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1. Introduction

We assume the reader to be familiar with the admissible sets (see [1]) and computable models
(for instance, see [2] or [3]).

Let 9 be a model whose basic set is a subset of w. We say that two tuples @, b € 9<% are automorphic
(hyperarithmetically automorphic) and denote this fact by @ = b (a =, b), if there exists a (hyperarith-
metical) automorphism f of the model 9 which takes elements @ to elements of b correspondingly. Since
it is always clear which model 9 is meant, we will not mention models in our notations.

There exist a computable model 9t and elements a and b of 9 such that for some f € Aut(IN)
we have f(a) = b but this property fails to be true for all hyperarithmetical automorphisms [4] (which
follows also from [5]). In this paper, we will study these phenomena and related effects and show that
this situation occurs quite often. Actually, we will prove a criterion for existence of such pairs. As its
corollaries, we will obtain a series of examples of automorphic but not hyperarithmetically automorphic
tuples in the models of well-known classes.

By HYP, we denote the model HYP, .y that is the least admissible set over (w, <) containing its
basic set as an element.

We will need the following results.
Theorem (Barwise Compactness Theorem [1, Theorem III 5.6]). Let La be a countable admissible

fragment of Lo, and let T' be a set of sentences of Ly which is a ¥1-subset of A. If each Ty C T" which
is an element of A has a model then T has a model.

Theorem 1.2. Assume that M € HYP,, a,b € M and M = p(a) < M = ¢(b), for all p(T) €
HYP,,. Then (M, a) = (I, b).

PROOF. It is immediate from Theorems VII 7.3, VII 5.2, and VII 5.3 of [1]. O

Theorem 1.3 [1, Theorems IV 3.1 and IV 3.7]. Let 9 be a countable model and let S be a relation
on M. Then S is a H}-relation on M if and only if S is a X-relation on HYPgy.

Note that if 9 is a computable model then 91 € HYP,,. In this case we may think of the model 9
as a structure whose basic set is an initial segment of the ordinal w € HYP,,.
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Note that each Y-subset of the ordinal w € HYP,, is a IT{-subset of w. This follows from Theorem 1.3
and the existence of the bijection f € HYP,, from w, which is considered as a model forming the “bottom”
of the structure HYP,,, onto the set w € HYP,,,.

Recall the definition of the quantifier rank of an infinitary formula [1] (we assume that the implication
= is expressed via — and A, and by this it does not occur in our formulas):

0, if ¢ is quantifier-free;
() qr(v), if ¢ has the form —;
T =
e qr(y) + 1, if ¢ has the form vy or Vo,

sup{qr(y) | v € ®}, if ¢ has the form A ® or \/ ®.

Let a be an ordinal. Models 9t and 0N are called equivalent (a-equivalent) if they satisfy the same
sentences (whose quantifier rank does not exceed «). Denote this fact by 9t = 9 (M = N). Two tuples
a,b € M= are called equivalent (a-equivalent) if they satisfy the same sentences (of quantifier rank no
more than «). This fact is denoted by @ = b (a = b). We say that a € 9M<“ has quantifier rank o
in 90 if the implication (@ = b = @ = b) holds for all b € M<* and « is the smallest ordinal with this
property. It is denoted by qr(a); the Barwise rank br(9t) of a model 91 is the smallest ordinal a such
that (@ = b = a =1 b) for all a,b € M=<*. This is exactly what is called the Scott rank in [1]. It is
well known that the Barwise rank of Mt € HYP,, does not exceed w [1].

We will also need the existence of the series of formulas a%w(ic) € HYP,,; where 91 is a model, « is
an ordinal, and @ € 9M<* with the following properties:

(1) formulas ogy ; are defined by means of a X-function on HYP,, from o < WK M € HYP,,, and

a € M<v;

(2) for all @,b € 9<%, the statement N = Ug‘]w(l_)) is true if and only if a =* b;

(3) ar Oina = Q-

We will omit the index 9 and simply write 0§ because it is always which model 97 is meant.

About the general results on using ordinals in analysis of structures also see [6].

2. The General Result

Theorem 2.1. Let 9 be a hyperarithmetical model. Then the following conditions are equivalent:

(1) there exist tuples a,b € M= such that (MM, a) = (M, b), but (I, a) Z, (M, b);

(2) there exists a tuple a € 9IM<Y admitting an infinite family (a;);<, of tuples in <Y with the
following properties:

(a) (M, a) = (M, a;) for all i < w,
(b) (M, @;) 2, (M, a;) for all i < j < w;

(3) the Barwise rank of M equals w¢X;

(4) Iop ¢ 1}, where Ioy = {(a,b) € M= x M= | @ X b}.

