (F,\{e})<
of F,\{e}. Consider sgr({ws,ws,...,w;}), the sub-semigroup of F,, generated by {w1,ws,...,w;} C

F,\{e}. We show that there is an algorithm that gives a sufficient condition for sgr({w1, ws, ...,w;})

to extend to an order on F,. Since each w; # e, i =1,2,...,7, it follows that @ (w;) < co and

Wi € Vo) (Fn) and wi & V()41 (Fn), 1 =1,2,..., 5.
Let

I={w(w)|i=1,2,....,5} = {ki, ko, ...k}, 1 <1<3.
We can assume ki < ko < ... < k;. Define

Sk, = {w € {w1,wa, ..., w;} | w(w) =k}, 1 <m <L

Let g; denote the projection 7 of w; onto v (w,) (Fn)/ Ve (w,)41(Fn), where 1 <14 < j. By Proposition

99, each g; can be found effectively, and g; # 0 since w; ¢ 7w(wi)+1(Fn)7i =1,2,...,5. Now, let

Sk

m

={g; =7(w;) | w; € sp,,,1=1,2,...,5}, 1 <m <.

Since

_ m) ~ 1 K,
Skm C ZHm) = Vi / Ve +1» Where k(m) = T Z #(7)nd>
™ |k,

by applying Proposition 87, we can decide whether the sub-semigroup sgr(sg,.) defines a partial

order
Py(m) = s97(3k,,) U {0}
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on Z*(™) | If each Pr(m), 1 <m <1, is a partial order on ZFm) then

l

Q(whw?’ ey wj) = sgr( U %) U {e}

m=1
is a partial order on Z* = @ Z", where n; = % Z u(%)nd. Since Z*“ is fully orderable, the partial
1EW dli
order Q (w1, wa, ..., w;) can be extended to a total order QT = QT (w1, wa, ..., w;) on Z*. Every order
Q7T on Z* induces an order Q:‘ on its subgroup Z". It follows from the result of Simbireva [67] and

Neumann [53] (see Theorem 104) that given orders Q; on each Z™ = ~,(F,)/v; 11 (Fn), i = 1,2, ...,

one can define an order on F),, by taking as its positive cone
Pt ={weF,| (3i€Zs) [n(w) € QF ]},

where 7(w) denotes the image of the projection of w onto v;(Fy,)/v;41 (Fn). Therefore, if Q(wy, ws, ..., w;)
defines a partial order on Z*“, then sgr({wi,ws,...,w;}) extends to a bi-order on F,. Notice that

we can decide whether Q(w1,ws,...,w;) is a partial order on Z* by Proposition 87. This im-
plies that we have a sufficient condition which allows us to decide whether a given set of words
{w1,ws,...,w;} C F, induces an order on F,.

Now, let
l
O({wlvw27 7wj}) = U Sk s
m=1

where 5, are defined above. To construct a family P satisfying the assumptions of Theorem 72, we

use the function ¢ : (F,\{e})<* — w as follows:
po = ¢~ (ko)
where
ko = min{j € w| 0 ¢ Convg(O(¢™(4)))}

Suppose that pg, p1, ..., prn—1 have been already constructed. Therefore, there exist indices kg < k1 <

<. < kp—1 such that p; = ¢~ 1(k;), j = 0,1,...,n — 1. Define

Pn = 5071(kn)v

where
kn = min{j € w\{0,1,.... k,—1}| 0 & Conug(O(¢™"(5)))}
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We need to check whether the family P satisfies conditions (i) and (ii) of Theorem 72. Let p € P,

and notice that the set

S(p) = {s € P\{p}| p C s} # 0,

as there is PT € BiO(F,) such that sgr(p) C P*. For each w € F,,\{e}, define
qw =pU{w} and 7, = pU {w '}

Let

a =min{w € Fy\{e}] (w ¢ p) A (0 ¢ Convg(O(qw))) A (0 ¢ Convg(O(rw)))}

be the word with the minimal index in some algorithmic enumeration of elements of F,.We show

now that the element a € F,\{e} defined above exists. First, we note that if

S ={w e Fo\{e}] (w ¢ p) A (0 ¢ Convg(O(qu))) A (0 ¢ Convg(O(rw)))} # 0,

then the set S is computable. This is obvious since w ¢ p is a decidable predicate, and the predicates
0 ¢ Convg(O(qw)) and 0 ¢ Convg(O(ry)) are decidable by Proposition 87.

