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Summary

For most diseases, single biomarkers do not have adequate sensitivity or specificity for practical purposes.
We present an approach to combine several biomarkersinto a composite marker score without assuming a
model for the distribution of the predictors. Using sufficient dimension reduction techniques, we replace
the original markerswith alower-dimensional version, obtained through linear transformations of markers
that contain sufficient information for regression of the predictors on the outcome. We combine the lin-
ear transformations using their asymptotic propertiesinto a scalar diagnostic score via the likelihood ratio
statistic. The performance of this score is assessed by the area under the receiver-operator characteristics
curve (ROC), a popular summary measure of the discriminatory ability of a single continuous diagnostic
marker for binary disease outcomes. An asymptotic chi-squared test for assessing individual biomarker

contribution to the diagnostic scoreis also derived.

Keywords: Dimension Reduction; AUC; SAVE; SIR; Singular value decomposition; NHANES I11.

1 Introduction

Much research effort is devoted to searching for predictors, also called markers, that may aid in diagnosis
of disease or physical impairment. Although a number of criteria have been advocated for evaluating

screening tests (Gastwirth, 1987), much attention has been devoted to discriminatory accuracy, which is
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defined in terms of test sensitivity and specificity. Ideally one would obtain a single marker with very
high specificity and sensitivity. However, such high performance markers are yet to be found for many
diseases. Strategies for combining information from multiple diagnostic predictors are needed, since a
combination may provide a better tool for diagnosis or screening applications than any single marker on
its own. For binary disease outcomes, Mclntosh and Pepe (2002) showed that if the joint distribution
of al the markers in a panel in both the diseased (case) and the non-diseased (control) populations is
known, the likelihood ratio (LR) statistic provides the most powerful means of combining the markers
into a scalar diagnostic score for discriminating between the diseased and non-diseased states. However,
the LR approach requires knowledge of the joint marker distribution and may be sensitive to violations of
the distributional assumptions. Many markers, including biochemical measurements based on serum, are

continuous, and specifying their joint distribution can be challenging.

In this paper, an approach to combining multiplecontinuouspredictorsis proposed that provides optimal
or near optimal resultsin many settings without requiring the predictor distribution of cases and controls
be known. We start with a sufficient number of linear combinations (projections) of markers obtained from
two sufficient dimension reduction (SDR) methods, Sliced Inverse Regression (SIR; Li 1999) and Sliced
Average Variance Estimation (SAVE; Cook and Weisberg, 1991). Neither SIR nor SAVE require the spec-
ification of amodel for the relationship between the markers and the outcome. These linear combinations,
which retain the discrimination potential of the original predictors, are independent and approximately
normally distributed. If more than one linear combination is needed for optimal discrimination, we use
this fact to further combine them into a scalar diagnostic score for discrimination via the LR statistic in
section 3. If asingle linear combination contains sufficient discriminatory information, we use it directly
to classify individuals. The key advantage of using the SIR or SAVE projectionsin the LR statistic, instead
of the markers directly, is that except for two moment conditions, no other distributional assumption for

the markersis needed.
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The LR statistic is optimal for assessing many aspects of discrimination, including the expected mis-
classification rate (Anderson, 1984, Chap. 6), and the discriminatory accuracy, measured by the area under
the receiver-operator characteristics (ROC) curve. The ROC curve plots sensitivity against (1-specificity)
(true vs. fase positivity) for al thresholds that can be used to define "test positive.” Two diagnostic tests
can be compared by cal culating the difference between the areas under their two ROC curves (AUCs), with
the larger area corresponding to the "better” test. Mclntosh and Pepe (2002) showed that the ROC curve
for the LR dtatistic is uniformly above the ROC curve for al other scalar functions of the markers, and
thus maximizes the AUC. Assuming multivariate normality of the markers, severa authors have derived
diagnostic scores consisting of a singlelinear combination of the marker values by directly maximizing the
AUC (Su and Liu, 1993), or the partial area under the curve (McGlish, 1989), i.e. sensitivity over arange
of specificities (Liu, Schisterman and Zhu, 2005). In section 3 we show that under multivariate normality,
our approach using SIR, a first order moment method, results in the same linear combination that Su and
Liu (1993) obtained, and our approach using SAVE captures all the discriminatory information in the LR
statistic. The methods developed in this paper performed well compared to LR, even with non-normally

distributed data.

We also propose a test statistic to assess which of the original markers are not statistically significant
contributorsto the SIR or SAVE predictors, in Section 4. Thistest overcomes a second limitation of using
the LR statistic to combine markers, namely that it does not allow the assessment of the contributions of

individual predictors to discrimination.

Following the presentation of background material (Section 2) and methods (Sections 3 and 4), we carry
out simulationsto assess the performance of the proposed scalar discrimination scores based on SAVE and
SIR and of the test for marker contributions to the diagnostic score (Section 5). Two data examples are

givenin Section 6, and we conclude with a discussionin Section 7.
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2 A Brief Description of SIR and SAVE

2.1 Notation and definition of SIR and SAVE

Let Y be aresponse variable and X = (Xi,...,X,)T € RP, avector of continuous markers. In suffi-
cient dimension reduction methods viainverse regression, X is replaced with alower-dimensional projec-
tion PsX without loss of information about the conditional distribution of Y given X, i.e. F(Y|X) =
F(Y|PsX), and without requiring a pre-specified model for Y| X. F(:|-) is the conditional distribution
function of Y given the second argument. Pg is the orthogonal projection onto the vector space S in the
usual inner product. The intersection of all subspaces S* C RP that satisfy F(Y|X) = F(Y|Ps-X)
is denoted by Sy |x and called the central dimension reduction subspace (Cook, 1998). The dimension
s = dim(Sy|x), referred to as the structural dimension of the regression of Y on X, can take on any value
intheset {0,1,...,p}. When s < p, the structural dimension of the regression is smaller than the number
of predictors. If = (n1,...,ns) isabasisfor Sy |x, then P, X, or equivalently, the s linear combinations
T X = (nfX,...,nTX), contain al the information in X about Y. A detailed exposition of sufficient

dimension reduction methods is provided in Cook (1998).

