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Dynamics of the Bacterial Flagellar Motor: The Effects of Stator
Compliance, Back Steps, Temperature, and Rotational Asymmetry
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†IBM T. J. Watson Research Center, Yorktown Heights, New York; and ‡Department of Biological Sciences, Columbia University, New York,
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ABSTRACT The rotation of a bacterial flagellar motor (BFM) is driven by multiple stators tethered to the cell wall. Here, we
extend a recently proposed power-stroke model to study the BFM dynamics under different biophysical conditions. Our model
explains several key experimental observations and reveals their underlying mechanisms. 1), The observed independence of
the speed at low load on the number of stators is explained by a force-dependent stepping mechanism that is independent
of the strength of the stator tethering spring. Conversely, without force-dependent stepping, an unrealistically weak stator spring
is required. 2), Our model with back-stepping naturally explains the observed absence of a barrier to backward rotation. Using
the same set of parameters, it also explains BFM behaviors in the high-speed negative-torque regime. 3), From the measured
temperature dependence of the maximum speed, our model shows that stator-stepping is a thermally activated process with an
energy barrier. 4), The recently observed asymmetry in the torque-speed curve between counterclockwise- and clockwise-
rotating BFMs can be quantitatively explained by the asymmetry in the stator-rotor interaction potentials, i.e., a quasilinear
form for the counterclockwise motor and a quadratic form for the clockwise motor.
INTRODUCTION
Like all other motile bacteria, Escherichia coli continuously
explores its environment in pursuit of favorable conditions
for survival. An E. coli cell’s swimming motion is propelled
by the rotations of several flagella, each driven by a rotary
flagellar motor attached to the cell body. The cell changes
its swimming direction by switching its flagellar motors
between counterclockwise (CCW) and clockwise (CW)
rotational directions (1–3). A single flagellar motor is
composed of one rotor, a circular ring structure roughly
45 nm in diameter (4), and several stator units anchored to
the rigid peptidoglycan cell wall. The rotor contains a ring
of ~26 FliG proteins, and each stator has four copies of
protein MotA and two copies of protein MotB, forming
two proton-conducting transmembrane channels. A flow
of protons, driven by the electrochemical gradients across
the channels, causes conformational changes of the stator
proteins that generate force on the rotor through electro-
static interaction between MotA and protein FliG (5). The
work/unit charge that a proton can do in crossing the cyto-
plasmic membrane through the proton channel is called
the proton-motive force (PMF), Dp, which is ~�170 mV
for E. coli under normal physiological conditions (2).

The stators are tightly coupled with the rotor with a duty
ratio close to unity (6). Biochemical and structural studies
(7–9) indicate that torque is generated by stator conforma-
tional changes as a consequence of ion binding and
unbinding to the negatively charged D32 residue on the
MotB helices. It can be presumed that the passage of (one
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or a few) protons switches the stator to be engaged with
the next FliG monomer on the FliG ring along the direction
of rotation, stretching the link between the stator and the
rotor. The subsequent relaxation process rotates the rotor
and the attached load toward the new equilibrium position.
This can give rise to a steplike motion, observed recently
(10) for a sodium-powered motor at very low sodium-
motive-force. However, a general understanding of the step-
ping dynamics of a single flagellar motor is still lacking.

The torque-speed dependence is the key biophysical
property that characterizes the motor (2,11,12). For E. coli
at room temperature under normal physiological conditions,
the maximum angular velocity is z300 Hz and the esti-
mated maximum torque ranges from 1400 pN$nm (13,14)
to 4700 pN$nm (15). The measured torque-speed curve
for bacterial flagellar motor in the CCW rotational state
exhibits a concave shape with a plateau of high torque at
low speed and a fast, quasilinear decrease of torque at
high speed. Here, we use a modeling approach to understand
the general underlying microscopic mechanisms responsible
for different shapes (e.g., concave versus convex) of the tor-
que-speed curve, which may be useful in understanding the
dynamics of other molecular motors, such as kinesin and
myosin-V, where both convex and concave force-speed
curves were observed (16–18). More specific to BFM, our
model is used to explain the recently observed asymmetry
between the CW and CCW torque-speed curves (19).

Several mathematical models (20–25) have been
proposed to describe the BFM dynamics based on assump-
tions about details of the electrostatic interaction between
the stators and the rotor. More recent works (26–29) use
a general approach independent of the details of the micro-
scopic interactions. The model introduced by Xing et al.
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(26) can reproduce the observed torque-speed curve charac-
teristics. However, that model predicted that the maximum
velocity depends inversely on the number of stators (see
the supplementary text in Xing et al. (26)), a finding that
is inconsistent with the resurrection experiment of Yuan
and Berg (30), which shows that the velocity of the motor
is independent of the number of stators at zero load.
Recently, we introduced a model for BFM where the step-
ping rate is higher when the stator is generating torque in
the wrong direction, that is, opposite to the rotational direc-
tion of the rotor. The maximum BFM speed is independent
of the number of stators in our model (31). Another possible
mechanism put forth in (27,30) is the elastic interaction
between the stator and its anchoring point at the rigid cell
wall (32). The basic idea is that the flexible stator location
enabled by a soft spring could damp the conflicting forces
generated by different stators at low load. Here, we system-
atically study the effects of these two mechanisms to eval-
uate their validity.

