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ABSTRACT. Motivated by the question of existence of global solutions, we obtain pointwise
upper bounds for radially symmetric and monotone solutions to the homogeneous Landau
equation with Coulomb potential. The estimates say that blow up in the L° norm at some finite
time T occurs only if a certain quotient involving f and its Newtonian potential concentrates
near zero, which implies blow up in more standard norms, such as the L3/? norm. This quotient
is shown to be always less than a universal constant, suggesting that the problem of regularity
for the Landau equation is in some sense critical.

The bounds are obtained using the comparison principle both for the Landau equation and
for the associated mass function. In particular, the method provides long-time existence results
for a modified version of the Landau equation with Coulomb potential, recently introduced by
Krieger and Strain.

1. INTRODUCTION

This manuscript is concerned with the Cauchy problem for the homogeneous Landau equa-
tion: such equation takes the general form

0uf(v.t) = Q(f. f), f(v,0) = flv), veR’, t>0, (1.1)

where Q(f, f) is a quadratic operator known as the Landau collisional operator

Q.0 =div ([ A=) (F0Tuf0) ~ )T, )y ) (12)

The term A(v) denotes a positive and symmetric matrix

A(v) == C, (Id - ”,j’;’) o(lv]), v£0, C, >0,

which acts as the projection operator onto the space orthogonal to the vector v. The function
©(|v]) is a scalar valued function determined from the original Boltzmann kernel describing how
particles interact. If the interaction strength between particles at a distance r is proportional
to r17%, then

— ¥+2 — (S B 5) 1
ol = o2,y = (13)
Note that s = 2 corresponds to the Coulomb potential, in which case 7 = —3 [18, Chap-

ter 1, Section 1.4]. Any solution to (1.1)-(1.2) is an integrable and nonnegative scalar field
f(v,t) : R3 x [0,T] — RT. Equation (1.1) describes the evolution of a plasma in spatially
homogeneous regimes, which means that the density function f depends only on the velocity

component v. Landau’s original intent in deriving this approximation was to make sense of the
1
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Boltzmann collisional operator, which always diverges when considering purely grazing colli-
sions.

The Cauchy problem for (1.1)-(1.3) is very well understood for the case of hard potentials,
which correspond to v > 0 above. Desvillettes and Villani showed the existence of global
classical solutions for hard potentials and studied its long time behavior, see [3, 4, 18] and
references therein. In this case there is a unique global smooth solution, which converges
exponentially to an equilibrium distribution, known as the Maxwellian function

1 v
M(v) = W@ 2.
Analyzing the soft potentials case, v < 0, has proved to be more difficult: using a probabilistic
approach, the authors in [19, 5, 1] show uniqueness and existence of weak solutions for v €
[—2,0]. For v € [-3,—2] it is known (i) existence for small time or (ii) global in time existence
with smallness assumption on initial data [I, 2]. Finally, for the Coulomb case v = —3, Fournier
[6] showed the uniqueness of weak solutions as long as they remain in L.

Villani [17] introduced the so called H-solutions, which enjoy (weak) a priori bounds in a
weighted Sobolev space. However, the issue of their uniqueness and regularity (i.e. no finite
time break down occurs) has remained open, even for smooth initial data: see [18, Chapter 1,
Chapter 5] for further discussion.

Guo in [10] employs a completely different approach based on perturbation theory for the
existence of periodic solutions to the spatially inhomogeneous Landau equation in R3. He shows
that if the initial data is sufficiently close to the unique equilibrium in a certain high Sobolev
norm then a unique global solution exists. Moreover, as remarked in [10], this approach also
extends to the case of potentials (1.3) where v might even take values below —3.

Due to the lack of a global well-posedness theory, several conjectures about possible finite-

time blow up for general initial data have been made throughout the years. In [18] Villani
discussed the possibility that (1.1)-(1.3) could blow up for v = —3. Note that for smooth
solutions (1.1)-(1.3) with v = —3 can be rewritten as

Ouf = div(A[fIVf — fValf]) = Tr(AfID*f) + £ (1.4)
where

1 VRV
Alfl i =Alv) * f = Id— ——— ) * Aa = —f.
it f = o (=550 ) 0 da= s

Equation (1.4) can be thought of as a quasi-linear nonlocal heat equation. Supports for blow-
up conjectures were given by the fact that (1.4) is reminiscent of the well studied semilinear
heat equation

of=Af+ f2 (1.5)

Blow up for (1.5) is known to happen for every LP norm, p > 3/2, see [7].

However, despite the apparent similarities, equation (1.4) behaves differently from (1.5).
The Landau equation admits a richer class of equilibrium solution: every Maxwellian M solves
Q(M, M) = 0 which holds, in particular, for those with arbitrarily large mass.

From a different perspective, Krieger-Strain [1 1] considered a modified version of (1.4)

Ouf = alfIAf +af?, (1.6)
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and showed global existence of smooth radial solutions starting from radial initial data when
a < 2/3. This range for « later was expanded to any a < 74/75 by means of a non-local

inequality obtained by Gressman, Krieger and Strain [3]. Note that when o = 1, the above
equation can be written in divergence form,
O f = div(a[fIVf — fValf]). (1.7)

These results put in evidence how a non-linear equation with a non-local diffusivity such as
(1.7) behaves drastically different from (and better than) (1.5).

Our main results in this manuscript are twofold. The first one gives necessary conditions
for the finite time blow up of solutions to (1.4). The second (unconditional) result says that
solutions to (1.7) do not blow up at all, and in fact become instantaneously smooth (even for
initial data that might be initially unbounded). Both results deal only with radially symmetric,
decreasing initial conditions; more precisely we assume that

fin >0, fRS fin dv = 1, flR3 fin|'U|2 dv = 3, fin S LOO(RB),
Jgs finlog(fin) dv < 0o, and |v] < |w| = fin(v) > fin(w).

The normalization of the initial data is standard and follows a standard change of variables.
The main results are the following.

(1.8)

Theorem 1.1. Let fi, be as in (1.8). Then there exists Ty > 0 and f : R3 x (0,Ty) — Ry such
that f is smooth and solves (1.4) fort € (0,Ty), with f(-,0) = fin. Moreover, Ty is mazimal in
the sense that either Ty = 0o or else the L3/ norm of f accumulates near v =0 as t — Ty, in
particular

lim Hf('at)HLp(Bl):Oo, Vp>3/2.

t—Ty
In fact, the above theorem is a consequence of the following sharper result.

Theorem 1.2. There is a constant €y, with g > 1/96, such that if above Ty < oo then

v, t) dv
limsup sup {7"2 fBTf( ) }280.
)

r—0+ te(0,Tp [5, alfl(v,t) dv

Neither of the above theorems are enough to guarantee long time existence of classical solu-
tions to (1.4). However, Theorem 1.2 suggests that (1.4) is in some sense “critical” for regularity.
It can be shown (see Proposition 5.6) that for any nonnegative f € L!(IR?)

2 fBr f(v) dv
5, alf](v) dv

In particular, if the g in Theorem 1.2 could be shown to be at least 3 (or in general if the upper
bound in the last inequality could be improved to something less than £¢) it would immediately
follow that solutions to the Landau equation (1.4) cannot blow up in finite time. It is not clear
if this can be guaranteed for general f without at least using some partial time regularization.

On the other hand, methods used in the proof of Theorem 1.1 and Theorem 1.2 yield long
time existence for the modified Landau equation (1.7) (again, in the radial case).

<3, Vr>0.

Theorem 1.3. Let fi, be as in (1.8) and such that for some p > 6,
fw € LP (R3).

weak
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Then, there exists a function f : R3 x R, — R, smooth for positive times, with f(-,0) = fi
which solves, for t > 0,

Of =alfIAf + f2.

We approach the analysis from the point of view of nonlinear parabolic equations. The
nonlocal dependence of the coefficients on the solution prevents the equation from satisfying a
comparison principle: if vy is a contact point of two functions f and g, i.e. f(vg) = g(vg) and
everywhere else f(v) < g(v), it does not follow that Q(f, f)(vo) < Q(g, g)(vg). More precisely,
for the case where Q(f, f) corresponds to (1.2) one cannot expect an inequality such as

Tr(A[f]D*f)(vo) < Tr(A[g]D?g)(vo).

In fact due to the nonlocality of A one only has A[f](vg) < Alg](vo). Equality A[f](vg) =
A[g](vo) holds only when f = g for every v € R3. The maximum principle is not useful either,
since at a maximum point for f we only obtain 0y f < —fAa|f], which does not rule out growth
of the maximum of f. The same observations apply to Q(f, f) corresponding to (1.7).

On the other hand, if one could construct (using only properties of f that are independent
of t) a function U(v) such that

Tr(A[f]))D?*U) + fU <0 in R®
( respectively, a[f]AU + fU < 0 in R? ),

then the comparison principle (for linear parabolic equations) would guarantee that f < cU for
all times provided f(t = 0) < ¢U. Our main observation is that (under radial symmetry) the
above can be made to work with U(v) = |v|™7, v € (0, 1). From here higher local integrability of
f can be propagated, and from there higher regularity follows by standard elliptic regularization.

A previous attempt by the authors, also based on upper barrier arguments (but meant to
cover any bounded, fast decaying initial data), was ultimately undone by a computational error.
However, Theorems 1.1-1.3 show that the use of upper barriers to study (1.4) is fruitful at least
for radially symmetric and decreasing initial conditions. On the other hand, the authors in [J]
have shown a local L*°-regularization estimate using De Giorgi iteration method for v > —2.

Remark 1.4. After the submission of this article, the authors have learned of related work of
Silvestre [16] on the Boltzmann equation, covering the spatially inhomogeneous. In [10] a priori
estimates rely on maximum principle arguments and make use of the regularity for parabolic
integro-differential equations, particularly recent work of Schwab and Silvestre [15].

