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1 Introduction.

This preliminary version of a book is based on my notes from teaching Math 300, “Fundamental
Concepts of Mathematics,” at the University of Massachusetts at Amherst.

The Department of Mathematics views Math 300 as the course where its mathematics majors
are introduced to doing proofs in a more rigorous way than in earlier mathematics classes. The
course, which is typically considered to be at the second semester sophomore level, is preparation
for later more difficult and more theoretical classes in analysis and algebra. My motivation in
writing this book is to help my students accomplish the following goals during the course:

1. Do real mathematics in order to learn how to do proofs.
2. Discover the power of definitions and their importance in developing a mathematical theory.

3. Learn to speak fluently the language of mathematics in order to work with it and to under-
stand it better.

4. Realize the importance of understanding both why a given theorem is true and how to write
down its proof.

5. See unifying principles and proof techniques used over and over again in different contexts.
6. Be trained to “be mathematicians” and to “think as mathematicians”.

7. Be acquainted with the values that a research mathematician has towards important ideas
and results.

I have found that by covering four basic areas of modern mathematics, I could accomplish
the above goals in my teaching of Math 300. The first area is related to set theory and basic
logic, with an emphasis on the notion of the size of a set. This material is covered in Section
2 and includes truth tables, equivalence relations, mathematical induction, basic mathematical
notation and definitions, the properties of 1-1 and onto for functions, and a variety of theorems on
countable and uncountable sets. The second area is covered in Section 3 and concerns the algebraic
object called a group. In this section, we cover the standard results from group theory, such as
Lagrange’s Theorem and the First Isomorphism Theorem. In Section 4, we cover the theory of
finite dimensional vector spaces over a field, and then we use this theory to prove that the set A of
algebraic numbers is an algebraically closed subfield of C having countable infinite dimension over
Q. Consequently, we show that the real algebraic numbers Ar = ANR forms a subfield of R with
countable dimension over Q. The fourth area is covered in Section 5 and deals with metric spaces,
topological spaces, topological notions such as connectedness and compactness and theorems that
relate these concepts to continuous functions. Included in this last material is a careful discussion
of limits and a rigorous proof of the Fundamental Theorem of Calculus.



The intent of this course is to transform a beginning mathematics major into a junior mathe-
matician. As such, I expect that the students learn and understand over ninety new concepts and
definitions. I also expect them to be able to present complete proofs of most of the theorems given
in these notes. Copies of four typical midterms, eight quizzes and a typical final exam covering
this material appear in Section 6.

Since I firmly believe that the students in this class need training to develop into mathemati-
cians, I break the class into smaller groups with 3 to 5 students for attending one-hour weekly group
meetings in my office. In these small group meetings, we practice proofs and go over in detail new
or related concepts and theorems. In Fall semester 2004, these small group meetings were handled
by undergraduate teaching assistants from my previous Math 300 classes. A proposed schedule for
material to be covered in the small group meetings is listed in Section 7 at the end of these notes.

I have found that when this course is presented in the manner just described, and with this
material, then the students benefit greatly. It has been my experience that this course not only
changes how Math 300 students view mathematics, but it also presents them with the essential
proof techniques that they will need in their future upper division courses.

While I have taught all of the material presented in these notes at least once in my teaching of
this course, there does not seem to be enough time to cover every result presented here in a given
semester. In the Fall semester of 2004, I did manage to cover all the main theorems but I could
only do this by giving the four long midterm exams outside of classroom hours. Future teachers of
this course, who use these notes as a main text, may want to consider skipping Section 4 on basic
linear algebra or, at least, skip the portion of this section that begins with the definition of a field
and, in this second case, include any linear algebra covered in the group theory exam.

See the course Web page for Math 300 course information and the location and
times for section meetings, homework, quizzes and exams. You can find the Web page
for Math 300 by going to www.math.umass.edu and clicking on the link under Spring 2006 course
Web pages or by going directly to www.math.umass.edu/~bill/m300.

2 Set theory, logic and the size of sets.

Recall the following notation concerning sets and functions.

Definition 2.1 (Notation) 1. If A is a set, then # € A means that = is an element of A and
x ¢ A means that z is not an element of A.

2. The symbol “V” means both "for each” and “for all”.

3. The symbol “3” means “there exists”.

4. The symbol “=" means “implies”.

5. The symbol “<”means “if and only if”.

6. If A and B are sets, then A C B means "z € A =z € B.”

7. If A and B are sets, then A = B if A and B have the elements. Equivalently, A = B if

AC B and B C A.



8. The symbol “o” or “circle” is used for denoting the composition of two functions as follows.
If f: A— B and g: B — C are functions, then a new function go f: A — C'is defined by the
following rule: Vo € A, (go f)(x) = g(f(x)). When one speaks “go f,” one says “g circle f”
or “g composed with f” or “the composition of g with f.” I prefer to say “g circle f.”

Example 2.2 Let R denote the set of real numbers. Suppose that f: R — R and g: R — R are
defined by f(x) = 2% and g(z) = 2z + 1. Then, go f: R — R is defined as g o f(z) = g(f(z)) =
g(z?) =222+ 1 and fog: R — R is defined as fog(z) = f(g(x)) = f(2zx + 1) = (22 + 1)~

Below is a list of important sets which we will be discussing during the course.

Definition 2.3 1. N=1{1,2,3,...,n,...} the set of positive integers. The set N is also called
the set of natural numbers.

2. Z={0,%£1,42,...,£n,...} = the set of integers.

3. Q" = {2 reduced to lowest terms | m,n € N} = the set of positive rational numbers.
4. Q = the set of all rational numbers = {7 reduced to lowest terms | m € Z,n € N}.
5. R = the set of all real numbers or points on the real number line.

6. R = the set of positive real numbers.

7. AR) = {n.didads ... | n € Z and dy, € {0,1,2,...,8,9}} = set of abstract decimal numbers
in base 10.

8. C = the set of complex numbers {a + bv/—1| a,b € R}.

9. @ = {} is the set with no elements or the empty set.

We will say that two sets, A and B, have the same size if they can be put into a 1-1 correspon-
dence. The idea of a 1-1 correspondence is intuitive and it is the way that a young child thinks
about the number of elements in a set. For example, if the child has a set of 4 apples and a set of
4 oranges, then by lining up the oranges next to a line-up of the apples, he can see that these two
sets have the same size. On the other hand, in the related situation where there are two sets, one
with 4 apples and another with 5 oranges, the child can line up the 4 apples with 4 of the oranges
and has one left over orange, and so, he understands that these two sets do not have the same size.

We now make precise the notion of two sets, A and B, having the same size. We do this by
defining 1-1 correspondence, which is an intuitive concept, by the rigorous notion of a function
f+ A — B which is 1-1 and onto.

Definition 2.4 A function f: A — B is 1-1, if for any 21,22 € A with a1 # x4, then f(z1) #
f(z2). Equivalently, f is 1-1 if, whenever f(z1) = f(x2), then 21 = x2.

Definition 2.5 A function f: A — B is onto, if for each b € B, Ja € A such that f(a) = b.

Definition 2.6 A function f: A — B is a 1-1 correspondence or a bijection between A and B, if
it is both 1-1 and onto. In the case where such a function exists, we write |A| = |B|, and we say
that A and B have the same size.



The following two theorems play important unifying roles in this book.

Theorem 2.7 If f: A— B and g: B — C are 1-1 functions, then gof: A — C is a 1-1 function.

Proof. Suppose f: A — B and g: B — C are 1-1 functions, and we will prove that go f: A — C'is
a 1-1 function. Let a1, 22 € A with 1 # xo. Since f is 1-1, then f(x1) # f(22). Since g: B — C
is 1-1, then g(f(x1) # g(f(x2)), which implies that (g o f)(z1) # (g9 o f)(x2). By definition of 1-1
function, g o f is a 1-1 function. This completes the proof of the theorem.

At times in mathematics, it is helpful, in order to get a better understanding or to get a better
feel for why a theorem is true, to give a second proof of a theorem. This theorem is a good instance
of when having two different proofs is helpful, and I leave it up to you to decide if you prefer the
proof that we just gave or the following one.

We now give an alternative proof of Theorem 2.7 using the second equivalent definition of 1-1
function. Assume that f: A — B and g: B — C are 1-1 functions and x1, zo € A. Suppose
(go f)(z1) = (g o f)(x2). By definition of o, g(f(xz1)) = g(f(x2)). Since g is 1-1, f(z1) = f(x2).
Since f is 1-1, 1 = x2. By definition of 1-1 function, g o f is a 1-1 function. This completes our
second proof of the theorem. O

Theorem 2.8 If f: A — B and g: B — C are onto functions, then go f: A — C is an onto
Sfunction.

Proof. Suppose f: A — B and g: B — C are onto functions. Let ¢ € C. Since g is onto, 3b € B
such that g(b) = c. Since f is onto, Ja € A such that f(a) = b. Therefore, (g o f)(a) = g(f(a)) =
g(b) = ¢. By the definition of onto function, g o f is an onto function. O

The following result is a simple consequence, or corollary, of Theorems 2.7 and 2.8 and the
definition of 1-1 correspondence.

Corollary 2.9 If f: A— B and g: B — C are 1-1 correspondences, then go f: A — C is a 1-1
correspondence.

Definition 2.10 Let R be a relation on a set S. In other words, for a,b € S either aRb is true
or aRb is false. If aRb is true, then we say that “a is R related to b”. Furthermore, we have the
following additional properties that R may satisfy for a,b,c € S.

1. R is reflezive if a € S = aRa.
2. R is symmetric if aRb = bRa.
3. R is transitive if (aRb and bRc) = aRe.

4. R is called an equivalence relation on S, if it is reflexive, symmetric and transitive.

Example 2.11 The relation “<” or “less than” is a relation on N. If a,b,¢ € N, then (a < b
and b < ¢) = a < ¢, and so, < is transitive. Since 3 < 4 and it is false that 4 < 3, then <
is not symmetric. Since it is false that 1 < 1, then < is not reflexive. In particular, < is not an
equivalence relation on N.



Example 2.12 There are many familiar examples of equivalence relations. For example, let S be
the set of students in our class. Then, the relation Rpgay that a student A is related to a student
B if student A has the same birthday in the year as student B is an equivalence relation on S. The
relation Rpgate that a student A is related to a student B if student A has the same birth date as
student B gives rise to a possibly different equivalence relation on S. Similarly, the relations that
a student A has the same first name, or the same last name, or the same year of birth as a student
B give rise to several possibly different equivalence relations on S.

Example 2.13 In plane geometry, one studies two natural equivalence relations R¢, Rg on the
set of triangles 7 in the Euclidean plane, specifically the relations of congruence and similarity.
For T1,T» € T, we write T1R¢Ts, if T7 is congruent to Th, and T1RgTs, if 717 is similar to
T5. Theorems in plane geometry imply that the relations of congruence and similarity are both
examples of equivalence relations on 7.

The next theorem gives another familiar example of an equivalence relation related to the
property of having the same size.

Theorem 2.14 Let S be a collection of sets and let R be the relation on S of two sets having
the same size. In other words, for A,B € S, then ARB is true means |A| = |B|. Then, R is an
equivalence relation on S. In other words,

1. VA€ S, |A]l = |A];
2. If A,B € S and |A| = |B|, then |B| = |A[;
3. Suppose A,B,C € S. If |A| = |B| and |B| = |C|, then |A| = |C|.

Proof. Let A, B,C be sets in S. The identity function idsa: A — A, defined by ida(z) = z, is
clearly 1-1 and onto, and so, |A| = |A|. If |A] = |B|, then there exists a 1-1 correspondence
f: A — B. Then, the inverse function f~': B — A is a 1-1 correspondence, and so, |B| = |A|.
Finally, suppose |A| = |B| and |B| = |C|. Then, there exist 1-1 correspondences f: A — B and
g: B — C. By Corollary 2.9, go f: A — C is a 1-1 correspondence, and so, |A| = |C|. This
completes the proof of the theorem. O

Definition 2.15 A set A is finite if A = @ or it has the same size as {1,2,...,n} for some n € N.

Definition 2.16 A set A is countable if it is a finite set or if |A] = |N|; it is uncountable if it is
not countable.

Suppose A is a countable infinite set and f: N — A is a 1-1 correspondence. Then, A =
{f(1), f(2),..., f(n),...}. Thus, A is a countable infinite set just means that we can make A into
an infinite list:

A={ai,a2,a3,...,an,...}.

Lemma 2.17 |N| = |Z|. In particular, Z is a countable set.



Proof. We need to find a 1-1 correspondence between the set N and the set Z. Clearly, the following
vertical correspondence works:

0, 1, -1, 2, 3, -3, 4, —4, ...

This 1-1 correspondence makes Z into the infinite list {0,1,—1,2,—2,...,n,—n,...}, and so, Z
is a countable set. O

Definition 2.18 If A and B are sets, then:
1. AnNB={x|x € A and x € B} is called the intersection of A and B.
2. AUB={z |z € Aorzec B} is called the union of A and B.

3. A-B={x € A|z ¢ B} is called the set difference of A and B or the complement of B in
A.

Definition 2.19 If A = {A,}aer is a collection of sets indexed by the set I, then:
L NA=Naer Aa = {z | 2 € A, for every a € I} is called the intersection of A.
2. UA=U,er Aa = {7z |z € A, for some o € I} is called the union of A.

Frequently, the indexing set I for A is the set of natural numbers N. In this case, A = {A;};en =
{A1,As,..., Ay, ...}, and we also write |JA = U;’;Ai = A UAyU...UA, U...,and NA =
Nc,Ai=AiNAN...NA,N....

Example 2.20 Suppose A = {A;, As, Ag}, where A1 = {a,b, f}, A3 = {f,a,d,e} and Ag =
{a, f,n}. Then, the indexing set is I = {1, 3,6} and we could write A = {4;}ics. Then:

ﬂAzﬂAi=A1ﬂA3ﬂA6={f,a}7

icl

UJA=JAi=A41043U4 = {a,b,d,e, f,n}.

icl

Proposition 2.21 If A and B are countable sets, then AU B is a countable set.

Proof. If A={a1,...,a,} is a set with n elements and B = {by,...,b,,} is a set with m elements,
then clearly, AU B = {a1,...,an,b1,...,by} is a set with a finite number of elements. Suppose
A = {ai,...,a,} has n elements and B is an infinite countable set with the size of N. Since
B has the size of N, we can express it as an infinite list: B = {b1,b2,...,bs,...}. In this case,
AUB ={a1,...,an,b1,ba,...,by,,...} is an infinite list, and so, |A U B| = |N|. If both A and B
have the same size as N, then we can express A and B as infinite lists: A = {a1,a2,...,an,...}
and B = {by,ba,...,bn,...}. Then, AU B = {a1,b1,a2,bs,...,apn,by,...} makes AU B into an
infinite list.



Since we have considered all of the essential possibilities for the sets A and B to be countable,
and have shown in each instance that AU B can be made into a list, then AU B is countable. This
completes the proof of the proposition. O

If AN B # (), then, to be precise in the above proof, one should remove repeated copies of
elements in the list of A U B that arise from elements in A N B. However, this minor problem
does not affect the validity of the proof we just gave for the following reason. If we have a list of
the elements in a countable set C, then one can always make a new listing by removing repeated
elements. For example, C' = {1,2,1,4,2,5} = {1,2,4,5}.

Definition 2.22 If A and B are sets, then their cross product is the set of all ordered pairs with
first coordinate in A and second coordinate in B. In other words, A x B = {(a,b) | a € A and
b € B}. If {A1,As,...,A,} is an ordered finite collection of sets, then their cross product is:
M, A; = A; X Ag x ... x A, = the set of all ordered n-tuples {(a1,az,...,a,) | ax € Ay for k €

{1,2,...,n}}
Example 2.23 If A = {a,b} and B = {1, 2,3}, then
A x B ={(a,1),(a,2),(a,3),(b1),(b,2),(b,3)}.

Theorem 2.24 The cross product of two countable sets is a countable set.

Proof. First suppose that A and B are two countable infinite sets. Their elements can be listed:
A = {ay,as,...,an,...} and B = {by,ba,...,bys,...}. Consider an infinite two-dimensional grid
picture of A x B:

(a1,bn) (ag2,by) (S
(a2, bp—1)

(al, bg) (an,l, bg)(an, bg) e
(al, bl) (U,Q, bl) N (an,l, bl)(an, bl) e

In the above picture, the first column in the grid is C; = {(a1,b1), (a1,b2),...,(a1,bs),...} and
the n-th column is C,, = {(an,b1), (an,b2), ..., (@n,bpn), ...}

Starting at the lower left hand corner of the above grid, count diagonally to make the following
infinite listing of A x B:

AXB = {(alvbl)v ((11,()2), (0’251)1)7 (a’lab3)a (U‘Qab?)a (a37b1)7 SRR (alvbn)a (U’van*l)a B (anabl)a . }

Note that the partial list {(a1,bn), (a2,bp—1),..., (an,b1)} in the above list for A x B are the
elements on the n-th diagonal of the grid. Since every diagonal of the grid picture appears on the
list and the arbitrary element (a;,b;) € A x B appears on the n-th diagonal where n =i+ j — 1,
then the above list for A x B is complete. Therefore, A x B is a countable set, when A and B are
infinite sets.

The proof of the case when A or B is not infinite is similar. O



Corollary 2.25 |Q| = |N]|.

Proof. Recall that Q can be expressed as Q = {* reduced to lowest terms | m € Z andn € N}.
We may naturally identify Q with a subset of the countable set Z x N under the correspondence
o — (m,n). Since a subset of countable set is a countable set, Q is a countable set. Since Q is
infinite, |Q| = |N|. O

We now give an important generalization of Proposition 2.21, which states that the union of
two countable sets is a countable set. We will use the next theorem later on in these notes in order
to understand deeper questions in mathematics.

Theorem 2.26 The countable union of countable sets is a countable set.

Proof. What this statement means is that the union of a finite number of countable sets is a
countable set, and if A = {A;, Ag,..., Ak, ...} is a infinite countable collection of countable sets,
then (J;—, Ay is a countable set.

Suppose for the moment that A = {Ay}1cn, where each of the sets Ay is an infinite countable

set. In this case, we can make an infinite list for each Ag: Ap = {ak1,ak2,...,akmn,...}. Then:
oo
UA = U Ap ={a1,1,01,2,02,1,01,3,02,2,031, -, 01,0, A2n—15 - -5 An—1,2, Gn,1;- - - }-
k=1
Note that in the above listing, the partial list a; ,a2n—1,...,0n—1,2,an,1 corresponds to the

n-th diagonal of a two-dimensional grid picture of A, where Ay is the k-th column in the grid
(compare this with the proof of Theorem 2.24). As in the proof of Theorem 2.24, the general
element a; ; lies in the (i 4+ j — 1)-th diagonal or in the partial listing a1 ,,02.0—1, - -+, @n—1,2, Gn.1,
where n = i 4+ j — 1. Thus, this sequential listing of elements of the union proves the theorem in
the case where A = {Aj}ren and each Ay, is a countable infinite set. A slight modification of this
argument proves the theorem in the other cases. a

We now give an interesting application of Corollary 2.25 and Theorem 2.26. We will prove
that the set of all complex roots or zeroes to polynomials of degree two with rational coefficients
is a countable set. A complex number r € C is said to be algebraic if it is a root of some nonzero
polynomial with coefficients in Q. In homework problem 28, you will get a chance to generalize
the next proposition; you will prove that the set A of all complex algebraic numbers is a countable
set. Note that the real number v/2 is algebraic, since it is a root of the polynomial 2% — 2, and the
complex number 2v/—1 is algebraic, since it is a root to the polynomial 2 + 4.

Proposition 2.27 Let Qy[z] = {ao + a1z + a22? | ag,a1,a2 € Q, az # 0 = 9} denote the set
of polynomials of degree two with rational coefficients. Then, the set R of roots or zeroes in the
complex numbers C = {a + bv/—1| a,b € R} of the polynomials in Q4[x] is a countable set.

Proof. By Corollary 2.25, Q is a countable set, and so, @ — {0} is also a countable set. Since the
cross product of two countable sets is a countable set, the set Q x Q is a countable set. Again, since
the cross product of two countable sets is a countable set and Q x Q and Q — {0} are countable
sets, then (Q x Q) x (Q — {0}) is a countable set.



Consider the natural function f: (Q x Q) x (Q — {0}) — Q5[] defined by f(((ag,a1),az2)) =
ao + ar1r + azx®. Clearly, f is a 1-1 correspondence from the countable set ((Q x Q) x (Q — {0})
to the set Q4[2], and so, Q,[z] is also a countable set.

Since Q4[] is countable, we can make it into an infinite list of polynomials:

Qzf2] = {p1(2), p2(2), ..., pn(@), .. .}

By the quadratic formula, the set R,, of roots of the n-th polynomial p, () = ¢+ bx + az? can be

calculated to be
b4+ Vb2 —4dac b— Vb? — 4ac}
2a ’ 2a ’

and so, R, has one or two elements, depending on whether or not b2 — 4ac = 0. In any case, R,
is a finite set, and so, it is also a countable set.

Since R = Uff:l R, = R1U...UR, U...is the countable union of countable sets, Theorem 2.26
implies R is a countable set. This completes the proof of Proposition 2.27. O

Ry ={

We now briefly explain how to write an integer n € N in a base b, 2 < b < 10. We write n in base
basdydy_1 ...dg withd; € {0,1,2,...,b—1}, if n has the value dy-b*+dy_1-b* = +.. . +d;-b +do-b°.
For example, the integer 22 (in base 10) can be expressed as 22 =2-32+1-3+1-3° =18 +3+1,
and so, in base 3, we write the number n = 22 (base 10) as n = 211 (base 3). Similarly, we can
express any real number 7 in any base b, 2 < b < 10. If » = n.dids ... (base 10) for n € Z, then
we express r as the base b number di ...d1dg.d_1d_o ..., if the infinite series dj - bk 4+ ... ,+dy -
bt +do-b° +d_q-b"'+d o b2+ ... converges to r and where d; € {0,1,2,...,b —1}. For
example, the base 10 number 5.5 can be expressed as 11.2 in base 4. Similarly, we can convert any
real number expressed in a base b, 2 < b < 10, to a decimal number in base 10. For example, the
base 6 number 21.3 is the number 2-64+1-6%+3 .61 = 13% = 13.5 in base 10. Note that for a
base b > 10, one needs to add more “basic” digits to {0,1,2,...,9} in order to express numbers in
Nor R.

Theorem 2.28 The set of abstract decimal numbers A(R) (also using any other base) has the
same size as the set of points on the real number line R.

Proof. We shall prove the theorem in the case of base 10. Note that two abstract decimal numbers,
n.dyds ... and m.ejes ... represent the same real number or point on the real number line, if the
distance between the points on the real number line is zero. For example, the distance between
the infinite repeating decimal numbers 1.999... and 2.000... is zero, and so, these two abstract
decimal numbers represent the same real number. In fact, a simple argument shows that the only
way that a nonzero real number n.d;ds . .. has more than one representation as an abstract decimal
number is that for some positive integer k, and for all i > k, then d; = 0 or for ¢ > k, then d; = 9.

Thus, if r is a real number of nonunique decimal representation, then r must have a decimal
representation which ends in all zeroes. But, if 7 = n.dyds ... ends in all zeroes, then it is clearly
representable as a rational number %, where k € Z,m € N and m is a power of 10. For example,
2.4300...= %. In particular, since the set of rational numbers is a countable set, then the set X
of the real numbers of nonunique decimal representation is a countable set.

Let Y = R — X be the set of real numbers with unique decimal expansions. Define A(R, X)
be the subset of A(R) representing numbers in X and similarly define A(R,Y"). Since A(R, X)
is the union of two countable infinite sets (namely the decimals ending in all 0’s (except for the



number 0 = 0.00..., which has a unique decimal representation) or in all 9’s), A(R,X) is a
countable infinite set. Since A(R,X) and X are both countable infinite sets, they have the same
size. Let fx: A(R,X) — X be a 1-1 correspondence and let fy: A(R,Y) — Y be the obvious 1-1
correspondence. Then, the function f: A(R) — R defined to be fx on A(R, X) and fy on A(R,Y)
is a 1-1 correspondence, which proves the theorem. O

We now develop the notion of a set A having smaller size than another set B. To do this, we
first need to define what it means for the set A to have size less than or equal to the size of B.
Intuitively, A should have size less than or equal to the size of B, if A has the same size as a subset
of B. For example, if A = {a,b,c} and B = {1,2, 3,4}, then A has the same size as the subset
C = {1,2,3} of B; in other words, there is a 1-1 correspondence f: A — C C B. By considering f
to be a function from A to B, we see that f: A — B is a 1-1 function. This discussion motivates
the next definition.

Definition 2.29 Given two sets A and B, we write |A| < |B|, if there exists a 1-1 function
f: A— B. We write |A| < |B|, if |A| < |B| and |4| # |B|. If |A| < |B|, then we say that ”the size
of A is less than or equal to the size of B”. If |A| < B, we say that ”the size of A is less than the
size of B.”

Definition 2.30 The power set of a set A, denoted by P(A), is the set of all subsets of A.
Example 2.31 P({1,2}) = {9, {1}, {2}, {1,2}}.

Over a hundred years ago Cantor defined the notion of the size of sets, in terms of the existence
of 1-1 correspondences, and introduced the definitions of countable and uncountable sets. He also
proved the following interesting results:

1. The set Q is countable.

2. The set R is uncountable.

3. [P(N)| = [R].