ProOOF. The implication 2 = 1 is obvious.

1 = 4. To obtain a contradiction, assume that Igy € IT{. Then Igy is in Al because Iy is always in 31.
Using the usual back-and-forth argument with Igy as an oracle, we can easily construct a hyperarithmetical
automorphism taking @ to b, which is a contradiction. We start with a finite automorphism fy = f that
takes @ to b. At each step, we use the oracle Ioy to extend the current values of tuples by adding finite
families of elements to its domain and range so that the resulting pair of these new tuples will be in Igy.
At each step, we extend the domain of f by the least element which is still not in it. Then we do the
same for the range of f.

4 = 3. Suppose that Iyy ¢ 11}, but the Barwise rank of 9 is less than wch. Denote it by «. In this
case, from the definition of Barwise rank we find that the following conditions are equivalent:

(1) a=b;

(2) M |= o 4l0]-

It implies that Igy belongs to Al, which contradicts the assumption we made before.
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3 = 2. Assume for a contradiction that for each tuple a € 9<“ the number of types of hyperarith-
metical isomorphism within its orbit is finite; namely,

t
Va1€m<“’3t€wVa2...at</\a1%ai:> \/ ai%haj>.
i=2 1<i<j<t

This could be rewritten as:

t
Va, € MYt € wVay .. .aﬁﬁ( \/ a2’ a; v \/ a; =, aj>.

i=2 1<i<j<t

(Here we use natural abbreviations like

¢
\ iz’ a;, forJi<t(i>2&az’a),
i=2

Vag...a(...) for Ym((m codes (ag,...,a:)) = (...)) etc.)

After the double application of ¥-collection, we obtain the existence of a a < w{’¥ such that

t
Va, € M3t wVas . . .@t</\ a1 =% a; = \/ a; =y, @j). (1)
i=2 1<i<j<t

Prove that the Barwise rank of 99T does not exceed a+w, which will contradict the initial assumption.
In fact, we will prove that if some tuples a,b € IM<“ satisfy a =*T* b then a = b. To prove this, it
suffices to check that if @ =2+ b then for each c there is a d such that ac =*** bd, and the statement
will follow from the back-and-forth argument.

Assume that @ =T b. Take an arbitrary element c. Then the statement 02, (Z,y) about ac is true
in M. Henceforth, M | Jyol.(a,y). From a =T b, it follows that 9 | Jyo.(b,y). From here we
obtain that the set

D={p| M o5.(b,p)}

is nonempty. It is obvious that each element p € D satisfies ac = bp.

Note that the subsets of D definable by the formulas whose quantifier rank is less than o+ w with pa-
rameters b form a finite Boolean algebra. Otherwise there would be infinitely many pairwise a-equivalent
nonautomorphic tuples of kind bp, p € D, which contradicts (1). Let the formulas ¢1(b,y), ..., ¢r(b,y)
of quantifier rank less than a + w define the atoms of the above-mentioned Boolean algebra. If there is
no i € {1,...,k} such that c satisfies y;(a, y) then

mi3y( A ey &oiay));
i=1,..k

but this statement becomes false if we replace @ with b; this contradicts @ =*T* b. Choose i so that to
satisfy 9 = ;(a,c). Take an arbitrary d in D that satisfies the formula ¢;(b,z) in 9t and check the
equivalence ac =t bd. Suppose it false and let 1(Z,y) be a formula of quantifier rank less than o + w
which distinguishes these tuples; i.e., M = 1(a, c) but M = —2h(b,d). Inasmuch as the formulas ¢;(b,y),
1 <1 <k, define atoms, we have

M = Vy(02.(b,y) & @i(b,y) = (b, y))

but
M = (0@, y) & vi(a,y) & ¥(@,v));

this contradicts the equivalence @ =t b. O
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Theorem 2.2. Let M be a hyperarithmetical model and @ = ay, .. .,a, € 9M<. Then qr(a) = w{¥
is true if and only if I ¢ 111, where Iz =g¢f {b € 9<% | @ = b}.

PROOF. (=) Assume for a contradiction that I; € IT3.

Here we use the Barwise Compactness Theorem. Let L be the language of 9. Extend it to the
language L' by adding the new constant 0 which is interpreted as zero, the constants ¢ = co,...,cx
and a new unary functional symbol s which is understood to be increasing by one. We will construct
a X-family T of sentences of the fragment L* = L/, , NHYP, which describes some enrichment of 9t
and states that 91 satisfies ¢ = a and, simultaneously, ¢ ¢ I;. Then we will show that each part of T’
belonging to HYP,, has a model. It is clear that the family 7" cannot be compatible. Nevertheless, by
the Barwise Compactness Theorem 1" has a model and is thus compatible, which is a contradiction.