1.1. Outline. The rest of the paper is organized as follows. After a brief review in Section 2
on nonlinear parabolic theory that will be needed to construct local solutions to the non-linear
problems, in Section 3 we outline the symmetry properties of (1.4). Section 4 deals with short
time existence. In Section 5 we present a barrier argument that will allow to prove conditional
non-blow up results for the Landau equation and global well-posedness for the modified Landau
equation in Section 6.

1.2. Notation. Universal constants will be denoted by ¢, cg, c1,Co, C1,C. Vectors in R? will
be denoted by v, w,z,y and so on, the inner product between v and w will be written (v, w).
Bpr(vg) denotes the closed ball of radius R centered at vy, if vg = 0 we simply write Br. The
identity matrix will be noted by I, the trace of a matrix X will be denoted Tr(X). The initial
condition for the Cauchy problem will always be denoted by fiy.
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The letter  denotes a general compact subset of R3. Q C R3 x R, is a space-time cylinder
of parabolic diameter R with R > 0 a general constant, unless otherwise specified. 9, denotes
the parabolic boundary of Q.
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2. A RAPID REVIEW OF LINEAR PARABOLIC EQUATIONS

We will work with two bilinear operators, namely the one associated to (1.4)
Qclg, f) = div(A[g]V f — fValg]) = tr[A[g]D*f] + fg,
and the one associated to (1.7),
Qrs(g, f) = div(a[g]Vf — fValg]) = alg]Af + fg.

As it is well known, through @, (and also Qxs) any ¢ : R? x R, — R, gives rise to a linear
elliptic operator with variable coefficients, as follows:

¢ — Qrly, ¢) = div(A[g]Ve — ¢Valg)) = tr(Alg|D*¢) + ¢g,
¢ — Qks(g, ¢) = div(a[g]Ve — ¢Valg]) = alg]Ad + dg.

Accordingly, given such a g and initial data f;,, one considers the linear Cauchy problem,

{ af =Qlo.f) in R xRy, 2.1)
f(0) = fin,

both when QQ = Q, or Q = Qks.

Remarks 1. Note that Q(g, f) and Qks(g, f) can both be expressed as a divergence, so any
solution to (2.1) preserves its mass over time, i.e.

||f('7t)HL1(R3) = ||fin(')HL1(R3) = Mm for all £ > 0.

Lemma 2.1. See ([12] Thm 5.1 Page 320) Let fin : R* = R and g : R? x Ry — R be non-
negative functions such that for some € (0,1) we have
fin € L' (R?) N C*HP(R?),

Alg], Valg] € Cﬂﬂ/Q(R?) x R.). (2.2)

Then, for every § > 0 there exists a unique f : R3 x R — R with f € C2+5’1+5/2(R3 x Ry)
which is a classical solution of

{ Of =03Af +Qlg. f) in B3 x Ry,
f(,O) = fim
where Q(-,-) denotes either Q = Qr or Q = Qxks.

(2.3)
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Next we summarize in three theorems several classical local regularity estimates for parabolic
equations of the form

8if = div(BVf + fb),

where f: Q — R and Q = Br(vg) x (to— R?,ty) C R?x R, is the parabolic cylinder of radius R
centered at some points g, tg. The first two theorems are respectively a local Hélder estimate
(from De Giorgi-Nash-Moser theory) and a L> estimate for f in terms of its boundary data
(Stampacchia estimate), see [12, Chapter III, Theorem 10.1, page 204] and [!2, Chapter IV,
Theorem 10.1, page 351] as well as [14, Chapter VI, Theorem 6.29 p. 131] for the respective
proofs. The main point of these theorems is that they do not require any regularity assumption
on the diffusion matrix B (beyond ellipticity and boundedness).

Theorem 2.2. (De Giorgi-Nash-Moser estimate.) Suppose f is a weak solution of the equation
o f =div(BVf + fb),
where b is a vector field and B is a symmetric matrix such that
A< B(v,t) < AT a.e. in Q.
Then, there is some a € (0,1) and C > 0 such that the following estimate holds:
[fleanr(@y,) < C (Ifllz=@) + R2|b]l (@) » (2.4)
where Q15 := Brya(0) x (to — (R/2)?,t0) and o and C' are determined by A\, A, R and d.
Theorem 2.3. (Stampacchia estimate.) If f is a weak solution of
o f <div(BVf+b),
with B and b as in the previous theorem, there exists a constant C' > 0 such that
1@y < C (1flrr@) + Ibll=(q)) - (2.5)
as before, C is determined by X\, A,d and R.

The last theorem recalls interior classical regularity estimates when the coefficients are Holder
continuous in time and space. See [12, Chapter IV] or also [14, Chapter III, Theorem 6.17] for
a proof.

Theorem 2.4. (Schauder estimates.) If B,b € C%8/2(Q), then there is a finite C such that

[D*fles.sr2qy ) + 10eflcssr g, ) < C (A,A, R, || Bllcsiara(qys bl cserz ) HfHLoo(Q)) :

3. RADIAL SYMMETRY

This section is devoted to some technical lemmas. The proofs of the first two propositions
are rather technical and can be found in the Appendix.

Proposition 3.1. Suppose fin and g(-,t) are both radially symmetric, and let Q(-,-) denote
either Qr or Qxs. Then any solution of the linear Cauchy problem

8tf:Q(gaf)7 f(U,O):fin(?)),

is radially symmetric for all t. Furthermore, if fin and g are radially decreasing, then so is f.
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Let h: R? — R, define
A*[R)(v) := (A[h)(v)D,0), v#0, ©:=v[v|"" (3.1)
There are two useful expressions for A*[h] and a[h] when h is radially symmetric.

Proposition 3.2. Let h € L'(R3) be radially symmetric and non-negative. Then

A*[h)(v) = 127r1\v|3 /BM h(w)|w]? dw + é . }m dw, (3.2)
U s L)
a[h](v)—4ﬂ_|v| - h(w) d +47r o, ] dw. (3.3)

The second formula above is simply the classical formula for the Newtonian potential in
the case of radial symmetry; the formula for A*[h] is new and the proof can be found in the
Appendix.

Lemma 3.3. Let h € LY(R3) be a non-negative, spherically symmetric function

(1) If h is monotone decreasing with |v|, and

/ hdv>60>0,
Bpr,\Brg,

for some § >0 and 0 < Ry < Ry then,
OR2 1

Alh > IL 4
[h}(v) = 12r(1+ R3) 1+ |vf3 (34)
(2) If h is bounded, i.e. if ||h||Loo sy = h(0) < 400, then
h|| 7,00 + ||k
A[h](v) < a[hT < 2 <” 2 (Rf)+ | H| ”“(RS)> I, VoveR? (3.5)
v

Proof. (1) Let A*[h] be as in (3.2). If |v| > Ry, then

1 1
A*th/ h(w w2dw2/

2 0 2
> Ho 3/ h(w,t) dw > ROS.
127|v| Br,\Br, 127|v|

Note that Proposition (3.2) guarantees that A*[h] is radially decreasing. Thus,

h(w)|w|? dw

O R2
A*[R](v) > —2; Vv € Bpg,.
[ ](U)_ 127TR‘I’7 S R1
Combining both estimates, we conclude that
0R3 1

ATh](v) 2 271+ R3) 1+ ju|?

(2) If h € L*°, we may use (3.3) to obtain the estimate

n0) dw + L h(w) dw) I

47T|’U‘ B‘U‘ 47r B¢

[v]

Afp] < alp](0)l < (

< (IPllpoe ey + 1Pl paesy) L if o] <1,

A



8 M. Gualdani, N. Guillen

and

Al L1 () Al L1 ()
A < I<|—=)I< | —= )1 if > 1.
o< (S ) < ()1 o>

O
Proposition 3.4. Let h be a positive and radially symmetric and decreasing function. For any
€ (0,1) define U,(v) as
Uy(v) := |v| 7.
Then, for Q = Qr or Q = Qs
Qh,Uy) < Uy (=37(1 = yalhlfo] 2+ h) .
Proof. As U, is radial
VU, (v) = Uy (v) i, D*U,(v) = Uy (v)p @ oy + UL (v) e (I — o © 1)
Thus, in the case @ = Q,

Q(h,Uy) = tr(A[h|D?Uy) + hUy = A* (MUY + A EJ|

In particular, since U} = —yr~'Uy, U} = 7(y + 1)|v| Uy, it follows that
Qc(h,Uy) = Uy (v(y + DA*[B)[v|~> = v(alh] — A*[B])|v| 7> + h) .

The thesis follows by noticing that A*[h] < Zal[h].
For the case Q = Qis, an analogous computation shows that

Qh,Uy) = Uy (=v(1 = y)alh]lv]* + h)
< U (4= alhllol 2+ 1)
where in the last inequality we used v € (0,1) and a[h] > 0. O

4. SHORT TIME EXISTENCE.

In this section, the operator () denotes either QQy or Qxs. For some nontrivial interval of
existence [0,7"), a smooth solution to

atf :Q(fvf) in Rg X [07T)7
f(" 0) = fin)

will be obtained by taking the limit of a sequence of functions { fi}r>0 constructed recursively

(as explained further below). The interval of existence [0, T") is maximal in the sense that either

T = oo or else the L norm of f(-,t) blows up as ¢t approaches T, so the classical solution
cannot be extended to a longer time interval.

Remark 4.1. As mentioned in the Introduction, existence and uniqueness of bounded weak
solutions to (1.4) has been obtained respectively by Arsenev and Peskov [2] and by Fournier in
[6]. It is likely (but not at all obvious) that the method used in [6] will carry over to the case
of the isotropic equation (1.7). Thus, for the sake of completeness, we provide in this section a
detailed proof of existence (but not uniqueness) of a classical solution for the nonlinear problem
that covers the isotropic equation. For completely classical solutions this is certainly new for
the isotropic equation (1.7) with a = 1, although the methods used in the proof — a priori
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estimates for linear equations, which yield compactness for a sequence of approximate solutions
to the nonlinear problem— are fairly well known, but still somewhat different of the approach
used in [11] for the case v < 3/4. Uniqueness for classical solutions of (1.4) is contained in
Fournier’s result [6], since classical solutions are in particular weak solutions, and as it was just
mentioned above, it is likely that this result can be expanded to cover the equation (1.7).