The estimation of Sy |x is based on finding a matrix €2, called a kernel matrix, so that span(€2,) C
Sy x. For numerical stability, and without loss of generality, the standardized predictors Z = ¥ . v 2(X —
E(X)) are commonly used to compute the kernel matrix. First moment methodssuch as SIR (Li, 1991) use
kernel matrices computed from first moments, whereas second moment methods, such as SAVE (Cook and
Weisberg, 1991), use second moment based kernels. SAVE isthe most comprehensive sufficient dimension
reduction method. For SIR, the kernel matrix isQ2, = cov(E(Z]Y")), and for the original X predictorsitis

Q, = 2, /?Q.. For binary outcome Y, the SIR kernel matrix is equivalent to

Qsir = (B(Z]Y = 0) - E(Z]Y = 1)), 0
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ap x 1 vector (Cook and Lee, 1999). The SAVE kernel matrix is 2, = E(I — cov(Z]Y"))? (Cook and

Weisberg, 1991), and for the original X predictorsis 2, = $%/%Q, I, where

»i/2 0
H= . %)

0 1

For binary outcomes Y, Cook and Lee (1999) showed that the SAVE kernel matrix is equivalent to the

p X (p+ 1) matrix
Qsave = (E(Z]Y =0) —E(Z|Y =1),cov(Z|Y =0) —cov(Z]Y =1)). 3

For SIR, the condition needed for span(Q2,) C Sy |x isthat E(X|y” X)) belinear iny” X. For SAVE,
in addition, it is required that the conditional variance cov(X|y” X) be constant. Both conditions refer
to the marginal distribution of X and are trivially satisfied when X is normally distributed. The linearity
conditionis satisfied by al elliptically contoured distributions. Both conditions can be empirically checked
by considering the scatterplot matrix of the predictors, i.e. the matrix of all the pairwise scatter plots of
X1,...,X,. Linearity of E(X |y X)) impliesthat the scatterplots ook random or linear, and homoscedas-
ticity implies that there are no pronounced fluctuationsin data density.

For binary outcomes Y, and when X|Y is normally distributed, SAVE always estimates the entire

central dimension reduction subspace Sy | x resultingin no loss of information (Cook and Lee, 1999).

2.2 Projecting X onto span(Q2srr) or span(Q2sav ) to construct independent predictors

X*

For binary outcomes Y, the projection of the original markers X onto span(2 s1r) is found by simply
computing X; = S YEX|Y = 1) — E(X]Y = 0))X. When X|Y is normally distributed and
cov(X|Y = 0) = cov(X]Y = 1), SIR and Linear Discriminant Analysis (LDA) estimate the same
discriminant linear combination of the predictors. However, SIR is more genera than LDA, as it does

not require cov(X|Y = 0) = cov(X|Y = 1). SIR aso yields the same linear combination as logistic
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regression models that include the predictors as main effects (see Cook, 1998, Prop. 8.1). In binary regres-
sion, both SIR and LDA estimate at most asingle directionin Sy x and may miss information that could

improve discriminatory accuracy.

For SAVE finding the projections on span(2 sav ) is slightly more involved. Let d = rank(Qsav g).
The singular value decomposition of Q g4y g IS
D, O
Qsave = UL R., (4)
0 O
where the orthogonal matrix UZT = (U.1,Uz) isp x pwithU,1: p x d, Uy px (p—d), D, =
diag(A1, A2, ..., A\g) isadiagonal matrix of the descending singular valuesof Q gy e, A1 > Ao > ... >
A > 0,and RT = (R.1,R. ) isorthogona with R.1: (p + 1) x d, Ryt (p+ 1) x (p — d + 1).
The d left singular vectors U, = (Ul(l), e, Uél)) of QsavE that correspond to its d non-zero singular
vaues\; > ... > A\g spanQgsave. The SAVE predictors (Z7, ..., Z)) = (Ul(l)TZ, e, Ug(ll)TZ) arethe
projectionsof Z onto span(2 s av ) and contain part or al theinformation contained in the predictor vector
Z for regressing Y on Z. The SAVE predictorson the X scaleare (X7,..., X)) = ( ;1/2U1(1)TX, -

2;1/2U(§1)TX).

In implementing either SAVE or SIR, the conditional moments are replaced by the corresponding sam-
plemoments, z, and £, for y = 0, 1, toyield Qsave = (52 /2(Sep — Sap0) S /2, 52 2 (31 — 7)),
and Qg p = (i;l/Q(il — Zo)). Toinfer therank d, atest statistic based on the singular values of Qsave
or Qsir istypically used. Cook and Lee (1999) propose a test statistic for rank(Q2 s4v ) for binary Y
and show that it has an asymptotic weighted chi-squared distribution under the linearity and constant vari-
ance condition. Approximate p-values can be obtained, for example, using a result by Wood (1989). The
test statistic for rank(2s7r) has an asymptotic chi-squared distribution for normal X (Li, 1991), and an
asymptotic weighted chi-squared distributionunder the linearity condition (Buraand Cook, 2001). In both

cases, the estimation is carried out by sequentially testing Hy : d = k against H, : d > k, starting at
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k = 0, which corresponds to independence of Y and X, and adding unit increments to & until H o cannot

berejected at apre-set o level.

3 Combining diagnostic markersusing SIR and SAVE

Before we show how to derive a diagnostic score from the SIR and SAVE predictors, we define the area

under the ROC curve, and discuss itsrelation to the LR statistic.

3.1 Assessing discriminatory accuracy of a diagnostic score viathe AUC

As mentioned in the introduction, the discriminatory power of a diagnostic test for binary outcomes can
be quantified by the ROC curve. For a threshold ¢, define "test positive” for the continuous score T' as
T > ¢, with corresponding true and false positivefractions TPF(¢c) = P(T > ¢|Y = 1) and FPF(c) =
P(T > ¢|Y = 0), respectively. The ROC curve is ROC(.) = {(FPF(c),TPF(c)),c € (—o0,00)}
or dternatively, witht = FPF(c), ROC(.) = {(t, ROC(t),t € (0,1)} (see aso Pepe, 2003, page 67).
The most widely used summary measure for the ROC curve is the area under the curve (AUC), AUC =
fol ROC(t)dt, with values varying between 0.5 and 1, where 1 corresponds to perfect discriminatory
accuracy of the test and 0.5 to no discriminatory ability. The AUC can also be expressed as the probability
that the scalar diagnostic score for a randomly selected case T}, exceeds that for a randomly selected
control Ty, i.e. AUC = P(Ty > Tp). The AUC isinvariant with respect to any monotonic transformation

of T' and can be estimated by the two-sample Mann-Whitney U-statistic.