Let T = Sy U S71 U Sy U S3, where
e Sy is the set {Vz'\/,,c,(z = s™(0))} (each element of 9 is a natural number);
e S is the diagram of 91 in the language L U {s,0}; i.e., the family
{p(s™(0),...,s™(0)) | l,m1,...,my € w,o(x1,...,27)
is a quantifier-free formula of L such that 9 = ¢(ma,...,m;)};
o Sy = {_'\/izl,‘..,k(ci = s%(0)) | b =b1,...,bx € Iz} (¢ does not coincide with any tuple b € I5);
this is a X-family on HYP,, since we have assumed that Iz € H%;

e S5 ={p@) | p(@ € L* & M = ¢(a)} (¢ and a satisfy the same formulas of L*, henceforth they
are isomorphic in 9t by Theorem 1.2).

Check that each part of 1" which belongs to HYP, has a model. Indeed, each S C S5 such that
S € HYP, satisfies the condition

as={a|mE A\ e@}\L+2.
p(c)esS
Otherwise the set I; could be defined by a formula of the fragment L*, which would imply qr(a) <
wa. Every tuple of elements of Ag could be taken as an interpretation of ¢. The model 9t with
such an interpretation for ¢ along with the obvious interpretations for s and 0 is a model of the family
SoUST1USUS.

By the Barwise Compactness Theorem, T has a model. Since this model satisfies Sy and 57, its
restriction to the language L is isomorphic to 9. (If we identify sP(0) with p for all p < w, it will be
actually the same as 9.) The families Sy and S3 assert that ¢ ¢ Iz but ¢ = a. We have arrived at
a contradiction.

(<) If qr(a) < w™ then Vb € MF(a = b < M = 03327(;) [0]). It follows that I is a A-subset of HYP,;
ie., Iz € H}, which leads to a contradiction. [l

REMARK. It can happen that two automorphic tuples of quantifier rank less than wch cannot be
identified by means of a hyperarithmetical automorphism. Here is an easy example. Take two isomorphic
but not hyperarithmetically isomorphic models 9t and 9t whose basic sets are w and whose language L
contains only predicate symbols. For instance, we can take some models of kind (9, a) and (9N, b), where
a and b are automorphic but not hyperarithmetically automorphic in 9 and transform them into models
of predicate signatures. The existence of such models is shown above. Consider a new model 91" that is
a direct sum of the models My and 9y with two new elements ag and a1 and a new predicate P such that

P(z,y) < ((z = a0)&(y € Mo)) V ((z = a1)&(y € M1)).
Define a new computable model 99t whose structure is transferred to w by means of a mapping
ao, if £ =0,
ai, ifx =1,
teMy, ifx=2t+2,
temMmy, ifaw=2t+3.

fz) =
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It is easy to ascertain that f~!(ag) and f~!(a1) are automorphic but not hyperarithmetically automorphic
in 9 and the set {f~(ag), f'(a1)} is definable by a formula 3y P(x, %), which implies that the quantifier
rank of f~!(ag) and f~!(ay) is finite.

Theorem 2.3. Let ¢ be a sentence in Lyyp,. Let m < w and let A be a hyperarithmetical subset
of w such that for each constructive ordinal « there exist an A-computable model 2 |= ¢ and tuples
a,b € A™ such that (A,a) = (A, b) but there is no automorphism of A which is computable in 0% and
taking @ to b. Then there exists an A-computable model B F ¢ and a,b € B™ such that (B, a) = (%B,b),
but (B, a) %, (B,b).

PROOF. We give only a sketch. The result will follow from the Barwise Compactness Theorem. To
apply this theorem, we define a X-family of sentences in Lyyp, which states that:

(1) n < w codes some A-computable model for ¢;

(2) for all hyperarithmetical permutations f on w it is not true that f is an automorphism of this

model taking a to b.
By the Barwise Compactness Theorem, there exists a natural number n < w coding an A-computable
model of ¢ with the required property. [

3. Applications to Concrete Classes of Models

LINEAR ORDERINGS. It is well known that there exists a computable linear ordering of type wch +
(w?K X 77), where 7 is an order type of the rationals such that every two distinct automorphic elements
from the second summand are not hyperarithmetically automorphic (see [2,5,7]). From here we can
conclude that the Barwise rank of this ordering equals w?K.

p-GROUPS. Apply Theorem 2.1 to prove the existence of a computable p-group and two its auto-
morphic but not hyperarithmetically automorphic tuples. To do so, we need to construct a computable
p-group of Barwise rank wch. But in this case we will not know the length of these tuples. We will
give a direct proof of the existence of such a group and tuples of length 1. From here, it will follow the

existence of a p-group of Barwise rank wch.