For technical reasons we first assume that f;, satisfies (1.8) and for some ¢ > 0,
c
fin € 02+ﬁ(R3)7 Hfin||02+/3(B1(v)) < 15 T0B n |U‘5’ Vo eR3. (4.1)

The last inequality yields a rate of decay for the second derivatives of f;, which somewhat
simplify the existence proof. The assumptions (4.1) are auxiliary, and will be removed (by an
approximation argument) in the proof of the Theorem 4.14 at the end of this section.

Fix 6 > 0. A sequence { f,f }e>0 will be constructed recursively, so that for every k

f2 e L¥Ry, LYR?) N L=¥(R?)) N C*HAHA2(RS x RY), (4.2)

for some a € (0, 1) independent of k. The construction is done as follows: first, we set fo(v,t) :=
fin(v) for all v and ¢+ > 0. Next, assuming we have constructed fJ , € L®(R;, L} (R?) N
L®(R3)) N CHBIHA/2(R3 x R, ), define f7 as the unique classical solution to the linear Cauchy
problem

{ f(atf = 0AS +QUfiy /) In BY xRy, (43

70) :fin-

The fact that the sequence f,‘j is well defined and satisfies (4.2) follows by repeatedly applying
Lemma 2.1, making use of the fact that for every k > 1, 8’ € (0,1),

1) satisfies (4.2) and solves (4.3) = A[fJ], Va[f)] € C%P72(R? x [0, 00)). (4.4)

That this is so is essentially a consequence of the fact that A[f{] and Va[f?] are convolutions
of f,;S with relatively nice kernels; we do not write out the explicit proof of the above fact here,
as the proof is essentially the same as that of Lemma 4.7, where a quantified version of the
assertion (4.4) is proved. Thus, we have entirely constructed the sequence { f,f }e>0, each f,f
being also radially symmetric and monotone, thanks to Proposition 3.1 and (1.8).

Remark 4.2. Note that, for the purpose of iteration in k, the coefficients A[fi,] and Valfiy]
(which are independent of time) are Holder continuous in space thanks to (4.1).

Once we have constructed the sequence { f,‘g }k, we will focus in showing that it converges
locally uniformly in R3 x [0,79) (§ fixed, k — o) to some function f0 in R3 x [0,T?), where
f9 is a classical solution of

Of’ =0AF +Q(f* f)), f* = fin

The proof of this fact will take most of this section, it is achieved in Theorem 4.12. The selection
of T? will guarantee that either T = oo or else ||f°(-,¢)||cc blows up as t — T?. Then, we
take the limit § — 0 along a subsequence, making sure f0 and its derivatives converge locally
uniformly to a solution of the original nonlinear problem, this is done in Theorem 4.14, where
the auxiliary assumption (4.1) is also removed.

We start by using a differential inequality argument to control the L°°-norm of the f/{Cs uni-
formly in k and § for at least some time interval depending only on || fin|| oo (ms)-
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Lemma 4.3. Let {f,f}k be the sequence defined above. Then, for every k € N we have

£2(0,t) < 1_"01}1(11()) , Vte [O’finl(o))'

Proof. Since fin(0) > 0 it is immediate that the estimate holds for £ = 0. Arguing by induction,
suppose that

< 1—fi;1(n()) , Vte [O’ﬁnl(())>'

Let us prove the corresponding inequality for fk. By virtue of f,f being smooth, radially symmet-
ric and monotone decaying, it follows that f(0,¢) > f{(v,t) for all v and ¢ and D?f{(0,¢) < 0
for all ¢t. Plugging this information on the equation solved classical by f,f , we obtain

Ouf2(0,8) = 27FALE(0, 1) + tr(A[fZ 110, ) D2 F2(0, 1)) + F1(0.£) £ (0,1)
Then, we may integrate the following differential inequality in time

Oufa(0,t) < f2_1(0,1)£2(0, 1),

fo1(0,t) <

and it follows that
fln

f}?(O,t) < fin(())ef(ffgfl(o,s) ds fin(0)e Jo = fm(O)s . Vte [07 f1w>> 7

where the last inequality was due to the inductive hypothesis. Since

! fln(O) o .
/0 1— fn(0)s ds = —log(1 — fin(0)2),

it follows, as desired, that

o < 20

T fu(0)F" WG[O’J%;@)'

Continuing with our analysis of the sequence { f,f }i, we introduce a quantity that will play a
crucial role in what follows: for every T' > 0,0 > 0 let

— 0
M (fin, T,0) = Sup kaHLoo E o) Sllipoiltlngk (0,¢). (4.5)

Lemma 4.3 shows that M (fi,, T,0) < oo for at least every T < fin,(0)~! and any § > 0. For the
rest of this section, we will be concerned only with those T’s such that

M(fm, T, 5) < co. (4.6)

0

Remark 4.4. In the following series of Lemmas and Propositions, culminating with Theorem
4.12, we will use a series of estimates that will depend on fi,, 7,0 and the function M ( fin, T, 9).
For the sake of brevity, throughout this section we will write the letters C( fin, T, 6), Co(fin, T, 9),
C1(fin, T,0),C"(fin, T,0) (as well as ¢(fin, T, 0) et cetera) to denote constants that depend solely
on fin,T,6 and M(fin,T,0), with the understanding that the constants may change from one
line to the next.

The next proposition says that we can control the L°°-norm of the coeflicients of the equation
(4.3) uniformly in k£ and 0, as long as (4.6) holds.
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Proposition 4.5. Let 8, k be arbitrary and M (fw,T,6) as in (4.5). For anyt < T and v € R?
we have the pointwise bounds
ALI(w.1) < al (v, pyp < 2 102 1)
+ [v]
M(fina T, (5) +1
14 |vf?

I, (4.7)

IVa[f](v,1)] < (4.8)

Proof. The bound (4.7) follows immediately from (3.2) in Lemma 3.3 applied to h = f,f . On
the other hand, from Newton’s formula (3.3) one sees immediately that

v
Va f5 :/ f5 w, t) dw. 4.9
)= =g [y, FECw0) (19)
Therefore,
1
Val[f? v, t)| = —7>5 6w,t dw.
Valfio 0 = gy [, At

Using the fact that || f2(-,#)||z1 = 1 yields
1
0
|va[fk](vvt)| < 47T|U‘2 v (th)a

while

6 1
[Va[fil(v,t)] < Lro]?

4
S PRl
< M (fi, T,8), ¥ (v,0) € By(0) x 0,7].

Using that 4r|v|? > 1+ |v|? if [v| > 1, we combine the previous inequalities to obtain the bound

M(fimTa 5) +1
1+ |v]?

Valff](v, )] < , (v,t) €RYx[0,7],
which proves (4.8). O

For the purposes of controlling the size of f,‘j (v,t) for large v, it is necessary to bound the
second moment of f,‘j , in a manner which is uniform in k.

Proposition 4.6. Let T' > 0 and § € (0,1/10). For any k € N, f,f satisfies the bound
/ Fw,t)v?dv <3+10(1 + M(fin,T,0))T, Vtel0,T)] (4.10)
R3

Proof. Let ¢(v) be a smooth function with compact support. Using the equation solved by flf ,
and integrating by parts, we obtain for every ¢t > 0

9 [ 0w do= [ 5 (520 + 6B ID%) + 2Vals_1) V) o
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Above B[f? ] denotes a[f ]I or A[f) ;] depending on whether @ = Qxs or Q = Q.
Integrating in time, it follows that

[ o) do - [ i
- /t 2 /f’f (5A¢ +tr(B[fp_11D?*¢) + 2(Va[fp_4), w)) dvdt,

for all 0 < t; < t5. Next, we apply this identity to the sequence ¢;(v) = |v|*n;(v), where
n; € CX(R3), and 7;(v) — 1 locally uniformly. Due to the integrability of fJ and the bounds
(4.7)-(4.8), we have enough decay at infinity to pass to the limit j — oo in the integral and
conclude that the identity also holds for the function ¢(v) = |v|?. Therefore, given 0 < ¢; < to
we have the identity,

to
/ F(0, t2)[o]? dv — / S (0, 00)[of? dv = / / 72 (56 + 20(BIf_1)) + A(Valff1],v) dud.
t1

Now, the bounds (3.2)-(3.3) guarantee that in R? x [0, T] we have
tr(Blfi-]) < 2M (fin, T, 6) +2,

M (fin,T,0) + 1)|v

(Valff_ ) < P D0 Ul

1+ |v]?
Therefore, as long as t € [0, T]

t2
/t /f’(CS (66 + 2tr(B[f,‘g_1]) + 4(Va[f,f_1],v)> dvdt'

< M(fin,T,6) + 1.

to
g/ /f;j (66 + 8M (fin, T, 8) + 8) dudt
t1
< (60 + 8+ 8M(fin,T',6)) (t2 — t1).
Taking t; = 0 it follows that for ¢ € (0,1/10)

/f,f(v,@)m? dv < /fin|v|2 do+10(1 + M(fin, T,6))T ¥ ¢ € [0, 7.

Since [ fin|v|* dv = 3 by assumption (1.8), this proves the proposition. O

Next, we show how f) | € L®(Ry, LY(R3) N L®(R?)) N C4/2(R3 x Ry) implies Holder
continuity of the coefficients appearing in Q( f,‘jfl, f), and emphasizing the estimate is uniform
in k for 6 > 0 fixed whenever T is such that (4.6) holds.

Lemma 4.7. Let § € (0,1/10) and T > 0 such that (4.6) holds. Then, there is an absolute
constant C > 0 such that for any o € (0,1) we have the following bound for every k > 1,

[Alfillceor2@axioy < C ([flg]cava/2(R3><[D,T]) + M(fin, T, 0) + 1) :
Valfilloner@xory < C ([fleaarn@xom + M (fin T,6) + 1)

Proof. Let n € C*°(R3) be an even function such that n = 1 in B1(0) and n = 0 outside Bs.
Let us write,

Alf2] = ALlf] + Al £7)-
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Each A; (i =1,2) is given by convolutions A;[ f,f] = K; * f,f with the respective kernels

Ki(v) = — <Id—v‘§);)>n(v), Ko(v) = — <Id—v’§|);))(1—n(v)).