Another important characteristic of the BFM torque-
speed curve is the absence of a barrier to backward rota-
tions, as shown in electrorotation (33) and optical tweezer
(15) experiments. Here, we extend our model to include
a back-stepping probability, which becomes significant as
the system is driven far away from the stator-rotor equilib-
rium position. This extended model reproduces the absence
of a barrier to backward rotation, it also explains the exper-
iments (34) where the motor is driven forward by external
force beyond its intrinsic maximum speed. Finally, the
temperature dependence of the motor dynamics is studied
in our model. By assuming a thermally activated stepping
rate, our model reproduced the recently measured tempera-
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decrease as the stator spring constant, kS, increases. To keep DqS; sðqS �
3r ¼ j1� urj% 10% requires kS % 20 pN$nm$rad–1 (shaded region). Other par
ture dependence of the speed at near-zero load (35), from
which the energy barrier for stator stepping is determined.
RESULTS

The power-stroke model of bacterial flagellar
motor

We use the general model framework from our previous
work (31) with several important new ingredients. We
have introduced a finite probability for stator back-stepping
and a stator spring connecting the stator to its anchor point
on the rigid cell wall. In the model (Fig. 1 A), the two
springs represent the load-rotor interaction and the interac-
tion between a stator and the peptidoglycan cell wall, and
the dotted curve represents the interaction potential between
the rotor and a stator. The interaction between the rotor
and the stators drives the rotation of the rotor. A stator step-
ping event results in a shift of the interaction potential in the
direction of the motor rotation by an angle d0 and the subse-
quent motor motion is governed by this new potential until
the next stepping event occurs. The step size d0 ¼ d/2 is set
for simplicity, where d ¼ 2p/26 is the angular periodicity of
the FliG ring.

The dynamics of the rotor angle q and the load angle, qL,
can be described by the Langevin equations as first intro-
duced in Xing et al. (26):
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FIGURE 1 (Color online) The motor dynamics.

(A) Illustration of the model. The load (large circle)

is linked to the rotor (small circle) with a spring, and

a stator is linked to the peptidoglycan cell wall (PG)

with a spring. The dashed line represents the stator-

rotor interaction potential. (B) The stator, rotor, and

load dynamics at high load with a soft stator spring,

kS ¼ 200 pN$nm$rad–1, for the case where N ¼ 1

and r¼ 2. Starting from the top, the solid line shows

the stepping dynamics of the stator’s chemical coor-

dinate, and the dotted line represents the stator’s

overall dynamics: internal coordinate steps plus

the physical angular movements. The stretching of

the stator spring at steady state is roughly 10d.

Dashed and black dash-dotted lines represent the

rotor and load angular coordinates, respectively.

(C) ur ¼ uð8Þ=uð1Þ as a function of kS. Spheres,

squares, and diamonds correspond to r ¼ 0.5,

r ¼ 1, and r ¼ 2, respectively. The dashed line

represents the 20% error line with ur ¼ 0:8. The

shaded semitransparent area represents a zero-load

speed variation of 10%. (D) Stator displacement,

DqS (squares), and fluctuation, sðqS � qcÞ (dots),

qcÞ%2d requires kS R 800 pN$nm$rad–1 (arrow). However, to keep

ameter values are given in the main text.
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xL
dqL
dt

¼ Fðq� qLÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kBTxL

p
bðtÞ; (2)

where xR and xL are the drag coefficients for the rotor and the
load, respectively, and N is the total number of stators in the
motor. V is the interaction potential between the rotor and
a stator. V depends on the relative angular coordinates,
Dqi ¼ q� qSi , where qSi , the composite coordinate of stator
i, consists of two parts: qSi ¼ qi þ qci . qi is the (physical)
angular distance of the stator from its stationary anchoring
point on the cell wall, and qci is the internal (chemical) coor-
dinate of the stator. The load is coupled to the rotor via
a nonlinear spring described by a function F, which can be
determined from the hook spring compliance measurement
(36). The last terms in Eqs. 1 and 2 are stochastic forces
acting on the rotor and on the load, with kB the Boltzmann
constant and T the absolute temperature. aðtÞand bðtÞ repre-
sent two independent white noise fluctuations of unity
intensity.

The dynamics of stator position qi is governed by a Lange-
vin equation:

xS
dqi
dt

¼ � v

vqSi
V
�
q� qSi

�� kSqi þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kBTxS

p
giðtÞ; (3)

where xS is the drag coefficient of the stator, kS is the
torsional spring constant of the stator spring, and gi(t) is
an independent white-noise fluctuation of unity intensity.
Each stator stepping event changes qci by d0. The probability
of the forward step during a time interval Dt is
Pf ðqci/qci þ d0Þ. The stepping rate, Pf, is controlled by
the external driving force (PMF), but it also depends on
the mechanical state of the stator characterized by the torque
between the rotor and the stator, tih� V 0ðDqiÞ, which
depends on the relative angle Dqi:

Pf

�
qci/qci þ d0

� ¼ Rf ðtiÞDt ¼ kf ðDqiÞDt: (4)

The key assumption in our model is that Rf ðtiÞ decreases
with ti, i.e., the forward stepping rate is higher when the
stator generates torque opposite to the rotor rotation (31).