Theorem 3.1. For each prime p, there exist a computable p-group and its elements a and b which
are automorphic but not hyperarithmetically automorphic.

ProoF. Given a constructive ordinal «, we construct a computable p-group and its elements a and b
which are automorphic but the Turing degree of each automorphism that takes a to b is greater or equal
to 0(®. This theorem will follow from Theorem 2.3. Recall some definitions first. Considering the
presentations of groups by trees, see, for instance, [§].

A tree is an arbitrary subset T' C w<“ containing the empty sequence @ which is closed under initial
segments; i.e., if u € T and v is an initial segment of u then v € T'. We assume that our trees are “growing
down,” for example, the sequence (1,2, 3) is situated below (1,2). Each element of s € w<* but & has its
predecessor that is obtained by removing the last symbol of s; for instance (0) is the predecessor of (0, 1).
The sequence u = (u;);<,, of elements of a tree T is called an infinite branch of T if ug = @ and its every
element u; is the predecessor of u;11. We denote u [ ¢ = u;. The derivative of a tree T is the set

T' = {s € T'| s is the predecessor of some element of T} U {&}.

For an arbitrary ordinal «, define by induction the ath derivative T(® of T as follows:
7O =T,
Tlat1) _ (T(a))’;

T = ﬂ T if 5 is a limit ordinal.
<y
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The level of an element a € T is the number of elements in the sequence a. Each well-founded element
a € T has ordinal rank rk(a) which is defined as follows:

rk(a) = sup{rk(b) + 1 | a is the predecessor of b}.
It is easy to see that rk(a) = min{a | a € T(®) \ (@D},

Fix a prime p. With each tree T, we can associate an Abelian p-group G[T] as follows: this group is
defined by the following set of generators and defining relations:

{pa=">b]|a,beT & b is the predecessor of a}.

The elements of the group G[T] are denoted by the formal expressions of kind Ele cia;, where
a; € T, ¢; € Z. We now describe canonical presentations of elements in G[T]. Consider the following
three types of reductions.

I. ma — ra + ¢b, where b is the predecessor of a and m #0, m =pq+7r, q, 7 € Z, 0 < r < p.

II. o4+ a — a.

I11. O0a — @.

An application of each of these reductions to an expression of kind Zle c;a; consists of the replace-
ment of some of its subexpression which is the left-hand part of this reduction by the right-hand part of
the reduction and further collecting summands so that to obtain the expression of the same type; while
doing this, we do not care about the order of this summands. We can check that these reductions have
the following properties:

(1) the result of application of a reduction denotes the same element as the initial expression;

(2) for each expression S, there is no infinite sequence of expressions S = Sy, S1,S2, ... in which each

element S; 1 is obtained from S; by a reduction of type I, II, or Il and S; # S;11,7=0,1,2,...;

(3) if a formal expression S can be reduced by finite series of reductions to formal expressions S’

and S” then S’ and S” could be reduced by a finite series of reductions to the same formal
expression S”.

It follows that each sequence of reductions will stop at the situation when further reductions are
impossible, and the result does not depend on the order of applications of reductions. The expressions
that cannot be reduced are called canonical forms. We can consider the group G[T] as the set of canonical
forms on which the addition + is naturally defined as taking a formal sum and computing the canonical
form of the so-obtained expression.

For each «, define the subgroup p®*G < G as usual:

P°G = G;
p*HG ={z € p"G |3y € p*G(z = py)};
pl = m p?G, if v is a limit ordinal.
B<y

Lemma 3.2. Assume that T is a tree. Then the group p*G[T| coincides with a subgroup of G[T]
generated by all elements of T(¥)

Proor. Induction on . O

Fix a constructive ordinal o and consider a computable tree Ty possessing a unique infinite branch «
whose Turing degree equals 0(%). Such trees exist (see [9]). Define a tree T} as {@, (0), (0,0), (0,0,0,)...}.
This tree consists of a sole infinite branch. Define the computable tree T' as

T={o}u{ls|seTotU{2s|seTr}.
Note that this tree has exactly two infinite branches:
so={2}U{l(u i) |icw}, s ={@}U{2s|seTi}.
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Show that the elements a = (1) and b = (2) are automorphic in G[T]. Note that there exists an
ordinal  such that T+ = 70 In addition, T¥ = s} U st and G[T®)] = G[s}] ® G[s%]. Moreover,
G[T®] is a divisible subgroup in G[T]. Since each divisible subgroup is a direct summand in every group
(see [10, Theorem 21.2]), G[T] has decomposition

G[T] = Glsp] @ Glsi] © H (2)

for some subgroup H < G[T].