4. For any set A, then |A] < |P(A)].
We now prove this last result.

Theorem 2.32 (Cantor’s Theorem) For any set A, |A| < |P(A)|. In particular, there are in-
finite sets of arbitrarily large size.

Proof. Let f: A — P(A) be the function f(a) = {a}. Clearly, f is 1-1, and so, |A| < |P(A4)|. If
|A| = |P(A)|, then there exists a function F': A — P(A) which is onto (in fact, 1-1 and onto). We
will prove that such an onto function F' cannot exist, which will prove Cantor’s Theorem.

Suppose to the contrary, there exists a function F': A — P(A) which is onto. Define the special
subset Ap = {x € A |z ¢ F(z)} € P(A). Since we are assuming F' is onto, there exists a y € A
such that F(y) = Ap. We now ask the question: “Is y € Ap?”. If y € Ap, then, by definition of
Ap, y ¢ F(y) but F(y) = A, and so, y ¢ Ap, which is a contradiction. So, we conclude that
y ¢ Ap. Since y ¢ Ap, then, by the definition of Ap, y € F(y) = Ap, which is a contradiction.
Since y € Ap or y ¢ Ap, we obtain the desired contradiction. This means that the onto function
F does not exist, and so, |A| # |P(A)|. Since |[A] < [P(A)| and |A| # |P(A)|, then |A]| < |P(A)].
O
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Definition 2.33 Given two sets, A and B, let F'(A, B) be the set of all functions f: A — B from
A to B.

Theorem 2.34 Given a set A, then
[P(A)] = |F(A,{0,1})].

Proof. We need to find a function H: P(A) — F(A,{0,1}), which is 1-1 and onto. For B € P(A),
define the function H(B): A — {0, 1} by:

H(B)(z) =0, if z ¢ B,

H(B)(z) =1, ifz € B.

Clearly, different subsets determine different functions, and so, H is 1-1. Let f: A — {0,1} €
F(A,{0,1}). Define the subset By = f~!(1) = {x € A | f(z) = 1}. Then, H(By) = f, and so, H
is onto. Since H is 1-1 and onto, the theorem is proved. O

Theorem 2.35 P(N) has the same size as the set S of all infinite sequences of 0’s and 1’s.

Proof. Let A C N = {1,2,...,n,...} be a subset. Let S(A) be the sequence of zeros and ones
we obtain by replacing every element of A in this list of N by a 1 and every element of N — A
by a zero, and then remove the set brackets and commas. For example, if A = {2,5,6}, then
S(A) = 010011000 .. .; the first digit of S(A) is 0 since 1 ¢ A, the second digit of S(A) is 1 since
2 € A, the third digit of S(A) is 0 since 4 ¢ A, and so on. Clearly, the function S: P(N) — S is
1-1 and onto, by using an argument similar to that used in the proof of the previous theorem. By
definition of size, P(N) and S have the same size, which proves the theorem. O

Corollary 2.36 |P(N)| = [R|.

Proof. The set S of infinite sequences of 0’s and 1’s, after placing a decimal point at the beginning of
the sequence, can be identified with the abstract base 2 numbers in the interval [0, 1], Theorem 2.28
then implies that |S| = |[0, 1]|. Since the removal of a point from an infinite set does not change its
size, |S| = [(0,1)|. By homework problem 13, |(0,1)| = |R|. By Theorem 2.35, |[P(N)| = |S|. Since
|P(N)| = |S] =](0,1)| and |(0,1)] = |R|, then the transitive property of size implies |P(N)| = |R|.
O

Corollary 2.37 R is an uncountable set.

Proof. By Cantor’s Theorem, P(N) is an uncountable set. By Corollary 2.36, we conclude that R
is also an uncountable set. O

We now give a more direct proof that R is an uncountable set. You will need to know this
proof for your exams.

Theorem 2.38 R is an uncountable set.

11



Proof. Suppose to the contrary that R is a countable set. Then, the open unit interval I = (0,1)
in R of numbers between 0 and 1 is a countable set.

Since I is countable, then we can make I into an infinite list: I = {rq,ro,...,7,,...}. Making
this listing {r1,7r2,...,7y,...} of elements in I into a vertical listing, we obtain:

r = .dl)ldl)g .. 'dl,n e

Tro = .dg)ldz)g .. .dgm e

Tn = .dn)ldn)g .. -dn,n e

with digits d; ; € {0,1,...,9}. Now, define the decimal number r = .d(1)d(2)...d(n) ..., where
d(n) = 5, if d,n < 5, and d(n) = 4, if d,,,, > 5. Note that the real number r has a unique
expression as an abstract decimal number, since none of its digits are 0 or 9. Note r # 0 and r # 1,
and so, r € I = (0,1).

Since r € I, then r = 1, for some k € N. But, the k-th digit of 7y, is dj x and the k-th digit of
ris d(k) # d k, and so, r # ri, for any k € N. This contradiction proves the theorem. O
Definition 2.39 Let p and ¢ be logical statements which are either true or false. Then:

1. —p is true <= p is false.

2. pV qis true <= p or q is true.

. pAqis true <= p and q are true.

. p— q is false <= p is true and q is false.

Tt o= W

. p <> q is true <= p and q are both true or both false. In this case, we say that p and ¢ are
logically equivalent.

6. The contrapositive of the implication p — ¢ is the implication —q¢ — —p. It is logically
equivalent to p — ¢ (see homework problem 19).

7. pis a tautology, if it is logically true (truth table is all true).
8. pis a contradiction, if it is logically false (truth table is all false).

The statement p — ¢ above is called an implication with premise p and conclusion q. The premise
p in an implication p — ¢ is also called the hypothesis. Two examples of tautologies are “p VvV —p”
or “p— (pVq)”. An example of a contradiction is “p A —p”.

12



Many theorems in mathematics take the form of an implication: “If [p is true], then [q is true].”
For example, “If [f: A — B and g: B — C is 1-1 functions], then [go f: A — Cis a 1-1 function].”
Even many definitions in mathematics give a defining property in terms of an implication. For
example, a function f: A — B is 1-1, if

[z1 # 2] = [f(21) # f(22)].

Using the fact that the contrapositive of an implication is logically equivalent to it, we obtain the
alternative second definition: A function f: A — B is 1-1, if

[f(z1) = f(z2)] = [71 = 72].

By statement 4 in Definition 2.15, an implication p — ¢ is true whenever its premise p is false.

In particular, the implication
[14+2=4] = [5=06]

is a true statement, since the hypothesis 1 4+ 2 = 4 of the implication is false. Many students find
this type of logical argument counter-intuitive and difficult to accept, until they realize that this
is just a consequence of the mathematical definition or the truth table for p — ¢, which we give
below.

plg|pP—4g
T\|T T
T|F F
T T
F|F T

Truth tables for logical statements give a tabular method for calculating the truth values of
the statement for different assignments of truth or false for the logical variables. Below are the
truth tables for the logical statements p — —p and (p — ¢) — p. More truth tables appear in the
homework exercises.

plalp—q|lp—q —p
pl—-p|p——p T|T T T
T| F F T|F F T
F | T T F|T T F

F|F T F

The next theorem can be proven by writing down the truth tables for p A (¢ A r) and for
(pAq)V (pAr) and then checking that they are the same.

Theorem 2.40 (pA(qV 7)) < (pAQV(pAT)).

Theorems in logic, such as Theorem 2.40, can be useful at times for proving that two differently
described sets are really the same.

Definition 2.41 Let A and B be sets. Then:

13



1. AC B means that xt € A= x € B; if A C B, then we say A is a subset of B

2. A = B means that A C B and B C A, or equivalently, that A and B have the same elements.

We now apply the previous theorem to prove one of the distributive rules for unions and
intersections of sets given in the next theorem.

Theorem 2.42 (Distributive Rules) Let A, B,C be sets. Then:
AN(BUC)=(ANnB)U(ANCQC),
AU(BNC)=(AUuB)N(AUCQC).

Proof. We will prove the first equation. Actually we will show that AN(BUC) C (ANB)U(ANC)
and will leave the proof that (ANB)U(ANC) C AN(BUC) as homework problem 23. By definition
of equality of two sets, the two containment equations then prove that AN(BUC) = (ANB)U(ANC).

Let x € AN (B UC). By definition of intersection, € A and € B U C, and so, by definition
of union, we obtain the statement: (x € A) and (z € B or # € C). By the previous theorem,
letting p = (x € A), ¢ = (x € B) and r = (z € C), we obtain the logically equivalent statement:
(x € Aand x € B) or (x € A and z € C). By definition of intersection, z € ANBorz e ANC.
By definition of union, x € (AN B)U (AN C). By definition of containment C, we have shown
AN(BNC)C(ANB)U(ANC). O

Definition 2.43 If A C X, then the complementof Ain X is: A°={ze X |z ¢ A} =X — A

Theorem 2.44 (DeMorgan’s Laws) Let A and B be subsets of X. Let A° and B¢ denote their
complements in X. Then:
(AUB)¢ = A°N B¢,

and

(AN B)¢ = A°U B°.

Proof. We will prove the first equation: (AU B)¢ = A°N B°. It holds since z € (AU B) <=z ¢
AUB <= (x ¢ A) and (z ¢ B) <= (z € A°) and (x € B®) <= x € A°N B°. 0

The following axiom for the natural numbers N clearly holds but cannot be proved; hence, the
word “axiom” or “principle.”

‘Well-Ordering Principle: Given any nonempty subset A C N, then A contains a least element,
i.e., there exists an element x € A such that for all y € A, then z < y.

We now use this axiom for N to prove the principle of mathematical induction.

Theorem 2.45 (Principle of Mathematical Induction) Suppose S = {S1,52,...,5n,...} is
a collection of logical statements indexed by the natural numbers N. If Sy is true and S, — Spt1
for every n € N, then all of the statements in S are true.

14



Proof. Arguing by contradiction, assume that the principle of mathematical induction fails. Then,
there exists a collection S = {S1,52,...,5y,...} of logical statements for which S, is true, S, —
Sp41 for all n € N, but some statement S, is false. Let FF = {i € N | S; isfalse}. Since
m € F, F # (). By the well-ordering principle, F' has a smallest element k € F. Since S is true,
k#1and so k—1 € N — F, which means Si_; is true. Since Sx_1 — Sk with true premise Si_1,
then the conclusion S; must be true, but it is not, since k € F. This contradiction proves the
principle of mathematical induction holds. O

Some interesting summation formulas in number theory can be proved by applying the principle
of mathematical induction. Below is one such formula. (See homework problem 25 for four more
examples.)

Theorem 2.46 For every integer n € N,

ik n—l—l)'

k=1

Proof. We will prove the theorem by applying the principle of induction. We will consider the

formulas {S, = > ;_1 k = w] | n € N} to be an infinite sequence of logical statements
indexed by the natural numbers.

1. S is true, since Z,lczl k=1= %

2. Assume S, holds and we will prove S,; holds; this will prove that S, — S,4+1. So, fix
n € N, and assume .S, is true:

n(n—i—l)'

142+4...+n=)Y k= 5

k=1
Adding n + 1 to each side of the above formula, we obtain the following related formula:

n+1 n+1
14+24...4+n+(n+1) Zk_i (n+1).

Simplifying the right hand side of this equation we obtain,

- n(n+1 nn+1) 2Mn+1 nn+1)+2(n+1 n+1)(n+2
;k:%ﬂnm: <2 ), <2 ) _n( >;< ) _( )2< +2)

Thus, Y3t k = ZH@HDFD Fwhich means that S,41 holds.

Since S is true and S,, — S, 41 for all n € N, then the formula 22:1 k= @ holds for all
n € N by the principle of mathematical induction. O

Definition 2.47 A collection A of nonempty subsets of a set A is called a partition of A, if it
satisfies the following two statements:
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1. The union UA = A.

2. The subsets in A are pairwise disjoint in the sense that any two different subsets in A are
disjoint. Equivalently, if B,C' € A and BNC # @, then B = C.

Example 2.48 Let E = {2n | n € Z} be the set of even integers and let O = {2n+1 | n € Z} be
the set of odd integers. Then A = {F,O} is a partition of Z. Another familiar partition of Z is
into the subset of negative integers, the subset of positive integers and the subset containing 0.

Example 2.49 In the proof of Theorem 2.28, we defined the subset A(R,X) C A(R) whose
elements represent real numbers which have two representatives in A(R) and the subset A(R,Y") C

A(R) whose elements represent real numbers with unique representatives in A(R). Since A(R, X) =
AR, Y)Y, A={A(R, X), A(R,Y)} is a partition of A(R).

Theorem 2.50 If A is a set with n elements, then |P(A)| = 2.

Proof. We will prove this theorem by induction on the size of A. First note that if |A| = 0, then
the theorem is true, since the power set of the empty set has one element and 1 = 2°. Assume
that the theorem holds for any set A with |A| = n. Let B be a set with B = {b1,...,bn,bpt1}.
Let A = {b1,...,bp} = B — {bpt1}. Then P(A) is a subset P(B) with 2" elements by our
inductive hypothesis. Note that P(B) = P(A) UP(A)¢, where P(A) is the complement of P(A)
in P(B). There is a natural function F': P(A) — P(A)° defined by F(W) = W U {b,41}, which is
clearly 1-1 and onto. Hence, |P(A)| = |P(A)¢|. Since {P(A), P(A)°} is a partition of P(B), then
|P(B)| = |P(A)| + |P(A)¢| = 2" + 2" = 2! which proves the theorem by induction. O

Note that Theorem 2.50 is also an immediate corollary of Theorem 2.34 and Theorem 2.51
below. Recall that F(A,B) ={f: A — B}.

Theorem 2.51 If A and B are finite nonempty sets, then |F(A, B)| = |B|l4l.

Proof. Suppose A = {a1,as,...,a,} and B = {by, b, ..., b, }. Note that in this situation, for each
ay € A, there are m possible choices of values for a given function f € F(A, B).

We will prove the theorem by induction on n, which is the size of A. If n = 1, then clearly
F(A,B) =m =mlAl

Now assume that whenever C'is a set with size n and B is a finite set, then |F(C, B)| = |B|I¢l =
|B|™. Let A={a1,...,an,an1} and let C = {aq,as,...,a,}. Then, by our inductive hypothesis,
|F(C,B)| = |B|I°l. Note that every function f € F(C,B) gives rise for each k,1 < k < m, to
the function fr: A — B where fr(a) = f(a) if a € C and fr(ant1) = bg. Also, note that every
g € F(A, B) with g(an41) = by is of the form g = fx, where f = g|(4, ... .a.}; here glia,, .. 0.} is the
restriction of ¢ to the subset {a1,...,a,} C A. This means that |F (A, B)| = m|F(C, B)|. Hence,
by elementary arithmetic,

|F(A, B)| = m|F(C, B)| = m|B|'°l = m|B|* = mm™ = m"*! = |B|I4,

which proves the theorem by the principle of mathematical induction. O

Definition 2.52 If R is an equivalence relation on a set S and a € S, then the equivalence
class of a, written as [a], consists of all elements in S which are R related to a. In other words,
[a] = {z € S | aRz}. Let Sg = {[a] | a € S} denote the set of equivalence classes in S.
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Example 2.53 Consider the following relation R on Z. Two integers in Z are R equivalent if their
difference is an even integer or, equivalently, nRm for n,m € Z, if 3k € Z such that n —m = 2k.
It is easy to see that the equivalence class of an odd integer is the set O of odd integers, and that
the equivalence class of an even integer is the set E of even integers. Thus, the set of equivalence
classes Sg = {O, E'} is a partition of Z. This partitioning property of the equivalence relation R
on Z demonstrates a special case of the next theorem.

Theorem 2.54 (Fundamental Theorem of Equivalence Relations) Suppose R is an equiv-
alence relation on a set S. Then, the set of equivalence classes Sy is a partition of S.

Proof. First note that for any a € S, aRa by the reflexive property of R. Therefore, for every
a €S, a€ [a], and so, S C USRr. Since Sgr consists of subsets of S, then USg C S. Since S C USr
and USg C S, then S = USR.

Next we must check that two different equivalence classes are disjoint; this is the pairwise
disjoint property that a partition of S must satisfy. Equivalently, we must verify that if two
equivalence classes in Sy intersect, then they are equal. Suppose that [a], [b] € Sr and [a]N[b] # O.
Our goal is to prove [a] = [b], which means that we must prove [a] C [b] and [b] C [a]. We first show
[a] C [b]. Let y € [a], which means aRy holds, and we will prove that y € [b]. Since [a] N [b] # @,
there exists an z € [a] N [b], which means that 2 € [a] and z € [b]. Thus, aRz and bRz hold
and, by the symmetry property of R, we obtain xRa as well. Thus, bRx and zRa hold and, by
transitivity, bRa holds. Since bRa and aRy hold, transitivity shows bRy holds, which implies
y € [b]. This proves [a] C [b]. Arguing similarly, we obtain [b] C [a], and so, [a] = [b]. Thus, Sg is
a partition of S. O

Homework Problems

1. Let f: {1,2} — {a,b,c} be defined by f(1) = a and f(2) = ¢. Let g: {a,b,c} — {3,5} be
defined by g(a) = 3, g(b) =3, g(c) = 5.

(a) Which of the functions in {f,g,g 0 f} are 1-1 functions? Explain why.
(b) Which of the functions in {f, g,g o f} are onto functions? Explain why.

2. Suppose A = {A;, A, A5}, where Ay = {—1,2,3}, Ay = {2,3,4} and A5 = {/2,1,2,3,...,n,...

n € N}.

(a) What is NA = A1 N Ay N A57
(b) What is U.A = Al U A2 U 1457

3. Is < an equivalence relation on R? Which properties of an equivalence relation are satisfied?
4. Is # an equivalence relation on R? Which properties of an equivalence relation are satisfied?

5. Suppose A = {1,2}, B ={a,b,c} and C = {3,4}. What is the set A x B? What is the set
A x A x C? What is the set A x (A x C)?

6. Express the base 10 number 15 € N as a base 3 number.
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7.
8.
9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

Express the base 2 number 110.1 as a base 10 number.
List all the elements in the power set P({1,2,3}).

Note that a function f: R — R is 1-1, when its graph G = {(z, f(z)) € R? | € R} satisfies
the following horizontal line test: Every horizontal line in R? intersects G in at most one
point. Also, note that f: R — R is onto, if it satisfies: Every horizontal line in R? intersects
G in at least one point. Write down functions f: R — R satisfying each of the following
conditions:
(a) f is 1-1 but not onto.
(b) f is onto but not 1-1.
(c) fis both 1-1 and onto.

)

)

)

d) f is neither 1-1 nor onto.

a) Is the function f: R — R defined by f(z) = z sin(z) a 1-1 function?
b) Is f(x) onto? Explain your answers.

(
(
(

Prove that the set of irrational numbers I in R is an uncountable set. (Hint: First note that
R = QU I and then apply the statements of Proposition 2.21 and Theorem 2.38.)

Write down a linear function f: [0,1] — [2,5] of the form f(x) = az + b, which is a 1-1
correspondence.

Prove that the open interval (0,1) = {t € R | 0 < ¢ < 1} has the same size as R. Prove this
fact by drawing the graph of a function f: (0,1) — R, which is 1-1 and onto. (Hint: Consider
a graph that has the appearance of the graph of tan(z).)

Suppose f: A — B and g: B — C. Prove that if go f: A — C is onto, then g: B — C'is
onto.

Suppose f: A — B and g: B — C. Prove that if go f: A — C is 1-1, then f is 1-1. (Hint:
Prove the contrapositive of this implication or give a proof by contradiction.)

Suppose A, B, C are sets. Prove the following:

a) If |A| = |B|, then |A] < |B|.

b) If |A] < |B| and |B| < |C|, then |4] < |C].
c) If |A] <|B| and |B| = |C|, then |4] < |C].
)

d) |A < |B|if and only if there exists a function g: B — A which is onto. (Hint: If f: A —
B is 1-1, then you can use the axiom of choice to define the function g. The axiom of
choice states that given a collection of sets, one can choose one element from each of
the sets. In this case, the collection of sets would be {f~1(b) = {a € A| f(a) = b}ren.)

A~~~

Suppose F: {1,2,3} — P({1,2,3}) is defined by F(1) = {1}, F(2) = {1,3}, F(3) = O.
What is the set Ap = {z € {1,2,3} |z ¢ F(z)}?

Write down the truth table for (p — ¢) — p.
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19.

20.
21.
22.

23.
24.

25.

26.

27.

Prove that p — ¢ and its contrapositive —q — —p are logically equivalent, by showing that
they have the same truth tables.

Write down the truth table for (pV ¢) — (p A q).

Prove the statement p — (p V ¢) is a tautology.

Use Definition 2.40 to prove that for two sets A, B, if AUB = AN B, then A =B . (Hint:
First show that if z € A, then x € B, under the assumption AU B = AN B.)

Prove that (ANB)U(ANC) Cc ANn(BUCQ).

Prove that (AN B)¢ = A°U B°. (Hint: Try to mimic the proof of the first equation in
Theorem 2.14.)

Prove the following summation formulas by using the principle of mathematical induction:

n n(n+1)(2n+1
1 g2 = e

n

E” _ 1 __ _n_
k=1 E(k+1) — n+l

Let A ={1,2,3,4,5}. Then A = {{1,2},{3,4,5}} is a partition of A. Give three different
examples A1, Ao, Ag of partitions of A that are different from A and where A; contains the
subset {1,2,3} as one of its elements, but no subset in As or in As has three elements.

Suppose C = {A1,...,A,} is an arbitrary finite collection of sets.

(a)

For n > 2, show that |41 X Ag X ... X A, X Apt1]| = |(A1 X A2 X ... x Ap) X Apya|
by constructing an obvious 1-1 correspondence f: Ay X ... x A, X Apy1 — (A X Ag X
.. X Ap) X Apy1. (You don’t need to prove that the function f is 1-1 and onto; you just
need to define it.)

Use the principle of mathematical induction to prove that the finite cross product of
countable sets is a countable set. In other words, if Ay,..., A, are n countable sets,
then A; x As X ... x A, is a countable set. (Hint: Let S, be the statement that
Ay X As x ... A, is countable, when C' = {A;,...,A,} consists of n countable sets.
Start the induction proof with n = 2 countable sets and then apply Theorem 2.24 to
conclude that the first statement Sy is true. Next, apply part (a) of this problem to
show that S,, — Sp41, for n > 2.)

28. For each n € N, let the set Q,,[z] = {ag+a12+...+an2" | ax € Q and a,, # ¥ for n > 0} be
the set of rational coefficient polynomials of degree n. Let Qq[z] = Q be the set of constant
polynomials.

(a)

Prove that Q,[z] is a countable set. (Hint: Thinking in terms of the coefficients
ag, ai, ..., a, of a polynomial ag+a1z+...+a2™ € Q,,[z], for n > 0, prove that Q ,[z]
has the same size as the cross product (II}_; Q) x (Q—{0}), where IT}_,Q =Q x...xQ
is the cross product of Q with itself n times, and then apply part (b) of the previous
homework problem. Note that we did this directly for n = 2 in the proof of Proposi-
tion 2.27.)
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3

29.

30.

31.

(b) Prove that the set Q[z] of all rational coefficient polynomials is a countable set. (Hint:
Prove that Q[z] is a countable union of countable sets and apply Theorem 2.26.)

(¢) A complex number a € C is called an algebraic number, if it is a root or zero of a nonzero
polynomial p(z) € Q[z]. Prove that the set A of algebraic numbers is a countable set.
(Hint: By part (b), we can make an infinite list: Q[z] = {p1(x), p2(2),...,pr(x),...}.
Use the fundamental theorem of algebra, which implies that each polynomial in Q,,[x]
has at most n complex roots, to prove that A is a countable union of countable sets, and
so, is itself a countable set. Also, see the proof of Proposition 2.27 for this argument.)

(d) A real number r € R is called transcendental, if it is not algebraic. For example, it
can be shown that the numbers 7 and e are transcendental. Prove that the set 7 of
transcendental real numbers is uncountable. (Hint: Apply part (¢) and then apply an
argument similar to the one used in the proof of homework problem 11.)

Prove that v/2 is an algebraic number but not a rational number. (Hint: To prove V2 is not
rational, assume to the contrary that v/2 = ~ is reduced to lowest terms. Square each side
of the equation and simplify by multiplying each side by n2, and then show 2 divides both m
and n, to obtain a contradiction to the assumption that 7 is reduced to lowest terms. You
can use the fact that if a prime divides the product of two integers, then it divides one of the

integers.)

Let R3 be the following relation on Z. Given m,n € Z, then mRgn, if there exists a k € Z,
such that (n —m) = 3k.

(a) Prove Rg is an equivalence relation on Z.

(b) Describe the equivalence class [2] as a subset of Z. Is 4 € [2]?

Let S = {{a,b},{a,b,c},{5},{3,4},{6,7,8}}. Let R be the equivalence relation on S of two
sets having the same size. Write down the set of equivalence classes Sr for this equivalence
relation R on S. (Hint: Sy has 3 elements.)

Elementary group theory.

A binary operation x on a set A assigns to each ordered pair of elements (a,b) € A x A another
element in A, usually denoted by axb. Familiar binary operations are addition + and multiplication
- on the set of integers Z.

Note that + on Z induces a binary operation + on the set of even integers E = {2k | k € Z},
since for 2k, 2ko € E, then 2kq,+2ks = 2(k1 + ko) € E. However, + is not a binary operation on
the set of odd integers O = {2k + 1| k € Z}, since 1 + 3 = 4, which is not an odd integer.