Mclntosh and Pepe (2002) showed that among all possible functions of the predictor vector X, the
likelihood ratio function LR(X) = P(X|Y = 1)/P(X|Y = 0) maximizes the AUC. Thus, if P(X|Y") is

knownforY =0and Y = 1, the optima composite marker score is given by the LR function.

Copyright line will be provided by the publisher



8 Ruth M. Pfeiffer and Efstathia Bura: Short Title

3.2 Combining diagnostic markersusing SIR

For binary outcomes, the SIR single linear combination of the markers, or the SAVE linear combination
if rank(sav ) isestimated to be one, can be used directly as a scalar diagnostic score, 7. However, for

SAVE ascaar needs to be derived if rank(Qs v i) is estimated to be larger than one.

3.3 Relation of SIR to existing results on linear combinationsof markers

For conditionally normally distributed X'|Y" ~ MV N (j 5y, X4)y),Y = 0,1, Suand Liu (1993) found a

linear marker combination by maximizing

aT(MxH - MxlO) }
(@Ts,a)2 )

AUC(a) = P(a” X1 > a¥ Xo) = q»{
asafunction of a, where ® denotesthe standard normal cumulative distributionfunction. The maximizer is
a* = cZ;l(um — z)0), With X, = 3,0+ 2,1 and c any arbitrary constant. The SIR linear combination
(section 2) X7 = X' (pg)1 — 1o)X is proportional to the linear combination obtained by Su and Liu

(1993), and consequently maximizes the AUC when the markers are normally distributed among cases and

controls.

3.4 Combining diagnostic markersusing SAVE

For conditionally normally distributed markers XY ~ MV N (1 5y, Xy ), the likelihood ratio satisfies

1 _ _ - -
log LR(X) o §XT(leg = S DX + XU (S ke — S5 0hl0)-

The LR statistic for multivariate normal predictors is thus fully characterized by (2 ;I%) - E;lll) and
(Z;ﬁ [t — ZQ&)MIO)' which also determine Qsayg. In consequence, the SAVE predictors completely
capture the discriminatory information contained in the LR statistic. The following algorithm usesthisfact

to propose a scalar diagnostic score for the SAVE predictors.

1. Wefirst estimate the dimension d of Qsave, d, and then the linear combinations (X, ..., X*) =

S0 Tx, L 2;1/2U51)TX) that constitute the estimated d SAVE predictors.
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2. For many data sets, most proj ections are approximately Gaussian (Diaconis and Freedman, 1984,
Hall and Li, 1993). We thus assume that the estimated SAVE predictors are approximately normally
distributed, X* ~ N(u*, ¥*), regardless of the distribution of the original predictor vector X. By

construction, the SAVE predictors are orthogonal, and thus independent with ¥ * = diag(c7}).

3. A diagnostic scalar score 7" for the SAVE predictors X7, ..., X7 isthe LR statistic based on the
product of d independent univariate normal distributions. That is,

dA * * *
B P(X*Y =1) N szl ¢(Xj§M1ja01j)

T(X*) = LR(X") = G
(X7) = LR(XT) = 5y = o) [T5—1 6(X55 155, 0%)

where ¢ denotes the univariate normal density function and parameters are estimated by the first two

sample moments of X*.

When d = 1, both SIR and SAVE can be used to obtain a linear combination of marker values. Howeve,
when the two populations differ only in their means, SIR is more accurate as it requires the estimation of

fewer parameters.

4 Assessing marker contributionsto the SAVE or SIR predictors

Variable selection isimportant when building classifiers, especially when the dimension of input variables
islarge, asthe accuracy of a classifier that includes too many noise variables may not be satisfactory. We
evaluate the contributions of markers to the composite score T" by assessing their contributionto the SAVE
or SIR linear combinations. For example, if marker X, doesnot contain any information for discriminating
cases and controls, then U(li,), ce Ufii,), i.e. its contribution to the SAVE predictors (X 7,..., X)) =
= PuiTx, L s PuiNT X, should be zero.

Let Qgavp = O = 5220, H1, where S, H and O, are the sample moment estimates of 3, H

and of Q, = (E(X]Y = 0) - E(X]Y = 1),cov(X|Y = 0) — cov(X|Y = 1)). The singular value
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decomposition (SVD) of QZ is
R (5)

with UZT = (0.1,0.), R — (R.1, R.o), where the partition conforms to the SVD of €2 in (4). The

z

diagonal matrices with the decreasing singular values of O, aeD,; = diag(5\1, Ao,y Aq) of order

dx d,and D.o = diag(Aas1, Aara, - .., Ap) Of Order (p — d) x (p — d).

The asymptotic distributionof U, = (0'",...,0'") is

n'/2 vec(U.1 — U.y) = Npa(0, Sp), (6)

where Xy = (D7 'RUH1 @ ;) V,(H'R.1D; ! @ %5 */?). The definition of V, is provided in the

appendix and details on its derivation can be found in Buraand Pfeiffer (2007). We assess the contribution
of any given subset of theindividual predictors X 4, .. ., X, tothe SAVE predictors X{, . .., X; viatesting
a hypothesis of the form Cvec(U.,) = 0 for some r x pd matrix C' of zeroes and ones. In this way we
circumvent technical difficulties relating to the multiplicity of singular values. The rank r of C' equals the
number of the elements of U, set to zero.