In this article, we introduce the backward stepping prob-
ability, Pbðqci/qci � d0Þ, which also depends on the relative
angle Dqi:

Pb

�
qci/qci � d0

� ¼ RbðtiÞDt ¼ kbðDqiÞDt: (5)

Backward stepping happens when the stator has over-
reached on the FliG ring with a large value of Dqi (compared
with d0), Pb remains near zero at jDqji%d0 and increases as
Dqi increases beyond d0.

We have considered different forms of stator-rotor interac-
tion potential, starting with the linear V-shaped function,
VðDqÞ ¼ t0jDqj, where the torque from a single stator is
t0, with its sign depending on whether the stator is pulling
(Dq<0) or dragging (Dq>0). Other forms of V, such as
Biophysical Journal 100(8) 1986–1995
semiparabolic and pure parabolic potentials, are also
studied. The simplest forward stepping rate depends on the
sign of the force: kf ðDq<� dcÞ ¼ 0, kf ð�dc <Dq<0Þ ¼ kþ,
kf ðDq> 0Þ ¼ k�ð>kþÞ, with a cutoff angle dc introduced to
prevent run-away stators (31). More complex forms of kf
and kb are studied in the following sections. Quantitatively,
we use t0 ¼ 505 pN$nm, xR ¼ 0.02 pN$nm$s$rad�2, xS ¼
kBT/DS ¼ 0.008 pN$nm$s$rad�2, where DS ¼ 500 rad2 s–1,
kþ ¼ 12; 000s–1, k� ¼ 2kþ, and dc ¼ d0 unless otherwise
stated. The load xL varies from 0.02 to 50 pN$nm$s$rad�1.
The values of the stator and rotor drag coefficients, xR and
xS, are estimated from Berg (2). A list of estimation methods
and/or references for the parameter values can be found in the
supplement to our previous work (31).
Maximum speed is independent of stator number
and effects of stator compliance

In our previous work (31), it was shown that the maximum
rotation speed (at near-zero load) is independent of the
number of stators under the general condition that the stators
are more likely to step forward when they generate back-
ward torque, i.e., rð¼ kþ=k�Þ%1. We call this scenario
the force-dependent-stepping (FDS) mechanism. The (phys-
ical) locations of the stators were fixed in our previous
model for simplicity. A more realistic description should
take into account the finite stator compliance as the stator
is tethered to the rigid peptidoglycan cell wall through an
a-helix of 7–8 nm in length (30,32). Indeed, it was proposed
that the independence of the zero-load speed on the stator
number can be obtained by introducing a weak stator spring
with an elastic constant value of kS z 200 pN$nm$rad–1 or
smaller (27). In Fig. 1 B, the motor dynamics under a large
load is shown with this small kS value (see Fig. S1 in the
Supporting Material for a low-load case). The angular
displacement of the stator from its anchoring point can be
as large as 10d and the angular position fluctuation reaches
2d. The large stator position displacement and its fluctuation
put in doubt this weak-stator-spring (WSS) scenario.

Here, we systematically investigate the motor dynamics
for a wide range of stator spring constants. We show that
adding the stator spring does not interfere with the FDS
mechanism (r%1). However, very stringent constraints for
the stator spring value are required in the absence of the
FDS mechanism, i.e., when r< 1. Such stringent constraints
on the stator spring constant result from two opposing
requirements. The first requirement is that the stator dis-
placement and its fluctuation should be smaller than a few
d, which sets a lower limit for the spring constant, kminS .
The second requirement is the independence of the zero-
load speed on the stator number, which requires that the
stator spring be soft and therefore sets a maximum value
for the spring constant, kmaxS .

To characterize the dependence of the zero-load speed
on the number of stators, we define the zero-load speed
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ratio urhu0ð8Þ=u0ð1Þ, and the zero-load speed variation
3rhj1� urj, where u0ð1Þ and u0ð8Þ are the speed at
near-zero load for stator numbers N ¼ 1 and N ¼ 8, respec-
tively. From the recent resurrection experiments at low load
(30), a conservative estimate for 3r is ~10%. In our model
with the FDS mechanism (r < 1), the zero-load speed vari-
ation, 3r, is <20% for all values of kS considered (Fig. 1 C),
and becomes <10% for r % 0.5.

For r > 1, as in the case studied in Bai et al. (27), er only
becomes small for extremely small kS. Consider the case
where r ¼ 2: kS has to be <20 pN$nm$rad–1 to have
er%10%. Such a weak stator spring leads to large stator
position displacement and fluctuations (Fig. 1 D). To
keep the stator displacement at jDqSj%2d, kS needs to
be >800 pN$nm$rad–1, inconsistent with the WSS scenario.
This behavior is insensitive to the choices of other parame-
ters, such as DS (see Fig. S1, A and B, for details).