Definition 3.1 A group (G, ) is a set G together with a binary operation * satisfying:

1.
2.
3.

3 an element e € G, such that Vg € G, exg=g+*e = g;
Vg € G, there exists an element g € G, such that g*xg=gx*g = ¢;

The operation x is associative: Ya,b,c € G, a* (b*c) = (a*b) *c.
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When the group operation * of a group G is well-understood, then we usually use multiplicative
notation, rather than emphasize the operation. In other words, instead of writing a*b, we write ab.
In the definition of a group G, any element a, such as e, which satisfies Vg € G, axg=g*a =g,
is called an identity element for G. By the next proposition, G' has a unique identity element, and
0, from now on, we will call e in the definition of a group the identity element of G. The element
g such that gg = gg = e given in the definition of a group G is called an inverse of g, and it is also
unique by the next proposition; we will denote this element by ¢~' and call it the inverse of g.
When the group operation on G is denoted by the symbol “+7, then the unique inverse of g will
be denoted by “—g” rather than “g='” and, in this case, we will use “0” to denote the identity
element of G instead of “e”.

Proposition 3.2 If G is a group, then the following statements hold:
1. Fora,z,y € G, (ax = ay) = (r = y) and (xa = ya) = (x = y). (cancelation laws)
2. G has a unique identity element. (uniqueness of identity)
3. Every element of G has a unique inverse element. (uniqueness of inverse)

Va,b € G, (ab)™' =b"ta"t.

Va,b,c € G,(abc)™! =17 laL.

Forz,y€G, zy=e<=y=a"1.

XS Gv

Fora€ G, (a7 ') =a.

Proof. We first prove the left cancelation law. Suppose ax = ay. Multiply each side of this
equation on left by the “inverse” @, whose existence is given in statement 2 of the definition of
group, to obtain: a(ax) = a(ay), and so, (Ga)r = (Ga)y = ex = ey => = = y. This proves the
left cancelation law holds. The proof of the right cancelation law is similar.

Suppose e; and e; are identity elements in (G. Since e is an identity element, then ejes = es.
Since ey is an identity element, then ejes = e;. These two equations imply e; = ez, and so, G has
a unique identity element, which is the element e given in the definition of a group.

If g1, 92 € G are inverse elements of g, then g1g = e and g2g = e. Thus, g1g = g2g, and so, by
the right cancelation law, g1 = g2, which proves the uniqueness of the inverse of g.

In order to prove statement 4, first multiply ab and b~'a~! to get:

(ab) (b ra™ ) =ab Mot =aea =aat =e.

A similar calculation shows (b=ta=1)(ab) = e, and so, by definition of inverse, (ab)™ = b~1a,~!
which proves statement 4 holds.

A slight modification of the proof of statement 4 proves statement 5.

Clearly, if y = 27!, then 2y = e. On the other hand, if zy = e, we can multiply each side of this
equation on the left by 27! to obtain: 27 (zy) = 27 te = 271 So, 27! = a7 (ay) = (a7 12)y =
ey =y, which proves statement 6 holds.

Let a € G and let a—! € G be its inverse. By definition of inverse, aa~! = a~!a = e. This
equation also means a = (a~*)~!. This completes the proof of the proposition. O
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Example 3.3 1. One familiar example of a group is the set of integers (Z, +). Here, e = 0 and
the inverse of n € Z is —n.

2. (R,+),(Q*,-) and (R —{0},-) are also well-known examples of groups with e = 0 in the first

example and e = % =1 in the other two multiplicative groups.

3. Another familiar group is (M (2,R), +) of 2 x 2 real matrices under the operation of addition:

a b e f\ _ [(a+e b+ f
¢c d)T\g n) " \erg dsn)

The zero matrix 0 = <8 8) plays the role of the identity element.

4. The general linear group of real 2 x 2 invertible matrices, denoted by (GL(2,R), ), is a group
under multiplication of matrices. (See Section 4 for how to multiply matrices.)

5. Any subspace of the vector space R" is a group under addition of vectors. More generally,
every vector space V over a field F' is a group under + by the axioms for a vector space.
(See Section 4 for the definition of vector space over a field, if you have not yet studied linear
algebra.)

In all of the above examples of groups, except (GL(2,R), -) the group operation is commutative.
Definition 3.4 A group (G, ) is an abelian or a commutative group, if Va,b € G, a*xb=bx*a.

Definition 3.5 Given n € N and m € NU {0} = {0,1,2,...}, then m mod (n) is the remainder
of dividing m by n. For example, 10 mod (6) = 4 and 14 mod (3) = 2.

The proof of the following proposition is straightforward and will be left to the reader.

Proposition 3.6 Let Z,, = {0,1,2,...,n — 1} and define for a,b € Z, the binary operation
a+ b= (a+b) mod(n). Note that the operation of + on the right hand side of the equation is
addition of the integers a,b if a +b <n and equals a +b—n if a+b>n. Then:

1. (Zn,+) is an abelian group under +.
2. e=0.
3. The inverse of 0 is 0 and the inverse of a € Z, — {0} is n — a.

The finite abelian group Z, = {0,1,2,...,n — 1} is the important building block example for
all finite abelian groups. By taking cross products of such groups, we see by homework problem 15
that we can make new abelian groups. For example, Z2 x Z2 = {(0,0),(1,0), (0,1),(1,1)} is a new
abelian group under + with four elements, where we add ordered pairs by adding their coordinates.
For example, (1,0)+(1,1) = (1+1,0+1) = (2,0) = (0,1) € Z3 X Zy; note that (0,0) is the identity
element in Zo X Zs.

Sometimes we consider Z, to correspond to the set of hours on a clock with n hour positions
with the operation of clock arithmetic. Our familiar case of this would be Z15 = {0,1,2,...,11},
where we consider 12 o’clock to correspond to 0 o’clock. We then consider 2 + 3 to be the hour 5,
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or 84+ 6 = 14 mod (12) = 2 mod (12) to be the hour 2. Here, we consider all the possible hour
times as elements in Z, but we identify any hour time k € Z with k mod (n) € Z12 on the clock.
Note that if k € Z is negative, then k£ mod (n) corresponds to n — (|k| mod (n)) in Z,.

Definition 3.7 If ¢ € G, and n € N, then we let ¢g" denote the product of g with itself n times
under our multiplicative convention for a group. For example, g = ggg. The order of an element
g € G, denoted by o(g), is the smallest positive integer n € N such that g™ = e; if there is no such
positive integer n, then we say that g has infinite order.

Example 3.8 The element 2 € Zg has order 3, since the group operation in Zg is + and 2+2+2 =0
but 242 =4 # 0. The element 2 € Z has infinite order, since no finite sum 2 + ... + 2 is ever
equal to 0. It is easy to check that every element in Zy x Zz — {(0,0)} has order 2; for instance,
(1,0) + (1,0) = (2,0) = (0,0), and so, (1,0) has order 2. The element —1 € R — {0} has order 2
in the multiplicative group R — {0}, since (—1)? = 1, which is the identity element of the group.

The next proposition follows directly from the definition of a group.

Proposition 3.9 A subset H of a group G is itself a group under the binary operation in G if
and only if the following three statements hold:

1. e € H, where e is the identity element in G.
2. Yh € H, h~' € H, where h™! is the inverse of h in the group G.
3. Ya,be H, abe H.
Proposition 3.3 motivates our next definition.
Definition 3.10 A subset H C G is called a subgroup, if the following three statements hold:
1. e € H, where e is the identity element of G. (existence of identity)
2. Vh € H, then h™! € H, where h™! is the inverse of h in G. (existence of inverse)

3. Va,b € H, then ab € H. (closure)

Example 3.11 We now show that the set of even integers E = {2n | n € Z} is a subgroup of Z.
Recall that e = 0 and the additive inverse of k € Z is —k. Since 0 = 2-0 € E, E contains the
identity element of Z. If 2n € E, then —2n = 2(—n) € E, and so, the the additive inverse of each
element of F lies in E. Finally, if 2m,2n € E, then 2m + 2n = 2(m + n) € E, which proves that
FE is closed under the operation 4. By definition of subgroup, we see that F is a subgroup of Z.

Theorem 3.12 If Hy, Hy are two subgroups of a group G, then H1 N Hy is a subgroup of G.
Proof.

1. Since Hy and H are subgroups, e € H; and e € Hs. By definition of intersection, e € HiNH>.

2. If a € Hy N Hy, then a € Hy and a € Hs by definition of intersection. Since H; and Hs are
subgroups, a~! € H; and a~! € Hy. By definition of intersection, a~! € H; N Hs.
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3. If a,b € Hy N Hs, then a,b € Hy; and a,b € Hs. Since H; and Hs are subgroups, ab € H;
and ab € Hs. Hence, ab € Hy N Hy by definition of intersection.

By definition of subgroup, H; N Hs is a subgroup. O

The proof of the next theorem is a warm-up exercise for homework problem 5, where you will
be asked to prove that the intersection of an arbitrary collection of subgroups of a given group is
again a subgroup of the group.

Theorem 3.13 The intersection of three subgroups of a group is again a subgroup of the group.

Proof. Suppose A = {Hy, Ha, H3} = {H;};cr—{1,2,3} is a collection of three subgroups of a group
G. We now check that (.A = Hy N Hy N Hs is a subgroup of G.

1. Since e € H; for each i € I, then e € (A by definition of intersection.

2. Let a € () A. By definition of intersection, a € H; for each ¢ € I. Since H; is a subgroup,
a~! € H; for each i € I. By definition of intersection, a=! € (N A.

3. Let a,b € (. A. By definition of intersection, a,b € H; for each ¢ € I. Since H; is a subgroup,
ab € H; for each i € I. By definition of intersection, ab € [ A.

By definition of subgroup, (.4 is a subgroup. O

Definition 3.14 If G is a group, then the center of G is C(G) = {a € G | Vz € G, ax = za}.

Example 3.15 Recall that GL(2,R) is the group of real 2 x 2 invertible matrices with binary

operation being the multiplication of matrices and with identity element (é (1)> . It is not difficult

2), where a € R — {0}.

to prove that the center of GL(2,R) consists of the matrices (8

Theorem 3.16 If G is a group, then the center C(G) is a subgroup.

Proof.
1. Since ex = ze for Vz € G, then e € C(G).
2. Suppose a € C(G). Then ax = xa for all x € G. Multiply this equation on left and right

by a~! to obtain: (e taxa™!) = (a~twaa™!), which implies (e ta)(za™!) = (a"tx)(aa™1),
which implies exa ™! Lze, which implies za™! = a7z, Vx € G. Hence, a=! € O(G).

=a
3. Finally suppose a,b € C(G) and let € G. Then, using the associative law,
(ab)x = a(bx) = a(xb) = (ax)b = (xa)b = z(ab),
and so, ab € C(Q).

By definition of subgroup, C(G) is a subgroup of G. O
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Theorem 3.17 Suppose H is a subgroup of the group G and a € G. Define aHa™' = {aha™" |
h € H}. Then, aHa™? is a subgroup of G.

Proof.

1

1. Since H is a subgroup, e € H. Note that aea ' = aa~! = e, and so, e € aHa ™ '.

2. Let b € aHa™!. Then, b = aha™! for some h € H. Since H is a subgroup, h~! € H,
and so, ah~ta™! € aHa™!. Since (a=!)~! = a, statement 5 of Proposition 3.2 implies
b=t = (aha V)t =(aV)"th ta ' =ah ta"!, and so, b~ € aHa L.

3. We now check the closure property. Suppose ahia™!, ahoa™" € aHa™', where hy, hy € H. By
the closure property in H, hihy € H. Now multiply: (ahia=')(ahea™t) = ahi(a"ta)hoa™! =
ahiehaa™! = a(h1hg)a™! € aHa™!.

By definition of subgroup, aHa ! is a subgroup of G. O

Definition 3.18 A function f: G; — G2 between groups G and G5 is called a group homomor-
phism, if Va,b € Gy, then f(ab) = f(a)f(b). More specifically, if x is the operation on G; and o is
the operation on Ga, then f is a homomorphism if f(a *b) = f(a) o f(b).

Example 3.19 1. Consider R to be a group under + and R™ to be a group under multiplication.
Then, f(z) =e*: R — R* is a group homomorphism, since e*T¥ = e%e¥,

2. Similarly, the inverse function to e, the natural log function In(z): RT — R is a group
homomorphism, since In(zy) = In(z) + In(y).

3. Recall that (GL(2,R),-) is the group of real 2 x 2 invertible matrices. The determinant
function det: GL(2,R) — R—{0} is a group homomorphism, since det(AB) = det(A)-det(B).
Here, we consider R — {0} to be a group under multiplication. (See homework problem 7 in
Section 4 for the definition of det and the proof of the homomorphism property.)

4. Let G be the group of infinitely differentiable functions on the unit interval [0, 1] under the
operation of addition of functions. Then, the derivative function D(f(x)) = f'(z) is a group
homomorphism D: G — G, since (f(z) + g(x)) = f'(z) + ¢'(z). Also, the integral function
I: G — R defined by I(f) = fol f(x)dz is a group homomorphism, since the integral of a
sum of functions is the sum of their integrals

5. If V and W are vector spaces over a field F' and L: V — W is a linear transformation, then L
is a group homomorphism, since L(vi +v2) = L(v1)+ L(v2). (See Section 4 for the definition
of linear transformation, if you have not yet studied linear algebra.)

Definition 3.20 Let f: A — B be a function. Then, Im(f) = f(A) = {b € B | Ja € A such that
b= f(a)} is the set of values of the function f. The set Im(f) or f(A) is called the image of the
function f. Note that f: A — B is onto if and only if f(A) = B.

Example 3.21 Let A = {-3,3,4,5} and B = R. Let f(x) = 22 and consider f to be a function
from A to B. Then Im(f) = {9,16,25}.
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Theorem 3.22 Suppose that f: G1 — G2 is a group homomorphism and that e1 € G1,e2 € Go
are the respective identity elements. Then:

1. f(61> = €2.
2. Va € Gy, fla=Y) = (f(a)) 1.

3. The image f(G1) is a subgroup of Gs.

Proof.

1. Since e; = ejeq, then this equation and the homomorphism property for f gives f(e1) =
f(erer) = f(e1)f(e1), which implies f(e1) = f(e1)f(e1). Since es is the identity element in
Ga, f(e1)ea = f(e1)f(e1). By the left cancelation law, es = f(e1).

2. If a € Gy, then aa™' = e;. By statement 1 and the homomorphism property for f,
f(a’)f(a’_l) = f(aa_l) = f(el) = €2, and S0,

fla)f(a™") = e2.

Statement 6 in Proposition 3.2 now implies f(a™1) = (f(a))™!.
3. We now prove f(Gy) is a subgroup of Gs.

(a) By statement 1, e2 = f(e1) € f(G1).

(b) Let b € f(G1). Then, by definition of the image f(G1), Ja € Gy such that b = f(a).
By statement 2, f(a™!) = (f(a))™! = b~1. Hence, b~ € f(G1).

(c) Let a,b € f(G1). Then, by definition of the image f(G1), Jz,y € Gy such that a = f(z)
and b = f(y). Then, ab = f(z)f(y) = f(xy), and so, ab € f(G1).

By definition of subgroup, f(G1) is a subgroup of Gs. O

Definition 3.23 If f: A — B and W C B, then f~Y(W) = {a € A | f(a) € W}. The subset
f~L(W) of A is called the inverse image of W.

Example 3.24 Consider the function f(x) = 22 to be a function from R to R. Let W =
{—6,0,1,2,4}. Then, F~Y(W) = {0, 41, +v2, +2}.

Theorem 3.25 Suppose f: G1 — Gso is a group homomorphism and H C G2 is a subgroup of Gs.
Then, the inverse image f~1(H) of H is a subgroup of G1.
Proof.

1. Since H is a subgroup of Ga, es € H. By statement 1 of Theorem 3.22, f(e1) = e2. Since
f(e1) = ez, then e; € f~1(H) by definition of inverse image.

2. Let a € f~1(H). Then, f(a) € H by the definition of inverse image. Since H is a subgroup
(f(a))™! € H. By statement 2 of Theorem 3.22, f(a™') = (f(a))™! € H, and so, a™! €

fHH).
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3. Finally, let a,b € f~*(H), which means that f(a), f(b) € H. Note that f(ab) = f(a)f(b) €
H, since H is closed under the group operation in Go. This shows ab € f~1(H).

Thus, we have shown that f~!(H) satisfies the three properties - existence of identity, existence
of inverses, and closure of the group operation - necessary to be a subgroup of G;. O

Definition 3.26 Suppose f: G; — G4 is a group homomorphism. The kernel of f is the set
Ker(f) = {a € G1 | f(a) = ez}, where eg is the identity element of Ga.

Theorem 3.27 If f: G1 — G2 is a group homomorphism, then Ker(f) is a subgroup of G1.

Proof.
1. By statement 1 of Theorem 3.22, f(e1) = ez, and so, e; € Ker(f).
2. If a € Ker(f), then, by Theorem 3.22, f(a™') = (f(a))™! = e;' = es, and so, a~* € Ker(f).
3. If a,b € Ker(f), then f(ab) = f(a)f(b) = eze2 = e2, and so, ab € Ker(f).

By definition of subgroup, Ker(f) is a subgroup of Gj. O

Theorem 3.28 If f: G1 — G2 and g: Go — G3 are group homomorphisms, then go f: G1 — Gj3
is a group homomorphism.

Proof. Let a,b € G;. For the sake of clarity, we will use the multiplicative notation convention for
the group operation for GGy, let * be the group operation in GGo and let - be the operation in Gj.

Since f and g are homomorphisms (g o f)(ab) = g(f(ab)) = g(f(a) * /() = 9(f(a))9(/(B)) =
(go f)(a)(go f)(b). By definition of homomorphism, g o f is a group homomorphism. O

Definition 3.29 If H C G is a subgroup and a € G, then define
aH ={aheG|he H} and Ha={ha€ G|he H}.

The set aH is called the left coset of a and H. Similarly, Ha is called the right coset of a and H.
Let G/H denote the set of left cosets of H. Note that G/H = {aH | a € G} is a collection of
certain subsets of G, and so, it is a subset of the power set P(G) of G.

We now turn our attention to the proof of Lagrange’s Theorem, which describes a fundamental
relationship between the size of a finite group G and the size of any of its subgroups H. Lagrange’s
Theorem will follow easily from a series of five lemmas concerning the left cosets of H in G.

Lemma 3.30 If H C G is a subgroup and h € H, then H = hH.

Proof. Since h € H, then hH = {hh/ | ¥’ € H} C H by the closure property of the subgroup
H. In particular, since h~! € H, then h™*H C H. Now multiply on the left, each side of the
containment equation h='H C H by h to obtain h(h~*H) C hH, and so:

H=ecH=(hh " )H =h(h"'H) C hH.
Thus, H C hH. Since hH C H also holds, H = hH. O
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Lemma 3.31 If H C G is a subgroup and a,b € G with aH NbH # @, then aH = bH.

Proof. Suppose aH NbH # (). By definition of intersection, there exists an element ah; € aH
and an element bhe € bH such that ahy = bho, for some hi,hy € H. Because ahi; = bhs, then
(ah1)H = (bh2)H. But, (ah1)H = a(hi H) = aH by the previous lemma. Similarly, (bhe)H = bH,
and so, aH = bH. O

Lemma 3.32 If H C G is a subgroup and a € G, then a € aH.

Proof. Since e € H, then a = ae € aH. O

Lemma 3.33 If H C G is a subgroup, then A = G/H is a partition of G.

Proof. By Lemma 3.32, every a € G is in its own coset aH, and so, the union UA = G. By
Lemma 3.31, different cosets are disjoint, which implies A = G/H is a partition of G by the
definition of partition. O

Lemma 3.34 If H C G is a subgroup and aH is a left coset of H, then |H| = |aH|, which means
that every left coset of H has the same size as H.

Proof. Recall that two sets have the same size means that there exists a function between the sets
that is both 1-1 and onto. Define f: H — aH by f(z) = ax. If f(z1) = f(z2), then az1 = axs
which implies by the left cancelation law that z1 = 2. By definition of 1-1, f is 1-1. The function
f is clearly onto, since for any element ah € aH, f(h) = ah. This proves f is both 1-1 and onto,
and so, |H| = |aH]|. O

Theorem 3.35 (Lagrange’s Theorem) If G is a finite group and H C G is a subgroup, then
|G| = |H| - |G/H]|. In particular, if G is a finite group and H is a subgroup, then |H| divides |G)|.

Proof. This theorem is a simple consequence of Lemmas 3.33 and 3.34. Lemma 3.33 implies
that the set of left cosets G/H partitions G into a finite number of pairwise disjoint subsets
a1 H, axH,...,a,H, where n = |G/H|. It follows that |G| = |a1H| + |a2H| + ... + |an,H|. By
Lemma 3.34, each axH has the size |H|, and so:

|G| = |arH| + |aH |+ ...+ |anH| = |H| + |[H| + ...+ |H| = |H| -n = |H| - |G/H]|.

This equation completes the proof of Lagrange’s Theorem. O

Proposition 3.36 Suppose G is a finite group and g € G. Then, (g) = {g™ | n € N} is a subgroup
of G. Furthermore, the integer size of this subgroup, which we denote by |(g)|, is equal to the order
o(g) of g. In particular, Lagrange’s Theorem implies o(g) divides |G|.

Proof.
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1. Since G is a finite set and (g) = {g,9°%,...,9",...} C G, then the subset (g) is finite. Hence,
for some n,k € N, ¢g" = g"t* = ¢g"g*. So, g"e = g" = ¢g"g*. By the left cancelation law,
e = g*, and so, e € (g). In particular, g has finite order o(g) and suppose that from now on
o(g) = k. Then, clearly, (g) = {g,9%,...,9" =e}.

n

2. For any n, 1 <n <k, g"g" ™ = g*¥ = ¢, and so, every element g" in (g) has an inverse.

3. Given two elements a = g™ and b = g" in {(g), then ab = g™g"™ = g™ lies in (g). Hence,
(g) is closed under the operation of G.

This completes the proof that (g) is a subgroup of G.

We now prove that the elements in {g, g%, ...,¢* = e} are distinct. By our choice of k = o(a),
the element e appears only once in this list. If g° = ¢**7, where 4,5 € N and i +j < k, then
g'e = g'¢g? and so, by the left cancelation law, e = ¢/. This equation contradicts the fact that
e = g* appears only once in {g,¢2,...,g* = e}. This contradiction proves that |(g)| = o(g). DO

Corollary 3.37 If G is a finite group with n elements and a € G, then a™ = e.

Proof. Let a € G with order k = o(a), and so, a* = e. By Proposition 3.36, the order of a divides
|G| = n, which means that we can factor n as n = km. Then, a" = " = (a*)™ = e™ =e. O

Definition 3.38 Recall from the statement of Proposition 3.36 that if GG is a finite group, then
(9 = {g" | n € N}. When G is an infinite group and g € G, then we define (g) = {¢" | n € Z}.
A group G is called a cyclic group, if for some g € G, then G = (g). If G = (g), then we call g a
generator of G.

Note that Z,, = (1), and so, it is a finite cyclic group of order or size n with 1 as a generator.
Since Z4 = {0,1,2,3} = {3, 3+3 =2, 3+3+3 =1, 3+3+3+3 = 0}, then we also
see that Z, = (3), and so, 3 is a generator for Z,. However, 2 € Z, is not a generator, since
(2) = {2,242 =0} # Z4. Note that Z = (1) = (—1) is an infinite cyclic group with generators 1
and —1. Finally, note that any cyclic group G = (g) is abelian, since g’g? = ¢g'*7 = g/t = gig’.

Theorem 3.39 Suppose f: G1 — G2 is a group homomorphism. Then, f is 1-1 if and only if
Ker(f) = {ex}.

Proof. Suppose f is 1-1 and we will show that Ker(f) = {e;}. By part 1 of Theorem 3.22,
f(e1) = ez, and so, e; € Ker(f). If a € Ker(f), then f(a) = e2 = f(e1), and so, by definition of
1-1, a = ey. This proves Ker(f) = {e1}.

Now assume that Ker(f) = {e1} and we will prove that f is 1-1. Suppose f(a) = f(b) and we
will verify that a = b. Multiply each side of the equation f(a) = f(b) on the left by (f(b))~! to
obtain (f(b))~*f(a) = (f(b))"1f(b) = ez. Using the additional fact that (f(b))~! = f(b~!) and

the homomorphism property for f, we get:

FO~la) = fO07) f(a) = (F(0) " f(a) =

Since f(b~'a) = ez, then b~ta € Ker(f) = {e1}, and so, b~ 'a = e;. Multiply each side of the
equation b~'a = e; on the left by b to get a = be; = b, which proves f is 1-1. O
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Definition 3.40 A homomorphism f: G; — G» is an isomorphism, if it is 1-1 and onto. If there
exists an isomorphism f: G; — Ga, then we say that the groups G; and G5 are isomorphic.

Theorem 3.41 Suppose G is a group and a € G. Define fo: G — G by fo(x) = axa™t. Then, f,
is a group isomorphism.

Proof. We first show f, is a group homomorphism. Let z,y € G. Then,

falzy) = azya™ = azeya™ = az(a a)ya™" = (aza™")(aya"") = fa(2)fa(y).

We now check that f, is 1-1. Note that f,(z) = f.(y) = axa™! = aya='. Applying the
cancelation laws twice gives x = y, which implies f, is 1-1.