From (6) we obtain
n'/? C vec(U,; — U.1) = N,.(0,CSyCT) )

A general Wald's type test for Hy: Cvec(U,1) = 0 isgiven next. Let C bean r x pd matrix of rank r,
6 = vec(Cvec(U,)) and b = vec(Cvec(Uzl)), both rpd x 1 vectors. Then when § = 0 the following

holds (see Bura and Pfeiffer, 2007):
a. If V, ispositive definite,
T =n0T(CEyCT) 10 = \2(r) ©)

where flU isaconsistent estimate of X;.
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b. If V, is positive semidefinite with rank(V,) > r and rank(V,) 2 rank(V;),
T =nb"(CEuCT) 0 = 2(r) (9)
where 53f; isaconsistent estimate of X;/.

The notation * denotes the Moore-Penrose generalized matrix inverse. A test of marker contribution to the

SIR linear combination is given in detail in Buraand Pfeiffer (2007).

5 Simulation Studies

In this simulation study the discriminatory performance of several composite diagnostic scores was as-
sessed with respect to the AUC. We compared scores built using SIR, SAVE with estimated number of
linear predictors d and with d = 2 and d = 4, to that of a score built by combining the markers directly in
the LR statistic (Mclntosh and Pepe, 2002). We al so computed the AUC for the linear marker combination
estimated from fitting logistic regression models that included the markers as main effects, and for some
simulations, al pairwise marker interaction terms and quadratic terms. To obtain unbiased estimates of the
AUC, we gplit the sample and used one half to estimate d and build the predictors, and the other half to

estimate the AUC. In practical applications, v-fold cross validation may be more appropriate.

5.1 Resultsfor normal markers

We generated samples of p = 10,20 or 30 markers X = (Xi,...,X,) from two normal populations,
(X|Y = i) ~ MVN(Aw;, AQ;AT), i = 0,1. The parameters were chosen so that X satisfied a ¢-
dimensiona (¢ < p) discrimination subspace model (DSM(Qq)), that confined differences in p predictors
to a linear subspace of dimension ¢ based on the O’ Neill model as described in Flury, Boukai and Flury
(1997). For Y = 0, welet wy = (0,...,0) € RP, and Qy = I, the identity matrix, and for ¥ = 1,
wi =1 dje;jand Qy = I, + 37 mjefe;, forsomed € Rand 7 > —1, where e; denotes the j-th
unit basis vector. The matrix A = (a;;) had elements a;; = 1 and a;; = 0.5. (Simulationswith a;; = 0.1

or a;; = 0.25 gave very similar results and are not shown here).
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For amodel withp = 20 markers and the same mean and covariance matrices for both groups, (XY =
i) ~ MV N (Aw, AQAT), i =0,1,the AUC estimates (with standard errors) were 0.51 (0.01) for LR,
0.51 (0.01) for SAVE with estimated dimension d, 0.51 (0.01) for SAVE with fixed d = 2, 0.51 (0.01)
for SAVE with fixed d = 4, 0.52 (0.01) for SIR and 0.52 (0.01) for logistic regression. All methods thus

performed well when there was no difference in the distribution of the predictors between the two groups.

Table 1 presents means in 100 simulationsfor a DM S(2) (dimension 2) model with §; = 0.1,d, =1,
for several values of 7, and = for p = 10, 20 and 30 markers. For 200 cases and controlsand 7, = 1
and 7o = 2, so that the covariance matrices for both groups are fairly close, all methods resulted in similar
AUC values for p = 10,20 and p = 30 markers, with the score based on SAVE with d corresponding to
a somewhat lower AUC than the score based on SAVE withd = 2 or d = 4. When 7, and = were 2 and
5 respectively, for p = 10,20 and p = 30, and sample sizes of 200 and 500 cases and controls the SAVE
scoreswith d, d = 2 and d = 4 yielded AUC values close to the optimal LR-obtained AUCs, which were
significantly higher then the AUCs of SIR or logistic regression scores. When the + parameters were 5 and
10, the SAVE composite scores corresponded to AUC values of 0.89, compared to AUCs of around 0.63 for
logistic regression and SIR, even for sample sizes of 200 cases and controls, as both these methods were
unable to detect the second dimension arising from the rather pronounced differences in the covariance
matrices of the predictors. We have already noted that for normally distributed markers, SIR and logistic
regression produce the same linear combination, which resultsin identical predictive performance in Table

1

5.2 Resultsfor markersfor cases smulated from mixtures of normals

The robustness of SAVE to non-normality was studied by drawing the markers for the cases from a
two-component multivariate mixture model that had mean vectors with opposite signs, (XY = 1) ~
0.5MV N (Awy, AQ AT) + 0.5MV N(—Awy, AQ1 AT) and (X|Y = 0) ~ MV N(0, AQuAT). Under

thismodel the overall means among cases and controlswere zero, but the dimension of the central subspace
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was equal totwo. The resultsin Table 2 indicated that LR and SAVE performed very well; however, there
was no discriminatory power in the linear combination obtained by SIR or in using the markersinalogistic
regression model as there were no differences in marker means between cases and controls. For p = 10
markers, we also fitted logistic regression models that contained all pairwise interaction terms between the
markers, which resulted in atotal of 55 coefficients and thus could not be stably estimated with 200 cases
and controls. For 500 cases and controls this model had very similar discriminatory performance to the
SAVE scores. For p = 20 or p = 30 markers, however, including all pairwise interaction termsin addition

to main effects in alogistic regression model was not feasible for sample sizes available in practice.

5.3 Resultsfor markerssimulated from multivariatet-distributionswith three degrees of

freedom

For distributionswith heavy tails, such as Cauchy, low dimensiona projections of high dimensional data
can fail to be normally distributed (Diaconis and Freedman, 1984). We thus also studied the robustness of
our procedure by simulating markers for the cases and controlsfrom a multivariatet-distribution with three
degrees of freedom. This distribution has heavy tails compared to the multivariate normal distribution, and
also meets the moment conditions of SIR and SAVE. The parameters were chosen such that d = 2. The
resultsin Table 3 indicate that SAVE performed very well compared to LR computed using the multivari-
ate t-distribution with estimated moments and known degrees of freedom. However, their performance
depends on how pronounced the second dimension is. For example, for 7, = 1.0 and r» = 2, 0 the second
dimension did not add much to the discrimination, and LR and SAVE yielded similar results to SIR and
logistic regression. However, when the second dimension was more pronounced (11 = 2,7, = 5 and
71 = 5,79 = 10), i.e. the difference in the two groups was mostly characterized by difference in the two
covariance matrices, the performance of LR and SAVE was superior to the performance of the first order

methods.