The phase diagram of our model is summarized in Fig. 2.
The FDS condition r< 1 guarantees the independence of the
zero-load speed on the stator number (within the experi-
FIGURE 2 (Color online) Phase diagram of the motor behavior in param-

eter space (kS,r). The solid line (red color online) shows the parameter

choices to achieve 15% zero-load speed variation (3r ¼ 15%): the param-

eter space below the line corresponds to 3r<15%. (Inset) Standard deviation

sðqS � qcÞ (dots) of the angular position for individual stators for different

spring constants with N ¼ 8, r ¼ 0.5, and xL ¼ 0.002 pN$nm$s$rad–2 (low

load). Requiring that sðqS � qcÞ%qd=2, with qd ¼ 2p=N, the average

spacing between neighboring stators, which is ~22.5� for N ¼ 8, results

in a minimum spring constant of ~488 pN$nm$rad–1, as represented in

the inset (arrowhead) and the main plot (triangle). The two requirements,

i.e., small 3r and sðqS � qcÞ%qd=2, constrain the choices of parameters.

For r R 1, kS needs to be small (the WSS mechanism), and the choice

for kS is highly limited, as shown by the small gray area between the solid

and dashed lines, which diminishes for r R 1.5. In contrast, for r < 1 (the

FDS mechanism), there is a large region (gray area) below the dashed line

of allowed kS values with essentially no upper limit.
mental error) for a wide range of stator spring constants.
The standard deviation, sðqS � qcÞ, of the stator’s angular
position can be calculated from our model. By requiring
that sðqS � qcÞ<qd=2, with qd ¼ 2p/N the average angular
spacing between neighboring stators, we obtain a lower
bound for kS of � 488 pN$nm$rad–1 for N ¼ 8. This value
is similar to the theoretical estimation of theminimum spring
constant for the a-helix (see SupportingMaterial for details).
Conversely, in the absence of the FDS condition (r> 1), there
is only a small region of the parameters (r and kS) that can
lead to both small 3r and reasonable values of stator displace-
ment and fluctuation. As r increases, the region of acceptable
kS values shrinks and disappears for r R 1.5 (see Fig. 2).
Rotation under external force and the stator’s
backward steps

An important characteristic of the BFM torque-speed curve
is the absence of a barrier to backward rotation. Experiments
by applying external torques to drive the motor backward
(at negative speed) or forward at speeds greater than the
zero-load speed can be used to discriminate between
different models. For example, the thermal ratchet model
proposed by Meister (23) predicted that the torque would
rise sharply if the motor is driven backward. This behavior
was first observed (37) but later found to be an artifact of the
experimental procedure (38). Washizu et al. (39) found that
motor torque is constant up to ~100 Hz for rotation in either
direction, which was later confirmed by more precise study
using optical tweezers (15) and more careful electrorotation
experiments (33).

In our previous study (31), we did not consider backward
stator steps, which are relatively rare under normal oper-
ating conditions (10). However, we expect the back jumps
to become dominant when the stator is driven backward
into regimes with Dq<� dc, where the forward steps are
prohibited. Here, we study the motor behavior under
external driving force by including the backward steps. Intu-
itively, since the landing points of these backward steps are
still on the positive side of the potential with positive torque
t0, inclusion of backward steps in our model can naturally
explain the observed torque continuity near stall when the
motor is driven backward.

To model the external driving force, the equation of
motion for the load is now modified by an additional term
representing the external torque,

xL
dqL
dt

¼ Fðq� qLÞ � textðtÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kBTxL

p
bðtÞ; (6)

where text is the external torque, applied in either the
backward (Fig. 3 A) or the forward (Fig. 3 C) directions.
The drag coefficient xL for a tethered cell is roughly
5 pN$nm$s$rad–2, in accordance with a BFM speed of
~10 Hz (40) for a tethered cell with text ¼ 0. At a given value
Biophysical Journal 100(8) 1986–1995
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FIGURE 3 (Color online) Dynamics of the motor driven by external

forces. (A) The backward forcing scheme. The rotor (small black circle)

moving on the rotor-stator potential (dashed curve) is elastically linked to

the load (large circle), to which an external torque is applied in the direction

opposite to the force applied by the stator, given by the slope of the poten-

tial. (B) Torque-speed curve for N ¼ 1 near stall. Starting from the black

circle, the dashed black and solid lines represent the cases where the applied

external torque has the opposite and the same signs, respectively, as the

stator-generated torque. (Inset) The potential between rotor and stator

(dashed line), and the forward and backward rates (dotted and solid line,

respectively). Here, we used a semiparabolic potential: VðxÞ=V0 ¼ 4x2,

for jxj<1=4; VðxÞ=V0 ¼ 2jxj � 1=4, for jxjR1=4, with xhDq=d as the

normalized angle variable and V0 ¼ 15kBT. Other parameters used are

k0 ¼ 16; 000s–1, kþ ¼ 0:5k0, with k0 ¼ k� � kþ, and dl ¼ 0:1d. (C) The

forward forcing scheme. The applied torque is in the same direction as

the rotation of the rotor. (D) The normalized motor torque versus speed

as the motor is driven forward by external forces for N ¼ 1 (solid line)

and N ¼ 8 (dashed line).
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of text, the motor torque can be determined by the torque
balance equation: xLu ¼ text þ t:

The forward and backward stator stepping probabilities,
kf and kb, have opposite dependence on the relative stator-
rotor angle Dq (see Fig. 3 B, inset). The backward-stepping
probability, kb, is negligible near Dq ¼ 0 and becomes
significant when the stator is driven far away from this equi-
librium position. Here, the specific forms of kf and kb for
stator i are chosen to be

kf ðDqiÞ ¼ kþ þ k0½1þ expðtidql=kBTÞ��1
; (7)

k ðDq Þ ¼ k ½1þ expð � t dq =k TÞ��1
; (8)
b i 0 bi l B

where ti ¼ �V 0ðDqiÞ, tbi ¼ �V 0ðDqi þ 0:75dÞ. Equation 7
for kf can be understood as the continuous version of the
discrete forward-stepping rate used in our previous study
(31), where k0 ¼ k� � kþ and dql determines the size of
the transition region between kþ and k�. A semiparabolic
potential is used here (Fig. 3 B); the results do not change
when a V-shaped potential and other expressions for the
stepping rates are used, as long as the stepping rates follow
the same general trends as shown in the inset of Fig. 3 B.
Biophysical Journal 100(8) 1986–1995
Fig. 3 B shows the torque-speed curve with N ¼ 1 when
an external torque is applied to make the rotor rotate back-
ward. In agreement with the experiments, the motor torque
varies only slightly with speeds up to 100 Hz in both direc-
tions without any barrier (see Supporting Material for the
case N ¼ 8). The other regime outside of the normal motor
operating range is when the external torque is applied along
the same direction as the motor’s natural rotation. As
measured by Turner et al. (34), when the motor speed is
driven beyond its intrinsic maximum speed, the torque
generated by the motor drops below zero linearly with the
speed before it levels off at a maximum negative torque.
Fig. 3 D shows that our model reproduces this behavior.
The reason why the torque levels off at� �t0 can be under-
stood from our model, as shown in Fig. 3 C. As the external
torque forces the motor to move faster than its natural
maximum speed at low load, the stators spend most of their
time in the negative torque regime of the rotor-stator poten-
tial, where the maximum value of the torque is equal to�t0,
for the symmetric potential used in our model. To the extent
that the observed maximum negative torque at super high
speed is comparable to the motor’s natural maximum posi-
tive torque, the data in Turner et al. (34) show that the rotor-
stator potential is approximately symmetric.

Taken together, our model with one unified set of parame-
ters can generate the whole torque-speed curve, from the
negative-speed regime, to the normal operating regime with
positive torque and speed, and to the negative-torque regime.
Fig. S8 shows the full torque-speed curve in all three regimes.
Ourmodel is validated by its agreement with available exper-
iments in the three regions of the (t-u) plane.
Temperature and isotope effects and thermally
activated stepping

Changing temperature affects all the transition rates, in
particular the stepping rates. The temperature dependence
of kþ and k� in our model leads to changes in the
so-called knee speed, un, and the speed near zero load,
u0, without changing the maximum torque at stall, consis-
tent with experimental observations (37,41). Here, we
investigated quantitatively the temperature effects on the
torque-speed curve, motivated by a recent experiment (35)
that extended previous studies (32) of thermal effects on
motor rotation at the high-load regime to the near-zero
load regime within a temperature range from 9 to 37�C. It
was found that the maximum speed changes nearly expo-
nentially with temperature, and with an activation enthalpy
of DGa ¼ 52 kJ/mol.

For simplicity, we consider a V-shaped stator-rotor inter-
action potential, with the temperature dependence of the
stepping rates following the simple Arrhenius law:

k5 ¼ k5 0expð� DEa=kBTÞ; (9)



Dynamics of the E. coli Flagellar Motor 1991
where DEa is the free-energy barrier for a stator to step. The
torque dependence of the stepping rate is included by having
a different prefactor, k�0 or kþ0, when the stator is gener-
ating negative or positive torque, respectively (k�0=kþ0 ¼
2 used here). From DGa, we obtain DEa ¼ 52 kJ/(6.02 �
1023) ¼ 8.6 � 10�20 J z 0.54 eV. The temperature depen-
dence of speed near zero load can be determined from our
model by using Eq. 9. The model results (Fig. 4 A) are in
excellent agreement with the experiment data for all temper-
atures measured with only one fitting parameter, k�0 ¼
1.6 � 1013 s–1.
A

B

FIGURE 4 (Color online) The temperature dependence of the torque-

speed curves. (A) Speed near zero load as a function of temperature. The

thick curve is from numerical simulations of our model. The width of the

curve corresponds roughly to the fluctuation of the maximum speed. Black

dots are data points from experiments by Yuan and Berg (35). The three

open circles with error bars are data from other studies by Berg and

colleagues (11,37). (B) Torque-speed curves at different temperatures

with N ¼ 8. Starting at the dotted line at the left, temperature values are:

9.2, 12.6, 16.1, 19.8, 23.5, 26.8, 30.4, 34.2, and 36.9�C. AV-shaped poten-

tial is used and the parameters for the stepping rates in Eq. 9 are: DEa ¼
8.6 � 10�20 J, k0� ¼ 2k0þ ¼ 1.6 � 1013 s�1.
As shown in Fig. 4 B, at high loads, the motor torque
is independent of temperature. As explained in our
previous work (31), this is due to the fact that at high loads,
each stator spends most of its time generating positive
torque, t0, independent of the stepping events, and there-
fore, the maximum torque tmaxzNt0 is independent of
temperature.