To prove f, is onto, we let y € G and we will find an « € G such that f,(z) = y. Note that
fa(z) = y gives the equation aza™' = y. We can easily solve for z by multiplying both sides
of the equation axa™ = y on left by a=! and on the right by a, to obtain x = a~!ya. Hence,
fa(@) = fa(a"tya) = aa"ryaa~! = eye = y. This proves f, is onto.

Since f,: G — G is homomorphism which is 1-1 and onto, then f, is an isomorphism. O

Theorem 3.42 If G is a group, then the set Aut(G) = {f: G — G | f is a group isomorphism}
is a group under the binary operation of composition of functions. Aut(G) is called the group of
automorphisms of G.

Proof. First note that the composition of isomorphisms is an isomorphism, since the composition
of 1-1 and onto functions is again 1-1 and onto and the composition of homomorphisms is a
homomorphism. Thus, composition of functions in Aut(G) is a binary operation.

Let idg: G — G be the function idg(x) = x. Then, idg is easily seen to be a 1-1 and onto
group homomorphism. Since for any function f: G — G, idg o f = f oidg = f, then idg is the
identity element in Aut(G).

Since the inverse function f=!: G — G of an f € Aut(G) is 1-1 and onto, as well as being a
group homomorphism (easy to check), then f~1 € Aut(G).

Since composition of functions is associative (homework problem 1), Aut(G) is a group under
composition of functions. O

Theorem 3.43 Suppose G is a group. Then, the function I: G — Aut(G), defined by I(a) =
fa: G — G, is a group homomorphism with Ker(I) = C(G) = center of G.

Proof. We first check that T is a group homomorphism. This just means that I(ab) = fq is the
same function as f, o fp. By definition,

far(z) = (ab)z(ab) ™' = abxb ™ a™" = a(beb™Ha™t = fo(bxb™) = fo(fo(2)) = (fa 0 fo)(x).

This proves that f,, = f, o fp, and so, I is a group homomorphism.

We now check that Ker(I) = C(G). Clearly, C(G) C Ker(I), since for any a € C(G), fq(z) =
aza™! = zaa™! = ze = x = idg(z). But, if a € Ker(I), then Vz € G, f.(x) = idg(z), and so,

Vo € G, axa™' = z. Multiplying this equation on the right by a gives the equation ara='a =

ra = are = va = ax = xa = a € C(G). Thus, Ker(I) C C(G), and so, Ker(I) = C(G). O
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Definition 3.44 The group isomorphism f,: G — G defined by f,(x) = aza~! is called conjuga-
tion by a. The set Inner(G) = {f, | a € G} is the image of the homomorphism I: G — Aut(G) in
the previous theorem, and so, it is a subgroup of Aut (G). The group Inner(G) is called the group
of inner automorphisms of G. By Corollary 3.48 to the First Isomorphism Theorem stated below,
Inner(G) is isomorphic to the quotient group or group of left cosets G/C(G).

Theorem 3.45 (Normal Subgroup Theorem) A subgroup H C G is called normal if any of
the following equivalent properties hold:

1. Ya € G,then aH = Ha.

2. H is the kernel of some group homomorphism f: G — G'.
3. Ya € G and Vh € H, then aha™! € H.

4. Ya € G, then aHa™' C H.

5. VYa € G, then aHa ' = H.

Proof. Suppose H satisfies statement 1. Let G’ = G/H = set of left cosets of H. We now check
that for aH, bH € G/H, then the set (aH)(bH) = aHbH = {ah1bhy | h1,hy € H} is the coset
abH. Lemma 3.30 implies HH = H, and so, using associativity and statement 1, we obtain:

aHbH = a(Hb)H = a(bH)H = (ab)(HH) = abH.

Hence, the product of two left cosets is again a left coset. Note that (aH)(eH) = aeH = aH and,
similarly, (eH)(aH) = aH. This means that the left coset eH = H plays the role of an identity
element in G/H under the operation (aH)(bH) = abH. Also, note that (a~!H) is the inverse coset
of aH and that the multiplication is associative. Hence, G/H is a group.

Now consider the function f: G — G/H defined by f(a) = aH. Then,

f(ab) = abH = (aH)(bH) = f(a)f (D),

which implies f is a homomorphism. We claim that Ker(f) = H, which will prove that (1) =
(2) with G’ = G/H. Clearly, H C Ker(f), since for h € H, f(h) = hH = H = eH, which is the
identity element in G/H. Now suppose that a € Ker(f). Then f(a) = aH = H, since H is the
identity element in G/H. Since a = ae € aH = H, then Ker(f) C H. Since H C Ker(f) and
Ker(f) C H, we conclude that H = Ker(f), and so, (1) = (2).

Suppose H is the kernel of some homomorphism, f: G — G’. Then, Va € G and Vh € H,

flaha ™) = f(@)f(R)f(a™) = fl@)ea(f(@) " = f(@)(f(a)) ™" = ea.

Therefore, aha=! € Ker (f) = H, which proves that (2) = (3).

Note that (3) = (4) by definition of the containment symbol C.

Suppose that Va € G, aHa~' C H. Then, this containment equation holds for a~! which means
that a=*H(a=!)~! C H. Since (a=1)~! = a, we obtain a !Ha C H. Multiplying the containment
equation a~'Ha C H on the left by a and on right by a~ !, gives H = eHe = aa"*Haa ' C aHa ™1,
and so, H C aHa™'. Since aHa ' ¢ H and H C aHa ', then H = aHa™ ', which shows
(4) = (5).

31



Assume (5) holds and let a € G. Note that (5) = (1) because we can multiply each side of
the equation aHa~! = H on the right by a to obtain:

aHa 'a =aHe =aH = Ha.

Since (1) = (2) = (3) = (4) = (5) = (1), then all of these statements are equivalent,
which completes the proof of the theorem. O

By the proof of the Normal Subgroup Theorem, whenever f: G; — G5 is a group homomor-
phism, then the set of left cosets G1/Ker(f) is a new group. The next theorem concerning this
coset group G1/Ker(f) plays an important role in group theory and its applications to other parts
of mathematics.

Theorem 3.46 (First Isomorphism Theorem) If f: G; — G2 is an onto group homomor-
phism, then there is a naturally induced group isomorphism,

f: G1/Ker(f) — Ga, where f(aKer(f)) = f(a).

In particular, G1/Ker(f) is isomorphic to Ga.

Proof. For a € Gy, let ak € aKer(f). Then f(ak) = f(a)f(k) = f(a)ea = f(a). Hence,
f(aKer(f)) = f(aKer(f)) = f(a) is a well-defined function, where f(aKer(f)) denotes the unique
element f(a) of the image of f of the subset aKer(f). Note that f(aKer(f) bKer(f)) = f(abKer(f)) =

f(ab) = f(a)f(b) = f(aKer(f)) f(bKer(f)), which proves f is a homomorphism.

If aKer(f) € Ker(f), then f(aKer(f)) = f(a) = ez, and so, a € Ker(f). Since a € Ker(f),
Lemma 3.31 implies aKer(f) = Ker(f), which is the identity element in G1/Ker(f). This proves
that Ker(f) consists only of the identity element, and so, by Theorem 3.39, f is 1-1.

We now check that f is onto. Let y € Go. Since f is onto, there exists an z € G with f(z) = y.
But then, f(zKer(f)) = f(z) =y, and so, f is onto. By definition of isomorphism, f is a group

isomorphism. O

Since every group homomorphism f: G; — G2 is onto its image Im(f), which is a subgroup of
G2, then Theorem 3.46 implies the next corollary.

Corollary 3.47 If f: G1 — G4 is a group homomorphism, then G1/Ker(f) is isomorphic to the
image of f.

Corollary 3.48 Inner(G) is isomorphic to G/C(G), where C(G) is the center of G.

Proof. By Theorem 3.43, the homomorphism I: G — Inner(G) C Aut(G) is an onto homo-

morphism with Ker(I) = C(G). By the First Isomorphism Theorem, Inner(G) is isomorphic
to G/C(G). O

Homework Problems

1. Suppose f: A — B, g: B— C and h: C — D. Prove that the composition of functions is
associative by showing that (ho (go f))(z) = ((hog) o f)(z) for every x € A. (Hint: Recall
that g o f(x) evaluates to be g(f(x)). Completely evaluate each side of the desired equation
to show equality.)
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10.
11.
12.
13.
14.

15.

16.

17.
18.
19.

. Let A be a set and define the set of permutations of A to be Perm(A) = {f: A — A | f is

1-1 and onto}. By Corollary 2.9, o is a binary operation on Perm(A). Prove Perm(A) is a
group under this binary operation. What is the identity element in Perm(A)? Given f €
Perm(A), then what is the inverse element? (Hint: Use homework problem 1 and the proof
of Theorem 2.14.)

. Prove that for k € N, kZ = {kn | n € Z} is a subgroup of Z. (Hint: See the discussion in

Example 3.11.)

. Prove that the union 27 U 3Z is not a subgroup of Z by showing it is not closed under +.

. Suppose A = {Hqa}acr is a collection of subgroups of a group G. Prove that (A = ,c; Ha

is a subgroup of G. (Hint: See the proof of Theorem 3.13.)

. Suppose G is a group such that a*xa = e for all a € G. Prove that G is abelian. (Hint: Note

that this equation implies that Ya € G,a = a~!. Apply this fact to the element ab and then
use statement 4 in Proposition 3.2)

What is the order of 6 in Zyy?

. What is the intersection of the subgroups Hy = {0,2,4,6,...,28} C Z3p and Hs = {0,3,6,...,27} C

Zgo?

. Suppose G is a group and b € G. Then, the centralizer subgroup of b, denoted by C(b), equals

{z € G | bx = xb}, or equivalently, C'(b) is the set of elements in G that commute with b.
Prove C'(b) is a subgroup of G.

Let H =3Z = {3n | n € Z}. List the three different cosets of H in Z.

Let G = Z¢ and let H = {0,3} C Zg. List the different cosets of H in Zg.

List all the subgroups in Zg. (Hint: They are all cyclic and you can assume this fact.)
List all the generators for Zsg.

Let G; and G2 be groups. Consider the binary operation (a1,b1)(az,b2) = (aiag,bibs) on
the cross product G; X G3. Show that this binary operation makes G; X G5 into a group. For
example, if e; € G and es € G4 are the identity elements, then show (e1, e2) is an identity
element in G x Gs.

Prove that the group Zs x Zs is cyclic under the binary operation defined in the previous
homework problem. Make a list of all of the generators of this cyclic group.

Prove that if G is a group with a prime number p of elements, then G is cyclic. (Hint: Apply
Proposition 3.36 to any element a € G — {e}.)

What is the image of the function f(z) = 22: R — R?
What is the image of the function g(z) = 22: [2,4] — R?

What is the image of the function f(zx) =e”: R — R?
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20.

21.
22.

23.

24.

25.
26.
27.

28.

29.

30.

Let f(r) =2%: R — R.

(a) What is f~1({0,3})?

(b) What is f~*([4,00))?

(¢c) What is f~1([~10,4])?
If f: A— B is 1-1, then prove that A and Im(f) = f(A) have the same size: |A| = |f(A)].
Suppose f: A — B and W7 and W5 are subsets of B. Prove that:

(a) [T WL UWs) = f=H(W) U f~H(Wa).

(b) fHWLNW2) = f=H(Wr) N f~H(W2).

(c) fHWE) = (f~H(W))°.

Let f: R — R be defined by f(z) = 3z. Prove that f is a group homomorphism of the group
(R, +).

Prove the center C(G) of a group G is a normal subgroup of G. You do not need to prove it
is a subgroup.

Challenge Problems

Is the group Z,4 isomorphic to the group Zg? Why?
Prove Z4 is not isomorphic to Zg X Zg. (Hint: Is Zy x Zs a cyclic group?)

Prove Zg is isomorphic to Zgs x Zs by constructing an isomorphism f: Zg — Zo X Zs3. (Hint:
Also, see homework problem 15).

Suppose G is a finite group and H is a subgroup with |G/H| = 2. Prove that H is a normal
subgroup of G. (Hint: Use Lemma 3.33 which also holds for right cosets. Think in terms
of the complement of the coset H = eH = He. Also, note that by the proof of Lagrange’s
Theorem, each of the two left (or right) cosets of H have half the size of G.)

Prove that the subgroup Inner(G) C Aut(G) is a normal subgroup. (Hint: Use property (3)
in the statement of Theorem 3.45 for the definition of normal.)

Let C*°([0, 27]) be the set of infinitely differentiable functions f: [0, 27] — R.

(a) Prove C*°([0,27]) is a group under addition of functions: (f + g)(z) = f(x) + g(x).

(b) What is the kernel of the derivative homomorphism D: C'*°([0,27]) — C°°([0, 27]),
where D(f(x)) = f'(z)?

(c) Isz?: [0,27] — R in the kernel of the group homomorphism [: C*°([0,27]) — R defined
by [(f(z)) = fOQW f(z)dx? Why? Prove that cos(z) is in the kernel of [.
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4 Elementary linear algebra and field theory.

We now review some basic results from linear algebra. As we have already seen, group theory is
the study of groups, subgroups and relationships of subgroups with group homomorphisms. In a
similar way, linear algebra is the study of vector spaces, subspaces and relationships of subspaces
with linear transformations. We now recall these basic definitions.

Definition 4.1 A real vector space V is an abelian group (V,+) together with a map RxV — V|
called scalar multiplication (we write Av for the value of (A, v) under this map), which satisfies the
following distributive and associative laws:

1. VA1, A2 € R and Vo € V, then (A1 4+ X2)v = Ajv + Agu.
2. VA € R and Yy, Ve € V| then A(vy + v2) = vy + Ave.
3. VA1, A2 € R and Vo € V, then A1 (A2v) = (A1 A\2)vs.

4. YveV,1-v=1v=nw.

Definition 4.2 A subgroup W of a vector space V' is a subspace, if VA € R and Yw € W; then \w €
w.

Definition 4.3 Suppose V and W are real vector spaces. A function L: V — W is linear, if L is
a group homomorphism (Vv,w € V, L(v +w) = L(v) + L(w)), and VA € R and Yv € V, L(\v) =
AL(v).

By Theorems 3.22 and 3.27, for a linear transformation L: V' — W, the kernel Ker(L) C V and
the image Im(L) C W are subgroups of their respective spaces. In fact, simple arguments prove
that Ker(L) is a subspace of V' and Im(L) is a subspace of W. (See homework problems 2 and 3.)

We recall that R™ = I ;R = R x ... x R, the cross product n-times of R, is our standard
example of a vector space. In linear algebra, one considers a vector v € R™ to be a column vector.
For example, the vector v = (3) € R? has first coordinate 1 and second coordinate 3. Addition of
vectors in R” is then addition of coordinates of the vectors. For example, (}) + (3) = (3). Finally,
we recall the definition of matrix multiplication of a real entry (m x n)-matrix

a171 a172 e alyn
az1 a2 ...42n
A =
CLmJ am72 e amyn
n
> a1
T =1
with an n-vector X = : € R" to be the m-vector: AX = : e R™.
n
x
" > i
i=1

It is straightforward to check that matrix multiplication by A gives rise to a linear transforma-
tion A: R" — R™.
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Theorem 4.4 If L: R" — R™ is a linear transformation, then L is the same function as the one
defined by multiplication by the matrix

My, = (L(e1)L(ez2) ... L(en)),

where the k-th column of My, is value of L on the k-th basis element e of R"™, where all the
coordinates of ey are zero except for the k-th coordinate which is 1. (For example, for e; € R?,
then ex = (3).)

by

Proof. Given a vector v = € R", then v = bier + beea + ... + bpen, = > breg,
k=1
by

and so, a linear transformation L: R™ — R" has the value L(v) = L(Y_ bger) = Y. L(brex) =
k=1 k=1

> brL(e). In particular, L is determined by its values L(e1), L(e2),. .., L(ex) on the standard
k=0

basis {e1, es,...,e,} of R". But, given a (m xn)-matrix A = (a; ;), a simple calculation shows that
A(eg) is its k-th column. Thus, the linear function M, : R™ — R™ defined by matrix multiplication
by My, is the same linear transformation as L. O

Theorem 4.5 IfL: R" — R™ and H: R™ — R* are linear transformations, then the composition
HoL:R" — R™ is a linear transformation with matrizc Mgor, = ((H o L)(e1) ... (H o L)(en)).

Proof. The proof that H o L is a group homomorphism follows from Theorem 3.28. Let A € R and
v € R"™. Then, since H and L are linear, we have:

(H o L)(\) = H(L(\)) = HAL(v)) = AH(L(v)) = A(H o L)(v).

This calculation proves H o L: R"™ — R* is linear, and Theorem 4.4 completes the proof. O

The above theorem tells us how we should multiply matrices. In other words, if A is a (k x m)-
matrix and B is a (m x n)-matrix, then, thought of as linear transformations, Ao B: R" — R* is
a linear transformation with (k x n)-matrix

Maog = (A(B(ey)) . .. A(B(en))).

In particular, since the i-th column of B is B(e;), then the i-th column of Ma.p is equal to the
matrix multiplication of A with the i-th column of B. Motivated by this observation, we define
the matriz multiplication of a (k x m)-matrix A with a (m x n)-matrix B with ¢-th column B; to
be:

AB = A(B;...B,) =(AB;y ... AB,).

One can also add two m x n-matrices A = (a; ;) and B = (b;;): A+B =C = (¢;; = a;,j+bi ;).

Theorem 4.6 If A is a (k x m)-matriz, B is a (m X n)-matriz and C is a (n X p)-matriz, then
A(BC) = (AB)C. In other words, multiplication of matrices is associative.
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Proof. Consider A, B,C to be the matrices for their corresponding linear functions: A: R™ —
R*, B: R™ — R", C:RP — R". Then A(BC) is the matrix for the linear transformation
Ao(BoC): R? — R¥ and (AB)C is the matrix for the linear transformation (Ao B)oC': R? — RF.
By homework problem 1 in Section 3, Ao (Bo C) = (Ao B) o, and so, A(BC) = (AB)C. O

Theorem 4.7 Consider the function Rg: R* — R? which is the rotation counter-clockwise by
angle 0 € [0, 27) around the origin (0,0). Then:

1. Ry is a linear function;

cosf —sinf
2 Mg, = (sin9 cos ) '
Proof. We first check that Ry is linear. Let v € R? and A\ € R. Then, geometrically speaking, Av is
pointed in the direction v but is made longer by the factor A (in the opposite direction when A is
negative). Clearly, then Ry(Av) = ARg(v). Now consider two vectors v1, vy € R2. Note that vy + vo
is the far corner point of the parallelogram with side vectors v; and vs. Since this parallelogram
rotates under Ry to the parallelogram with side vectors Ry(v;) and Rp(v2) and far corner point
Ro(v1) + Rg(v2), then Rg(vy + v2) = Rg(v1) + Rg(vz). This proves Ry is linear.

By definition of cosf and sin 8, Ry ((1)) = (gf’;g) and Ry (?) = (E:);((gi%%))) = (ifé;ﬁ) . Statement

2 now follows immediately from Theorem 4.4. O

Besides considering vector spaces with scalar multiplication by real numbers, mathematicians
and scientists also find it useful to consider vector spaces with multiplication by scalars in number
systems other than R. For example, one might want to define scalar multiplication of vectors
by rational numbers in Q or by complex numbers in C = {a + by/—1 | a,b € R}. Recall the
multiplication rule for two complex numbers: (aj +b;y/—1)(az +bay/—1 = (a1az — b1ba) + (a1be +
agbl)\/—_l.

More generally, we will consider vector spaces with scalar multiplication by elements in an
arbitrary field, where Q, R and C are our classical examples of fields.

Definition 4.8 A field F' is a set F' together with two binary operations, + and -, which are
commutative and satisfy the following properties:

1. F' is a commutative group under + with identity element 0.

2. Multiplication - induces a binary operation on F — {0} and, with respect to this binary
operation, F' — {0} is a commutative group.

3. The operations of + and - satisfy the distributive law: Va,b,c€ F, a-(b+¢)=a-b+a-c.

Remark 4.9 As in group theory, for a field F', we usually write ab instead of a - b, the inverse of
a € F under + is written “—a”, the identity element of F — {0} under multiplication is written
as “1” is unique, and we write “a~!” for the unique multiplicative inverse of an a € F — {0}. We
say that a subset F of a field F” is a subfield of F’, if F is a subgroup of (F’,+) and F — {0} is a
subgroup of (F' — {0}, ).
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The rational numbers Q with the usual operations of addition and multiplication is a subfield
of R. Similarly, the set of complex numbers C = {a + by/—1 | a,b € R} is an example of a field
with R as a subfield.

There are also important examples of fields which are finite. The most well-known examples
of finite fields come from the groups (Z,,+), when n is a prime. In each Z,, we can define
multiplication mod (n). For example, in Zg = {0,1,2,3,4,5}, we have 2-3 = 6 = 0 mod (6) and
4-5 =20 =2 mod(6). Since 2-3 = 0 mod (6), then - does not induce a binary operation on
Zs — {0}, and so, Zg is not a field, although multiplication is a binary operation on Zg.

The proof of the next proposition is straightforward.

Proposition 4.10 The binary operations of addition and multiplication on Z,, satisfy the following
properties:

1. Ya,b,c, € Zy, a(bc) = (ab)c.

2. Ya,b,c € Zy, a(b+c) = ab+ ac.
3. Va,b e Z,, ab = ba.

4. Ya€Zy, 1-a=a.

Theorem 4.11 Ifp is a prime number, then Z, is a field under the binary operations of addition
+ and multiplication -

Proof. By Proposition 3.6, Z,, is a commutative group under +. By Proposition 4.10, it remains
to prove that Z, — {0} is a group under -.

We first check that - is a binary operation in Z, — {0}. Let m,n € Z, — {0}. Then m -n =
mn mod (p). If mn mod (p) is zero, then p divides mn. But if a prime divides the product of
two positive integers, then it divides one of them. Since m and n are both positive integers less
than p, then we conclude that p does not divide mn, and so, m -n = mn mod (p) is an element in
Z, — {0}.

By Proposition 4.10, it remains only to show that each element n of Z,,— {0} has a multiplicative
inverse. Fix n € Z, — {0}, consider the function f,: Z, — {0} — Z, — {0} defined by f,(x) = nz.
If £, is onto, then there exists an m € Z, — {0} such that f,(m) = nm = 1, and then m will be
the multiplicative inverse for n. Thus, we need only prove that f, is an onto function.

Whenever A is a finite set and f: A — A is a 1-1 function, then f is also an onto function. One
way to see this interesting additional property holds for a 1-1 function f is given by the following
argument. By homework problem 21 in Section 3, |A| = |Im(f)|, where Im(f) C A. But, any
subset B C A with the same size as A must be equal to A, since A is finite. Hence, Im(f) = A,
which means that f is onto.

By the discussion in the previous paragraph, in order to complete the proof of the theorem,
it remains only to show that f,: Z, — {0} — Z, — {0} is 1-1. Suppose f,(z) = fn(y), where
0<z<y<p Then,n-z=n-yinZ, — {0}, and so, n-z—n-y =n(r —y) =0 in Z, This
means that the prime p divides n or p divides z — y. Since 0 < n < p, p does not divide n, and so,
p divides  — y. Since 0 < z — y < p and p divides = — y, which means x — y = 0, and so, z = y.
This proves that f,, is 1-1, which completes the proof that every n € Z,, — {0} has a multiplicative
mverse. O
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Note that we can identify Z, = {0,1,2,...,n — 1} with the set of left cosets Z/H, for the
subgroup H = nZ = {kn | k € Z}. In this case, we can write Z/H = {0+ H =0, 1+ H =
1, 2+H=2,....(n—1)+H =n-1} = {0,1,2,...,n— 1}. Also, note that the function
0: Z — ZLy, defined by o(k) = k mod (n), is a group homomorphism with Ker(c) = H = nZ; this
is because for i,j € Z, o(i + j) = (i + j) mod (n) =7 mod (n) + j mod (n). Also, note that for
i,j € Z,0(ij) = o(i)o(j), which means that o also preserves the multiplicative operations we have
on Z and on Z,,.

Corollary 4.12 (Fermat’s Little Theorem) Let p € Z be a prime number. If a € N is not
divisible by p, then,
a?~' =1 mod (p).

Proof. Let p be a prime and suppose a € N is not divisible by p. In this case, o(a) = @ = a mod (p)
is an element of Z, — {0}. Our goal is to show that a?~! — 1 is a multiple of p, which just means
that a?~! — 1 is in the kernel of the homomorphism ¢, which is the subgroup pZ C Z.

Consider o(a?~! — 1). Since o is a group homomorphism, o(a?~t — 1) = o(a?~!) + o(-1) =
o(aP~1)—1, where —1 = p—1 is the additive inverse of 1 in Z,. Since o sends products to products,
o(a?~1) = (o(a))P~t = @~!. By Theorem 4.11, Z, — {0} is a group with p — 1 elements, and
so, by Corollary 3.37, @?~* = 1 which is the identity element in Z, — {0}. Hence, o(a?~! — 1) =
(0(a))Pt —1=a"'—-1=1-1=0 in Z,, which means that a?~! — 1 is divisible by p. O

Recall from homework problem 28 in Section 2, a complex number r € C is algebraic, if it is a
root or zero of some nonzero polynomial ag + a1x + ...+ a,z" with coefficients a; € Q. The main
goal of the remainder of this section is to prove that the set A C C of algebraic numbers forms
a subfield of C. To prove this interesting theorem in number theory, we first need to develop the
notion of a vector space with scalar multiplication in a general field.