We will now show that S # (). Since p = {w1,ws,...,w;} € P, there are
ShoCZEM™ 1 <m <,

such that

l
o) = | 5

m=1

Each sgr (S, ) defines a partial order on Z*™) Hence, as in the proof of Theorem 88, there is an

element g with
k(m)

g= Zaiei € Zkm),
i=1

such that both

sgr (S, U{g}) and sgr(si,, U{g~'})

can be extended to orders on Z*(™). Therefore,

sgr(O(p) U {g}) and sgr(O(p) U{g™"})

82



can both be extended to distinct orders on Z¥ = @Z". Let Hy,, = {b1,ba,...,b;} be the Hall basis

S
of Vi /Yk,, +1, Where I = |Hy, | = k(m). Define

l

w =[] € F.
i=1

Clearly, we have

I
m(w) =g= Zaiei € ZFm),
i=1

5o sgr(qw) U {e} and sgr(ry,) U {e} could be both extended to distinct orders on F,,. This shows

that S # (), which implies that

a =min{w € F,\{e}| (w ¢ p) A (0 ¢ Convg(O(gw))) A (0 ¢ Convg(O(ry)))}

is well-defined. We define
g=pU{a}andr=puU{a'}.
By definition, p C ¢ and p C r and a € ¢ and a~! € 7, and also g, r € P as both of them define
partial left orders sgr(q) U{e} and sgr(r)U{e} on F},, which could be extended to linear orders Q™
and RT on F,,, respectively.
Property (ii) of the family P of Theorem 72 follows immediately from the fact that for any

extension PT of sgr(p) we have
PTUP™ =F,and P" NP~ = {e}.
Since for any w € F), either w € P+ or w™! € P, we have that

cither g = (pU{w}) € S(p) or ¢ = (pU{w™'}) € S(p),

where S(p) = {s € P\{p}|p C s} # 0, as either sgr(p U {w}) C P+ or sgr(p U {w™1}) c P* .
Therefore, the family P of finite subsets of F,\{e} satisfies all requirements of Theorem 72. Hence
DgSpr, (LO) =D forn>2.m

n [66], Sikora conjectured that the spaces of left- and bi-orders for a free group of rank n are
homeomorphic to the Cantor set. He showed the existence of an embedding of the Cantor set in the
space of orders of F,,. We will show that a similar result holds for one-relator groups in the next

section.
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Conjecture 103 (A. Sikora [66]) For a free group of a finite rank n > 1, F,, the spaces LO(F},)

and BiO(F,) are homeomorphic to the Cantor set.

To prove the existence of an embedding of the Cantor set into the space of bi-orders for free groups

and for one-relator groups later, we need the following theorem.

Theorem 104 (E. P. Simbireva [67], B. H. Neumann [53]) Let v,(G) > v5(G) > ... > 7,,(G) > ...

oo

be the lower central series of a group G and assume that ﬂ v,(G) = {e}. Then any ordering on
i=1

Y:i(G)/7i11(G) induces a bi-ordering on G.

The ordering induced on G can be defined as follows. Let P;" be a positive cone on 7;(G) /7,41 (G)

for i € Zy. Since ﬂ v,(G) = {e}, then for any g € G there is i € Z, such that g € v,(G) and

i=1
g ¢ 7vi+1(G). Define a positive cone PT on G by:

g€ Pt <= gv,.,(G) € P.

Let SBiO(G) denote the set of all bi-orders on a group G that can be obtained using the above
construction. We call elements of SBiO(G) the standard orders on G. The following result by Sikora
together with Theorem 104 allows us to prove the existence of an embedding of the Cantor set into

the space of bi-orders on free groups and one-relator groups.
Theorem 105 (A. Sikora [66])
(i) SBiO(G) is a closed subset of BiO(G).

(ii) If G 22 Z and each factor v;(G)/v;41(G) is finitely generated, then SBiO(Q) is either empty

or homeomorphic to the Cantor set.