Copyright line will be provided by the publisher



14 Ruth M. Pfeiffer and Efstathia Bura: Short Title

5.4 Resultsfor markerssimulated from multivariatelog-normal distributions

We also simulated data from a multivariate log-normal distribution to assess the performance of our pro-
cedure with highly skewed predictors (Table 4). The performance of SAVE was somewhat inferior to the
performance of the LR statistic, computed with the correct distribution and estimated parameters. For ex-
ample, for 1 = 2,75 = 5 the AUC for LR was 0.69, while it was only 0.60 for SAVE with estimated
dimension. However, this difference was not statistically significant. A log-transformation would yield

normal data, and optimal performance for SAVE.

5.5 Testing which markers contribute significantly to prediction

To assess the performance of the Wald test, we first generated p — 1 predictors from a DSM(2) model
and added the non-informative X,, ~ N (0, 1) for both cases and controls. We tested the null hypothesis
that X, did not contribute to the SAVE predictors. Table 3 shows the results for various sample sizes and
parameter choices for 500 simulations with known SAVE dimension. The nomina « level of 5% was
included in all confidence intervals around the observed proportion of rejections of the null hypothesis
(Table 4). To assess the power of the Wald test, we repeated the simulation with al p predictors generated
from a DSM(2) model. Under this scenario the test with known d had 30% power for 61 = 0.1,02 = 0.1
and7; = 0and » = 2 for p = 10 and p = 20 markers, and 62% for p = 10 and 68% for p = 20 when ;
and , were changed to 0.2 and 0.5, and 100% for 7 = 2 and 75 = 5 for both p. For 6; = 1 and 2 = 0.1
the power was 100% for al choices of ~ we studied. Not surprisingly, better separation of the two groups

in the two-dimensional subspace trans ated into higher power of the test.

The formulation of thetest statistic assumes that the rank d of Q5 41 & isknown. When d was estimated,
and the difference in the covariance matrices between the groups was not large, the observed size of the
test was somewhat larger than the nominal 5%, for example for §; = 1,9, = 0.1, 71 = 1, and 7» = 1 with

200 cases and controls, the observed size was 0.08 with 95% confidence interval [0.05, 0.1]. The size of
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the test was correct however, when d could be estimated accurately, for example, for large sample sizes, or

large differences between covariance matrices.

6 Dataexamples

6.1 Fisher'sirisdata

Wefirst analyzed a data set that has been extensively studied in the classification literature. The dataconsist
of asample of 150 irises, of three different types, Iris-setosa, Iris-verginicaand Iris-versicolor. The predic-
tors are petal length, petal width, sepal length, and sepal width. The lengths are measured in millimeters.
Aswefocused on binary prediction, we combined Iris-setosaand Iris-virginicaintoasinglegroup (Y = 0)
of 100 observations and aimed to discriminate it from the 50 Iris-versicolor (Y = 1) observations. Visual
inspection of the scatterplot matrix of the predictorsrevealed no pronounced violations of the linearity and
constant variance assumptions so that both SIR and SAVE can be used.

In this example, when all the data were analyzed, the estimated dimension was d = 2.

In an ideal setting an independent data set would be available for the purposes of assessing the perfor-
mance of our predictor. Aswe did not have an independent test set, we used 10-fold cross validation to
obtain unbiased estimates for the AUC. That is, we randomly assigned each of the observationsin the two
groupsto one of 10 partitions, such that the partitionsare size 5 fortheY = 1 and size 10fortheY = 0
group. Subsequently we used all but one of the partitions to estimate the dimension of SAVE, built the
SAVE, SIR and LR predictors, and evaluated the performance of our predictor on the remaining partition,
labeled the test set. The AUC was computed for each of the 10 test sets and then averaged.

The AUC values for the SAVE composite scores (with standard errors in parenthesis) for d, and fixed
d=1andd = 2were0.85(0.15),0.63(0.05) and 0.99(0.006), respectively, and 0.79(0.11) for SIR. Thus
the SAVE composite scores with d as well as SAVE with d = 2 resulted in a 10% and 20% improvement
in discriminatory accuracy compared to asingle linear combination, either from SIR or SAVE withd = 1.

Thisimprovement in AUC values was statistically significant for the SAVE composite scores with d = 2.
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The crossvalidated AUC for LR could not be computed, as the covariance matrices were numerically
singular due to high correlations between sepal length and sepal width (r = 0.96) and between petal width
and sepa width (r = 0.82).

We also attempted to predict class membership using logistic regression including all main effects and
first order interaction terms. However, the a gorithmsto maximize the likelihood did not converge for these
models, probably because sample sizes were small and there was high collinearity between the markers
and corresponding interaction terms.

We tested for the individual contributions of the four predictors separately based on al theiris data and
obtained the following values of the Wald chi-square test statistic: 4.55 for petal length, 49.73 for petal
width, 119.63 for sepal length, and 57.86 for sepal width. Using 6.24 as the critical value, which is the
x3(0.0125) quantileto control for multipletesting, we found that petal width, sepal length, and sepal width
were contributing statistically significantly to the composite marker score. At o = 0.05, all predictorswere

significant contributors.

6.2 NHANESdata

To illustrate the proposed methods on a biomarker example, we used data from the publicly available
Third National Health and Nutrition Examination Survey (NHANES 1I1). The aim was to classify men
age 40 years or older into two groups, heavy drinkers and abstainers, using nine serum biomarkers that
had previously been shown to be associated with alcoholism (Eckhardt et a, 1981). 17]. The markers
were the transformed values of blood glucose, hematocrit, sodium, chloride, phosphorus, uric acid, blood
urea nitrogen, alkaline phosphatase, and albumin. We log-transformed all predictors, with the exception
of blood glucose, which we transformed using a power transformation, z*, with A = —1.5, and albumin,
whichwe used onthe original scale. These transformationsyielded approximately symmetric distributions.
Asthe heavy drinkerswere significantly older than the abstainers, and age is known to influence the values

of the biomarkers, we included age as a predictor. The abstaining group consisted of 327 men who reported

Copyright line will be provided by the publisher



bimj header will be provided by the publisher 17

to have had no more than twelve drinks in their lifetime, and the heavy drinking group was comprised of
338 men who reported to have had five or more drinks a day for more than one hundred days during the

year before the interview.