From this point on in this section, the reader may assume that all of the fields we are
considering are subfields of the complex numbers C, if he/she prefers. In any case, the reader
should think of F' as a number system where the usual laws of arithmetic hold.

Definition 4.13 A wvector space V over a field F is a group V under 4+ together with a map
F xV — V called scalar multiplication, which satisfies the following distributive and associative
rules:

1. VA, € Fand Vo € V, (M 4+ X2)v = Av + Agv.
2. VA € F and Vo1, v € V, A(v1 4+ v2) = Avg + Ava.
3. VA1, Ag, € F and Yo € V, A1 (A2v) = (M A2)v.

4. YveV, 1-v=1v=n.

Note that if a field F' is a subfield of a larger field F”, then for A € F and v € F’, one obtains
Av € F', where Av is the product of A and v in F’. Note that for A € F and vy, v9 € F/, A\(v1+v2) =
A1 + Avg by the distributive rule for multiplication in F’. It is easy to check that this ”scalar
multiplication” of elements in F’ by elements of F makes F’ into a vector space over F. In this
way, we can consider R to be a vector space over the subfield Q and consider C to be a vector
space over the subfield R.
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We want to define new examples of subfields of C which are different from R and Q. Since any
subfield F' of C has 1 € F, and since F is a group under +, then F' contains the integers Z as a
subgroup. Since F' — {0} is also a group under multiplication, then it also holds that Q C F.

Proposition 4.14 Let Q(v2) = {a +bv2 | a,b € Q}. Then, addition and multiplication are
binary operations on Q(\/2), which makes Q(\/2) into a subfield of R that is different from Q.

Proof. Clearly, addition and multiplication on R induce binary operations on Q(v/2). For example,
(24+3vV2)(7T—V2) = 14+ (21 — 2)vV2 — 6 = 8 + 19v/2. It is also clear that Q(v/2) is a group
under addition with 0 = 0+ 0 - v/2 and the additive inverse of a + bv/2 is —a + —bv/2. Also, note
that 1 = 14 0-+/2 is the multiplicative identity element for Q(v/2) — {0}. Since Q(v/2) C R, the
associative and distributive laws for R automatically hold for Q(v/2).

The only thing left to check to show that Q(+/2) is a field is to verify that any a + by/2 €
Q(v/2) — {0} has a multiplicative inverse in Q(v/2) — {0}, where either a # 0 or b # 0. If b = 0,
then a + bv2 = a € Q — {0} has a multiplicative inverse. Assume now b # 0. By homework
problem 29 in Section 2, V/2 is not a rational number. Since a + bv/2 # 0 and V2 ¢ Q, then
a — bVv/2 is not a rational number, and so, a — by/2 # 0. Hence,

1 1 a—b\/i a_b\/§ a —b
b2)~! = _ . _ _ - 5
(a+bv2) PR Ralmrerny; Risray. Rl s S T V2 €QV2)

Since v2 € Q(v/2) but v/2 ¢ Q, then Q(1/2) is a subfield of R which is different from Q. O

Definition 4.15 Given a vector space V over a field F', we say that:

1. A subset S C V spans V, if every v € V is a finite linear combination of vectors in S. In
other words, for v € V, there exist a finite number of vectors v1,vs,...,v, € S and scalars
A1, A2, ..., Ay € F such that

V=AU + ...+ AU

2. If S C V, then Span(S) is the set of all finite linear combinations of vectors in S.

3. A subset S C V is a set of linearly independent vectors, if whenever vy,...,v, € S and
A, ..., Ay € F such that
Av1 + Aovo 4+ ...+ Ay, =0,

then Ay = Ao = ... =\, = 0. We say that S is a linearly dependent set of vectors, if it is not
a linearly independent set of vectors.

4. A subset S C V is a basis for V, if it spans V and consists of linearly independent vectors.

5. A vector space V over F has finite dimension n, if there exists a finite subset S = {v1,va,...,v,}
which spans V' and any subset of V' with less than n vectors will not span V. In this case we
write: dimgpV = n.
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Note that the standard basis {e; = ( ) = (9)} is a basis for R? considered to be a real vector

space. Another basis for R? is S = {v; = ( ), v2 = (1)}. To see this, first note that e; = v; and
es = v9 — v1. Then,

<Z> = aej + beg = avy + b(ve — v1) = (a — b)vy + bug,

and so, S spans R?. Furthermore, if av; 4 bvy = 0 = (9) for some a,b € R, then

(o) ()= )+ ()= (37 - )

Hence, b = 0 and since a + b = 0, then a = 0, and so, the set S is a linearly independent set of
VGCtO;S. Since S spans R? and it is a linearly independent set of vectors, then S is another basis
for R”.

For the field Q(v/2) described in Proposition 4.14, clearly dimgQ(v/2) = 2 with basis {v; =
17 Vg = \/5}

In the proof of the next lemma, we will use the easy to prove fact that if S C V is a nonempty
subset, then Span(S) is a subspace of V, and so, Span(S) it is closed under addition.

Lemma 4.16 Suppose V is a vector space over F and S C V is a possibly infinite subset of V.
Then:

1. If S is a linearly dependent set of vectors with at least two elements, then some vy, € S can
be expressed as a finite linear combination of vectors in S which are different from vg. In
this case, Span(S) = Span(S — {vi}).

2. If S is a linearly independent set of vectors and the vector v € V' can be expressed as v =
E?:l a;v; = Z?:l biv;, for some {v1,v9,...,0,} C S, then a; =b; for alli € {1,2,...,n}.

3. If S is a basis for V, then every v € V' can be expressed uniquely as a finite linear combination
of vectors in S.

Proof. Suppose S = {v1,v2,...,0,} C S is a linearly dependent set of vectors with n > 2. Then,

Av1 + ...+ Avp, = 0, where some \; # 0. After reindexing S, we may assume that A\; # 0. Since
Avr = — Y, A and Ay # 0,

vy = A7 Z —A\iv;) = Z( TP = iaivi;
; i=2

where a; = —A['\; € F. In order to prove Span(S) = Span(S — {v1}), we need to check the
containment equations: Span(S) C Span(S—{v;}) and Span(S—{v1}) C Span(S). Since S—{v1} C
S, then the definition of the span of a set implies Span(S — {v1}) C Span(S). We now show that
Span(S) C Span(S — {v1}), where we are assuming vy = > . ,a;v;. If v € Span(S), then v =
Z?;l bjw;, where w; € S. Note that we may assume that w; = v; (if v; does not originally appear,
then force it to appear by letting wy = v; and by = 0). Hence, v = byv; + Z?:Q byw; = bivy + w,
where v1 and w lie in Span(S — {v1}). Since the span of a set is a subspace, bjv = v1 + w €
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Span(S — {v1}). By definition of containment,Span(S) C Span(S — {v1}), which completes the
proof of the first statement of the lemma.

Suppose S is a linearly independent set of vectors and > ; a;v; = >« ; bjv; for some subset
{vi, va,...,v,} C S. Then, 0 = >""  a;v; — > iy bivi = >+, (a; — b;)v;. By definition of linear

independence, a; — b; = 0 for all ¢, which means that a; = b; for all ¢ € {1,2,...,n}, which proves
the second statement of the lemma. Statement 3 is an immediate consequence of the definition of
basis and of statement 2, which completes the proof of the lemma. O

The following result is one of the basic main theorems in linear algebra.

Theorem 4.17 If V is a vector space of finite dimension n over a field F', then the following
statements hold:

1. If S = {v1,v9,...,v,} is a spanning set with n elements, then S is a basis for V.

2. If A ={wy,wa,...,w} is a set of k linearly independent vectors, then k < n and if k = n,
then A is a basis for V. In particular, a basis for V ezists and has n elements.

3. If A ={wy,wa,...,wr} is a set of k linearly independent vectors, then B can be extended to
a basis B ={w1,..., Wk, Vk11,...,0n} for V for some set {vgi1,...,0,} CV. In particular,

k<n and if k =n, then A is a basis for V.

Proof.

Let S = {v1,v9,...,v,} be a minimal spanning set for V. By Lemma 4.16, if S is a linearly
dependent set of vectors, then, after possibly reindexing, Span({vs,...,v,}) = Span(S) = V. But
the spanning set {ve,...,v,} has n — 1 vectors, which contradicts the definition of the dimension
which is n. This proves statement 1.

Let So = {v1,...,v,} be a minimal spanning set and let A = {w,wa,...,wi} be a set of

linearly independent vectors. If n or k is 0, then statement 2 clearly holds, so assume that both
n and k are greater than 0. Suppose for the moment, after some possible reindexing of S, that
Sm = {Ww1,..., Wm,Vmyt1...,0n} is a minimal spanning set for some m, 0 < m < n, and we will
show that a similar set S,,11 exists when m < k. Since m < k, there exists w,, 41 € A and
since Sy, spans V, w1 = A1wi + - .. + AW + At 1Vma1 + - - - + Apvy,. Since the set A is a
linearly independent set of vectors, then statement 2 of Lemma 4.16 implies w41 = 1 Wypp1 #

AMwy + ... + AWy, and so, after possibly reindexing the set {v,41,...,0,}, We may assume
that Ap+1 # 0. Therefore, v,,+1 can be expressed as a linear combination of the vectors in
Sm+1 = {W1, ..o, W, W41, Umt2s - - -, Un b 1t easily follows that Span(S,,+1) = Span(S,,) and

since Span(S,,) = V, then Span(S,,+1) = V as well. Hence, S,,+1 is also a minimal spanning set
for V.
We can continue inductively defining S, as long as m < k and m < n. If Kk = n, then we see

that Sy, = S,, = {w1, wa, ..., w,} is a minimal spanning set, and so, by statement 1, it is a basis for
V. If k > n, then we have that S, = {w1,ws,...,w,} is a minimal spanning set. Since S,, spans,
then w1 € Span(S,). Here, wy4+1 =1 wp41 = Z?:l a;w;, which contradicts the uniqueness of
statement 2 of Lemma 4.16 because A = {w1, wa, ..., wg} is a linearly independent set of vectors.
This completes the proof of statement 2.

Let S = {v1,va,...,v,} be a basis for V. From the proof of statement 2, we see that, after
reindexing S, the set B = {wy,..., Wk, Vg11,...,0,} is a basis for V' and that & < n. This
completes the proof of the theorem. O
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The next result is an immediate consequence of statement 2 of Theorem 4.17.

Corollary 4.18 Suppose V' is a vector space of finite dimension n over a field F. If S CV is a
subset with more than n elements, then S is a linearly dependent set of vectors in V.

Definition 4.19 Suppose F is a subfield of a field F’. We say that o € F’ is algebraic over F, if
«a is the root of a nonzero polynomial in Fz] = {ag+ a1z + ... +anz™ | n € NU{0}, a; € F'}. We
say that F’ is algebraic over F, if every o € F” is algebraic over F.

Proposition 4.20 Suppose F is a subfield of F' and F' is a vector space of finite dimension n over
F. Then, every a € F' is the root or zero of some nonzero polynomial p(x) = > \iz' € Flz| of
degree at most n. In particular, F' is algebraic over F'.

Proof. Let a € F' and consider the set S = {1,a,a2,...,a"} of n + 1 vectors in F’. Since the
dimension of F’ is n, Corollary 4.18 implies that this set of vectors is a linearly dependent set over
F. In other words, there exist scalars Ag,..., A, € F, not all zero, such that Z?:o Aiat = 0. Tt
follows that « is a root to the nonzero polynomial p(z) = > i \iz". O

Corollary 4.21 If F C R or F C C is a subfield of finite dimension over Q, then F C A, where
A is the set of algebraic numbers in C. In particular, since the subfield Q(+/2) has dimension 2
over Q, the numbers in Q(ﬁ) are all algebraic numbers over Q.

Proposition 4.22 Suppose F is a subfield of a field F'. Suppose o € F’ is the root of a
nonzero polynomial p(xz) € Flx] of smallest positive degree n + 1. Let F(a) = {r € F' | r =
Sor o ciat, where ¢; € F} = Span({1, o, 0?,...,a™}). Then:

1. F(«a) is a vector space of dimension n+ 1 over F with basis {1,a,...,a™}.
2. F(a) is a subfield of F'.
3. The field F(«a) is algebraic over F.

2 ...,a"} is a basis for

Proof. F(«) is clearly a vector space over F.. We now show that {1, a, «
F(a). By definition of F(a), A = {1,a,a?,...,a"} spans F(a).

If for some scalars a; € F, > . a;a’ =0, then « is a root of the polynomial ¢(z) = > 1", a;z".
Since we are assuming that a nonzero polynomial with a as a root has degree at least degree n+1,
the polynomial g(x) must be identically zero. Therefore, ag = a1 = ... = a,, = 0, which means
that the set A is a linearly independent set of vectors. This completes the proof of statement 1.

In order to show that F'(«) is a subfield of F’, we first have to show that multiplication is a binary
operation on F(«a). In other words, for b;, ¢; € F, the product (> 1, bia’)(> 1, cia’) € F(a). By
the distributive law for multiplication on F’, there exist constants d; € F such that

n n 2n
(Z biaz)(z ciat) = Z d;a’.
' i=0

=0 =0

by definition of F'(«) is an element in F'(«). By the well-ordering principle, there exists a smallest

We claim that there exist scalars hq, hi,...,h, € F such that Z?ﬁo dia’ = 37" hia', which
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integer k, 0 < k < 2n, such that Z?ZO d;o = Zf:o fia, for some scalars f; € F. If k < n,
then we have proved our claim. So, suppose k > n, and we will obtain a contradiction. In this
case, Ef:o fiat = (Zf:_ol fia®)+ frak = (Ef:_ol fia)+a" ! fra*~"=1 We will obtain the desired
contradiction of the minimality of k& by showing that a"*! can be expressed as a linear combination
of lower degree powers of «, thereby, lowering the degree k of the term fra®. If the nonzero
polynomial of least degree which has a as a root is p(z) = Z?:Ol a;x', then erol a;a’ = 0, and
so, a"tl =31 —a a0l = Y1 Nl € F(a), where \; = —a; {1a;. Since o™t =31 \of
is a linear combination of lower degree powers of a, we obtain a contradiction to the minimality
of the positive integer k. Hence,

n n 2n n
(Z biai)(z ciat) = Z dio; = Z hia' € F(a),
i=0 i=0 i=0 i=0
for some scalars hg, h1,...,h, € F, which proves that F(«) is closed under multiplication.

We now prove that every nonzero § € F'(«) has a multiplicative inverse. To do this, consider
the subset (8) of F(«) consisting of all F(«) multiplies of 3: (8) = {A\3 | A € F(a)}. Note
that if 1 € (3), then for some A\ € F(a), \3 = 1, and so, 8 has the multiplicative inverse
A. Also, note that (8) C F(«) is a subspace of F(«) over F, and so, has finite dimension at
most n + 1. In particular, {8,5%,...,8"2} C (B8) is a linearly dependent set over F, and so,

there exists a nonzero polynomial ¢(z) = Y."F?a;z’ such that ¢(3) = "7 7a;" = 0. Note

that Z;:rf a; 3 = ,6’(2?;12 a;3"~1). Factoring out the largest power 3% of 8 in this sum, we get
B ( Z:,f a; ") = 0, where ay, # 0. Since 3% # 0 and the product of two nonzero elements in a
field is nonzero, then Z?IIE aif7F =ap + a1 B + ...+ ang 28727 = 0. Since (B) is a group
under + and ag 138" + ... + any28"27F = r € (B), then ar = —r € (B). Since (B) is a vector
space over F, a; € F and ay, # 0, then aj, 'ay, € (3), and so, 1 € (3). As observed before, 1 € (3)
implies § has a multiplicative inverse. This proves F'(«) is a subfield of F’.

By Proposition 4.20, F(a) is algebraic over F', which completes the proof of Proposition 4.22.
O

Proposition 4.23 Suppose that F5 is a field which is a vector space of finite dimension n over a
subfield Fo C F3. If Fy is a vector space of finite dimension m over a subfield Iy C Fy, then, Fj
has finite dimension mn over the subfield Fy. In particular, Fs is algebraic over Fy and both m
and n divide the dimension of F3 over Fi.

Proof. Let B = {01,...,0n} be a basis for Fy, considered to be a vector space over Fj. Let
A ={aq,...,an} be a basis for F3, considered to be a vector space over Fy. We will show that
C={fja; € F3]|1<i<m,1<j<n}isa basis for F5, considered to be a vector space over Fj.
Note that C' has mn elements.

We first show that, with respect to Fy, Span(C) = F3. Let v € F5. Since the vectors in

A span F3 over Iy, v = Z:’;l a;ay; for some a; € F,. Since B spans Fy over Fj, for each
ie{l,...,m}, a; = 2?21 b;;3; for some b;; € Fy. Hence, by substitution,
m m n
v="> aiwi=Y (O bibjai =Y bfa),
i=1 i=1 j=1 i
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and so, Span(C') = F3.

We now prove that C is a set of linearly independent vectors in F3, when considered to
be a vector space over Fj. So, suppose Z” bji(Bja;) = 0, for some b;; € Fi. Then, 0 =
Z;Zl(z;lzl b;iBj)c, and since A is a linearly independent set of vectors over Fs, the coefficient
Z?:l bjiB; of oy must vanish for each ¢. Hence, for each i, Z?:1 bjif; = 0. Since B is a linearly
independent set of vectors over Fij, we conclude that for each i, by; = by; = ... = by; = 0. By
definition of linear independence, C' is a linearly independent set of mn vectors over Fj.

We have shown that C is a basis for F3 over Fj, and so, the dimension of F5 over Fj is mn.
Since Fj3 has finite dimension over F}, Proposition 4.20 implies F3 is algebraic over Fj. O

Corollary 4.24 Suppose F' C F' is a subfield and {a1,as,...,a,} C F' is a finite set such that aq
is algebraic over F, and ay, is algebraic over the field F(a1,az,...,ax—1), where F(a1,az,...,a;) =
F(a1,az2,...,aj-1)(a;) is defined inductively for 2 < j < n. Then, F(a1,as2,...,a,) is a subfield
of F' of finite dimension over F, and so, it is algebraic over F'.

Proof. Let Fy = F and Fy, = F(a1,as,...,a;) for k < n. By Proposition 4.22 and the principle of
mathematical induction, F} is a field for £ < n. Then, we have Fy C F; C F» C ... C F},, where
the dimension of Fj over Fj_1 is some finite positive integer my. By the principle of mathematical
induction and Proposition 4.23, the dimension of F(a1,as,...,ay) over F is equal to mima ... my,,
which is finite. O

Corollary 4.25 Suppose Fy C Fo C F3, where Fy is a subfield of F» and Fy is a subfield of Fs.
If F5 is algebraic over Fy and o € F3 is algebraic over Fs, then « is also algebraic over Fy.

Proof. Since « is algebraic over F», « is a root of a nonzero polynomial p(z) = Y";_, arz®, for some

a; € Fy. Since {a1,as,...,a,} are algebraic over Fi, Fi(a1,as,...,a,) has finite dimension over F;
by the previous corollary. Since « is algebraic over Fy(a1,as,...,ay), then Fi(a1,asz,...,a,,a) =
Fi(ay,az,...,a,)(«) has finite dimension over Fj, again by the previous corollary. Since a €
Fi(ay,as,...,a,)(a), Proposition 4.20 implies « is algebraic over Fj. O

Definition 4.26 A field F is algebraically closed, if every polynomial p(z) € F[z] can be factored
into linear factors: p(z) = ¢(z — a1)(x — a2) ... (z — ay), where ¢,a; € F.

The fundamental theorem of algebra implies that every polynomial p(xz) € Clx] of degree at
least 1 has a root in C, and so, by induction on the degree of p(z), the polynomial p(z) can be
factored into linear factors. Thus, the complex numbers C is an algebraically closed field.

Theorem 4.27 Let A C C be the set of algebraic numbers. Then,
1. A is a subfield of C.
2. A is algebraically closed.

3. Considered as a vector space over Q, A has a countable infinite basis {1, ;... ,an,...}.
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Proof. We first show that A is a field. Given an element « € A, Proposition 4.22 implies Q(«) is
a finite dimensional vector space over Q, Q(«) is a field and Q(a) C A. In particular, if a # 0,
then the multiplicative inverse of a in Q(«) is also algebraic.

We now verify that the binary operations of addition and multiplication induce binary op-
erations on A. It then follows that A is a subfield of C. Let o, € A. By Corollary 4.24,
Q(a, B) = Q(a)(B) is a subfield of C which is algebraic over Q; hence, Q(a, 8) C A. Since a+ 3
and af € Q(a, ), then a4+ 3 and «f lie in A, which proves the first statement in the theorem. If
a € Cis algebraic over A, then Corollary 4.25 implies « is algebraic over QQ, which proves statement
2.

We now prove that A has a countable basis. By homework problem 28 in Section 1, A is an
infinite countable set, and so, A can be made into an infinite list: A = {0, 81, B2, ..., Bn,...}. Let
ay = By and let S; = {ay}. Since no finite subset of A spans A as a vector space over Q, there
exists a first index 4(2) € N such that ;o) ¢ Span(S1). Define ap = f;(2) and let So = {a1,as}.
Inductively define Sk, k € N, as follows. Given the set Sy = {aq,...,ax}, let i(k + 1) be the first
index such that B;x11) ¢ Span(Sk). Define agpy1 = Bir+1) and let Spy1 = {o1,...,ar, apy1}
Finally, let S = Uy Sk = {1, 2,...,an,...}. If B € A, then 3 = B for some k € N, and by
definition of Sy, B € Span(S). Therefore, 8 = Zle A;«;, which implies the complex numbers in
S span A.

If S were a linear dependent set, then there would exist a finite set of elements {ag(l), Qg (2), -~ s aa(n)} -
S with max{o(1),0(2),...,0(n)} = o(n) and rational numbers \; € Q such that > ;| Aoy () =0,
where some A; # 0. But, {ai1,a2,...,0,(,)} is a basis for Span(S,(,)), and so, it is a linearly in-

dependent set. But, a subset of a linearly independent set of vectors is also a linearly independent
set of vectors, which gives the desired contradiction. This contradiction completes the proof that
S={ai,as,...,an,...} is a basis for A over Q. O

Homework Problems

1. Let V be a vector space over R with additive identity element 0 called the zero vector or
origin of V.

(a) Prove that for 0 € R and v € V, then Ov = 0. (Hint: Use the fact that Ov = (0 + 0)v =
0v + Ov.)
(b) Prove that for A € R, then A0 = 0. (Hint: Use the fact that A0 = A(0 + 0) = A0 + A0).
2. Let K be the kernel of a linear transformation L: V — W, where V and W are vector spaces

over R. Prove that K is a subspace of V. (Hint: By Theorem 3.27, K is a subgroup of V.
Use homework problem (1b) to show that for v € K and A € R, then L(A\v) =0.)

3. Let I be the image of a linear transformation L: V' — W, where V and W are vector spaces
over R. Prove that I is a subspace of W. (Hint: Use part 3 of Theorem 3.22 and show that
forve I and A € R, then \v € I.)

. 1 3 1 0 . 1 3 1 0
4. Calculate the matrix product (_2 4> (2 5) and the matrix sum (_2 4) + (2 5) .
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5. Calculate the product of the following two matrices:

1
3
1

[ (RSN )
_ O =
O = N

1
3
0

S O =

6. Write down the matrix for the rotation R, : R®> — R? counter-clockwise by 90 degrees around
the z-axis.

7. Let M(2,R) be the set of 2 x 2 real matrices. The determinant function, det: M(2,R) — R,

isdeﬁnedlnfdet(a b> =ad — be.

c d

(a) Prove that det(AB) = det(A) - det(B). (Hint: Evaluate each side separately and then
compare them.)

(b) Prove that the matrix I = ((1) (1)) satisfies, VA € M(2,R), Al =TA = A.

(¢) Suppose that A € M(2,R) has a multiplicative inverse B, i.e., AB = BA = I. Prove
det(A) # 0. (Hint: Use part (a) and the fact that AB =1.)

b

a
(d) Suppose that A = (c d

) and D = det(A) # 0. Verify that the matrix

(4 7)

is the multiplicative inverse matrix to A.

(e) Recall that GL(2,R) C M(2,R) is the subset of matrices with multiplicative inverses.
By parts (¢) and (d), GL(2,R) = {A € M(2,R) | det(A) # 0}. Prove that GL(2,R) is
a group under multiplication of matrices. (Hint: Use Theorem 4.6 and parts (a), (b),

(), (d).)

(f) Let Ry = (52f 59) be the matrix for rotation in R? counter-clockwise by the angle
0. Prove Ry € Ker(det), where det: GL(2,R) — R — {0} is the restricted determinant
homomorphism. Here we are considering R — {0} to be a group under multiplication.
The kernel of the determinate function defined in this homework problem is a famous
group in mathematics; it is called the special linear group of real 2 x 2-matrices and is

denoted by SL(2,R).

ollols

8. Consider the field of complex numbers to be R? with polar coordinates (r, ). Recall from
the class you took in calculus where you studied infinite series, De Moivre’s formula:

e’ = cos(#) + sin(0)v/—1 = cos(#) + sin(8)i,

where e* = > 2= and z = a + bi. Then, every element z = a + bi € C can be written in

n!

polar notation as z = re®, where r is the length v/a2 + b2 of z and @ is its polar angle.