~ 87| ~ 8|

Let us show that A;, As are Holder continuous in v ant t. We shall make use of the fact that
there is a constant C(n) such that

3 3
/RS [K1(0)] dv + sup [Ka(v)| + ) sup [9;Ka(v)| + Y sup|di;Ka(v)| < C(n),

i=1 ij=1

where the matrix norm used is the standard L? norm |A| = tr(AA*)'/2. For A; it is straight-
forward that

|A1(v1,t1) — Ar(ve, t2)] < / [ K1 (w)|| £ (01 — w, t1) — ff(v2 — w, t2)| dw

By

s(/ \Kl(wﬂdw) sup [ f5(0n —w ) — FE (02 — ),
Bs

wEB3(0)

the above holding for any (v;,t;), then

[At]gaare < CM)[f2] sz

Next we deal with A,, which in fact will be Lipschitz continuous. Fix e € S? and write
Ko (v) := (Ka(v)e,e). Using the equation for f2 and integration by parts,

o)) 0) = [ Kaclw =)o dw=— [ (FuKoclw=0). (AL ]+ V) duo

+ F(Vwalf2 ], VK (w—v)) dw.
By
Integrating by parts once again,

- /BC (vaQ,e(w - U)v (A[flg—l] + 6]1)wa]§) dw = Be divw((A[flg—l] + 5]1) : VwKQ,e(w - U))flf dw

=/ £ tr(A[f_1]D2 Ko o(w — v)) dw

+ / f;fvwa[f,f_l] -V Kae(w—v)) dw
B§
+0 [ ALK (w—v) dw.
Bf

Gathering all of the above, it follows that

O Aol filese) = | fE tr(AU DL Kaelw =) dw+2 | [i(Vwalfi ], ViKoe(w = v)) du

+0 | ALKy (w —v) dw.
B}
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Therefore, we have the bound
01 (A2[fR]()e, )] < |ID*Kayel|roe | AL Alll oo | fll o + 20V K ell L= [V al fi_y]ll o< || fll 1
+ 8[| AK | oo | 2 1
< IKzelice (AL e + [V alfL iz + )
< [[Kzellc2BM (fin, T’ 0) +4),
where we used (4.7)-(4.8) and § € (0,1/10) in the last inequality. Since ||K2.| < C(n) for all e,
10:(A2[ ] (v)e, €)| < AC(n) (M (fin, T, 6) +1).
This immediately implies a Lipschitz bound in time for Ay, namely
|Ag(v,t1) — Ag(v, t2)| < 12| Ka|lc2 (M (fin, T,0) + D[ty — ta2|, Yov €R3, t1, ta > 0.
For the spatial regularity, from the definition of A and the triangle inequality it follows that

| Ao (v1,t) — Az(v2,t)| < / Ko (w —v1) — Ka(w — v2)| ff (w, t) dw
< C(n)|vr — e /f,f(w,t) dw Yuv; € R?’? t>0.

Then, thanks to || f2(-,)||z1 = 1, it follows that
[ As(01,8) — As(v,8)] < C(n)lor — val, ¥ v; € RE, 2 >0,
Finally, we combine the estimates in time and space to see that

|Ag(v1,t1) — Az(v2, t2)]
< |Ag(vi,t1) — Aa(va, t1)] + |A2(ve, t1) — Az (ve, t2)|
< 15C(n>(M(f1n7T7 5) + 1)(’,01 - U2‘ =+ ’tl - t2|)7 v (Uhtz)

Since |v1 — va| + |t1 — to| < |vg —va|“ + |t1 —tg\a/z when |v; — val, |t1 — t2] < 1, we conclude that
[A2]caarzmsxor) < 15C M) (M (fin, T, 6) 4 1).

The proof of Holder regularity for Va| f;j](v, t) can be done in an entirely analogous manner,
writing the kernel as the sum of respectively integrable and C? parts. One may also make a
slightly different argument, using the fact that since f,f is spherically symmetric, we have the
identity (4.9) which yields a similar bound. O

For the purposes of the proof of existence of solutions, we require several parabolic estimates
that are local in space but uniform up to the ¢ = 0. Notice these are different to the interior
estimates stated in Section 2, namely Theorems 2.2, 2.3 and 2.4, which will be of chief impor-
tance in latter sections. The parabolic estimates hold in a space-time cylinder, which starts at
time ¢t = 0, and are in terms of respective norm of the initial data. They guarantee in particular
that under the auxiliary assumptions (4.1) on fi, the functions f,‘g will have spatial decay on
their second derivatives.

Lemma 4.8. (Hoélder estimate for regular initial data) There exists some o € (0,1) and con-
stant ¢ which only depends on §, fin, T and {fin]CQ+B(R3) such that for any v € R3 and k > 1

[l ceorz (s wyx (o)) < €8 M(fin, T:68), [fincr (B (0))- (4.11)
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(Schauder estimate up to the initial time) Let 8 € (0,1). Then for any v € R3 k> 1,

[f]g]02+0‘v1+0‘/2(B1(v)X[O,T} < CUF N oo (o) xo,1)) + finlo2+8(Ba(oy)s (4.12)
where C' = C(fin,T,9).

Proof. For the proof of the first estimate we refer to [12, Thm. 10.1 Page 204]. Note that the
constant does not depend in any way on the regularity of the coefficients in the equation solved
by f,f , and depends only on the ellipticity constants, and the regularity of fi,. The second
estimate follows from [12, Thm 10.1 page 351], noting that the space-time Holder norm of the
coefficients A[f?_,], Va[f?_,]is bounded by a constant C(fin,T,d), thanks to 4.7 and the first
estimate (4.11) applied to f,‘j_l (when k > 1, for k = 1 f0 = fi, which is regular in space and
constant in time). O

Next we show that the diffusion matrices A[f?] + &I are Holder continuous in a manner
which is uniform in & (but possibly depending on ¢). In this case, standard estimates for linear
parabolic equations will yield Holder bounds on the second order spatial derivates and first
order temporal derivatives for f,‘g, these being uniform in k. Particularly, since we are assuming
a spatial decay for the second derivatives of fi, (see (2.2)) the same will hold for f7.

Proposition 4.9. Let 6 € (0,1/10) and 0 < T < oo be such that (4.6) holds. Then there is a
constant C = C(6, fin, T) such that for any v € R3, Moreover, there is a C depending only on
fin, 0, T, M(fin,T,0) such that

1D? Rl ow (w0 < C(L+ o)™ Vo e R (4.13)

Proof. We will first show that f{(v,t) decays as (1 + |v|)~! for v large. For that fix v € R3,
then the spherically symmetry and radial monotonicity of f,‘j implies that

Using the second moment bound (4.10) we arrive at the estimate

4

f(w,0) < o5 (34 1001+ M(fi, T.6))T)

for all [v| > 1 and ¢ € [0, 7). Since f(v,t) < M(fin,T,) as long as t < T we conclude that
C'(fins T, )
) iny £ 3
fk(’U,t) < Wa V(U,t) € R x [OvT]v (414)

with C'(fin, T,6) := max{M, 2 (3 +10(1 + M(fin,T,0))T)}. The bound follows combining the
initial bound (4.1), the decay estimate(4.14) and the estimate (4.12) from Lemma 4.8. O

So far we have shown the existence of the sequence { f,;s }, and proven several uniform estimates
which are uniform k for times 7' < T?. Moving towards obtaining a limit from this sequence,
we prove an iterative estimate on the size of the functions {fJ — 2, }x in R3 x [0, 77, for § > 0
fixed and T" such that C(fin,T,9) < oo.

Lemma 4.10. Let § € (0,1/10) and T > 0 be such that (4.6) holds and let wg := f3_, — f2 for
each k > 1. There is a number 0 < Ty < T, Ty = To(fin, T, 6) such that
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(1) For each k > 2,

[wg (v, £) (V)| Lo (m3x [0,73]) < ||wk 1(0,8)(0)*| Lo (R3 % [0,70)) -

(2) For each k>2, andl=1,....1y we hcwe

o0, ){0)* 1w s < 10 (0, 0 s )
+ 2| w (1) (V)| oo r3)-
Here ly € N is the largest such that (lo — 1)To < T and t; :== min{i{Ty, T'}.
Proof. We shall drop the superscript ¢ for convenience. Using the respective equations for fi_1
and f we get that wy = fr_1 — fr satisfies
Opwy = 6Awy, + tr(A[fp—o] D*wy) + fr_owy
+ tr(Alw_1]D?fx) + frwy—1, for ¢t >0, (4.15)
wp =0 fort=0.
Step 1. According to Proposition 4.9, there is a positive constant C( fin, T, ) such that
D2 (v, )] < O(fin, T,0)(1 + [v’)7Y, Vv e R te0,T] (4.16)
The estimate (4.16) and the estimate (3.5) applied to wg_1 imply the inequality

ltr(Afwe_1]D? fi (v, )| < C(fin, T, ) (”w’“("t)”mo(w) + Hw’vl(vﬂHLl(m))

1+ v ’
which holds for any (v,t) € R? x [0, T]. On the other hand, (v)~* € L!(R3), therefore
[k ()]l = / [w (v, )(v) ()™ dv < [wg () (o) oo [[{0) ™| 1 o) -

Substituting this in the last estimate, we arrive at the bound,

|tr(Afwg—1]D* f(0, )| < C(fin, T, 0)[lw—1(8) (W) | oo sy (1 + [0]*)

Step 2. Consider the function hg(v) := (v)™* = (1 + |v]?)~2, then
Dho(v) = —4(1 + |v*) 3w
D?ho(v) = —4(1 + |v|*) 3T+ 24(1 + [v*) v @ 0.
In particular,
Ahg =12 (Jvf* — 1) (v) %,
tr(A[fr—2]D*ho) = —4(v) Ca[fr—a] + 24(v) "*(A[fr—2]v, v).
Using the inequalities ||v|> — 1|,|v|? < (v)?, the above leads to
|6ARg| < 126(v)~°
|tr(A[fr—2] D?ho| < 4(v)~Ca[fx—2] + 24(v) Ca[fr—a].
Then, recalling that § € (0,1/10) = 120 < 3/2 we combine the above inequalities into one,
|6Aho + tr(A[fu—2] D?ho)| < 28 (1 + a[fr—a]) (v) ™ < 56(1 + C(fin, T 6))ho,
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where we have used (4.7) to bound a]fx—_so].