A possible mechanism for the torque-dependent
stepping rate is that there is a torque-dependent contribution
to the energy barrier for stepping. In the linear approxima-
tion, this torque-dependent term can be expressed as
DDEaðtÞztdl, where dl can be interpreted as the size of
the (angular) conformational change of the stator’s transition
state relative to its prestepping state. For the simple V-shaped
potential considered here, we have k50zkaexpðHt0dl=
kBTÞ, where ka is the intrinsic molecular fluctuation
frequency or the reaction attempting rate. A lower bound
for dl can be estimated from the characteristic torque, t0,
and the value of r ¼ kþ=k�: dlRkBT=2t0lnð1=rÞ, which is
~0:2� 0:5o for r ¼ 0:5 and t0 ¼ 175� 500 pN$nm. Note
that this torque-dependent contribution, DDEaðtÞ, to the
energy barrier is much smaller than DEa. Therefore, for the
relatively small temperature range (DT=T � 10%) consid-
ered here, the torque-dependent prefactors k�0 and kþ0 can
be approximated as temperature-independent.

According to the transition-state theory (42) with
harmonic approximation, the attempt rate, ka, for stepping
should be proportional to

ffiffiffiffiffiffiffiffi
f =m

p
, where f is the stiffness

of the harmonic-energy landscape of the system and m
is the mass of the reacting element. For flagellar motors
driven by the PMF, the stepping rates should be pro-
portional to 1=

ffiffiffiffi
m

p
, where m is the mass of the particle

flowing through the channel. Hence, assuming that f is
independent of the solvent, the intrinsic maximum speed
of the flagellar motor near zero load should be scaled
by

ffiffiffi
2

p
when changing the operating environment from

water (H2O) to heavy water (D2O), i.e., when the proton-
carrying particle changes from the hydrogen ion, Hþ, to
the deuterium ion, Dþ. This isotope effect has indeed
been observed (35).
General properties of the torque (force)-speed
relationship and the CW-CCW asymmetry
in BFMs

The most important and measurable biophysical property of
a molecular motor is its force-speed curve (for linear motor)
or torque-speed curve (for rotatory motor). Here, we study
how the overall shape of the torque-speed (t � u) curve
depends on the stator-rotor interaction potential and the
stator stepping rate.

For the V-shaped potential, the t � u curve is concave.
We now consider a parabolic potential (Fig. 5, A and B,
insets) with the stepping rates
Biophysical Journal 100(8) 1986–1995
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FIGURE 5 (Color online) The torque-speed relationship with a parabolic

interaction potential. The parabolic potential is VðxÞ ¼ 4V0x
2, with

xhDq=d as the normalized angle variable and V0 ¼ 15kBT. Different

numbers of stators, N ¼ 1–8, and different stepping rates are used. (A) Tor-

que-speed curves with unbounded stepping rates as given by Eqs. 10 and 11

with parameter values k0f ¼ 12; 000 s–1 and k0b ¼ 120 s–1. (Inset) The

dashed-dotted line represents the backward stepping rate, the solid line

the forward stepping rate, and the dashed line the parabolic stator-rotor

potential. (B) Torque-speed curves with bounded stepping rates are given

by Eqs. 12 and 13, with parameter values k0f ¼ 30; 000 s–1, k0b ¼ 30s–1,

and E0 ¼ 0:1t0dql. (Inset) Stepping rates and potential, as in A. Parameter

values common to A and B are kS ¼ 105 pN$nm$rad–1, DS ¼ 500rad2 s–1,

and dql ¼ 0:1d. (C) Normalized torque-speed curve for CW rotation. Black

symbols with error bars are experimental data from Yuan et al. (19). Gray

transparent line represents the model results, with k0f ¼ 32; 000 s–1 and

N ¼ 8. All other parameters have the same value as in B. Simulation results

(gray curve) are normalized by the first experimental data at ~61 Hz.
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kf ðDqiÞ ¼ k0f expð � tidql=kBTÞ (10)

and
Biophysical Journal 100(8) 1986–1995
kbðDqiÞ ¼ k0b expðtidql=kBTÞ; (11)

which depends exponentially on the torque, tið¼ �V 0ðDqiÞÞ,
for the forward and backward steps with constants k0b, k0f,
and dql. Fig. 5 A shows the torque-speed curves for different
values of N. The torque-speed curves are slightly convex,
almost linear. Another interesting finding is that for the
stepping rates given in Eqs. 10 and 11, the maximum speed
at low load increases with N. This dependence of u0 on N
is a consequence of the unbounded exponential increase
of the forward stepping rate in the negative torque regime.
As the number N of stators increases, the positions of the
stators in the waiting phase can be pushed into regimes
with larger values of negative torque due to the quadratic
nature of the potential. The resulting larger forward stepping
rates, according to Eq. 10, lead to higher maximum speeds
for larger N.