We checked the SIR and SAV E assumptions by visually considering the scatterpl ot matrix of the predic-
tors. The plots appeared to be random or linear, and there were no pronounced fluctuationsin data density.

Seven individual s exhibited outlying marker values and were removed from the analysis.

We used 10-fold cross validation (as described in the Iris data example) to obtain unbiased estimates of
the AUC. That is, roughly 290 abstainers and 300 heavy drinkers were used to estimate the dimension of
SAVE andtobuildthe SAVE, SIR, logisticregression and LR predictors. The LR predictor was constructed
assuming a multivariate normal distribution of the marker data in each group. The remaining observations
were used to estimate the AUC. The AUC values presented are the averages over the ten partitions into
training and test sets. For all ten training sets, the dimension estimate was d = 1. The AUC values for
the SAVE composite scores (with standard errors in parenthesis) for d, and fixed d = 1 and d = 2 were
0.82(0.12), 0.82(0.12), and 0.81(0.13), respectively, and for SIR and logistic regression the AUC values
were 0.82(0.14) and 0.82(0.13), respectively. The AUC for LR was only 0.54(0.03). The reason for the
poor performance of LR was that the log transformed markers were not normally distributed, while the
moment conditionsfor SAVE, as assessed by scatterplots, were met. This example highlightsthe difficulty
of specifying joint marker distributions, whichisprecisely why it is precariousto usethe LR ontheorigina
or even transformed data. The six panels of Figure 1 show the QQ plotsfor the SIR and SAVE predictors
in heavy drinkers and abstainers for one specific choice of the training set, indicating that each of the

projectionsfollowsanormal distribution.

Using all the NHANES data, the dimension of SAVE was estimated to be d = 1. When we applied the
test statistic to each of the predictors separately based on all the NHANES data, we obtained the following
values of the Wald chi-square test statistic: 0.09 for blood glucose, 2.32 for hematocrit, 0.31 for sodium,

182.04 for age, 0.31 for chloride, 5.05 for phosphorus, 29.23 for uric acid, 141.46 for blood urea nitrogen,
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10.49 for akaline phosphatase, and 9.71 for albumin. Using 7.88 as the critical value, the x %(0.005)
guantile to control for multiple testing, we found that age, uric acid, blood urea nitrogen and alkaline
phosphatase were contributing statistically significantly to the composite marker score. At o = 0.05,
phosphoruswould also be a significant contributor.

In a logistic regression model with all transformed markers and age as main effects, the following
markers contributed significantly at the o = 0.05 level: age (logistic regression coefficient: 3.68, 95%Cl:
[3.26, 4.09]), phosphorus (logistic regression coefficient: -1.61, 95%Cl:[-2.45,-0.77]), uric acid (logistic
regression coefficient: -1.90, 95%CIl:[-2.23, -1.57]), blood urea nitrogen (logistic regression coefficient:
1.98, 95%CIl:[1.79, 2.16]), alkaline phosphatase (logistic regression coefficient: 0.69, 95%CI:[0.45, 0.93])
and albumin (logistic regression coefficient: -0.47, 95%ClI:[-0.63, -0.30]). In this example, there was no
evidence for higher than one-dimensional structure in the data, a conclusion that is also supported by the
very similar performance of SIR and SAVE. Even though the SAVE composite scores did not increase the
AUC in this example, the SAVE analysis yields the additional insight that a single linear combination of

markers extracts all the available discriminatory information.

7 Discussion

We introduce two sufficient dimension reduction methods, Sliced Inverse Regression (SIR) and Sliced Av-
erage Variance Estimation (SAVE) to combine biomarkers into a diagnostic score. Our approach entails
identifying a sufficient number of linear combinations of markers that can be combined into a diagnostic
score viathe likelihood ratio statistic for independent normal projections. This approach extends previous
approaches (LDA; Su and Liu, 1993) to combining biomarkers as it does not require multivariate nor-
mality of the markers themselves, but only their projections. As most lower-dimensional projections of
multivariate data have been shown to be approximately normal (Diaconis and Freedman, 1984, Hall and
Li, 1993), this assumption is plausible. Our approach is computationally very tractable, even for large

numbers of markers, and also offers away to check which markers contribute significantly to prediction.
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Key assumptions on the linearity of expectations and the constancy of the variances can be easily checked

by diagnostic plots.

Pepe and Thompson (2002) and Pepe, Cai and Longton (2006) also relaxed the assumption of multi-
variate normality and computed a linear marker combination that maximizes a distribution-free estimate of
the AUC. While their approach is attractive, since it can be adapted to maximize the partial area under the
curve and to incorporate covariates, it is computationally difficult when one wishes to combine more than
two markers. Ma and Huang (2007) extended the work by Pepe, Cai and Longton (2006) by maximizing
the sigmoid approximation of the empirical AUC, which iscomputationally more affordable while preserv-
ing the asymptotic efficiency of the AUC estimator. These procedures cannot be fully efficient compared

to parametric LR when the dimension of the central dimension reduction subspace exceeds one, however.

Our procedure is equivalent to the LR statistic, which requires knowing the joint marker distribution
(MclIntosh and Pepe, 2002), when the marker data arise from multivariate normal distributions. An im-
portant consideration is how well our procedure performs for non-normal data. Diaconis and Freedman
(1984) found that projections may be non-normal for distributions with heavy tails, such as Cauchy, for
which most projections (suitably scaled) are Cauchy. We therefore studied mixtures of normals and mul-
tivariate t-distributions. We found in simulations that SAVE performed comparably to LR in these cases
(Tables 2 and 3). In retrospect, the good performance for multivariate-t datais not surprising, becauseitis
an eliptically contoured distribution. Some lossin AUC for our procedure was detected when data were
simulated from multivariate log-normal distributions compared to the LR statistic (Table 4). We therefore
recommend that transformations be performed, before using SIR or SAVE procedures, to make the data
more normal or symmetric. Of course, with log-normal data, a log transformation would yield normally

distributed data, for which our procedures would be optimal.