It is easy to see that a and b are automorphic in the sum G[s§] & G[s}]. In accordance with (2), they
are automorphic in G[T'] as well.

Every automorphism f of G[T] taking a to b has Turing degree greater or equal than 0(®). Recall
that the infinite branch s} consists of elements @, (2), (2,0), (2,0,0), (2,0,0,0), .... Note that, inasmuch
as p-(2,0) = (2), the canonical form f~*((2,0)) contains an element of level 2 in s§. By the same reasons,
we see that the canonical form f71((2,0,0)) contains an element of s of level 3, etc. Thus, the following
algorithm computes sj with respect to f: to compute sj [ m just take an arbitrary element of a canonical
presentation for f~1((2,0™)) which is situated below s} | (m — 1).

Now it remains to apply Theorem 2.3. [

Corollary 1. There exists a p-group of Barwise rank w?K.

ProoF. See Theorem 2.1. 0

BOOLEAN ALGEBRAS. Here we will prove the existence of Boolean algebras of Barwise rank w
Then we prove that the number of elements in hyperarithmetical nonautomorphic tuples can be equal to 1.

In [11] P. E. Alaev has proven the result implying that if B is an a-atomic Boolean algebra then
its Barwise rank is greater or equal than a. Although this estimation is rather rough, it suffices for
our purposes. On the other hand, S. S. Goncharov in [12] has proven that for each constructive ordinal
a < wPk there exists an a-atomic computable Boolean algebra.

Using these results, we can construct a ¥-set T' of Lyyp,-formulas which state that a natural num-
ber m is a code of a computable Boolean algebra whose Barwise rank is at least w{K.

Note first that there exists a Y-function a +— ®,(x) over HYP,, which given an ordinal o < w{¥
outputs a formula saying that x belongs to the ath Fréchet ideal. This function could be defined by
induction as follows. Let

<IJo(a:):\/( /\ atom(x;) & /\ ﬂ(xizmj)&x=x1U“'U3?n>7

new i=1,...,n 1<i<j<n

CK
1 .

where atom(x) is an abbreviation for Vy[(zNy = 0) V (x Ny = z)]. The formula ®,.;(z) is obtained from
®,, () by replacement of all occurrences of A = B with an equality modulo ath Fréchet ideal .%,; i.e., by
replacement with the formula ®,((ANB)U (BN A)). On limit steps 3 we define ®3(x) as a conjunction
of all formulas ®.(x), v < . One can verify by induction that the formula ®, () defines in each Boolean
algebra the ath Fréchet ideal.

Consider the language L = (0,s!,+2,-2,n2,U%,~!) and the standard model of arithmetics as its
model in which the operations 0, s!, +2, -2 have their usual interpretations.

Now we can describe the set T' of sentences. The sentences of the first part of T" state that elements of
s"’(O) form a standard model of arithmetics with usual operations +, - and that N2, U?, ~! are computable
operations on w, and w together with these operations forms a Boolean algebra.

The second part of T is the family of sentences saying that for each a@ < w{¥ the set F,41 \ F, is
nonempty.

By the above, each part of 7" which is an element of HYP,, has a model. Henceforth, the whole set T’
has a model. The set T states that this model is computable. Its Barwise rank is exactly w{'¥, inasmuch
as above it cannot be less than WICK and, on the other hand, the Barwise rank of a computable model
does not exceed wX.
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Denote this Boolean algebra by 6. By Theorem 2.1, there exist tuples of elements which are auto-

morphic but not hyperarithmetically automorphic. It is clear that they should have nonzero length. Now

we can reduce the number of elements in these tuples to 1. We will use the following notation: a° = a,

a' = a. Since each hyperarithmetical isomorphism between two tuples a1, ..., a,, and by,...,b,, corre-

sponds to a family of hyperarithmetical isomorphisms between computable algebras B | (ﬂz:lm afi)

and B | (Nizy b)), €1,..-,6m € {0,1}, these Boolean algebras are not hyperarithmetically isomor-

phic for at least one sequence €1,...,&, € {0,1}. Then the elements (,_, . a:* and (,_, b are

automorphic but not hyperarithmetically automorphic in 8. Note that in addition we have proven the
existence of two isomorphic but not hyperarithmetically isomorphic Boolean algebras.
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