To maintain the independence of u0 on N, the stepping
rates need to saturate to a maximum value as jtij increases:

kf ðDqiÞ ¼ k0f ½1þ expððtidql þ E0Þ=kBTÞ��1
; (12)

k ðDq Þ ¼ k ½1þ expð� ðt dq þ E Þ=k TÞ��1
: (13)
b i 0b i l 0 B

Here, E0 and dql set a critical torque, tc ¼ E0=dql, beyond
which the forward stepping rate saturates. The indepen-
dence of maximum speed on stator number is recovered
for tcz0:1t0 (Fig. 5 B). This behavior is independent of
the specific values of tc and dql (see Fig. S5, A and B, for
cases of tc ¼ 0:2t0 and different values of dql).

Until very recently, it was assumed that CCW and CW
rotation are symmetric and exhibit the same torque-speed
relationship (43). However, Yuan et al. (19) recently
measured the torque-speed relationship for an E. coli strain
locked in CW rotation and found a quasilinear torque-speed
curve, different from that of the CCW rotating BFM. Here,
by using the parabolic potential and bounded stepping rates
(Eqs. 12 and 13), our model generates a torque-speed curve
that is in quantitative agreement with the measured CW
torque-speed curve (19) (Fig. 5 C).

Aside from the stator-rotor interaction, the stepping-rate
ratio, r, also affects the characteristics of the torque-speed
dependence. Fig. 6 A shows the torque-speed curves for
two different values of r, r ¼ 2 and r ¼ 0:5. For r ¼ 0:5,
the torque, t, decreases as the speed, u, increases. However,
for r ¼ 2, the slope of the torque-speed curve changes its
sign after the knee region from negative to positive, giving
rise to a nonmonotonic dependence of speed on torque (or
load). The same behavior is observed when stator springs
are included (see Fig. S4, A and B).

The mechanism for this behavior can be understood by
studying two timescales, the average moving time htmi
and the average waiting time htwi (31). The dependence of
these timescales on motor speed are shown in Fig. 6 B for
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FIGURE 6 (Color online) The dependence of the torque-speed curve on

the stepping rate ratio r. (A) The torque-speed (t � u) curves for r ¼ 0.05

(solid line with squares) and r¼ 2 (solid line with circles), both with N¼ 1.

(B) The average waiting time, tw, for r¼ 0.05 (dotted line) and r¼ 2 (dash-

dotted line), and the average moving time, tm, for r¼ 0.05 (dashed line) and

r ¼ 2 (solid line) as functions of the rotational speed. (Inset) Zoom of the

average waiting time, tw, as a function of the inverse of the load, xL, for

the two cases r ¼ 2 (dashed line) and r ¼ 0.05, (dotted line). (C) The

torque-speed (t � u) curves for 11 different values of r, from 1.5 to 0.5.

The dotted line represents the curve corresponding to the critical value

rc ¼ 1.
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both r ¼ 0:5 and r ¼ 2. Note the different dependence of
htwi on the load, xL, for r ¼ 0:5 and r ¼ 2 (Fig. 6 B, inset).
At a specific value of the load, x�L, close to the knee, where
the torque-speed curves of the two cases (r ¼ 0:5and r ¼ 2)
start to diverge, the dependence of the average waiting time,
htwi, on xL also becomes qualitatively different. Whereas
htwiðr ¼ 0:5Þ continues to decrease and eventually level
off at ~60 ms near zero load, htwiðr ¼ 2Þstarts to increase
at x�L to a higher value, ~110 ms, almost twice the value
for r ¼ 0:5. This is caused by the fact that for r>1, it is
harder to step when the stator spends more time in the nega-
tive torque regime at lower load, because k�<kþ. This
increase in waiting time for xL<x

�
L leads to a decrease in

motor speed as the load is lowered (below x�L) for r ¼ 2

(Fig. 6 A). In Fig. 6 C, the t � u curves are shown for
r ¼ 0:5� 1:5. It is clear that the torque-speed derivative
ðvt=vuÞ at the knee goes from positive to negative when r
goes from 1.5 to 0.5, with a critical value rc ¼ 1.