Logistic regression with main effects performed comparably to SIR for multivariate normal data (Table

1). Including all first order interaction and quadratic terms in logistic models can recapture some of the
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discriminatory accuracy asillustrated by data on ten markersfrom a DSM(2) model, where all the discrim-
inatory informationis contained in atwo dimensional subspace (Table 2). However, limited sample size or
large numbers of markers make it impractical toinclude all first order interactions and quadratic termsin a
logistic model. If the structural dimension is larger than two, the logistic regression model would have to
include al three and higher order interaction terms in order to have similar discriminatory performance to

SAVE, which would require an unredlistically large sample size in most applications.

As an dternative to using the normal LR statistic on SAVE projections, one could also substitute the
SAVE projections into a logistic model as suggested in Cook and Lee (1999). However, in unreported
simulations we found that using logistic regression was substantialy less efficient than using our normal
likelihood procedure, a finding that resembles an observation by Efron (1975). The use of the LR may
be equivalent to the risk score when all parameters are known (Mclntosh and Pepe, 2002), but not when

parameters need to be estimated.

We proposed an asymptotically chi-squared distributed test statistic to assess contributions of markers
to the diagnostic score. If amarker does not have a significant contributionto the SAVE or SIR linear com-
binations, it should be omitted from the diagnostic panel. Cook (2004) proposed an asymptotic weighted
chi-squared test for variable contribution in directions derived by SIR. Our test is general; there are no
restrictions on either the predictor or the response distribution, which can also be continuous. Our test
procedure can be applied to test the significance of a predictor contribution in any linear combination of
the predictors whose coefficients are computed by a singular value decomposition of a kernel matrix. The

technique can be used with either SIR or SAVE.

The asymptotic framework for the test of marker contribution assumes that the dimension of SAVE is
known. In simulations, the size of the test tended to be larger than the nominal level when the dimension
was estimated and the second dimension of the DSM (2) subspace was not well separated. That can lead
to inclusion of markers that do not truly contribute to the diagnostic accuracy of the score. Future work

will entail adjustments of the test for estimating the dimension and comparing the performance of our
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test to other procedures to assess the importance of avariable for prediction, such as amodel-free variable
selection methodol ogy recently proposedin Li, Cook and Nachtsheim (2005). In addition, acomprehensive
comparison of our method with other available non-parametric methods (for example, Zhang et al, 1999)
will be part of future work.

In summary, we have developed methods to combine markers for two class discrimination that can
provide greater discriminatory accuracy as assessed by the AUC than standard methods, such as LDA or
logistic regression when discriminatory features extend beyond shifts in location. Software writtenin R
for finding marker or predictor combinations based on SAVE and SIR and testing marker contributionsis
available from thefirst author.
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Letting f = P(Y = 1), Vo115 = var[ vec(X — i,;)(X — pq;)7 |Y = j], and V125 = cov| vec(X —
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Table 1: Mean AUC values over 100 simulations for p predictors from the DSM(2) multivariate normal
wi = Y7 0je;, D = I, + Y5_, Tj€le;, where ¢; denotes the j-th unit basis vector. Standard errors
are given below the mean estimates. The column labeled d gives the mean AUC when number of SAVE
predictorsis estimated.

p  No, Ny T1, 72,01, 05 LR SsavE Ssrr  Logistic
est d d=2 d=4 Regression

10 200,200 10201001 075 069 076 075 0.70 0.70
003 005 003 002 003 0.03
20 200,200 10201001 069 065 070 071 0.69 0.69
003 004 005 004 003 0.03
30 200,200 10201001 065 062 065 066 0.68 0.68
003 003 005 004 003 0.03
10 500,500 1.0,20,1.001 O0.77 077 078 077 071 0.71
002 002 002 002 0.02 0.02
20 500,500 10201001 073 073 077 076 071 0.71
002 005 002 002 0.02 0.02
30 500,500 10201001 070 068 075 074 0.70 0.70
001 005 002 002 0.02 0.02
10 200,200 20501001 081 082 083 082 068 0.68
002 003 002 002 003 0.03
20 200,200 20501001 077 076 081 079 0.67 0.67
002 004 002 002 003 0.03
30 200,200 20501001 073 073 079 077 065 0.65
002 003 003 003 003 0.03
10 500,500 20501001 083 083 083 083 0.69 0.69
001 001 001 001 002 0.02
20 500,500 20501001 081 083 083 08 068 0.68
001 001 001 001 0.02 0.02
30 500,500 20501001 078 081 083 081 0.67 0.67
002 004 002 002 0.02 0.02
10 200,200 5.0,10.0,1.00.1 088 089 08 088 0.63 0.63
002 002 002 002 003 0.03
20 200,200 5.0,10.0,1001 085 088 08 087 061 0.61
002 003 002 002 003 0.03
30 200,200 5.0,10.0,1001 082 082 08 08 059 0.59
002 004 002 002 003 0.03
10 500,500 5.0,10.01.00.1 089 089 08 089 0.64 0.64
001 001 001 001 002 0.02
20 500,500 5.0,10.0,1.001 087 089 08 088 0.63 0.63
001 001 001 001 002 0.02
30 500,500 5.0,10.0,1001 086 089 08 088 0.62 0.62
001 001 001 001 0.02 0.02

* size of training set



Table 22 Mean AUC values for 10 predictors from multivariate normal mixtures, (XY = 0) ~
MVN(0,AA") and (XY = 1) ~ 0.5MVN(Awy, AQ; A")+ 0.5MV N(—Aw, AQ A'), with (A);; =
1,(A)ij = 05, w1 = Y5 §jej, Q= I, + Y5, 7j¢)e;, where e; denotes the j-th unit basis vector.
Standard errors are given below the mean estimates.

p No, Ny Ti,T2,01, 02, LR SSAVE Ssrr Logistic Logistic
et d* d=2 d=4 Reg* Reg?