(a) Express the complex numbers 2,1+ 4, and 3i in their polar notation re®.
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10.

11.

12.
13.
14.

15.

16.

17.

18.

19.

20.

21.

(b) Show that, if 1 is the length of z; = a; + b1i and 72 is the length of zo = as + bai, then
the length of the product z12z5 of the complex numbers is rq7s.

(c) Using the exponent rule, e®e? = et for any a, b € C, prove that if r1e?* and rye'

are complex numbers, then their product ¢ eW1ryeif2 = p pyei®1+02) Tp particular, the
polar angle of a product of complex numbers is sum of the polar angles.

(d) Use part (c) to prove that C — {0} is a commutative group under multiplication. What
is the multiplicative inverse of re’?, when r # 07?

. Suppose a + by/—1 € C is a nonzero complex number (either a # 0 or b # 0). Write down its

multiplicative inverse. (Hint: First try multiplying it by its complex conjugate a — by/—1).)

Suppose F is a field with zero element 0. Let a € F and show 0-a = 0. (Hint: Use the fact
that 0-a=(04+0)-a=0-a+0-a.)

If F; and Fy are subfields of a field F', then prove F; N F5 is also a subfield. You can use the
result from group theory that the intersection of subgroups of a group is a subgroup.

In the field Zs5, what is the multiplicative inverse of 3 € Z5?
In the multiplicative group Zs — {0}, what is the order of 27 Is Z5 — {0} a cyclic group?

What is the multiplicative inverse of 1 + v/2 in Q(v/2)? (Hint: See the proof of Proposi-
tion 4.14).

Prove that {v; = (}), va = (_})} is a basis for R%. You can use any of the theorems in this
section or verify it directly by using the definition of basis.

Suppose F' is a subfield of a field F’. Prove that every element o € F is algebraic. (Hint:
Consider a polynomial of degree 1 with « as root.)

What is the dimension of Q(53) over Q and why? You can use the fact that 53 is a root of
o3 — 5, but it is not a root of a polynomial in Q[x] of less degree.

Use Proposition 4.23 and the previous homework problem to prove that Q(1/2) is not a
subfield of Q(53).

Is V3 + /5 algebraic over Q? Explain your answer. (Hint: See the statement of Theo-
rem 4.27.)

Prove that o = v/v/2 + /3 is an algebraic number. Also, derive an upper estimate for the
dimension of Q(«) over Q. (Hint: Use Proposition 4.23 and see the proof of Theorem 4.27.)

Let Agr C R be the set of real algebraic numbers: Agx = ANR.

(a) Show Ag is a field. (Hint: See homework problem 11 and Theorem 4.27.)
(b) Show that AR is not an algebraically closed field.
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5 Metric and topological spaces.

In a first class on calculus, the student is introduced to the notion of a continuous function f: R —
R. Intuitively, f is continuous if its graph does not have any jumps, or equivalently, if for any =z € R
and any sequence of points {zy},cn converging to x, the sequence of values {f(x,)},en converges
to the value f(x). Later in this class, the student learns the fundamental theorem of calculus. This
theorem has two parts. The first part states that for any continuous function f(z): [a;0] — R
there exists a differentiable function F'(z): [a,b] — R with derivative F'(z) = f(x) for all z in the
interval [a,b]. The second part of this theorem relates the area under the graph of f(x) to any
such antiderivative F'(z) by

b
Area = / f(z)dx = F(b) — F(a),

where we assume the function f(x) is positive.

Our primary goal in this section is to develop the general theory of topological spaces and
continuous functions between these spaces. Along the way, you will be introduced to a number
of proof techniques and concepts that have a geometrical as well as analytical side. Some fairly
simple applications of this theory will be to give rigorous proofs of the intermediate value theorem,
the max-min theorem and the fundamental of calculus.

The theory of topological spaces begins with and is motivated by the special case of a metric
space M which is a set whose elements we call points, where one can measure the distance d(p, q)
between any two points p, ¢ € M. The distance function d satisfies three basic intuitive properties,
similar to the distance function on the real number line or in the Euclidean plane. We now describe
precise notion of a metric space.

Definition 5.1 A metric space is a pair (M,d), where M is a set and d: M x M — [0,00) is a
distance function on M satisfying for Vp, q,w € M:

Ld(p,q) =0 = p=g;
2. d(p,q) = d(q,p);
3. d(p,w) < d(p,q) + d(g,w) (Triangle Inequality).

Definition 5.2 Suppose (M, d) is a metric space. The ball centered at p of radius r > 0 is defined
to be B.(p) ={q € M | d(p,q) <r}.

Definition 5.3 A subset O C M is an open set if for each p € O, there exists an r > 0 such that
B.(p) C O.

Theorem 5.4 A ball B,(p) in a metric space (M,d) is an open set in M.

Proof. Let B,.(p) be the ball centered at p of radius r. Let ¢ € B,.(p). Since d(p,q) < r, then
e =r —d(p, q) is positive. We now show that B.(¢q) C B,(p).
Let y € B:(q), which by definition means d(g,y) < €. By the triangle inequality:

d(p,y) < d(p,q) +d(q,y) < d(p,q) +¢&=d(p,q) + [r —d(p,q)] =r.

Thus, d(p,y) < r, which means y € B,.(p). This proves that B.(q) C B,(p), and so, by definition
of open set, B,.(p) is open. O
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Example 5.5 Our standard example of a metric space is (R,d), where for z,y € R, d(z,y) =
|y — z|. For example, the distance between the points x = —3 and y = 6 is d(—3,6) = |6 — (—3)| =
|6 + 3] = 9. In homework problem 1, you will verify that (R, d) satisfies the three properties for d
that define a metric space structure. Note that for € R and r > 0, then the ball B, (z) centered
at x of radius r is the open interval (z —r,x + 7).

Theorem 5.6 Let (M,d) be a metric space. Then, the following three statements hold:
1. The intersection of a finite number of open sets in M is an open set in M.
2. The union of any collection of open sets in M is an open set in M.

8. M and @ are open sets of M.

Proof. Let Ai,..., A, be a finite number of open sets in M. Let p € ()}_, Ax. By definition
of intersection, p € Ay, for each k, 1 < k < mn. Since each Ay is open, there exists an rp > 0
such that By, (p) C Ag. Let r = min{ry,re,...,r,}. Note that » > 0 and B,(p) C B, (p) C A,
which implies that B,(p) C Ay, for each k. By definition of intersection, B, (p) C ()._, Ax. By the
definition of open set, the set (,_; Ay is open.

Now suppose {Aq}acr is a collection of open sets in M and p € J,c; Aa- By definition of
union, p is in one of the sets A,, for some index «. Suppose p € A,,. Since A,, is open, there is
a ball B, (p) C Ag,. Since B,.(p) C Aa,and An, C Uyer Aas then Bo(p) C U e Ao This proves
that (J,; Aa is open.

Note that M is an open set, since for any point p € M, B1(p) C M. Finally, the empty set @
is an open set, since the defining property of being an open set is satisfied for every point in @,
because there are no points in (). This completes the proof of the theorem. O

The previous theorem plays a fundamental role in the development of the remainder of this
section. Part of the reason for this is that many important ideas such as:

1. Convergence of a sequence of points and limits in a metric space;
2. Special properties such as compactness and connectedness of a metric space;
3. The definition of a continuous function f: M; — Ms between two metric spaces;

can be best understood or defined just in terms of open sets in the metric space, rather than in
terms of the distance function. Motivated by the statement of Theorem 5.6, we make the following
definition.

Definition 5.7 A topological space is a set X together with a collection 7Tx of subsets called open
sets satisfying:

1. The intersection of a finite number of open sets in X is an open set in X.
2. The union of any collection of open sets in X is an open set in X.

3. X and O are open sets of X.
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We now develop the notion of a limit point p for a sequence of points {p, },en in a metric space
(M, d). Intuitively, p is a limit point of the sequence {p, },en, if the sequence of points converges
to p in the sense that the distances d(p,p,) converge to zero as n approaches infinity. We first
show that the understanding of such limits can be carried out solely in terms of the open sets or
the topology of M and, more generally, the concept of a limit point p of a subset A C M also
makes sense solely in terms of the topology of M. Once we prove these properties, we will define
the notion of a limit point of a subset A of an arbitrary topological space X, and we prove that a
subset A C X contains all of its limit points if and only if its complement A€ in X is an open set.

Definition 5.8 We say that a sequence {a,},en of points in R converges to a point z € R, if
Ve > 0, 3N, such that for n > N;, |z — a,| < e. If the sequence {ay },cN converges to z, then we
write lim,,—oo Gy, = .

Definition 5.9 Suppose (M, d) is a metric space and {p,},cn IS a sequence of points in M. We
say that this sequence converges to p € M, if lim,_,o d(p,p,) = 0. If the sequence {p,},cn
converges to p, then we write lim, o pn, = p.

The proof of the next proposition follows immediately from the above definitions.

Proposition 5.10 Suppose (M,d) is a metric space. Then lim, o p, = p if and only if Ve >
0,3N such that for n > N, d(p,pn) < € or, equivalently, Ve > 0,3N such that for n > N, p, €

B.(p).

Definition 5.11 A point p in a metric space (M, d) is a limit point of a subset A C M, if there
exists a sequence of points p,, € A, where p,, # p, such that lim, ., p, = p.

Proposition 5.12 A point p in a metric space (M, d) is a limit point of A C M if and only if for
every open set O of M with p € O, then (O —{p})N A # Q.

Proof. Suppose p is a limit point of a sequence {p,}nen in A such that Vn € N, p,, # p. Suppose
that O is an open set in M with p € O. Since O is open, 3B.(p) C O. Since lim, o pn = D,
for n large, p, € (B:(p) — {p}) € O — {p}. Hence, for n large, p, € AN (O — {p}), and so,
AN (O —{p}) # 0.

Now, suppose that for every open set O in M with p € O, (O —{p}) N A # @. Consider the
ball B (p) for n € N. Since B (p) is open, (B1(p) — {p}) N A # O, and so, there exists a point
pn € A — {p} with d(p,,p) < % By definition of limit point, lim,,_, ., p, = p, which proves p is a
limit point of A. O

The previous proposition motivates the next important definition of limit point of a subset A
in a topological space X.

Definition 5.13 A point p in a topological space X is a limit point of a subset A C X if and only
if for every open set O of X with p € O, then (O — {p}) N A # @. We let L(A) denote the set of
limit points of the subset A.

Definition 5.14 A subset A of a topological space X is closed, if its complement A€ is an open
set in X.
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The next theorem gives an important and beautiful relationship between closed sets and subsets
of a topological space which contain all of their limit points.

Theorem 5.15 Suppose X is a topological space. A set A C X is closed if and only if L(A) C A.

Proof. Suppose A C X is closed and we will prove L(A) C A. Let p € X. Assume that p ¢ A, and
s0, p € A° which is open since A is closed. Since A°N A = @, then (A — {p}) N A = @, and so,
by definition of limit point, p ¢ L(A). Thus, p ¢ A = p ¢ L(A). By taking the contrapositive of
this implication, we obtain p € L(A) = p € A, which proves the desired containment: L(A) C A.

Suppose now that L(A) C A and we will prove that A° is a union of open sets, and so, by
definition of topological space, is itself open. Since L(A) C A;then ¢ € A° = ¢q ¢ L(A). Let
p € A°. Since p is not a limit point of A, 3 an open set O, with p € O, and (O, — {p}) N A = Q.
Since p ¢ A, in fact, O, N A = @. We claim that A° = UpeAc Op, which will prove A€ is open.
Since for each p € A¢, O, C A, clearly UpeAc Op CA°. But,ge A°=q €O, C UpeAc Op, and
S0, q € U;DGAC Op, which proves the containment A° C UpeAc Op. This proves A® = UpGAC 0, is
open, since it is the union of open sets. By definition of closed set, A is a closed set in X. O

Theorem 5.16 (Closed Subsets Theorem) If X is a topological space, then:
1. The intersection of any collection of closed sets in X is a closed set.
2. The union of a finite number of closed sets in X is a closed set.

3. X and O are closed sets.

Proof. The above theorem follows immediately from the definition of topological space, the defi-
nition of closed set and the DeMorgan’s Laws in from set theory. (See Theorem 5.17 below.)

For the sake of completeness, we prove statement 1 of Theorem 5.16. Suppose A = {A;}icr is a
collection of closed sets and consider their intersection (A = [,; A;. By DeMorgan’s laws stated
in Theorem 5.17 below, ((;c; A:)¢ = U;c; A7 which is open, since it is a union of the open sets
A¢ (open since A; is closed) in the topological space. Hence, ([].4)¢ is open, which, by definition
of closed, means [ A is a closed set. O

The proof of the next theorem is straightforward and is similar to the proof of Theorem 2.44,
where we stated DeMorgan’s Laws for two sets A, B rather than for an arbitrary collection { Ay }aer-

Theorem 5.17 (DeMorgan’s Laws) Suppose {Aq}acr is a collection of subsets of a set X.
Then:

1. (Uael An)¢ = ﬂael AG;
2. (mael AO‘)C = UaEI AZ

Definition 5.18 Suppose A is a subset of a topological space X. Let ¢ = {C | where C' is any
closed subset in X with A C C}. The closure of A is defined to be A =[5, C. In other words,

A is the intersection of all closed subsets of X which contain A.
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Theorem 5.19 Suppose A C X is a subset of a topological space X. Then, A is the smallest
closed set in X containing A in the sense that A is a closed set containing A and any other closed
set containing A has A as a subset. Furthermore,

A=AUL(A).

Proof. Since X is a closed set containing A, there is at least one closed set C' of X which contains
A. Since every closed set C used in the definition of A contains A, the definition of intersection
implies A is a set which contains A. Since A is the intersection of closed sets, Theorem 5.16 implies
A is closed. So, A is a closed set that contains A. By the definition of 4, A is a subset of every
closed set that contains A. This implies A is the smallest closed set containing A.

In order to show that A = AUL(A), we need to prove that (AUL(A)) C Aand A C (AUL(A)).
If B and D are subsets of a topological space with B C D, then, by definition of limit point,
L(B) C L(D). This observation implies that L(A) C L(A) because A C A. Since A is closed,
Theorem 5.15 implies L(A) C A. As L(A) C L(A) and L(A) C A, then L(A) C A. Since it is also
the case that A C A, then (AU L(A)) C A, which is one of our desired containment equations.

It remains to prove A C (AU L(A)). Since A is the smallest closed set that contains A, it
suffices to show that AU L(A) is closed. The proof that AU L(A) is closed is a slight modification
of the argument given in the second paragraph of the proof of Theorem 5.15, which we now repeat
for the sake of completeness.

We will show that AUL(A) is closed by showing its complement is the union of open sets. Note
that pe (AUL(A))* =p ¢ (AUL(A)) = p ¢ Aand p ¢ L(A). Since p ¢ L(A),3 an open O,
with p € O, and (O, — {p}) N A = @. Since p ¢ A, in fact, O, N A = @. Since O, is an open set
in X which is disjoint from A, the definition of limit point implies O, N L(A) = @, which means
that Op C (AU L(A))°. It follows that (AU L(A))® = Upe(aur(a))e Op, Which implies (AU L(A))*
is open, and so, AU L(A) is closed. O

Definition 5.20 If (M, dys) is a metric space and A is a subset of M, then dj; induces a distance
function d4 on A by restriction: Vp,q € A, da(p,q) = da(p,q). We call (A,da) a metric subspace
of (M, dys). Usually, we suppress the subscripts and write d instead of dp; and d4.

Proposition 5.21 Suppose A C M is a subspace of a metric space (M,d), with respect to the
induced distance function. A subset O C A is open if and only if there exists an open set Op in
M such that O = Oy N A.

Proof. Let A C M. In order not to get mixed up on notation, we will let B;4 (p) denote the ball
of radius r in A centered at p and let BM (p) denote the ball of radius r in M centered at p. The
proof of the proposition depends on the set equality: B (p) = BM (p) N A.

We first show that if O is an open set in A, then there is an open set O,; in M such that
O = Op N A. By definition of open set, for every p € O, there exists a ball B;‘L (p) C O for

some 1, > 0. Clearly, O = o

of open sets is open, Oy = Upeo Bﬁ‘g (p) is open in M. By the distributive law for unions and
intersections,

B;‘: (p). Since the balls Bi\f (p) are open in M and the union

ounA=({JBYw)nA=JBYwna) =] B w@ =0,

peO peO peO

93



which proves O = Op; N A, where Oy is open in M.

Now suppose Oy is an open set in M and we will prove that Op; N A is an open set in A. Since
Oys is open in M, for each p € Oy there exists a ball Bﬁg(p) C Opg. So, if p € Oy N A, then
B;f; (p) = B,{\f (p) N A C Op N A. By definition of open set in a metric space, Oy N A is an open
set in A. O

The previous proposition motivates the next definition for topological spaces.

Definition 5.22 If A is a subset of a topological space X, then define a subset O C A to be open
in A, if there exists an open set Ox in X such that O = Ox N A. Defining open sets of A in this
manner is called the subspace topology on A.

The proof of the next proposition is straightforward and is homework problem 18.

Proposition 5.23 If A is a subset of a topological space X with the subspace topology, then A is
a topological space. In other words, the collection of open sets in A satisfy Definition 5.7.

Proposition 5.24 IfY is a subspace of a topological space X, then A CY is closed in'Y if and
only if A= CNY, where C is a closed set in X. Furthermore, if Y is a closed set in X, then a
closed subset A of Y is a closed subset of X.

Proof. Note that A is closed in Y <= its complement in Y, A€ is open in Y <= 3 an open set
Oa C X suchthat Y —A = A°=04NY. But then, AisclosedinY <= A=Y -04 =04NY =
C NY for the closed set C'= O¢ in X. This proves the first statement in the proposition.

If A is closed in Y, then, by the first statement in the proposition, A = C NY, where C is
closed X. If Y is also closed in X, then A = CNY is a closed set in X, since it is the intersection
of two closed sets in X. O

Definition 5.25 A topological space X is disconnected, if X is the union of two disjoint nonempty
open subsets. We say that X is connected, if it is not disconnected.

Example 5.26 The standard example of a disconnected space is any metric space (M, d), where
M consists of exactly two points: M = {p, ¢}. If r = d(p, q), then B,(p) = {p} and B,-(¢q) = {q} are
open sets by Theorem 5.4. Thus, M is the union of the two disjoint nonempty sets B, (p), B-(q).
More generally, it can be shown that any connected metric space with more than one point must
be an uncountable set. Another related example of a disconnected space would be the union of
two disjoint disks B1((0,0)) and B;((3,0)) of radius 1 centered respectively at the points (0, 0) and
(3,0) in the plane R? with the subspace topology.

The open unit disk B;((0,0)) of radius 1 centered at (0,0) in R? with the subspace topology is
path connected, in the sense that any two points in B1((0,0)) can be joined by a continuous path
in B1((0,0)) beginning at the first point and ending at the second point. It is not difficult to show
that a path connected topological space is always a connected space, which means B1((0,0)) is
connected.

Proposition 5.27 A topological space X is connected if and only if the only subsets of X which
are both open and closed are the subsets X and .
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Proof. Suppose X is connected and A C X is a subset which is both open and closed. Then, A€
is open and X is the disjoint union of the open sets A and A°. By definition of connected, either
A or A€ is the empty set, and so, A= X or A = Q.

On the other hand, if X is disconnected, then it is the union of two nonempty disjoint open
sets A and B. Since A = B¢, A is also closed. Since A and B are nonempty, A is different from @
and from X. Thus, if X is disconnected, then X contains a subset which is both open and closed
and also not equal to X or . O

Definition 5.28 An interval I C R is any nonempty subset such that for any a,b € I with a < b,
then a < t < b implies ¢t € I. Note that every interval in R has the form (a,b), [c,d], (a, c] or [¢,b),
where a,b € RU {00,—c0} and ¢,d € R; in order to prove this well-known characterization of
intervals, one needs the least-upper-bound property for R given below.

Definition 5.29 A number b € R is an upper bound (lower bound) for A C R, if forallt € A, t <
b (t > b). A subset A C R is bounded from above (below) if 3 an upper (lower) bound for A. The
subset A is bounded, if it is bounded from above and from below; equivalently A is bounded, if
A C [a,b] for some a,b € R.

Least-Upper-Bound Property: Any nonempty subset A C R which is bounded from above has
a least upper bound, i.e., an upper bound M such that for any other upper bound 7', then M < T.
Similarly, any subset A C R that is bounded from below has a greatest lower bound.

Example 5.30 Consider the set of real numbers A = {1, %, %, ey %, ...}. The number 5 is an

upper bound for A, 1 is the least upper bound for A and 0 is the greatest lower bound for A.

Theorem 5.31 A subset X C R with the subspace topology is connected <= X is an interval.

Proof. If X is not an interval, then 3 a,b € X with a < b and a number ¢t ¢ X with a <t < b. Let
O, +)={seR |t <s}andlet O(t,—) = {s € R|s < t}. Then, X is the disjoint union of the
two nonempty open subsets O(t,+) N X and O(t,—) N X of X, which implies X is disconnected.

Now suppose that X is an interval and we shall prove X is connected. Suppose to the contrary
that X is disconnected and let A C X be a nonempty set which is both open and closed and
where A€ is nonempty. Let a € A and b € A°¢ and, without loss of generality, we may assume
that a < b. By intersecting A with the closed interval [a,b], we see, by Proposition 5.24 and the
definition of subspace topology, that A N [a,b] is both open and closed in [a,b]. Let B = AN [a,b]
and recall that @ € B,b ¢ B and B is open and closed in [a,b]. Let I be the union of all intervals
contained in B which contain a. Since the union of a collection of intervals in R which contain a
given number is again an interval (see homework problem 13), then [ is itself an interval and has
the form either I = [a,c) or I = [a,¢], where a < ¢ < b. Since B is a closed set in [a,b], I C B
and c is a limit point of I, then c is also a limit point of B and so ¢ € B. Therefore, the interval
[a,c] C B and, by definition of I, I = [a, c], where ¢ < b. But, since B is open in [a,b] and ¢ < b,
for some ¢ > 0, [c,c+¢) C B. Since I U[c,c+¢) is an interval in B containing a, we obtain
a contradiction to the fact that I is the largest such interval. This contradiction proves that the
interval X is connected. O

One of the most important concepts in mathematics is that of “compactness”, which in the
topological setting can be described by a topological space being compact. Unfortunately, the
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usual definition of “compactness” for a topological space X seems somewhat artificial. However,
the reader can be assured that this usual definition is an essential and important one. One well-
known result from calculus, which we will derive using compactness, is that any continuous function
f:a,b] — R on a closed interval [a,b] has a maximum at some point p € [a,b] and a minimum
value at some possibly different point ¢ € [a, b]. We will prove this result by showing that the closed
interval [a, b] is a compact topological space, and further, that a continuous function f: X — R
on any compact topological space X has both a maximum and a minimal value. Soon, we will go
over exactly what it means for a function between topological spaces to be continuous.

Definition 5.32 An open cover of a topological space X is a collection of open sets {Oy }aer such
that X = (J,c; Oa. We say that an open covering {Oq }aer has a finite subcover, if there exist a
finite number of indices oy, g, -,y in I such that X = Oq, UOq, U...UOq,, .

Definition 5.33 A topological space X is compact, if every open cover of X has a finite subcover.

Definition 5.34 A collection of subsets ¢ = {C,}aecr of a set X satisfies the finite intersection
property (FIP), if every finite intersection Cy, N ... N C,,, of sets in ¢ is nonempty.

In the proof of the next theorem, we will use the fact that if A€ is the complement of A in X,
then (A€)¢ = A.

Theorem 5.35 A topological space X is compact if and only if every collection {Cy}acr of closed
sets in X, which satisfies the finite intersection property FIP, has nonempty intersection [\, c; Ca #
0.

Proof. Suppose X is compact and {Cq }aer is a collection of closed sets. If @ = (1, ; Ca, then, by
Theorem 5.17, X = 0° = (Nye; Ca)® = Uner C5» and so, {C§ }aer is an open cover of X. Since
X is compact, there exist a finite number of indices a1, as, ..., a, such that X = C5 U...UCY .
Apply Theorem 5.17 again, to obtain ¥ = X¢ = C,, N...NC,, . Since some finite intersection of
sets in {Cy tacr is empty, then {C, }aecr does not satisfy FIP. By the contrapositive, if {Cq}aer
satisfies FIP, then (), c; Co # Q.

Now, suppose that every collection of closed sets in X which satisfies FIP has nonempty total
intersection and we will prove that X is compact. Let {O,}acr be an open cover of X. Since
X = Uaer Oas Theorem 5.17 implies @ = X¢ = [, .; Of,. It follows that the collection of closed
sets {O%}aer does not satisfy FIP, and so, there exist a finite number of indices «j, ..., «;, such
that @ = Og, N...NOg . Taking complements again, we obtain X = Oq, U...U O,,,, which
means that {Og, }acr has a finite subcover. By definition of compact, X is a compact topological
space. O

Theorem 5.36 A closed bounded interval I = [a,b] C R is compact in the subspace topology.

Proof. If a = b, then I consists of a single point, and so, it is compact. Assume now that a < b.
Let {Oq}acs be an open cover of [a,b] and we shall prove this cover of I has a finite subcover.
Since [a,b] = Uyes Oa, then a € Oy, for some index a; € J. Since Oy, is open in [a,b], &1 >0
such that [a,a +£1) C Oq,. Let K C [a,b] be the union of all intervals in [a, b] which contain a
and which can be covered by a finite number of the open sets in {Oy }aecs. Note that K is itself an
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interval of the form [a,c) or [a,c|, where a < ¢ <b. If ¢ = b and K = [a, |, then, by definition of
K, the interval [a,b] is covered by a finite number of open sets in {O,}ocs, which completes the
proof. So, we now check that ¢ = b and K = [a, ¢].