In the model studied by Xing and colleagues (26,27),
the stepping rate has a complicated dependence on the rela-
tive angle between the stator and the rotor and in general
favors stepping in the positive torque regime, which corre-
sponds to r >1 in our model. Indeed, the torque-speed
curve from (26,27) shows a change of sign in the torque-
speed derivative at around the knee (see Fig. 2 B in
Bai et al. (27)). Such a nonmonotonic torque-speed depen-
dence is not observed in experiments, which lends further
support to having r%1 (or the equivalent), i.e., the FDS
mechanism.
DISCUSSION

In this article, our original model for the BFM (31) is
extended to incorporate several key biological ingredients,
such as stator back-steps, stator compliance, temperature
dependence of the stepping rate, and rotational (CW-CCW)
asymmetry. Our model connects the microscopic details of
the flagellar motor, such as the stator-rotor interaction
potential and the stator stepping rate, with the macroscopic
measurements, in particular, the torque-speed dependence.
A summary and discussion of the specific findings are given
below.
Backward rotation

The introduction of a torque-dependent back-stepping rate
reproduces the observed continuity of the torque-speed
curve near stall (high load). We proposed that the back-step-
ping is dominant in the far-positive side of the V-shaped
potential, where it prevents the system from going into the
unphysical regime with very large stator-rotor displacement.
Since the landing points of these back-steps are still on the
positive side of the potential, with the same positive torque
t0, inclusion of back-steps in our model naturally explains
the observed continuous torque-speed relation across the
stalling point, when the motor is driven backward. For
models with periodic potentials (26,27,29), backward rota-
tion could lead the system (temporally) into the negative
torque regime before reentering the positive torque regime.
This would not necessarily affect the average torque-speed
behavior, such as the absence of barrier to backward rota-
tion, but would lead to large fluctuations in rotational speed
or the required external torque, which may be tested by
future experiments. See the Supporting Material for
a detailed discussion of periodic potentials.
Biophysical Journal 100(8) 1986–1995
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Effects of stator springs

Thorough analysis of parameter dependence of speed at
near-zero load shows that adding the stator spring preserves
our original model results for all ranges of spring constant
values, as long as r%1. For r>1, however, the stator spring
constant needs to be exceedingly weak, and such a weak
stator spring gives rise to unrealistically large displacements
and fluctuations of stator positions.
Characteristics of the torque-speed relationship

Our study shows that the torque-speed curve is generally
determined by two factors: the power-stroke potential and
the dependence of stepping rates on the mechanical coordi-
nate. We demonstrate here that changing the ratio of
stepping rates, r ¼ kþ=k�, can change the torque-speed
dependence from monotonic to nonmonotonic, and
changing the potential from linear to quadratic can lead
the torque-speed curve to change from concave to convex.

The recently measured torque-speed curve for the CW
rotating BFM (19) can be reproduced quantitatively by
our model with a parabolic stator-rotor interaction potential.
Such a quasilinear torque-speed curve can also be obtained
with a V-shaped potential by setting the stepping rate kþ
close to zero, as shown in our previous work (31). In the
low to medium load regime studied in recent experiments,
these two possible mechanisms generate the same quasilin-
ear torque-speed relationship. However, at high load, the
parabolic potential leads to a superlinear increase of the tor-
que, whereas the small kþ scenario leads to a constant torque
near stall. A measurement of the torque-speed relation near
stall for the CW rotation is needed to distinguish these two
scenarios. The experimental data are fitted better by having
a bounded stepping rate, which (as shown in Fig. 5 B) leads
to the independence of the speed near zero load on the
number of stators for both the CW- and CCW-rotating
motors. This prediction can be checked with resurrection
experiments for CW motor at low load.

We note that the convex torque-speed curve for the para-
bolic operating potential is similar to the force-velocity
curves of the linear motor kinesin-1 at high load (18,16).
The independence of the maximum velocity on the number
of power generators also agrees with current theoretical
models for linear kinesin-1 motor (44) and for linear myosin
motor systems (45). These similarities suggest that our
simple modeling framework may be used to understand
the general force-speed dependence of different molecular
motors.
Chemical and mechanical gating of the stepping
process

From the measured temperature dependence of the
maximum speed, our model shows that the stator stepping
Biophysical Journal 100(8) 1986–1995
process is thermally activated with a free energy barrier
DEa � 0:5 eV, which is comparable to the energy available
from a proton moving down the transmembrane PMF
(~0.17 eV for Dp ¼ �170 mV). Current models, which
consider detailed gating mechanisms for proton transloca-
tion, have reported different behaviors. Xing and colleagues
(26,27) predicted that the speed at low load would increase
almost linearly with membrane voltage. Mora et al. (28) pre-
dicted that both torque and speed would grow sublinearly
with PMF. Neither predictions can be ruled out by experi-
ments that indirectly show a linear PMF dependence in
a relatively small range of rotation speed between 80 and
270 Hz (46). Direct measurements of PMF dependence at
near-zero load are needed to elucidate the exact electro-
chemical gating mechanism of the stator stepping process.

Besides PMF, there may be a mechanical contribution to
the energy barrier for stepping DDEaðtÞ, which accounts
for the torque(t)-dependent stepping rate. This mechanical
gating energy may be small (~0.35 kBT for r ¼ 0.5), but its
effects are significant, as shown here and previously (31).
A lower bound for the conformational change (~0.2–0.5� in
angle or ~0.8–2 Å in distance) in the transitional state of
the stator can be deduced from the mechanical gating energy
and the maximum torque generated by a single stator.
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