10 500, 500 251001 082 083 083 082 051 0.51 0.81
001 001 001 001 001 0.01 0.01

10 500, 500 5,10,1.0,0.1 089 090 090 089 051 0.51 0.88
001 001 001 001 001 0.01 0.01

10 1000, 1000 5,10,1.0,0.1 090 090 090 090 051 0.51 0.89
001 001 001 001 001 0.01 0.01

20 200, 200 0201001 072 081 079 07 053 0.53 NA3
003 002 003 003 0.02 0.02

20 500, 500 0201001 076 083 082 080 052 0.52 NA
002 002 002 002 0.01 0.01

20 200, 200 20501001 076 081 082 079 052 0.52 NA
003 003 003 003 0.02 0.02

20 200,200 5.0,10.0,1001 08 089 089 087 052 0.52 NA
002 002 002 002 0.02 0.02

30 500,500 5.010.0,1001 08 089 089 088 052 0.52 NA

001 001 001 001 001 0.01

* d denotes the number of SAVE predictors used in the diagnostic score

! Logistic regression with main effects terms

2 Logistic regression with main effects terms and all first order interaction terms and quadratic terms
3 NA means not available because there were too many parameters to fit



Table 3: Mean AUC values over 100 simulations for p predictors from the a multivariate t-distribution with
3 degrees of freedom, (X|Y =0) ~ MVT(0, AA",df = 3),(X|Y =1) ~ MVT(Awy, AN A, df = 3),
with (A);; = 1,(A)ij = 0.5, w1 = Y7 je5, 1 = I, + Y;_, 7€}e;, where e; denotes the j-th unit
basis vector. Standard errors are given below the mean estimates. The column labeled d gives the mean AUC
when number of SAVE predictorsis estimated.

p No, Ny 7'1,7'2,51,55K LR SsAvE Ssir Logistic
est d d=2 d=4 Regression

10 500,500 1.0,20,1.001 071 067 068 069 0.67 0.67
002 005 006 003 0.02 0.02
20 500,500 10201001 067 063 063 063 0064 0.64
002 005 005 004 002 0.02
30 500,500 10201001 064 062 062 060 0.64 0.64
002 004 004 003 002 0.02
10 500,500 20501001 078 076 076 076 0.64 0.64
002 003 004 002 0.02 0.02
20 500,500 20501001 075 071 072 073 064 0.64
002 005 005 003 002 0.02
30 500,500 20501001 072 069 069 071 0.62 0.62
002 005 004 003 002 0.02
10 500,500 5.0,10.0,1.00.1 085 082 083 083 0.60 0.61
002 004 002 002 0.02 0.02
20 500,500 5.0,10.0,1001 083 079 081 081 059 0.59
002 006 003 002 0.02 0.02
30 500,500 5.0,100,1001 081 079 079 080 058 0.58
002 006 004 002 0.02 0.02

* size of training set



Table 4: Mean AUC values over 100 simulationsfor p predictors from the a multivariate log normal distribu-
tion, (log(X)|Y =0) ~ MVN(0, AA",df = 3), (log(X)|Y = 1) ~ MV N(Awy, AQ A", df = 3), with
(A)ii = 1,(A)ij = 0.5, w1 = Y7, 6e5, 1 = I, + 37, 7j¢}e;, where e; denotes the j-th unit basis
vector. Standard errors are given below the mean estimates. The column labeled d gives the mean AUC when
number of SAVE predictorsis estimated.

p NQ,Nl* T1,T2,51,5§ LR SSAVE Ssir Logistic
est d d=2 d=4 Regression
10 500,500 205.0,1.001 069 060 062 063 0.60 0.61
0.02 007 004 003 004 0.02
20 500,500 20501001 068 060 060 057 057 0.58
002 004 003 003 003 0.05
30 500,500 20501001 067 061 061 060 0.56 0.57
002 003 002 002 003 0.06
10 500,500 5.0,10.0,1.001 069 062 063 062 055 0.55
0.02 007 003 003 002 0.02
20 500,500 5.0,10.0,1.00.1 069 062 059 058 0.55 0.55
002 002 003 003 003 0.03
30 500,500 5.0,10.0,1.00.1 068 061 059 057 0.53 0.54
002 003 002 002 002 0.02

* size of training set



Table 5: Performance of Wald test to assess the contribution of maker p based on

500 repetitions

(Xla"'a

Xp—1) ~ DSM(2), X, ~ N(0,1)
Hy : X, does not contribute to the diagnostic score, H istrue

p  No, N

10 200,200
10 200,200
10 500,500
10 500,500
15 500,500
20 500,500
20 500,500

7’1,7'2,51,52,
2.0,10,1.0,01
2.0,5.0,1.0,0.1
2.0,10,1.0,01
2.0,5.0,1.0,0.1
2.0,5.0,1.0,0.1
2.0,10,1.0,01
2.0,5.0,1.0,0.1

Fraction of rejections (95%Cl)

0.07 (0.04, 0.10)
0.06 (0.04, 0.08)
0.06 (0.04, 0.08)
0.05 (0.04, 0.07)
0.05 (0.03, 0.07)
0.05 (0.03, 0.07)
0.05 (0.03, 0.07)

(X1, ...

,Xp) ~ DSM(2), Hy isfase
Hy : X, does not contribute to the diagnostic score

10 200,200
10 200,200
10 200,200
10 200,200
10 500,500
10 500,500
20 500,500
20 500,500
20 500,500
20 500,500

0.2,05,01,0.1
0.2,05,05,0.1
0.2,05,1.0,0.1
20,50,01,01
0.2,05,01,0.1
0.0,20,01,0.1
0.0,20,01,0.1
0.2,05,01,0.1
0.2,05,03,0.1
0.2,05,05,0.1

0.62 (0.59, 0.65)
0.98 (0.97, 0.99)
1.00 (1.00, 1.00)
1.00 (1.00, 1.00)
0.70 (0.67, 0.72)
0.35 (0.26, 0.44)
0.30 (0.21, 0.39)
0.68 (0.59, 0.77)
0.98 (0.95, 1.00)
1.00 (1.00, 1.00)