Since {Oq }aer covers I, ¢ € Og for some 3 € J. Since Og is open in the subspace topology on
[a,b], Jeo > 0 such that (¢ — e2,c+e2) C Og or else ¢ = b and (¢ — £2,¢ = b] C Og. By definition

of K, [a,c — e2] can be covered by a finite number O, , ..., 04, of open sets in {Oy}tacs. But
then, Oq,, ..., 04, ,Os is a finite open cover of [a,b] or of [a,c + £2) C [a,b], but the possibility
[a, ¢+ e2) cannot occur by the definitions of ¢ and K. Hence, [a,b] is compact. O

Theorem 5.37 Suppose X is a compact topological space. If A is a closed set in X, then, with
respect to the subspace topology, A is a compact topological space.

Proof. Let {Oa}acr be an open cover of A. By definition of the subspace topology, each O, =
0OX N A, where O is open in X. Since {A¢,0X},cs is an open cover of X and X is compact,
X =A°U ngl Uu...u ngn for some finite set of indices a1, ..., a, in I. But then,

A=XNA=(AUOJ U...UOX )NA= (0 NA)U...U (O NA) =04, U...UO,,.

By definition of compact, A is a compact topological space. O

In most of the topological spaces that mathematicians encounter in their research, the converse
of Theorem 5.37 also holds. As the next theorem shows, all metric spaces are included in such
spaces.

Theorem 5.38 If A is a compact subset of a metric space M, then A is a closed set and A is
bounded in M in the sense that there exists a point p € M and a positive number R such that
AC Bpr (p)

Proof. First, suppose that A C M is compact. If A is not bounded, then fix a point p € M. The
open cover {B,, = B,(p)},en of M induces an open cover {B,, N A}, cy of A. This open cover
of A does not have a finite subcover, since the union of a finite number of the sets of the form
{Bn, NA, By, NA,...,Bp, NA|n1 <ng <...<ng}equals B,, NA which is a bounded set but
A is not bounded. This contradiction proves A is bounded.

For n € N, let Bi(x) ={q € M | (x,q) < 1} be the closed ball of radius < centered at p,
which is a closed set %y homework problem 16. If A is not closed, then there is a limit point x
of A with # ¢ A. Then, the open set compliments J, = (F% (x))¢ give rise to an open cover
of M — {z} and ¥n € N, A is not contained in J,, (since z is not a point of .J,, but it is a limit
point of A C J,,cn Jn)- Since x ¢ A, then {J, N A}, cn is an open cover of A. The union of a
finite number of the sets of the form {J,, N A, J,, N A, ..., Jp, NA|n1 <ng <...<ng}equals
Jn, N A # A. Hence, this open cover of A does not have a finite subcover. This contradiction
proves A is bounded. This completes the proof that A is closed and bounded in M. O

Theorem 5.39 (Heine-Borel Theorem) A subset A C R is compact if and only if A is closed
and bounded.
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Proof. Theorem 5.38 implies that any compact subset of R is closed and bounded. Suppose now
that A C R is closed and bounded. Then, A is a closed subset of some closed interval [a, b]. Since
[a,b] is compact and A C [a,b] is a closed subset, Theorem 5.37 implies A is compact. O

Definition 5.40 Suppose (M1, d;) and (Ms,ds) are two metric spaces. A function f: M; — Mo
is continuous at a point p € My, if lim, o p, = p implies lim, . f(pn) = f(p). A function
f: My — M, is continuous, if it is continuous at every point of Mj.

Theorem 5.41 A function f: My — My between two metric spaces is continuous if and only if
either of the following statements hold:

1. ¥p € My and Ve > 0,35 > 0 such that f(Bs(p)) C B:(f(p))-

2. For every open set O C My, f~1(O) is an open set in M.

Proof. The property f: My — Ms is continuous is clearly equivalent to statement 1. It remains to
prove that statements 1 and 2 are equivalent.

Suppose f: My — M, satisfies statement 1 and O C M is an open set. Let p € f~1(0).
Since O is open, there exists an € > 0 such that B.(f(p)) C O. By statement 1, 36 > 0 such
that f(Bs(p)) C Be(f(p)) C O. Hence, f(Bs(p)) C O and, by definition of inverse image, Bs(p) C
f71(O). This proves that f~1(0) is an open set in M;, which proves 1 = 2.

Next, suppose f: M; — M, and that for every open set O C My, the set f~1(O) is open in Mj.
Let p € M; and let € > 0. Since balls are open sets, B.(f(p)) is open in Ma, and so, f~(B:(f(p))
is open in X. Since p € f~1(B(f(p)), then, by definition of open set in a metric space, 3 a ball
Bs(p) € f~Y(B:(f(p))). Hence, f(Bs(p)) C B:(f(p)), which proves that 2 = 1. O

The previous theorem for metric spaces motivates the next definition for topological spaces.

Definition 5.42 A function f: X — Y between topological spaces is continuous, if for every open
set O C 'Y, the set f~1(O) is open in X.

One can also define what it means for a function f: X — Y to be continuous at a point.

Definition 5.43 A function f: X — Y is continous at p € X, if for every open set O C Y
with f(p) € O, there exists an open set O, C X with p € O, such that f(O,) C O. Here,
f(Op) = {y € Y | there exists an x € O, such that f(z) € O,} is the image of the subset O,.

Proposition 5.44 A function f: X — Y is a continuous if and only if it is continuous at every
point of X.

Proof. Clearly, if f : X — Y is continuous, then it is continuous at every point. So, assume now
that f is continuous at every point of X and we will show f is continuous. Let O C Y be open
and we will prove f~1(O) is open. Let p € f~1(0). Since f is continuous at p, there exists an
open set O, C X with f(O,) C O. By definition of inverse image, O, C f~(0). It follows that
Y0 = Upe-1(0) Op- Since f71(O) is the union of open sets, then it is open. This proves f is
continuous, by definition of continuous. O

Definition 5.45 Let X by a topological space and M a metric space with distance function d.
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1. We say that a sequence of functions f,: X — M converges pointwise if Vo € X, lim,, oo frn(x)
exists. In this case, if we define the function f: X — M by f(x) = lim, e fn(z) and we
say that the functions f,, converge pointwise to f.

2. Suppose that a sequence of functions f,: X — M converges pointwise to f: X — M, and
Ve > 0,3N such that Vn > N, then d(f,(x), f(z)) < € for Vo € X. In this case, we say that
the functions f, converge uniformly to f.

Example 5.46 1. The sequence of continuous functions f,(x) = z™: [0,1] — [0, 1] converges
=1 and f(

pointwise to the discontinuous function f: [0,1] — [0,1] with f(1) nd f(xz) = 0 for
x # 1.
2. The functions f,(x) = %x2 4+ 2: R — R converge pointwise to the constant continuous

function f(z) =2: R — R, but they do not converge uniformly to f. On the other hand, for
any fixed interval [a,b] C R the restricted functions fy[(45: [a,b] — R converge uniformly to
the constant function 2.

The next theorem is a basic and important theorem in analysis.

Theorem 5.47 (Uniform Limit Theorem) Suppose X is a topological space and M is a metric
space. If a sequence fn,: X — M of continuous functions converges uniformly to a function f: X —
M, then the limit function f is continuous.

Proof. By Proposition 5.44, it is sufficient to check that f is continuous at every point of X. So
pick a point p € X and an open set O C M and we will prove that there exists an open set O, C X
containing p such that its image satisfies f(O,) C O.

Since O is open and f(p) € O, then there exists an £ > 0 such that Ba.(f(p)) C O. Choose N
so that for Vn > N, d(fn(x), f(2)) < e, for all x € X. In particular, we see that d(fn(p)f(p)) < e,
which means that p € f5'(B-(f(p)). Note that O, = fy'(B:(f(p)) is an open set of X, since fy
is continuous and B.(f(p)) is open.

We now check that f(0O,) C O. Since O, C f5'(O), then for any = € O, fn(z) € B.(f(p)),
which means d(fy(z), f(p)) < e. Since d(f(z), fn(x)) < e, the triangle inequality implies
d(f(z), f(p)) < 2e, and so, f(z) € Ba:(f(p)). Since Ba(f(p)) C O, we have f(z) € O as
well, which proves the desired containment equation f(O,) € O. Hence, f is continuous and the
theorem is proved. O

Example 5.48 Consider the set of differentiable functions F = {f:[0,1] = R | -1 < f(0) <1
and —1 < f’(x) < 1}. It is rather easy to prove that given any sequence of functions {fy},cn in
F, there exists a subsequence { fy, } ,en Which converges uniformly to a function f: [0,1] — R. By
Theorem 5.47, the limit function f is continuous.

Theorem 5.49 Let X,Y,Z be topological spaces and f: X — Y and g: Y — Z be continuous
functions. Then, go f: X — Z is a continuous function.

Proof. Let A C Z be open. Since g is continuous, g~ *(A) is open in Y. Since f is continuous,

f~Y(g71(A)) is open in X. By the next lemma, (go f)~1(A) = f~1(g7*(A)), and so, (go f)"L(A)
is open in X. By definition of continuous function, g o f is continuous. O
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Lemma 5.50 Suppose A, B,C are sets and f: A — B and g: B — C are functions. Then, for
any subset X C C,
(go /)7HX) =97 (X))

Proof. We first check that (go f)~1(X) C f~1(¢g71(X)). If p € (go f)"1(X), then (go f)(p) € X by
definition of the inverse image. But then, g(f(p)) = (go f)(p) € X, and so, f(p) € g~ (X), which
implies p € f~1(¢g71(X)). Thus, (go f)~1(X) C f~1(g7*(X)). We next check that f~1(¢7 (X)) C
(gof)"HX). Ifpe f~H(g  (X), then f(p) € g~ 1(X), and so, g(f(p)) € X by definition of inverse
image. Thus, (go f)(p) = g(f(p)) € X. This proves p € (go f)~}(X). Hence, f~*(g71(X)) C
(go f)~1(X), which completes the proof of the lemma. O

Theorem 5.51 Suppose f: X — Y is a continuous function between topological spaces. If X is
connected, then the image f(X) is a connected subspace of Y.

Proof. Arguing by contradiction, suppose that X is connected but f(X) is a disconnected space.
By definition of disconnected, there are subsets A, B C f(X) such that:

1. f(X)=AUB;

2. A, B are open;

3. AN B = Q;

4. A# @ and B # 0.

By definition of subspace topology, A = f(X)N AY and B = f(X) N BY, where AY and BY
are open in Y. Since for every p € X, f(p) € f(X) = AU B, then f(p) € A or f(p) € B. Thus,
p € f7H(A)Uf~1(B), which implies X = f~*(A)Uf~1(B). Since f is continuous, the sets f~1(A) =
fH(AY) and f~Y(B) = f~Y(BY) are open in X. If p € f~1(A) N f~1(B), then p € f~1(A) and
p € f~1(B), which implies f(p) € AN B, but AN B = @. Thus, f~}(A) N f~1(B) = @. Since
A# @ and f: X — f(X) is onto, 3x € X with f(x) € A, which proves f~1(A) # . Similarly,
f~1(B) # @. The existence of the disjoint nonempty open sets f~1(A), f~!(B) whose union is X
proves X is disconnected, which gives the desired contradiction. O

The following result is an immediate consequence of Theorem 5.31 and Theorem 5.51.

Corollary 5.52 (Intermediate Value Theorem) If X is a connected topological space and f: X —
R is continuous, then f(X) is an interval. In particular, if I C R is an interval and f: I — R is
continuous, then f(I) C R is an interval.

Theorem 5.53 Suppose f: X — Y is a continuous function between topological spaces. If X is
compact, then the image f(X) is a compact subspace of Y.

Proof. Let {Ay}aer be an open cover of f(X). By definition of the subspace topology, for each
a €I, A, = AY N f(X), where AY is an open set in Y. Since f is continuous and onto
F(X), {f71(AL) = fFHAY)}aer is an open cover of X. Since X is compact, X = f~!(Aqs,) U
..U f7Y(A,,) for some finite set of indices a,...,a, in I. Note that since A, C f(X), then
f(f~1(As)) = A, for each o € I. Hence:

FOX) = F(F M (Aa)) U- o U F(F " (Aay)) = Aay U UAq,.
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By definition of compact, f(X) is a compact topological space. O

Corollary 5.54 (Max-Min Theorem) If X is a compact topological space and f: X — R is a
continuous function, then f has a mazimum M and a minimum value m.

Proof. By Theorem 5.15, f(X) C R is compact and then, by the Heine-Borel Theorem, f(X) is a
closed and bounded subset of R. Since f(X) is a bounded set in R, it has a least upper bound,
say M. Since f(X) is a closed set, homework problem 24 implies M € f(X). Similarly, f(X) has
a greatest lower bound, say m € f(X). Hence, f has a maximum value M and a minimum value
m.

Corollary 5.55 If I = [a,b] is a closed interval in R and f: I — R is a continuous function,
then f(I) is a closed interval of the form [m, M|, where m is the minimal value of f and M is the
mazximum value of f.

Proof. By Corollary 5.52, f(I) is an interval. By Theorem 5.53 and Theorem 5.39, the interval
f(I) must be closed and bounded, and so, it must be of the form [m, M]. O

Definition 5.56 A sequence of intervals {Ij },cn in R is nested, if m < n implies I, C I,.

Theorem 5.57 (Nested Interval Theorem) If {[an,b,]},cn are nested closed intervals, then
Mpenlan, bn] # @. Furthermore, if (b, — an) — 0 as n — oo, then (), cylan, bn] is a single point
xo, and for any choice of points py, € [an, by], then lim, o prn = Zo.

Proof. Suppose {[an,bn]}en are nested closed intervals. Then this collection of closed subsets of
[a1, b1] clearly satisfies the finite intersection property FIP. By Theorem 5.35 and Theorem 5.36,
Npenl@n, bn] # @, which proves the first statement in the theorem.

Suppose (b, — a,) — 0. Then [, cylan, by] consists of a single point z. Otherwise, for all
n € N, there would be two points p, ¢ with p,q € [an,b,] and p # ¢. Since d(p,q) < b, — a,, and
(b, — an) — 0, then d(p,q) = 0, which contradicts the first axiom for the distance function. If
Dn € [an, by], then the distance from p,, to z¢ is less than or equal to b, — a,, since ¢ is also a
point in [a,, b,]. Hence, by definition of limit, lim,, o pn = 0. O

Definition 5.58 A sequence {aj}ren C R is monotonically increasing, if whenever m < n, then
am < ap. The sequence is strictly increasing, if m < n implies a,, < a,.

The proof of the next proposition is homework problem 30.

Proposition 5.59 If{a,},en C R is a bounded monotonically increasing sequence, then lim,, oo an, =
LUB{an }nen, where LUB means the least upper bound.

Definition 5.60 A sequence {p,},cn in a metric space (M, d) is a Cauchy sequence, if Ve > 0, IN
such that for all m,n > N, d(pm,pn) < €.

Lemma 5.61 A Cauchy sequence with a convergent subsequence must itself converge.
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Proof. Suppose that {p,},en is a Cauchy sequence and {p,,} is a subsequence that converges
top € M. Let ¢ > 0 and we will find a positive integer J such that for j > J, p; € Be(p).
Since lim;—,oc pn; = p, there exists a positive integer K such that for i > K, p,, € Bg(p). Since
{Pn}nen is a Cauchy sequence, there exists a positive integer L such for n,m > L, d(pn,pm) < §.
Let N = max{K,L}. Then, for n > N, the triangle inequality implies d(p,pn) < d(p,pny) +
d(pny,Pn) < §+ § = €, which implies p, € B(p). This implies lim;, .0 pr = p- O

Definition 5.62 (M,d) is a complete metric space, if every Cauchy sequence in M converges.

The main classical examples of complete metric spaces are the n-dimensional Euclidean spaces
R"™ with the usual Euclidean distance functions. This result follows easily from the fact that R is
complete, a property which holds by Theorem 5.66 given below.

The following proposition is an immediate consequence of Lemma 5.61.

Proposition 5.63 A Cauchy sequence {pn}neN in a metric space M is bounded. In other words,
there exists a point p € M and number R > 0 such that Vn € N, p,, € Bgr(p).

Proof. Given a Cauchy sequence {p,},cn in M, there exists an N such that Vm, n > N, we have
d(pm,prn) < 1. In particular, for p = pn, d(p,pn) < 1 for all n > N. If

R= max{l7d(p7pl)a d(p7p2)7 ceey d(p7pN*1)}a
then clearly p,, € Br(p), Vn € N. O

Corollary 5.64 A Cauchy sequence in R is bounded.

Theorem 5.65 A bounded sequence {pn},en in R has a convergent subsequence.

Proof. If P = {pn}nen is @ bounded sequence in R, then there exist a,b € R, a < b, such that
Vn € N, p, € [a,b]. Let [a1,b1] be a subinterval of [a,b] of the form [a, %F2] or [%E2,b] such that
Dn € [a1,b1] for an infinite set of indices I; C N. Similarly, let [as,b2] a subinterval of the form
[a1, ‘“;bl] or [‘“—;“bl,bl] such that p, € [ag2,bs] for an infinite set of indices I C I;. Continuing
inductively, define the interval [a,, b,] C [an—1,bn—1] and I,, C I,,—1. By construction, there exists
a point pn, € [ak,bi] N P, where we may assume that i < j = n; < n;.

Since |b, — an| — 0 as n — oo, then the Nested Interval Theorem (Theorem 5.57) implies that

the subsequence p,, converges to the point (), -xl@n, bn]- O

neN
Theorem 5.66 R with the usual distance function is a complete metric space.
Proof. By Corollary 5.64, a Cauchy sequence {py,},en in R is bounded. By Theorem 5.65, this

Cauchy sequence has a convergent subsequence. By Lemma 5.61, the Cauchy sequence converges.
O

Definition 5.67 A function f: M; — My between the metric spaces (M7,d;) and (Ma,ds) is
uniformly continuous, if Ve > 0, 36 > 0 such that Vp,q € My, d(p,q) < 6 = d(f(p), f(q)) < e.
Equivalently, f is uniformly continuous if Ve > 0,36 > 0 such that Vp € My, f(Bs(p)) C B:(f(p)).
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Theorem 5.68 If f: My, — My is a continuous function between metric spaces and My is compact,
then f: My — Ms is uniformly continuous.

Proof. Let € > 0. Since f is continuous, for every p € My, 3d(p) > 0, such that f(Bas(p)) C
B (f(p)). Since {Bjs()(p) }penr, is an open cover of M; and M; is compact, there exists a finite
subcover A = {Bj(p,)(P1), - - -, Bsp,)(Pn)} of M. Let 6 = min{o(p1),...,0(pn)}

We now check that for any p € M;, we obtain f(Bs(p)) C B:(f(p)). Since A covers My,
after reindexing, we may assume that p € Bsq,)(p1). Let y € Bs(p) and we will prove that

d(f(p), f(y)) <e.
By the triangle inequality, d(y,p1) < (y,p)+d(p p1) < 0+0(p1) < 6(p1)+6(p1) = 26(p1), which

implies y € Bas(p,)(p1). Since f(Basp,)(p1)) C Bz (f(p1)), then f(p) and f(y) are both contained
in Bz(f(pl)). As f(p) and f(y) lie in %( (p )) the triangle inequality yields d(f(p), f(y)) <
d(f(p), f(pr)) +d(f(p1), f(y)) < 5+ 5 = &, which implies f(Bs(p)) C B:(f(p))- o

In calculus, one shows that if f(x) is a continuous positive function on a closed interval [a, b] C R,
then one can define the area under the graph, as the limit of the Riemann sums of the form
Yo f(xi) Az, where a = 29 < @1 < ...%p—1 < Tp =b, Az; =2, —2;_1, and as n — oo, Az; —
0 (see homework problem 40 for the proof of this fact). The existence of such a limit follows
easily from the fact that f: [a,b] — R is uniformly continuous (the compactness of [a,b] and
Theorem 5.68). So, we may assume that the area under such a graph makes sense, and we will use
this result to prove the fundamental theorem of calculus, when f is positive.

Theorem 5.69 (Fundamental Theorem of Calculus) Suppose f: [a,b] — R is a positive con-
tinuous function. Then:

1. There exists a function F': [a,b] — R such that Vz € [a,b], F'(z) = lim,_ w =
f(x). F(x) is called an anti-derivative of f(x).

2. If F: [a,b] — R is an anti-derivative of f(x), then the area under the graph of f(x) can be
calculated by:

b
Area = / f(z)dx = F(b) — F(a).
We will need the following lemma in order to prove this theorem.

Lemma 5.70 Let f: [a,b] — R be a positive continuous function. Define the area function

A(z): [a,b] — R: )
:v):/ f(z)dx

Then, A(x) is differentiable and Yx € [a,b] has derivative A'(z) = f(z).

For the moment assume Lemma 5.70 holds and we will prove the fundamental theorem of
calculus.

Proof of Theorem 5.69. Let A(z) be the area function given in Lemma 5.70. This lemma implies
the existence of an anti-derivative for f(x), namely A(z) itself. This proves the first statement in
the theorem.

Let F'(x) be an anti-derivative function given in the first statement of the fundamental theorem
of calculus. Then, (F — A)(x) = F(z) — A(z) = C is a constant function for some C, since the
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derivative (F — A)'(z) = F'(x) — A'(z) = f(x) — f(z) = 0. Hence, F(x) = A(xz) + C. Calculating,
we obtain:

F(b) — F(a) = (A(b) + C) — (A(a) + C) = A(b) — A(a).
But, A(a) =0, and so, F(b) — F(a) = A(b) = f: f(x)dz, which proves Theorem 5.69. O

Proof. Proof of Lemma 5.70. By the definition of derivative for any fixed = € [a,b], we need to
verify that the limit A’(z) = limp_o w exists and equals f(z). For the moment, we will
assume that x # b, and that h > 0 and sufficiently small so that z 4+ h € [a,b]. Assume now that
x is fixed.

Let A(h) be the area of the strip S(h) under the graph of f and over the interval [x,x + h] :
S(h)={(t,y) |t €[z, +h] and 0 <y < f(¢)}. Note that A(h) = A(x + h) — A(x). Let m(h) be
the minimum value of f restricted to [x,2 + h] and M (h) be the maximum value; these maximum
and minimum values exist by Corollary 5.55. Since the rectangle R,, ) with base [z, 2 + h] and
height m(h) is contained in the strip S(h), then m(h)-h = Area(R,, 1)) < A(h). Similarly one can
define the rectangle Rys(,) with base [z, x + h] and height M (n) and one obtains the inequalities:

m(h) - h < A(h) < M(h) - h.

Dividing by h, one obtains:

h
Since f is continuous at x, limp_,o m(h) = limp_,o M (h) = f(x).
Note that for any sequence of positive numbers hy > ho > ... > ..., which are converging to
0, the intervals {[m(hy), M (h,)]}, cN are nested with (M (hy,) — m(hy,)) — 0, as n — co. Since
the values # are squeezed between m(h) and M (h), then the Nested Interval Theorem implies
A'(x) = limp_0 w = limp_0 # = f(x). This completes the proof of Lemma 5.70

under the assumption that z # b and A > 0. Note that if x = b, then h is negative and if h were
negative instead of positive, then A(z + h) — A(z) = —A(h), and so, our arguments still apply to
prove the lemma. O

Homework Problems

1. Define the distance function d on R by d(x,y) = |y — x|. Show that this distance function
d makes R into a metric space by verifying that d satisfies the three axioms of a distance
function. (Hint: Note that for real numbers z,y, z, then |z — x| = |z + (—y + y) — z| =

=y +y—2) <]z —yl+|y—z])

2. Define the taxi cab distance function d on R X R by d((z1, y1), (2, y2)) = |22 — 21|+ ly2 — 11]-
This distance function d makes R x R into a metric space. (You do not need to prove the
previous statement.) Draw a picture of the ball B1((0,0)) of radius 1 centered at the origin
(0,0).

3. Define the Euclidean distance function d on R x R by

d((z1,v1), (22,92)) = \/(ff2 —21)% + (Y2 —y1)*
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10.

11.

12.

13.

This distance function d makes R x R into a metric space. (You do not need to prove the
previous statement.) Draw a picture of the ball B1((0,0)) of radius 1 centered at the origin
(0,0).

Define the distance function d on R x R by d((x1,v1), (z2,y2)) = max{|z2 — z1], |y2 — y1|}-
This distance function d makes R x R into a metric space. (You do not need to prove the
previous statement.) Draw a picture of the ball B;((0,0)) of radius 1 centered at the origin
0,0).

. Suppose (M, d) is a metric space, p € M, and x,y € B,(p). Prove that d(z,y) < 2r. This

homework problem implies that diameter of a ball of radius r is at most 2r. (Hint: Use the
triangle inequality.)

. Show the set equality ()~ ,(—=1/n,1/n) = (=1,1) N (=3, 3)N...N (=, 1)... = {0}, where
(=, 4y ={t e R| =2 <t < 1} This homework problem shows that the intersection of

infinitely many open sets in R need not be open.

Give an example of a countable infinite collection F of closed intervals A in R such that
UF = Uuaex A is the open interval (0,1). This homework problem shows that the union of
infinitely many closed sets in R need not be a closed set in R.