Theorem 96 allows us to apply Theorem 104 in the case of a rank n > 1 free group, since we
o0
have that ﬂ v;(Fy,) = {e}. Hence any ordering on the quotient groups, if it exists, would induce a

i=1
bi-ordering on F;,. The existence of bi-orders on ,/7v;,’s is provided by Theorem 97 since we have

Vi (Fn)/vigr (F) & ZF with k; = %Zu(é)n‘ﬂ i = 1,2,.... Therefore, since SBiO(F,,) # 0, the
d|

space of standard orders of F), is homeomorphic to the Cantor set by Theorem 105. Since for any
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group G we have SBiO(G) C BiO(G) C LO(G), the space of left orders on F;, admits an embedding

of the Cantor set.

6.3 Extension to one-relator groups

As mentioned before, the theory of one-relator groups is well understood. Many problems are
decidable for this class of finitely presentable groups. For example, it is decidable whether such a
group admits a left-invariant order (see Corollary 61). Furthermore, there exists an algorithm that
finds a center of a given one-relator group [47]. We would like to apply the technique described in
the previous section to construct bi-orders on one-relator groups. To apply Theorem 104 to a group
G, we need to know whether G is residually nilpotent and whether the quotients of successive terms
of the lower central series are free abelian groups.

Recall that a group G is residually nilpotent if for any g € G\{e} there is a normal subgroup N
of G such that g ¢ N and G/N is nilpotent. The property of a group to be residually nilpotent can

be stated in terms of its lower central series as follows. A group G is residually nilpotent if

oo
Go = [17:(C) = {e}.
i=1
Let r € F,\{e}, and let w(r) be the weight of r (see Definition 100).

Definition 106 An element r € F,, is said to be primitive (with respect to {y;,(Fp)}2,) if r # e
and r is not an kth power modulo ’Yw(r)+1(Fn) for any integer k > 1, that is r # s* mod %J(T)H(Fn)

for every s € v,y (F) and k € Z.

We state below an important and simplified (for the purposes of this section) version of the result
by Labute [36] concerning the structure of the quotients of successive terms of the lower central series

for one-relator groups.

Theorem 107 (J. P. Labute [36]) Let G ~ (x1,22,...,xy| ) and assume that r is a primitive
element of F,,. Then for all i > 1, we have that v;(G)/v;11(G) is a free abelian group of rank g;,

where
.:,E _ 1Y °J
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and k = w(r) is the weight of r and p is the Mébius function.
In particular, the above theorem implies the following result.

Proposition 108 Let G = (1,2, ...,x,| ) (£ Z) be a residually nilpotent group and assume that

r € Fy, is a primitive element. Then SBiO(G) is homeomorphic to the Cantor set.

Proof. We show that SBiO(G) # @ for a one-relator group G = (%1, z2,...,T,| 7) With r € F,
being a primitive element. Since G, = {e} and v,;(G)/v;,1(G) is a free abelian group (by Theorem
107), by Theorem 104, we have SBiO(G) # (). Applying the result of Theorem 105, it follows that
SBiO(G) is homeomorphic to the Cantor set. ®

It follows from Proposition 108 that the number of different orders on any one-relator group
G = (x1,22, ..., xs|T),

where r is a primitive element of F),, and G is residually nilpotent, equals 2¢. This motivates
questions related to Turing degree spectra of LO(G) analogous to the ones studied in the proceeding
sections.

Fundamental groups of closed, connected and orientable surfaces of genus g > 1 are known to
be residually nilpotent [3]. Moreover, it has been shown by Cochran and Orr [9] that all groups
of surfaces (even non-orientable) are either nilpotent (in the case of RP?) or residually nilpotent.
However, the general question concerning the existence of an algorithm which decides whether a
given one-relator group G is residually nilpotent remains open. Although, for example, it is known

that the group
G(2) = (z,y| [[z, 9], 9])

is residually nilpotent [46] (and since the element [[z,y],y] € F» is primitive, G(2) admits an
embedding of the Cantor set into its space of left orders by Proposition 108 and the fact that
SBiO(G) C BiO(G) C LO(G) for any group G), it is not known whether one-relator groups gener-

alizing G(2) and described by the presentations of the form:

G(n) = (z,y | cn), where ¢, = [[...[[z, 9], ¥], -, y], 4], n > 2

n brackets

86



are residually nilpotent. In [46], the authors formulated the following conjecture that generalizes the

above question:

Conjecture 109 (S. A. Melikhov, R. V. Mikhailov [{6]) Finitely presented groups (X | R), where

R is a finite subset of a Hall set H relative to the basis X, are residually nilpotent.