Step 3. Next, let
Ho(v,t) := RA7Y(eA — 1)ho(v),
for A, R > 0 to be determined. It is immediate that
0:Hy = AHy + Rhy.
The last inequality in Step 2 implies that
[6AHy + tr(A[fr—2) D*Ho)| + fr—2Ho < 60(1 + C(fin, T, 6))Ho.
The estimates from Step 1, the definition of ho(v) and (4.14) yield
tr(Alwg—1]D? fi) + frwr—1 < Collwr—1(£) (v)*| oo (rs) ho(v),
with Cy = Co(fin, T,0). In light of this, for any T € (0,7), we choose A and R as follows
A= 60(1+ C(fin, T 5)).

R=Cy sup Hwk,l(t)<v>4HLw(R3).
0<t<Ty

In which case, we have for any (v,t) € R3 x [0, Tp]
OHo > 60(1 + C(fin, T,6))Ho + Co (Jlwg—1(-, )| oo w3y + lwr—1(-, £l L1w3)) ho
> §AHy + tr(A[fr—2] D’ Ho) + fr—2Ho + (tr(A[wi—1]D? fi)) + frwi—1) -

17

This means that Hy is a supersolution of (4.15), the parabolic equation solved by wy. Moreover

Hy(+,0) = wg(-,0) = 0. Then, thanks to the comparison principle
wy, < Hy in R? x [0, Tp).
The same argument applied to —wy, yields,
e < Hp in R? x [0, Tp).
We have shown there are constants Co( fin, T, 9) and C1(fin, T, 0) such that
|wi(v,8)] < Collwi—1(v,£)(0)*|| oo rax o, (€T — 1) () ™4, in R® x [0, Ty).

In particular, there is a Ty, depending only on T" and Cy( fin, T, ), such that

Ty € (0,T), and Co(ecl(fi“’T’é)TO -1)<

| =

This results on the estimate,

1
l[wk (v, £) (V)| Lo 2 [0,7)) < Z”wkfl(vat)<v>4||L°°(R3><[O,T0])a

and the first part of the lemma is proved.

Step 4. Fix k > 2. Assume for now that 27y < T —same Ty as in Step 3— and define the

function Hy : R3 x [T, 00) — R by
Hi(v, 1) := RA™H (A1) — 1o (0) + [[wr(To) (0) ]| oo syho (),
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where A and R are to be determined. A straightforward computation yields
8Ly = ReAho(v) = A (RAT (AT — 1)ho(v) + [ (T0) (0) ] e sy o v).)
+ Rho(v) = lwi(To) (0} oo (r3yho(v)
= AH1 + Rho(v) = [[w(To) (0)* || oo sy o (v)-
As in the previous step, we have
SAH; + tr(A[fy—o] D*Hy) + frooH:1 + tr(Alwp—1]D? i) + frwr—1 + 27" Afy
< 60(1 + C(fin, T, 6))Hy + hoCollwi—1(v, ) (v)*|| Lo w3 x (10 275))
= AH, + ho(R — Allwy (v, To) ()| oo (r3)) = O H1,
by choosing
A =60(1+ C(fin,T,9)),
R =Collwy—1(v,£)(0)Y| Lo w3 10.213]) + 60(1 + C(fin, T, 6)) wie (v, To) () || oo (R3) -

Likewise, Hi(-,Tp) > wg(-,Tp). Then, just as before, the comparison principle says that
Hl(',t) > wk(-,t) for t € [T0,2T0],

i (v, 8)] < Co(e™Vm TNt — 1) lawge 1 (v, 8) ()| oo (w3 1,200 ()~
+ [[wr (v, To) (0)* || oo sy (€T T — 1) (0)
+ [lwi (v, To) (W) oo (e (v)
Hence for t € [Tp, 21p] we get

1
[wi (0, 8) (V)| Lo (3 x[1,210)) < ZH’wk—l(U, £) ()| Lo (R2 x [ 270

+ 2]lwe (v, To) (1 + [0]*)? oo (rs)

This yields the second estimate, in the case [ = 2. The above argument can be repeated to
obtain a respective estimate in the interval [27(,37p], and so on. After a finite number of
iterations we will reach some Iy € N such that (lp — 1)7p < T and [yTp > T. In that case we
repeat the above argument on the interval [(lp — 1)7Tp, T, yielding the respective bound and
completing the proof of the second estimate.

O

The next lemma shows that if § € (0,1/10) and T is a time for which (4.6) holds, the sequence
£ will converge uniformly in R? x [0, 7] to a continuous limit f°.

Lemma 4.11. Let {f }1, 6 € (0,1/10), and T > 0 be such that (4.6) holds. Then there is a
continuous function f0 :R3 x [0,T] — R such that

lim [|f° = f{| e gaxio.ry =0,
li}]in = flg”LOO(O,T;LI(R?’)) =0.
Proof. Let Ty > 0, lp and ¢; be as in Lemma 4.10. Define, for I =0,1,...,lp and k € N

Ey = [Jwg(v, t)<”>4HL°°(1R3>< [ti—1,t])"
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Then, Lemma 4.10 says the following recursive relations hold for £ > 2 and [ =0,...,l
1
Ep1<-FEr_11,
4
1
Ep) <4Eg; 1+ §Ek—1,l-

We claim that these recurrence relations guarantee the summability in & of the sequence {Ej; }
for any fixed [ =1,...,lp. The first recurrence relation implies that Ej ; decays geometrically,
thus we immediately have

o0
Z Ek,l < 00.
k=3

Next, suppose that for some 1 <[ < [y we have

()
Z Elc,l < 0.
k=3

Taking the sum for k from 3 to N of the second recursive relation we get

A il 1
> S Bk < 4) B+ S E2041-
k=3 k=3

We can then pass to the limit N — +o0, and use the summability for Ej; to obtain

iy}
Z iEk-’lJrl < Ho00.
k=3

Combining the summability of the sequences {Ej,;} for every | <y, we conclude that

S I fe(0,8) = fom1 (v, ) (W) poo ra o7y < 00
p

Since (v) > 1 for all v, and (v)~* = (1 + |[v|>)~2 € L}(R3), this implies that

Z I fx = fr—1llLoe m3x[o,m)) < 00
!

Yk = femt ooz @) < oo
k

This summability implies { fi} is a Cauchy sequence in each norm, proving the lemma. O
Theorem 4.12. For each § € (0,1/10) there is a time T = T?(fin) with 0 < T? < 0o and a
function f° in 0120’2 (R3 X [O,T*)), such that
af’ =oAL +Q(f°, f°) in R x [0,T7),
{ F°(50) = fin.
Moreover, either T = co or

lm sup || 2| 00 0,71 (m3)) = 00
T—TS~
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Proof. Step 1. Let
TS :=sup{T >0 | M(fi,T,6) < o0}.
By Lemma 4.3 we have 79 > (2£,(0))7!, thus 72 > 0. It may certainly be that 7 = oo.

Now, we may apply Lemma 4.11 to f,‘CS and any fixed T' < T?, resulting in a continuous function
f%:R3 % [0,T?) — R such that
f,;S — 9 uniformly in R? x 0,T7), VT < T0.

On the other hand, we have the estimates from Lemma 4.8 which guarantee, by the Arzela-
Ascoli theorem, that for any subsequence k,, — oo there is a subsequence k), such that J; f,‘g,
and D? f,f, converge locally uniformly in R3 x [0, T}) as n — oo. Since f,f — f locally uniformly
and {k,} was arbitrary it follows that (i) f € C’focl (R® x [0,T%)), and (ii) the sequences D?f9
and O f;cS converge locally uniformly to D? f‘S and O f5 as k — oo, respectively.

Step 2. Let us show the matrices {A[f?]}x converge locally uniformly in R® x [0,77) to
A[f°]. Indeed, let t € [0,7?) and apply the estimate (3.5) to g = |f(-,t) — f2(-,¢)| (which is a
non-negative, bounded, spherically symmetric function), which leads to the bound

AL, 0) = ALY, 01 < 2 (i) = S0 Dl gy + il 8) = S0 Ol e

for all v and t < T?. Then Lemma 4.11 shows A[ f,‘j] converges uniformly to A[f°] uniformly in
R3 x [0,T] for every T < T?.

Step 3. Thanks to the local uniform convergence of f,‘j ,D? f,‘j , O f,‘j and A| f,‘g] proved in the
previous two steps, we can pass to the limit in the equation for f,f and conclude that
0f* = OAF +Q(f°, f°) in R® x [0,T7).
Step 4. We show here that if T is finite, then the L> norm of f(-,t) goes to infinity as ¢
approaches Tf . Arguing by contradiction, suppose that Tf is finite, and

lim sup £°(0,t) < +oc.
T—T9

Since f9 is continuous and bounded for any ¢ < T then f° is bounded for any ¢t < T? and in
particular

50,7 —e) < C, e>0.
The uniform convergence of f,f — f9 for all t < T9 shows that for any small enough € > 0 there
is some kg such that

F200, T8 —¢) < 20, ¥k > k. (4.17)
Since supy, f2(0,79 — €) < +o0, then (4.17) implies
0,7 —e) < C, YEk>1.