. Show that if a < b, then the interval [a, b] is a closed set in R.

. Prove that if p is a limit point of a subset A in a metric space M, then every ball B, (p)

contains infinitely many different points of A. (Hint: Suppose to the contrary that there is
a ball B,.(p) which intersects A in a finite number of points. Then produce a smaller ball
B,/ (p) such that (B, (p) — {p}) N A = @. Next, apply the definition of limit point to show
that p is not a limit point of A.)

Show that the set A = {1/n | n € N} is not closed in R. (Hint: Apply Theorem 5.15 or apply
the definition of a closed set).

Determine the closure A in R of each of the following sets A. Here, a,b,c € R with a < b < ¢
and (a,b) ={x e R|a <z <b}.
(a) @
(b)
(c)
)
)
)

> &

1)
a,b) U (b,c)

(o,
(d) (
(e
() N=1{1,2,3,...,n,...}

c

Prove that Ya € R, lim, .. & = 0. (Hint: For a fixed € > 0, find a number N such that for
n>N, [0-2] =2 <e.)

Recall that a nonempty subset A C R is an interval, if for a,b € A with a < b, then
a<t<b=te A Show that if A = {A,}aecrs is a collection of intervals with a fixed
number ag € A, for all @ € I, then the union |J A is an interval.
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14.

15.

16.

17.

18.
19.

20.

21.
22.
23.
24.
25.

26.

27.

Prove that between any two positive real numbers a < b, there exists a rational number.
(Hint: Suppose the decimal expansion of b = n.dyds . ..dy ... does not end all in zeros, which
can always be assumed (why?). Consider the sequence of finite portions by = n.d1ds . . . dy of
the decimal expansion for b.)

Prove that between any two real numbers a < b, there exists an irrational number. (Hint:
Think in terms of size: the interval (a, b) is uncountable but Q is not.)

Prove that in a metric space (M, d) that, for any 7 > 0 and p € M, the closed ball B,(p) =
{g e M | d(p,q) <r} is a closed set. (Hint: Prove that the complement of B,(p) is open by
using the triangle inequality.)

Prove that if A C B, then A C B. (Hint: You can prove this containment directly by using
the definition of closure or indirectly by using Theorem 5.19).

Prove Proposition 5.23.

(a) Is [0,1) an open subset of [0, 2] with the subset topology? Prove your answer.

(b) Is [0,1) a closed subset of [—1,1) with the subset topology? Prove your answer.

(c) Is [0,1) a closed subset of [0,2] with the subset topology? Prove your answer. (Hint:
Parts (a) and (b) of this problem are testing your understanding of subspace topology.)

Prove that if O is an open set in R, then O is a countable union of disjoint open intervals
in R. (Hint: By homework problem 14, each point p € O lies in a largest open interval
I, C O, which is the union of all open intervals in O which contain p. Using the collection
of intervals {I},co, show that O is a union of disjoint open intervals. Then, prove that
there is a countable collection of such disjoint intervals where you pick for each interval a
fixed rational number p € Q in the interval, and so, one has a countable indexing set (see
homework problem 14)).

Is the collection of open intervals {(n,n + 1) | n € Z} an open cover of R? Why?

Verify that the set of intervals {(—n,n) | n € N} is an open cover of R with no finite subcover.
Prove that the least upper bound of a nonempty bounded set A C R is unique.

Suppose L is the least upper bound of a set A C R and L ¢ A. Show L is a limit point of A.

Suppose f: X — Y is continuous and A C X is a subspace. Let F': A — Y be the restriction:
F(z) = f(x),Vz € A. Prove F is a continuous function on A.

Let A={0,1,1,1 . 1 }1cR

(a) Prove that if f: A — R is continuous, then f has a maximum value. (Hint: Note that
A is a compact subset of R.)

(b) Prove that if F': R — R is continuous, then the restriction of F' to A has a maximum
value. (Hint: Apply the previous homework problem and part (a) of this problem.)

Prove that a function f: X — Y is continuous, if for all closed sets A C Y, then f~'(A) is
closed in X. (Hint: See homework problem 22c in Section 3.)
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28.

29.

30.
31.
32.
33.
34.

35.

36.

37.

38.

Suppose f: X — Y is a continuous function and the image f(X) is a subset of a subspace
W CY. Let fw: X — W be defined by fw(x) = f(z) for all z € X. Prove that fu
is also a continuous function. (Hint: This problem is just testing your understanding of
the subspace topology on the subspace W and your understanding of the definition of a
continuous function.)

Challenge problems

Suppose (M, d) is a metric space and p € M. Define D: M — R by D(q) = d(p, q), which
is the distance function to p. Prove that D is a continuous function. (Hint: Show that for
q € M, that f is continuous at q. Suppose {g, },en is a sequence of points converging to g.
By the triangle inequality, d(p, ¢gn) = D(gn) < D(q) + d(q, ¢n) and D(q) < D(gn) + d(gn, q)-
Hence,

D(q) = d(an,q) < D(gn) < D(q) + d(g; qn)

Use the above formula to prove lim,, .. D(g,) = D(q).

Prove Proposition 5.59.

Prove that a convergent sequence {p, },cn of points in a metric space M is Cauchy.
Prove that the function f(x) = 2? is not uniformly continuous on [0, +00).

Prove that the natural log, In: [1,00) — R is uniformly continuous.

Suppose (M, d;) and (M, ds) are metric spaces. Given p = (z1,41),q = (22,y2) € M1 X Ms
and let d(p, q) = max{dy(z1,x2), d(y1,y2)}

(a) Prove (M7 X My, d) is a metric space. (Hint: See homework problem 4.)

(b) Prove that if (My,d;) and (Ma,ds) are complete metric spaces, then (M x Ma,d) is
also complete.

Suppose A C B C X, where X is a topological space. Consider B to be a topological
subspace of X. Show that the subspace topology of A induced from X is the same as the
subspace topology of A induced from B. (Hint: You will need to use the definition of subspace
topology to prove this property.)

Suppose A is a connected subspace of a topological space X and A C B C X. Consider B
to be a topological subspace of X and show A is a connected subspace of B. (Hint: Apply
the previous homework problem.)

Suppose A C X is connected and B and C' are open sets in X such that AN BNC = @ and
AC(BUC). Prove AC Bor A C C. (Hint: You will need to use the definition of subspace
topology to prove this property.)

For each point p € X, let the set C(p) be the union of all connected subsets A of X which
contain p. C(p) is called the connected component of X containing p.
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(a) Suppose A = {Cylacr is a collection of connected subsets of X which all contain a
particular point p. Prove the union |J A is connected. (Hint: Use homework problems 36
and 37.)

(b) Prove C(p) is a connected set. (Hint: Apply part (a) of this homework problem.)

(¢) Prove that the set of connected components of X is a partition of X.
39. Suppose A C X is a connected subspace of the topological space X.

(a) Prove that the closure A is also a connected subspace.

(b) Conclude that the connected components of X are closed sets.

40. Suppose f: [a,b] — R is a continous function. By theorem 5.68, for k € N and € = %, there
exists a § > 0 such that if z,y € [a,b] and d(z,y) < &, then d(f(z), f(y)) < 1: fix such a
value 6.

A set of ordered points X = {z;}l', with a = 290 < 21 <,..., < Tp_1 < z, = b is ¢-
division of [a, b], if Azx; = x;41 — 2; < § for i = 1,2,...,n. Define the Riemann sum R(X) =

sy flxi)A;.

(a) A d-division Y of [a, b] is a refinement of a d-division of X if Y C X. Prove in this case,
that |[R(y) — R(X)| < z|b —al.

(b) Suppose X and Y are é-divisions of [a, b]. Prove that R(Y)—R(X)| < 2|b—al. (Hint: Let
Z = X UY be the related refinement of X and Y and apply part (a) and the inequality
|R(Y) = R(X)| = |[R(Y) — R(Z) + R(Z) — R(X) < |[R(Y) = R(Z)| + |R(Z) — R(X)|.)

(¢) Prove that the Riemann sums R(X) of all possible d-divisions of [a,b] converge to a
limit A as & — 0. This limit A is defined to be [* f(x)da.

6 Four typical midterms, some quizzes and a typical final
exarnl.
Name: Midterm 1 Math 300.1
1. A set A is countable if:
A set A is uncountable if:
A function f: A — B is 1-1if:
A function f: A — B is onto if:
A logical statement p is a contradiction if:

Write down a logical statement (with letters) that is a tautology.

AUB =

®© N e ok W

ANB=
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10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.

28.
29.
30.
31.

. |A] = |B| means

|A] < |B| means

A relation R on a set S is an equivalence relation if:

Suppose R is an equivalence relation on S and a € S. Define the equivalence class [a] =
Write down the contrapositive of “If it is cloudy, then the sun does not shine.”

If A is a set, then the power set P(A) is:

P({1,2}) =

A collection A of subsets of a set A is a partition of A if:

Express the real number 15 in base 10 as a real number in base 4.

If x = 120.2 is a decimal number in base 4, then express it as a decimal number in base 10.
State the Well-Ordering Principle.

State the Principle of Mathematical Induction. (PMI)

State Cantor’s Theorem.

State the fundamental theorem of equivalence relations.

Write down a function f: R — R that is 1-1 but not onto.

Write down a function f: R — R that is 1-1 and onto.

Which of the following sets are countable: N, Q, Z, R, Nx N, P(N), Nx R, P(Z), P(R)?
Write down the truth table for p — (p A q).

Prove that if A = {a1,a2,...,an,...},B = {b1,ba,...,bp,...} and C = {c1,¢2,...,Cn,...}
are three infinite countable sets, then AU B U C' is countable.

n(n+1)
5 -

Prove by the principle of mathematical induction that > ,_, k =
Prove that if f: A — B and g: B — C are 1-1 functions, then go f: A — C is 1-1.

Prove that if f: A — B and g: B — C are onto functions, then go f: A — C is onto.
Prove 3 of the following 5 problems. Two extra credit points for doing a fourth one correctly.

(a) Prove that QT is a countable set by explaining how to make Q™ into an infinite list.
List the first 10 elements in your listing of Q.

(b) Prove that the open interval I = (0,1) C R is uncountable.

(c) State and prove the Fundamental Theorem of Equivalence Relations.

(d) Prove that if f: A — B and g: B — C are functions with go f: A — C onto, then
g: B — C'is onto.
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(e) State and prove Cantor’s Theorem.

Name: Midterm 2 Math 300.1

1.
2.
3.
4.

10.
11.
12.
13.
14.
15.

16.
17.
18.
19.

A group (G, ) is a set G together with a binary operation * satisfying:
If G is a group, then prove the identity element e is unique.
If G is a group, then prove the left cancelation law: (az = ay) = (x = y).

If G is a group, then prove that the inverse of a € G is unique.

. A subset H C G is a subgroup of the group G if:

. A subgroup H C G is normal if:

In the group Z2, what is the order of the element 87

. List all of the generators of Zg.

. If Hy, H> are two subgroups of a group G, then prove H; N Hs is a subgroup of G.

Define the center of a group G: C(G) =

If G is a group, then prove that the center C'(G) is a subgroup.

For the function f(z) =2%: R — R, what is f~1({—4,4})? What is f~1([1,00))?
For the function f(x) = 22: [-1,4] — R, what is Im(f)?

If (G1,x*) and (G2, 0) are groups, then f: G; — G3 is a group homomorphism if:

Suppose f: G;1 — G, is a group homomorphism and e; € G and ey € G are the respective
identity elements. Let a € G;. Then prove:

(a) fle1) = e2.

(b) fla™) = (f(a)~".
If f: G1 — G4 is a group homomorphism, then the kernel of f is: Ker(f) =
State the First Isomorphism Theorem.
State and prove Lagrange’s Theorem. This problem counts 10 points.

Prove 4 of the following 7 theorems where f: G; — G2 is a group homomorphism. These
proofs count 5 points each. One point extra credit for each additional correct proof.

Theorem 1. Ker(f) is a subgroup of Gj.

Theorem 2. Im(f) = {y € G2 | Iz € G such that f(x) =y} is a subgroup of Gs.

Theorem 3. If Ker(f) = {e1}, then f: G; — G2 is 1-1.

Theorem 4. If h: Go — G3 is a group homomorphism, then h o f: G; — G35 is a group
homomorphism.
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Theorem 5. If H C Go is a subgroup of Ga, then f~1(H) = {z € G1 | f(z) € H} is a
subgroup of G;.

Theorem 6. If G is a finite group and a € G, then (a) = {a™ | n € N} is a subgroup of G.
Theorem 7. The center C(G) of a group G is a subgroup.

Name: Midterm 3 Math 300.1

© © N> o

10.

11.

12.

. Let R: R? — R? be the reflection R(7) = (). Express R as a 2 X 2 matrix.

. Let R: R* — R? be rotation by 120 degrees counter clockwise around the vector (1,1,1).

Write down the matrix for the linear transformation R.

. Calculate the product of the following two matrices:

1 1 2 11 2
3 0 4 3 0 4
1 0 2 010

In Q(\/i), what is the multiplicative inverse of 2 + V2?7

In the field Z5, what is the multiplicative inverse of 37

In the multiplicative group Zs — {0}, what is the order of 37
Is v/2 + v/3 an algebraic number? Explain your answer.

A field F is algebraically closed if:

In what follows, V is a vector space over a field F.

(a) A field F is a set with two binary operations + and - which satisfy the following prop-
erties:

(b) A subset S C V spans V if:

(¢) A subset S C V is a linearly independent set of vectors if:

(d)

)

(e) Suppose F' is a subfield of a field F’. Then, a € F’ is algebraic (with respect to F) if:

A vector space V over F has finite dimension n if:

Prove that if S = {v1,v9,...,v,} is a linearly independent set of vectors in a vector space
and v € V can be expressed as v =Y ., a;v; =y, bjv;, then a; = b; for i € {1,2,...,n}.

Suppose a field F5 is a vector space of dimension 5 over a subfield F; C F5. Prove that every
a € F is the root of some nonzero polynomial p(z) with coefficients in F; and of degree at
most 5.

Prove that if F3 is a field which is a vector space of finite dimension n over a subfield F5
and Fy is a vector space of finite dimension m over a subfield Fy C F5, then F3 has finite
dimension mn over the subfield F3. (Hint: Find a basis for F5 over Iy with mn elements.)
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13.

14.

15.
16.

Define Q(v/2) and prove it is a subfield of R. You do not need to check the associative or
distributive laws, since they hold in R.

Prove that if F' is a subfield of R with dimension 13 over Q, then Q and F' are the only
subfields of F'. You can use any theorems in this section to prove this result.

Show that the set of real algebraic numbers Ar = AN R is not an algebraically closed field.

Suppose « € C is a root of a polynomial p(x) = E;:rol a;z" of smallest positive degree n + 1.

Prove that the set S = {1,a,a?,...,a"} C C is a linearly independent set of numbers over

Q.

Name: Midterm 4 Math 300.1

1.

10.
11.

12.

13.
14.
15.
16.

A metric space (M, d) is a pair where M is a set with a distance function d: M x M — [0, c0)
satisfying:

. If (M, d) is a metric space, p € M and r > 0, then B,(p) =
. A subset O C M in a metric space (M, d) is open if:

. A topological space is a set X together with a collection 7x of subsets called open sets

satisfying:

. A point p in a topological space X is a limit point of a subset A C X if:

. A subset A of a topological space X is closed if:

If A is a subset of a topological space X, then define the closure of A:
Z =

. A topological space X is disconnected if:

. Is the real number line R connected? State the theorem that implies your answer.

A topological space X is compact if:

Is the real number line R compact? Prove your answer by producing an open cover of R that
does not have a finite subcover.

A function f: M; — Ms between metric spaces (M7,d;) and (Ma,ds) is continuous at a
point p € My if:

A function f: X — Y between topological spaces X and Y is continuous if:
State the Least Upper Bound Property for a subset A C R which is bounded from above.
A collection C' = {Cy, | « € I} of sets satisfied the finite intersection property if:

A metric space (M, d) is complete if:
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17. State and prove the Fundamental Theory of Calculus for a continuous positive function
f:]a,b] = R

18. Prove 5 of the following 8 theorems. These proofs count 5 points each. One point extra
credit for each additional correct proof over 5.

(a)

(h)

Name:

—_

© 0 N e ke W

— = =
o= O

Suppose (M, d) is a metric space. Then the ball B,.(p) centered at p of radius r is an
open set in M.

If A= {Ai}icqa,..ny = {A1,A2,...,A,} is a finite collection of open sets in a metric
space (M, d), then (JA= A1 NAz2N...NA, is an open set in M.

If {As}aer is a collection of open sets in a metric space (M, d), then the union | J,.; Aa
is an open set in M.

If A and B are closed sets of a topological space, then AU B is a closed set.

Suppose f: X — Y and g: Y — Z are continuous functions between topological spaces.
Then go f: X — Z is continuous.

Suppose f: X — Y is a continuous onto function between topological spaces. If X is
connected, then Y is connected.

Suppose f: X — Y is a continuous onto function between topological spaces. If X is
compact, then Y is compact.

A subset A C X is closed if and only if A contains all of its limit points.

Final Exam Math 300.1

A set A is countable if:

A function f: A — B is 1-1if:

A function f: A — B is onto if:

|A] < |B| means:

Suppose R is an equivalence relation on S and a € S. Define the equivalence class [a] =
Write down the contrapositive of ”If it is cold, then it is not hot.”
A collection A of subsets of A is a partition of A if:

Express the base 2 number 1101.1 as a base 10 number.

State the Well Ordering Principle.

State Cantor’s Theorem.

. State the fundamental theorem of equivalence relations.

. Which of the following sets are uncountable:

N, Q, Z, R, NxN, P(N), P(Z), P(R).
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. Write down the truth table for (p A q) — p.

. A group (G, *) is a set G together with a binary operation x which satisfies:
. A field is a set F' together with binary operations 4+ and - which satisfy:

. A subgroup H C G is normal if:

. In the group Zj2, what is the order of 87

. List all of the generators for Zsg.

. If (G1,*) and (G, 0) are groups, then f: G; — G2 is a group homomorphism if:
If f: A— Band W C B, then f~}(W) =

. What is the image of the function f(z) =2%: R — R?

. For the function f(z) =2%: R — R, what is f~1([—4,4])?

. State the normal subgroup theorem.

. Suppose (M, d) is a metric space. Define: B,.(p) =

. A subset O C M in a metric space is open if:

. A topological space is a set X together with a collection of subsets 7x called open sets
satisfying:

. A point p in a topological space X is a limit point of a subset A C X if:

. If Ais a subset of a topological space X, then define the closure of A: A =

. A topological space X is disconnected if:

. A collection of sets A = {Ay}acr satisfies the finite intersection property (FIP) if:

. Suppose X, Y are topological spaces. A function f: X — Y is continuous if:

. Prove 8 of the following theorems. These proofs count 5 points each. One point extra credit
for each additional correct proof over 8.

(a) If f: A— B and g: B — C are 1-1 functions, then go f: A — C'is 1-1.
(b) If f: A— B and g: B — C are onto functions, then go f: A — C is onto.
(c) Prove Q" is a countable set and list the first 10 elements.

(d) Prove Y_}_,2% = 2"*! — 1 by mathematical induction.

(e) If Hy and Hy are subgroups of a group G, then Hy N Hy is a subgroup of G.

(f) Suppose f: G; — G2 is a group homomorphism and e; € G; and es € Gy are the
respective identity elements. Prove f(e1) = es.

(g) If f: G1 — G2 and g: G2 — G5 are group homomorphisms, then go f: G; — G3 is a
group homomorphism.
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(h) Suppose F is a subfield of R of dimension 7 over Q. Prove that Q and F are the only
subfields of F. You can use any of the theorems in the linear algebra section of the book
to prove this result.

(i) If X,Y and Z are topological spaces and f: X — Y and g: Y — Z are continuous, then
go f: X — Z is continuous.

(j) If (M,d) is a metric space and A and B are open sets, then AN B is an open set.
(k) R is noncompact.

33. Prove 6 of the following 10 theorems. These proofs count 10 points each. Two points extra
credit for each additional correct proof.

)
) State and prove the fundamental theorem of equivalence relations.
) State and prove Cantor’s Theorem.
) If f: G1 — G2 is a group homomorphism, then Ker(f) is a normal subgroup of G.
(e) If f: G1 — G4 is a group homomorphism and Ker(f) = {e1}, then f is 1-1.
(f) State and prove Lagrange’s Theorem.
) What is Q(v/2)? Prove Q(v/2) is a subfield of R.
) An open ball B,(p) in a metric space M is an open set.
)

Suppose f: X — Y is a continuous onto function between topological spaces. If X is
connected, then Y is connected.

(j) A subset A C X is closed if and only if A contains all its limit points.

Quizzes: The following quizzes count 1 point per problem. However, 1 point is deducted for each
wrong answer with negative scores counting as zero. You can take a quiz a second time but with
2 points taken off. Also, 2 points will be deducted for each week late that a quiz is taken.

Quiz 1
1. N=
2. AR)=
3. f: A— Bis 1-1if:
4. f: A— B is onto if:
5. A relation R on a set S is an equivalence relation if:

(a)
(b)
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(©)

A set A is countable if:

Quiz 2

. Let A =1{1,2}. Then A x A=
- P({1,2,3}) =
. Prove that if f: A — B and g: B — C are 1-1 functions, then go f: A — C is a 1-1 function.

. Prove that if f: A — B and g: B — C are onto functions, then go f: A — C is an onto

function.

Quiz 3

. What does |A| < |B| mean where A and B are sets?

Write down the truth table for p — (p — q).

If R is an equivalence relation on a set S and a € S, then define the equivalence class: [a] =
Let A ={1,2,3}. Give three different examples A1, Ay, A3 of partitions of A.

State the fundamental theorem of equivalence relations.

State Cantor’s Theorem.

Quiz 4

. A group (G, «) is a set G together with a binary operation * satisfying:

(a)
(b)
(©)

. A subset H C G is a subgroup if:

(a)
(b)
()

. Suppose H; and Hy are subgroups of a group G. Prove H; N Hs is a subgroup of G.
. What is the order of 8 in Z15 = {0,1,...,11}? Show your work.

. The center of a group G is: C(G) =

Quiz 5
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. Suppose (G1,*) and (Gg,0) are groups. A function f: G; — G2 is a group homomorphism

if:

. If f: G1 — G4 is a group homomorphism, then Ker(f) =
. If H C G is a subgroup and a € G, then aH =
. State Lagrange’s Theorem.

. Explain why 3 is a generator for Z4 but 2 is not a generator.

Quiz 6

. Multiply these matrices: (1 0) (6 1). Show your work.

2 3)\1 3

A field F is a set with two binary operations + and - which satisfy the following properties:
Let V' be a vector space over a field F'. A subset S C V spans V if:

A subset S C V is a linearly independent set of vectors if:

A vector space V over F' has finite dimension n if:

Suppose F is a subfield of a field F'. Then a € F' is algebraic (with respect to F) if:

Quiz 7

. A metric space (M, d) is a pair where M is a set with a distance function d: M x M — [0, c0)

satisfying:

(a)
(b)
(©)

. Suppose (M, d) is a metric space, p € M and r > 0. Define: B,(p) =

. A subset O C M is an open set if:

A topological space is a set X together with a collection of subsets 7x called open sets
satisfying:

Quiz 8

. A subset A of a topological space X is closed if:

. If Ais a subset of a topological space, then: A =

T



10.

11.

12.

. A topological space X is disconnected if:

A topological space X is compact if:

. A function f: X — Y between topological spaces is continuous if:

Proposed schedule for the small group meetings for Spring
semester 2004.

. Answer questions and go over the basic logical symbols in Definition 2.39 and their truth

tables. Talk about 1-1 and onto functions and go over the proofs of Theorem 2.7 and Theo-
rem 2.8. Given time, go over equivalence relations.

. Answer questions and go over some of the results about countable and uncountable sets.

Make sure the students understand how to calculate the power set. Go over bases other than
10. Start going over homework problems.

. Go over homework problems, mathematical induction and the well-ordering principle.

Answer questions and go over old Midterm 1 exam. Last group session before Midterm 1.

. Answer questions about groups and define subgroup. Prove Proposition 3.2 and the proofs

of some of the subgroup theorems like H; N Hs is a subgroup. Go over the group Z,.

. Go over more subgroup theorems and Theorem 3.22. Go over cosets and start discussing

about left cosets and the proof of Lagrange’s Theorem.

Discuss normal subgroups. Go over elementary linear algebra and elementary field theory.
Answer questions on the homework and go over old Midterm 2. Go over the proof of Theo-
rem 3.46 if time permits. Last group meeting before Midterm 2.

. Go over real vector spaces, linear transformations, matrix multiplication and elementary

results about fields.

. Go over vector spaces over fields F' and elementary field theory.

Go over the definitions of metric spaces, open sets, topological spaces and the proofs of
Theorems 5.4 and 5.6. Talk about limits and convergence of a sequence of points in metric
spaces. Go over theorems about the limit points of subsets and the definition of closed sets.
Discuss the subspace topology.

Go over the properties of “connected”, “compact”, and “FIP”. Answer questions on the
homework. Go over continuous functions in metric and in topological spaces.

Answer questions and go over some of the main theorems. Go over the homework and
questions on the old Midterm 4 exam. Be sure to go over the proof of the Fundamental
Theorem of Calculus as it will be a question on the up-coming Midterm. Last group meeting
before Midterm 4.
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