Natural examples of groups with similar presentations are fundamental groups of the so-called

torus links of type (2,2n), where 2n is the number of crossings. These presentations are:

Gaon) = (2,9 | [z, (zy)"]) .

It was shown by Murasugi [48] that one-relator groups with at least three distinct generators have
trivial center (Z(G) = {e}), and in the case of nonabelian one-relator groups with two generators, if
Z(QG) # {e}, then Z(G) = Z. In [45], it was shown that one-relator residually nilpotent groups with

Z(@G) # {e} fall into one of the three categories:
e abelian groups;

e groups with presentations of the form: <m,y | 2@ =¢f >7 where a, § are powers of the same

prime number p;

e groups with presentations of the form: <x, y | [z, yHD , where 3 is a power of a prime number

p.

Since G(,20) = (a,b | [a,b°]), we have that G( 2, is residually nilpotent if and only if 8 = p*F = n.
Thus, SBiO(G(2,2,)) is homeomorphic to the Cantor set if the relator [a,b%] € F, is primitive.
However,

[aﬂ bﬂ] = [a, b]B mod VS(G(Q,QTL))a

so we cannot use Theorem 107 to determine whether the successive quotients of the lower central
series of G z,2,,) are torsion-free abelian groups, unless 3 = 1 (in which case G 3,2,y = Z ® Z). The
quotients v;(G (2,2n))/Viy1(G(2,2n)) could probably be determined using the algorithm given in [19]
for finding the presentation matrix of quotients of the successive terms of the lower central series.

This and possibly some other approach could be used to answer the following question.
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Problem 110 For which values of integers n,k and a prime integer p, is the space of standard
orders SBiO(G) homeomorphic to the Cantor set if G is a one-relator group with the presentation

of the form:
° <1:,y | I“:yﬁ>, where o = p* and B = p" or
o (z,y | [x,y°]), where 3 =p"?

It is known that a one-relator group is left-orderable if and only if it is torsion-free. This is
a simple consequence of the theorem by Brodsky [5], which states that all torsion-free one-relator
groups are locally indicable and so, by Theorem 48, left-orderable. It is also known that all bi-
orderable groups are locally indicable. However, there are locally indicable groups which are not
bi-orderable. Since all the groups given in Problem 110 are torsion-free, hence locally indicable, and

so left-orderable, we can ask the following interesting question.

Problem 111 For which values of integers n,k and a prime integer p, is the space of bi-orders
BiO(G) nonempty? Moreover, for which values of n,k,p, are BiO(G) and LO(G) homeomorphic

to the Cantor set, if G is a one-relator group with the presentation of the form:
° <ac,y | z¢ :y'8>, where o = p* and B = p" or
. <a?,y | [:c,yﬁ]>, where 3 =p"?
We would like to emphasize here the fact that for non-abelian groups all the inclusions:
SBiO(G) C BiO(G) C LO(G)

are usually proper. For example, for the fundamental group of the Klein bottle G = <a, bl [a,b] = b*2> ,
we have BiO(G) = () while LO(G) # 0 (see Example 49). It is also possible that SBiO(G) = 0
while BiO(G) # (. We provide such examples later, but first we notice that there is a significant
class of one-relator groups G with a trivial center such that SBiO(G) is homeomorphic to Cantor

set.
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Theorem 112 (G. Baumslag [3]) Let

G = <$1,y1,$2,y27~-7$g,y9| ﬁ[%,yzp
i=1
be the fundamental group of the orientable surface S, with negative Euler characteristics,
x(Sg) =2—2¢ <0.
Then G is residually nilpotent.

Now, we can conclude that the space of standard orders for the orientable surface groups described
g
above is homeomorphic to the Cantor set if we show that the element H[zl, ;] is primitive with
i=1
respect to the free group Foy = (z1,y1,22,Y2, ..., Tg, Yg| —)-

Corollary 113 SBiO(G) is homeomorphic to the Cantor set for any orientable surface group

g
G = (71,Y1, %2, Y2, -, Ty, Yy | H[xuyzb
i=1

g
Proof. We need to show that r = l_I[JUL7 y;] is a primitive element. Since
i=1

r=Jleiui] € 7a(Fog) and 7 ¢ 5(Fy),

i=1

so w(r) = 2. Moreover,
g
r= Z[mia yl] mOd’YS(F29)a
i=1

s0 77y3(Fa4) equals to the sum of distinct elements of the Hall basis for v,(Fag)/v5(Fg). Therefore,
r is not a power of any element sv4(Fag), where s € v,(Fby), so r is primitive. Thus, by Theorem
107, v;(G) /741 (G) is a free abelian group of a finite rank bigger than 1 for all ¢ € Z . Therefore,