Then, the differential inequality argument from Lemma 4.3, applied with starting time shifted
to Tf — g, proves that

C 1
20,1 —e+1) < — VEk>1,0<t< =.
1-Ct C
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L

Taking now t = el

_ 1 :
and € = el yields
£2(0, T8 4 ¢) < 2C,

which contradicts the maximality of 79. The theorem is proved.

g

Next, we show that as long as f°(v,t) is bounded in a time internal [0,7], the mass of
f%(v,t) cannot escape to infinity nor concentrate at the origin. The bound is independent of §.
A consequence of this result is a local lower bound for A[f°] along radial directions.

Proposition 4.13. Let § € (0,1/10), f° be a function given by Theorem .14, T < T? and let
M > 0 be such that

||f§||L°°><[O,T} <M.

Then, there are radii v(fin, T, M) and R(fin, T, M) such that 0 <r < R < oo and
1
/ Plot)do >~ veelo,T). (4.18)
Br\B, 2

As a consequence, there is a positive constant ¢y = co(fin, T, M) such that

x[ 20 €0 3
> .
A[f](v,t)_1+|v|3, VoeRte|0,T], k€N, (4.19)

where A*[] is as defined in (3.2).

Proof. Given R > 0, the mass of f? outside Bg(0) may be estimated via its second moment

2 1
fodv < / f‘;‘;L dv < R2/ Fo(v,t)|v)? dv.
B, B R3

Moreover for any r, R with R > r > 0 there is the obvious lower bound,

/ oo t)dv=1— fo(v,t) dv — fo(v,t) dv
Br\Br B, B
1 5 2 4 3
21—R2/R3f (v, t)|v] dv—?r M. (4.20)

where we made use of the fact that ||f(-,t)| ;1 = 1. Following exactly the same steps as in the
proof of Proposition 4.6 one can show

/ PO dv < 3+10(1+ M)T, ¥ie0,T]. (4.21)
R3

Hence (4.18) follows from (4.20) and (4.21) by choosing

R:=2(3+10(1+ M)T)"?,
ro= (8mM)~13,

Finally (4.19) follows from (4.18), the selection of R and r above, and Lemma 3.3.
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Theorem 4.14. Given fi, as in (1.8), there is a time Ty and a function f € cxl ( (O,T*))

loc
with initial data fin, which solves (1.4) or (1.7). Moreover, either T, = oo or

lim sup || f{| oo r3x[0,47) = o0

t—T,
The initial data is achieved in the sense that for any ¢ € C°(R3) and any t € (0,T.) we have
- f(v,t)é(v) dv — fm( / / fIVSf — fVal[f], Vo) dv dt.

Here B[f] denotes A[f] or a[f]ﬂ depending on whether we are dealing with (1.4) or (1.7).

Proof. Step 1. Let us assume first that fi, satisfies the additional assumptions (4.1), this
assumption will be removed in the final step. For each n € N, let f, := fo and T}, := T~
correspond to f° with § = 10", as constructed in Theorem 4.12. Then, each f, is a spherically
symmetric, monotone solution to

Oifn = 1570 fn+ Q(fns fn) MR® X [0,T3), ful(v,0) = fin(v).

Moreover, for each n, we have that either 7,, = oo or else || fn (-, t)||cc — 00 as t — Ty,.
We define T by

T, = inf{T | liminf M (fin,T,107") = oo}, (4.22)

with the understanding that T, = oo if the set above is empty. As before, it is not difficult to
see that T, > (2fin(0))~!. See Remark 4.15 for further discussion about the definition of T}.

Step 2. Let us show then that there exists a solution in R3 x (0,7%). Let T} be a strictly
increasing sequence of times, with lim 7; = 7. Fix j, then since T; < T} there is a subsequence
{n;r}, njr — oo as k — oo, and such that

sup M (fin, T, 107"+) < oo.
k

The above combined with Proposition 4.13 implies there is a constant ¢ = ¢( fin, T;) such that
for all kK € N we have

Alfay (o) 2 S22 9 ) € B % 0.5)

The interior Holder estimate (Theorem 2.2), then says that for any cylinder @ CC R x (0, T)
we have

[fn]-,k]ca,aﬂ(Q) S C(QaTj)v V k

From here, the same argument as in Lemma 4.7 shows that A[f,,,] and Va[f,, ] are C /2
uniformly in k& in compact subsets of R® x (0,Tj). Accordingly, the uniform regularity of
these coeflicients together with the Schauder estimates (Theorem 2.4) guarantee that for every
cylinder @ CC R? x (0,7}) we have a constant C(Q,T}) independent of k such that

[fnj,k]c2+a’1+a/2(Q) < C@.15).

Then, the Arzela-Ascoli theorem and a Cantor diagonalization argument yield local uniform
convergence of f,, to a function f in R x (0, T") which will be differentiable in time, and second
order differentiable in space. In particular, f; is a spherically symmetric, monotone solution to

0cfi = Q5. f;) m B® x (0,T3), f5(-,0) = fin,
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with fi, as in (1.8). We can take this argument one step further, and apply the Arzela-Ascoli
one more time to the sequence {f;}; and conclude that along a subsequence they (along with
their derivatives) converge uniformly in compact subsets of R? x (0,7%) to a function

f:R3x(0,T,) - R

which is again a solution. In summary: we have constructed a function f : R? x (0,7%) which
is differentiable in time and second order differentiable in space, such that

8tf:Q(f7f)

and

/R3 f(v,t)p(v) dv — /}R3 Fin(0)b(v) dv

== /Ot /(B[f]vf — fValf], Vo) dv dt Y¢ € CZ(R3), t € (0,Ts). (4.23)

Moreover, the function f has the property that for every T' < T, there is a sequence ny — oo
such that the functions f,, defined in Step 1 converge to f locally uniformly in R? x [0, T).

Step 3. It remains to show that if T, < oo, then the solution built in Step 2 blows up in L™
as time approaches T,. We argue by contradiction, similarly to the proof of Theorem 4.12, but
with a slight modifications accounting for the fact that we do not know whether the functions
fn have a unique limit as n — oo (see Remark 4.15 for further discussion). Suppose C' > 0 is a
constant such that

A 1l @sxgo ) < C-

Let € > 0 be a small number (to be determined), according to Step 2, there is a sequence

ny — oo such that f,, — f locally uniformly in R? x [0, T, —¢/2]. In particular, there must be
some kg > 0 such that

ankHLOO(le[O,T*—e]) <20, Vk> k.
As in the proof of Theorem 4.14, choosing ¢ such that 2¢(2C) < 1/2, the differential inequality
argument guarantees that

||fnk||L°°(R3><[O,T*+€]) <4C, Vk > ko.
This shows there is a positive € > 0 such that

liminf M (fin, T,107") < oo VT < Ty +&.
n

This is impossible, since T} is the infimum of {T" | liminf M (fin,7,10™") = co}. This contra-
n

diction shows that

A |l @ oy = 00,

and the theorem is proved at least for fi, for which (4.1) holds.
Step 5. In order to remove (4.1), given fi, for which only (1.8) holds let f i(nn) be a sequence

of functions such that (4.1) holds for each fi(nn) (with a constant ¢ that may depend on n) and
such that

im [ fin = fipllzee = lim [ fin = finllzr = 0.
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Let f(" be a corresponding sequence of solutions as constructed in Steps 1-4 above, then each
™) is defined up to some time Ty n. The times T, are bounded uniformly away from 0
since fi, € L. The functions f(™) enjoy uniform local a priori estimates, therefore the same
compactness argument from Step 2 allow us to pick a subsequence ni — oo and a time T} such
that the functions f(") and their derivatives have a local uniform limit as k — oo to a function
f :R3 x (0,T,) — R which is smooth solution to the nonlinear equation and which blows up
in L as time approaches T,. Finally, fixing a test function ¢ and ¢ € (0,7%) we may apply
(4.23) to each f ("x) and conclude that f satisfies the respective relation in the limit, proving

the theorem.
O

Remark 4.15. It is worth comparing the definition of Tf in Theorem 4.12 with that of Ty in
Theorem 4.14. In the present situation, a priori it is unclear whether the sequence f, has a
unique limit as n — oo. Hence, if we define

T := sup{T' | sup M (fin, T,107") < oo},
n

the existence of a subsequence bounded for times strictly greater then T does not contradict
the definition of T*. The contradiction however holds if T* is defined via the lim inf as in
(4.22). In the proof of the former theorem, matters were simplified by the fact that {f2}x was
a Cauchy sequence (for ¢ fixed), meaning in particular that if it is shown that a subsequence
of f,f remains bounded in [0, 7], then the entire sequence remains bounded. This was key in
proving the maximality of the interval of existence (0,79).

5. POINTWISE BOUNDS AND PROOF OF THEOREM 1.1

5.1. Conditional pointwise bound. The first lemma of this section (Lemma 5.2) is the key
argument for the proofs of Theorem 1.1 and Theorem 1.3. It consists of a barrier argument based
on the observation that the function U(v) = |v|~7 is a supersolution for the elliptic operator
Q(f,-) under certain assumptions on f (this is where the radial symmetry and monotonicity is
needed). It affords control of certain spatial LP-norms of the solution, and from these higher
regularity will follow by standard elliptic estimates (Lemma 5.5).

First, we prove an elementary proposition that will be of use in proving the key lemma.

Proposition 5.1. If h is a non-negative, radially symmetric and decreasing function,

h(v) su T?M o2 oy e B
a[h](v)SSTSE{ fBra[h](w)dw}H  VveR

Proof. First off, since h is radially symmetric and decreasing,

1
| By (0)] B,((0) hw) dw 2 h(v).

On the other hand, since h > 0 and (in particular) a[h] is superharmonic,

1
alh](v) > m B0 alh](w) dw,
_ 2 [ hw) dw, Yo e RS
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Therefore,
fB\v\ h(w) dw
b0 = " o () du’

which implies that

v|72 su —fB (w
aW@»SS",<£{ Iy, alf](w) dw}
0

Lemma 5.2. Suppose f : R3 x [0,T] — R, is a classical solution of (2.1). Let v € (0,1),
suppose there exists some Ry > 0 such that

sz 1

fB wtdw_24

571 —7), Vr<Rp, t<T. (5.1)
Then,
fv,t) < max{%Ra*”, ) finll o, } 0|7, in Bg, x [0,T].