SBiO(G) is homeomorphic to the Cantor set. m

Remark 114 Notice that in the case of orientable surface groups, the above Proposition and its
Corollary generalize the results obtained by Rolfsen and Wiest in [64]. However, it is still not known

whether SBiO(G) = BiO(G).
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The result of Corollary 113 is not valid in the case when the surface is not orientable. For closed

non-orientable surfaces of genus g, IV;, we have the following presentation

g
ﬂ-l(Ng) = <1‘1, T2, "'3I9| H$22>
=1
Since
g
szz € 71(F9)7
i=1

where F, = (z1, 22, ..., 74|—), and

g
Hx? ¢ v2(Fy) = [Fy, Fyl,
i=1

and, moreover,

g g
[T#F = ([T %)? modra(F),
i=1

=1

g

Ha:f is not primitive, so theorem 107 cannot be applied. It is easy to show that v, (G)/v5(G) =
i=1
Zo ® 7971, so SBiO(m1(Ny)) = 0. However, the groups 71(N,) are torsion-free and, as it has been
shown in [9], they are residually nilpotent. Furthermore, it was proved by Rolfsen and Wiest [64]
that fundamental groups of non-orientable surfaces are bi-orderable (except the fundamental group
of the Klein bottle and the fundamental group of the projective plane). Hence we have just obtained

an interesting family of examples of groups for which SBiO(G) = 0 and BiO(G) # (). Recall that

for the fundamental group of the Klein bottle G, one has LO(G) # 0 and SBiO(G) = BiO(G) = 0.

Corollary 115 Let G = (x1,x9,...,x,| 7) be any one-relator group with the primitive relator v in

F,. If BiO(G) = 0, then () 7,(G) # {e}.

i=1

Corollary 115 provides a criterion for determining whether a one-relator group G is not residually
nilpotent. This is generally a difficult question.

We have shown that the space of orders for one-relator groups admits an embedding of the Cantor
set, provided the assumptions of Proposition 108 are satisfied. We would like to consider the Turing

degree spectra of the space of orders on this class of groups.

Conjecture 116 Let G = (x1,Za,...,2n| ) be a one-relator group with the relator r € F,, which is

primitive. If G is residually nilpotent, then DgSpg(LO) = D.
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We believe that it can be shown that Conjecture 116 is true possibly along the following lines: we
need to show that the weight function for G is well-defined and computable. We also need to provide
an algorithm that finds, uniformly in ¢ € Z, a basis of v,(G)/v,;,1(G), in which case the projection
map 9, : 7;(G) = v;(G)/7;41(G) would be computable. This could be achieved by applying the
algorithm described in [19]. In order to show that DgSps(LO) = D, we use the methods developed
in section 7.2 for free groups to produce a family P = {p; };c.,, which satisfies the assumptions of
Theorem 72. These and some other results mentioned above will be addressed in my future research
projects.

Furthermore, we should be able to generalize the above results to finitely presented groups. We
plan to study spaces of orders for residually nilpotent torsion-free finitely presented groups. The
theory of such groups is more complicated than the theory of one-relator groups. For example, the
word problem and the conjugacy problem are not decidable for this family of groups. Thus, we
would restrict our attention to a subfamily of finitely presented groups known as groups of links
in S3. Each member of this family is the fundamental group of 3-manifold that is obtained by
removing a tubular neighborhood of a link £ from S3. Groups of links constitute a rich family of
finitely presentable groups which, due to development of knot theory and low-dimensional topology,
brought a considerable interest in combinatorial group theory. As a result of this interest, many
important decision problems (including the word problem and the conjugacy problem) were proved to
be decidable within this class of groups. Moreover, since the fundamental group of a link complement
is a strong topological invariant, important results, which describe the structure of the lower central
series and the structure of the successive quotients of its terms, were obtained by Murasugi [49],
Traldi and Massey [44], Maeda [41] and Labute [38]. In [19], the authors developed an algorithm for
finding a presentation for the abelian group obtained as the quotient of the successive terms of the
lower central series. The algorithm is rather complex and not easy to apply. Making these results

more applicable is one of my future research goals.
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