In particular, the conclusion of the lemma holds for some Ry > 0 whenever there is a modulus
of continuity w(r) and some Ry > 0 such that

sup sup < 72 fB <w(|v]), Y0 < |v|] < Ry. (5.2)
r<|v| t€[0,T fB dw

Remark 5.3. It is easy to see that for any radially decreasing function h(v) the condition that
h belongs to L, (R3) implies that h lies below a power function of the form 1/|v|3/P, and
vice versa. More precisely,

@) < C & h(v) < C ()7 o732, (5.3)
Proof. Let U, = |v|~7, then Proposition 3.4 says that
Q(9,U,) < Uyalg) (=g7(1 = ~)lo| > + g/alg)) -
Applying Proposition 5.1 with h = g(-,t),

a&wo<m)%w{ ﬁ? wtm}sbﬂ—ﬂMQ

r<|v|

where we used (5.1) to get the last inequality. It follows that
Q(9,Uy) <0, in Bpg, x [0,T]. (5.4)

In particular, if there is a modulus of continuity as in (5.2), then Q(g,U,) < 0 in Bg, x [0, 7]
provided Ry is chosen so that w(Ry) < 1/24.
On the other hand, given that f(v,t) is radially decreasing and lies in L! (see Remark 5.3),

f(U,t) < ﬁ”fHLl(R:“) = ﬁa Ve R37 te [O7T] (55)

Where we used that || f(-,¢)[[1®s) = 1 for all ¢. Finally, the function U, (v) defined by

i , :
0 (v) 1= max { £, ()| full o} o™
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is a supersolution for the equation solved by f in B,, x [0,T]. Moreover, clearly U7 lies above
fin in Bg,, while by (5.5) U, lies above f in 0Bg, x [0,T]. Then, the comparison principle
implies that f < U, in B,, x [0,T], and the lemma is proved. O

The next lemma deals specifically with solutions to the nonlinear equations, (1.4) or (1.7). It
controls from below the integral of a solution in some ball Br. For the case of the Landau equa-
tion (1.4) the constant is independent of time (by conservation of mass and second moment),
while for the Krieger-Strain equation (1.7) the bound decays exponentially in time.

Lemma 5.4. For f solving (1.4), there is a constant R > 0 such that

/ f(v,t)dv>1/2, t>0. (5.6)
Br
For f solving (1.7), and any radii R > r > 0 there are § > 0 and Cy > 0 such that
/ f(v,t) dv > Coe'gt/ fin(v) dv t>0. (5.7)
Br\Br B4r\B; 4
Proof. 1If f solves (1.4), then
/ f(v,t) dv < R™? f(v,t)|v]? dv < 3R™2.
Br(0) Br(0)

Thus

/ fu,t) dvzl—/ f(v,t) dv>1—3R"2
Br(0) Br(0)°

Estimate (5.6) follows by choosing R large enough. The corresponding estimate (5.7) for f
solving (1.7) follows a similar argument used in [11] and the derivation of the estimate is done
in detail in the Appendix. O

The next lemma says that any solution f to (1.4) or (1.7) is a bounded function for all times
provided f satisfies (5.2).

Lemma 5.5. Let f : R? x [0,T] = R be a radially symmetric, radially decreasing solution to
(1.4) (or (1.7)) with initial data as in (1.8) and such that for some Ry > 0 we have

o lnttotide

1
fB wt dw_247(

—7), Vr <Ry, t<T.

Or, assume that there is some modulus of continuity w(r) such that,

sup sup {r fBT (w,t ) dw } < w(|v]), YO0 <7< Rp. (5.8)
reoltefor) | Jp, alfl(w,t) dw | — ’ =
Then,
sup (- 0)[| Lo (m3y < Co. (5.9)
tel3T1)

For some constant Cy depending only on fin, T and Ry.
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Proof. The assumptions of the lemma are simply the same as those of Lemma 5.2 with g(v,t) =
f(v,t), from where it follows (using also Remark 5.3) that

sup [|f(- ) rx

t€[0,T

weak

—-3(1—-1 —
(5rg) < max { R (VY gy el

=: Co(fin, Ro, D),

for some p > 6. By interpolation and the Sobolev embedding it follows that | f(-,?)| 163
and [|[Va[f(-,t)]|| o (r3) are bounded by some constant C' determined by Co(fin, Ro,p). Then,
applying (2.5) from Theorem 2.3 with Q = Bpr, X [0,T] we arrive respectively at

£l oo (B joxir/271) < C {1 FllE2(Q) + R§IIValf]ll=(q) } < oo,

for some C' = C(fin, Ro,T'), and the lemma is proved. O

Proof of Theorem 1.2. According to Theorem 4.12, for fi, € L°°, there exists a time Ty > 0,
and a solution f(v,t) to (1.4) defined in R3 x [0, Tp) and with initial values fi,.
The time Ty is maximal in the sense that Ty = oo or else,

Hm [|f(-,8)|| oo (r3) = o0 (5.10)

t—1T,

Moreover, since f € L for in R? x [0,t] for every ¢ < Ty, interior regularity estimates (see
Theorem 2.2 and Theorem 2.4) show that f must be twice differentiable in v and differentiable
intaslongaste (0,7).

Finally, arguing by contradiction let us assume that

I5, (7
li 1/96.
o ) <

In this case, there must be some Ry > 0 such that

fB(

sup §1/96 V’I"SR(].
teOTO){ fB [f1(v dv}

This means Lemma 5.5 can be applied with T' = Tjy, and it follows that

sup || f(+ )| oo 3y < 00,
t€[5To,To]

which is in contradiction with (5.10), and the theorem is proved. O

Proof of Theorem 1.1. As in the proof of Theorem 1.2 we have a solution f(v,t) defined up to
some maximal time Tp. In case Ty < 0o, we know that || f(-,t)||z goes to infinity as t — T} .
As before, this f(v,t) is twice differentiable in v and differentiable in ¢ for ¢ € (0, 7).

Now, assume the L3/2 norm of f (,t) does not concentrate at 0 as t — T—. That is, suppose
there is a modulus of continuity w(-) such that

sup ||f(-, )l psr2p,) < w(r).
te(0,70)
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Then, there is some C > 0 such that

2 fB dU . 4lfB
s, @ )dv |B | Jp, @ ) dv’
SC’; f(v,t) dv, ¥Yr>0,te(0,Tp).
B

Then, Holder’s inequality says that

sz

JB, a ) dv

< CNFC D sz a,):

< C'w(r).
It follows, that if Ry > 0 is chosen so that C'w(Ry) < 1/96, that Lemma 5.5 can be applied to
conclude again that
sup [ f (- )| oo (r3y < 00,
te[%ToyTo}

which as before directly contradicts lim || f(-,t)||L~ = oo, and the theorem is proved. O
t—=Ty

To end this section, we present a computation indicating that for an arbitrary function f the
quotient appearing in the assumption of Theorem 1.2 is always smaller than or equal to 3.

Proposition 5.6. Let h € LY(R?) be a nonnegative function. Then,

2 fB
Jp.a

Remark 5.7. It could be of use in understanding the blow up or (no blow up) of (1.4) to
characterize those h for which the above quotient goes to zero as r approaches 0. In particular,
it would be useful to understand this when h is not necessarily in a regular enough LP space or
Morrey space, namely when h is such that

<3, Vr>0.

1
or sup — h dv = oo
r>0 T JB,

Proof. Let us write a(v) = a[h|(v) for the sake of brevity. Note that

/T"@)‘“:/}Re alona(w) o= [ [ hwlo vl s, (o) duds

The goal is to compare the two integrals,

/ / w)|v —w| xp, (v) dwdv, 7“2/ h(v)xs, (v) dv.
R3 JR3 R3
Note that

/ / w)|o — w| " x, (v) dwdv = / h(v) (xp, * ®)(v) dv, B(v) = (drfo])~"
R3 JR3

R3

he LY

loc

It is not hard to compute ®p := xp, * ® directly. Indeed, it is the unique C'*! solution of

ACI)BT = —XB,>» ‘I’B7, — 0 at o0,
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which has the simple expression,
—%\v|2+%r2 in B,,
®B7' (x) = 1.3 —1 . c
37°|v] in BE.

It follows that,

1y, 1, ., r3 .
a(v) dv = —r*— —|v|* ) h(v) dv + — h(v)|v|™" dv,
: 5 \2 6 3 Jpe

This proves the stated bound since the last inequality guarantees that

2
/ a(v) dv > ) h(v) dv.

B,

6. MASS COMPARISON AND PROOF OF THEOREM 1.3

In this section we apply the ideas from previous sections to construct global solutions (in the
radial, monotone case) for equation (1.7), namely

Oif = alfIAf + f2.
In view of Lemma 5.5, the fact that Ty = oo in Theorem 1.1 results from a bound of any
LP(R3)-norm of f, with p > 3/2. For (1.7) the bound of any LP(R3)-norm of f, with p > 3/2
will be proven by a barrier argument done at the level of the mass function of f(v,t), which is
defined by

My(r,t) = /B f(v,t) dv, (r,t) € Ry x (0,Tp).

Depending on which problem f solves, the associated function My (r,t) solves a one-dimensional
parabolic equation with diffusivity given by A*[f] or a[f].

Proposition 6.1. Let f be a solution of (1.4) (resp. (1.7)) in R3 x [0, Ty], then M (r,t) solves

2 (M
OMy = A*0p My + — (f — A*) Oy My in Ry x (0,Tp) (6.1)
r \ 87r
2 (M
(resp. O¢My = a0r My + - (8771; — a) OMy in Ry x (O,To)> . (6.2)

Proof. We briefly show how to obtain (6.2); for (6.1) calculations are identical. Using the
divergence theorem and the divergence expression in (1.7) we get

0, M; _/a @fIVf — FValfl,n) do = 4xr? (a[f10rf — fOralf]).

Furthermore, straightforward differentiation yields the formulas
4mr20, f = %0, (r 20, My), Oralf] = —(4mr?) "t M.
Substituting these in the expression for J; My above we get
1

2 1
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Expansion and rearrangement of the terms result in:
M

Lo, M;

2
ath =a (Taer + aman) + m

2 (M
= 7”7"M —\ o — rMa
a0, f + , <87r7‘ CL> 0, f

and the thesis follows. O

Define the linear parabolic operator L in Ry x (0,T) as
2 (M
Uu:@h—dmh—(f—am>@n
r \87r
The above proposition simply says that LMy = 0 in Ry x (0,7"). The next proposition identifies
suitable supersolutions for L.
Proposition 6.2. If m € [0,2] and h(r,t) =" then Lh > 0in Ry x (0,7).
Proof. By direct computation we see that
M
Lh = —mr™2 [(m —1a+2 (871'1; - a[f])} .
On the other hand,

_ b S gy M
alflr) = 47y /B7- J vt /5 47 |v| a2 dmr’

which guarantees that fa[f](r) > %. Thus,

th=mr 2 (1= mjalf] +2 (olf] - 5 )|

> mr™=2((2 — m)a[f] > 0.
The last inequality being true for m < 2. n

Proof of Theorem 1.3. Assume fi,, € L, in which case Theorem 4.12 yields a solution f(v,t)
that exists for some time Ty > 0 (possibly infinite). As the bound for f(v,¢) will not rely on
the L*° norm of f;, but a Lf)’veak norm of fi, the existence of a solution for unbounded initial
data in LP (p > 6) will follow by a standard density argument.

Since p > 6, there is some a > 0 and some Cpp > 0 (depending only on || f[[z» ) such that

My, (r,0) = Jindv < COTH_OC'
B,

Moreover, since f(-,t) has total mass 1 for every ¢ > 0, we also have

My(r,t) <1, Vr>0,te (0,7).

Proposition 6.2 says that h = Cr!'t® is a supersolution of the parabolic equation solved by

My in Ry x (0,T). Then, choosing C' := max{Cp, 1} the comparison principle yields
My(r,t) < h(r) = Cr't® forr € (0,1), t € (0,T). (6.3)
t)

3
Since f(v,t) is radially symmetric and decreasing, bound (6.3) implies that f(|v] <
%MQ%Q for v € By and t € (0,T); hence there is some p’ > 3/2 and some C,y > 0 such

that
”f('at)HLp/(Bl) < Cy, Vte(0,T).
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Then Lemma 5.2 says that f(v,t) is bounded in R? x (0,Tp). By Lemma 5.5 and the charac-
terization of Ty in Theorem 4.12, it follows that Ty = 400 so the solution is global in time. [

The method of the proof for Theorem 1.3 fails short in preventing finite time blow up for
(1.4). In any case, it at least gives another criterium for blow-up, the proof of which is essentially
the same as that of Theorem 1.3.

Corollary 6.3. Suppose that for all t € [0,Tp] there is some rg > 0 and 0 < A < 8« such that
My(r,t) < XrA*(r,t) YV r <.
Then any solution to (1.4) is bounded for any t > 0.

7. APPENDIX

Proof of Proposition 3.1. The radial symmetry of any solution f to (2.1) follows by the unique-
ness property of (2.1) and by the fact that Q(g, f) commutes with rotations, as shown below.
We first rewrite the collision operator as

Q(g, f) = div(A[g]V f — fValg]) = a[g]Af — div(A[g]V ) + fg,
with A[g]Vf := [ L0 (V f(v), y)y dy.

ly[?
Let T be a rotation operator. Since ¢ is radially symmetric, so is a[g]. Hence

alg]A(f o T) = alg o TIA(f o T) = (alg] o T)(Af o T) = (a[g]Af) o T,

taking into account that the Laplacian operator commutes with rotations. Moreover

div(A[g]V f(Tv)) = div ( / me»my dy)

yl
= div (/ W(T*sz(2)|m, Y)Yy dy)

= div M . y
- (/ ly[? (Vaf(2)].cr,» TY) T Ty dy)

=div T*/M<sz(z)z=%vy>y dy

ly[?
=:V(Tv)
=Tr(T*Jac(V),,_.,T) + V(Tr(T*)) -V (Tv)
=0

= Tr(TT* Jace(V),__,.)
= Tr(ld Jace(V)|__,,)

— div (/ W(sz(z),my dy> oT.
Hence Q(gv f(T’U)) =Q(g,f)oT.

Now we rewrite the linear equation (2.1) in spherical coordinates:

Oif = A*Orr f + =20, f + 9, (7.1)
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with A*[g](v) := (Alg](v)0,0), 0 := % and differentiate (7.1) with respect to r. The function

o]

w := O, f satisfies the following inequality:
dw < A*Oppw + A 00 + wg + 0, A 0w + 0, (=4 w.

T r

If w(-,0) < 0 it follows from maximum principle that w(-,¢) < 0 for all ¢ > 0. In other words,
the (negative) sign of 0, f is preserved in time.

g

Proof of Proposition 3.2. The identity (3.3) is a classical and a proof can be found in [13][Section
9.7]. To prove (3.2), let v € R3 non-zero, r := |v], then

(Alg](0)8,0) = — / !

"~ 87 Jps \v—w|g

(w) ((11 v-w ®ﬁ)@,@) duw.

o]

Note that
((11 v-w @, h’j:—;jjl)@,@) — 1 — cos(d(w))?,

o]

where 6 denotes the angle between w — v and v. Consider, for 0 < t,r, the function

_ 7)2
I(r,t) :—/ 1= cos(0)7 dw.
0B

v — wl

The function I(r,t) encodes all the information about A*. In particular, integration in spherical
coordinates yields the expression

ATBl(0) = o /0 T O] 1) dt.

As it turns out, I(r,t) has rather different behavior according to whether r < ¢ or not. By
averaging in the v variable, it is not hard to see that

2
I(r,t) = T—4I(t,r), Vr<t.

Accordingly, we focus on I(r,t) when r > t. To do so, denote by 6 the angle between w and v

and observe that
N . t2 —t2cos(0)? 2 —w?
2 _ A2 _ 1
1 —cos(0)” = sin(0)” = Wk ol

where wy = (w, ). Thus,

2 — w?
:/ 2 2 : 5373 AW
oB, (12 —wi + (r —w1)?)%/

2 — w%
= dw
/8Bt (12 — 2rwy +1r2)3/2

201 .2
:/ 3 t 51 Zl)T 373 t2dz
oB, 3(1—2(%)z1 + (§)2)%/

/ 1-— z% td
= z.
o, (1—=2(F)z1 + (7)2)3/2
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This surface integral can be written entirely as an integral in terms of the variable z; € (—1, 1),

21.

! 1— 22
I(r,t) = 2t d
(T ) ™ /_1 (1_2(%)2:1_’_(%)2)3/2

For brevity, set for now s = r/t, then

/1 1— 22 4 —2st+ 283 +25s -2 251 —2¢3—25-2
21 = -
(1= 252 + 8232 T 382 —2s 4 1 3s3v/sZ + 25 + 1

257 4+253 425 —2 —2s* —253 —25—2
3s3(s — 1) B 3s3(s+ 1)

—251 4253 4+ 25 -2 251+ 253 42542
3s3(s — 1) * 3s3(s+1)

Furthermore,

—2S4+253+28—2+254+283+2S+2_ 2 st B rs—1 st4s34+s5+1
3s3(s — 1) 3s3(s+1) 383

s—1 s+1
2 (s B s—D(s+ D)+ (sT+ B+ s+1)(s—1)
T 353 s2—1
2 2s2—2 4

353 52 -1  3s3
Then, since s = r/t, we conclude that
4

t
I(r,t) =8n

ﬁ’ fOI' t < T,

1
I(r,t) = 871'%, for t > r.

Going back to A*[h], the above leads to

A*[] (v) = /0 "R I(r,t) di+ / T O I(r, 1) dt
— % OT h(t)t4 dt + ;/roo h(t)t dt.

g

Proof of Lemma 5./. This argument is inspired by the one in Section 2.6 in [I1]. For g, R,r
(with 0 <7 < R, 0 < f3) consider the function

®(v,1) = e 7 (jv] = R)*(Jv] — 1),

Since ® is a C'! function with compact support, it holds

d

G | swne@ o=~ [ @V - va.ve) @

= fdiv(aV®) dv + f(Va,V®) dv.
R3 R3
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Hence
div(aV®) + (Va,V®) = aAd + 2(Va, V)
2
=ad®” + ol (a+|v]a) @
2 +o0
=ad®” + <I>'/ sf(s,t) ds.
o] = |
It holds:

P'(s)=2(R—3s)(s—r)(—(s—7)+ R—5)=2(R—3s)(s—r)(R+r—2s),
O (s)=2(R—s)(r+ R—2s) —2(s—7r)(r+ R—2s) —4(R—s)(s — 1),
P'(r)=d'(R) =0, ®"(r)=d"(R)=2(R—r)?%

|@7], |9'] < Cor,r®,  |v] € ((1+0)r, (1-0)R).
Hence in a small neighborhood of |v| = R and |v| = r one can show that % Jgs [0, )@(v) dv >

0; more precisely it holds

div(aV®) + (Va, V&) > 0 in B\ By_s)r U Bais)y \ Br-

Since a[g](v) < ”!]wa, it follows

d P
= | F @) dv > —cé,T,R”g”Ll(Rd/ Fo,)®(v) dv
R3 r Ba_s5)r\Ba+e)r

> Malwy [ fee0) av
T R3

This above differential inequality implies

f,)®(w) dv>ePT [ fin®(v) dv, Yt <T,
R3 R3

where = C; rallg| 1. Finally, since

1
1

R27“2

d(v) < 1

(R—?")2 in B\ B, ®(v)>

we conclude that
R2T2
/ f(v,t) dv > 4€_BT/ fin(0)®(v) dv, Vit <T.
Br\Br (R—r) Bpry2\Bar
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