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Test of replica theory: Thermodynamics of two-dimensional model systems with quenched disorde
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We study the statistics of thermodynamic quantities in two related systems with quenched disorder: A (1
11)-dimensional planar lattice of elastic lines in a random potential and the two-dimensional random bond
dimer model. The first system is examined by a replica-symmetric BetheAnsatz~RBA! while the latter is
studied numerically by a polynomial algorithm which circumvents slow glassy dynamics. We establish a
mapping of the two models which allows for a detailed comparison of RBA predictions and simulations. Over
a wide range of disorder strength, the effective lattice stiffness and cumulants of various thermodynamic
quantities in both approaches are found to agree excellently. Our comparison provides a detailed quantitative
confirmation of the replica approach and renders the planar line lattice a unique testing ground for concepts in
random systems.
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I. INTRODUCTION

Quenched disorder is common to many condensed-m
systems. Examples include spin glasses,1 elastic structures in
a random environment2 or mesoscopic electronic systems3

In spite of a large volume of theoretical and experimen
work on glasses these systems still pose interesting c
lenges. On the theoretical side, much of the studies h
focused on phase diagrams, the existence of phase trans
and their critical behavior. But even if the equilibrium phas
are known, thermodynamic quantities are in general not
cessible. Slow glassy equilibration due to the presence
many metastable states on large length scales is the
obstacle to the numerical and experimental study of dis
dered systems. There exist, however, a number of well-te
analytical tools to study the equilibrium properties. Comm
to basically all approaches is that they rely on the introd
tion of replicas in order to reestablish translational inva
ance. The replicated system is then usually studied b
renormalization-group~RG! approach4 or a Gaussian varia
tional Ansatz5 ~GVA! since perturbation theory complete
fails. The first method is designed to yield the effective p
ning potential at large length scales. The latter approach a
at constructing a Gaussian trial Hamiltonian which descri
the glassy phase. The results of the RG approaches
strictly speaking, valid only close to the upper critical dime
sion or close to a critical point where randomness beco
irrelevant. On the other hand, the GVA has to be combin
with the concept of ‘‘replica symmetry breaking’’ which i
not generally accepted for elastic structures in rand
media.2 Although the results of both approaches are simi
the different underlying concepts indicate that the pres
general understanding of disordered systems is still inc
plete. A more general qualitative picture was developed
form of the droplet theory for spin glasses.6 It provides a
phenomenological scaling approach to static and dynam
properties of the spin-glass ordered phase. The propertie
this phase are characterized in terms of connected clu
~droplets! of coherently flipped spins with minimal free en
ergy. It would be desirable to have a detailed quantitative
0163-1829/2004/69~10!/104420~15!/$22.50 69 1044
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of this theory. Progress on numerical approaches as Mo
Carlo simulations at finite temperatures was seriously ha
pered by the slow dynamics. Only recently novel power f
polynomial algorithms became available for the study
large systems at any temperature.7,8

On the experimental side, most of the effort was devo
to spin glasses and pinned vortex systems. Especially
latter class comprises a system which is accessible to e
both analytical methods and numerical algorithms. It is
randomly pinned planar vortex lattice that was highlight
by an experimental study of magnetic-flux lines thread
through a thin film of the superconductor 2H-NbSe2.9 For a
certain class of two-dimensional~2D! random systems, in-
cluding the flux line lattice, new promising approaches ha
been developed. For a planar lattice of noncrossing ela
lines pinned by disorder a replica BetheAnsatz~RBA! can
be employed, yielding exact results for thermodynam
quantities and their cumulants.10–12 For the related8 random
bond dimer model the partition function can be calcula
exactly by a polynomial algorithm14,15 without the need to
run slow relaxation dynamics. Therefore, both methods
perfectly suited to overcome the drawbacks of the abo
mentioned approaches. However, there are also limitation
the RBA and the dimer simulations. The first does not all
to compute correlation functions whereas in the latter
choice of parameters of the related line-lattice model is
stricted, e.g., only one particular density of lines can
simulated.

The aim of the present work is to show that the therm
dynamics of the two studied model systems provide id
environments for a quantitative test of replica theory inclu
ing replica symmetry breaking and analytical continuatio
Here the 2D model systems can be considered counterp
of exactly solvable 1D quantum systems which have
vanced the understanding of strongly correlated system
general. Our main result is that RBA and dimer model sim
lations agree so well that they prove each other to be relia
and thus allow to explore many questions in detail that h
been unaccessible to date.

The rest of the paper is organized as follows. In the f
©2004 The American Physical Society20-1
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FIG. 1. Mapping of a dimer~left! to a line
configuration~right! via XOR addition of the ref-
erence state~middle!.
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lowing section we introduce the line-lattice model and t
dimer model, and explain their mutual relation and their co
nections to other models. In Sec. III we review briefly t
replica BetheAnsatzfor the line system and summarize th
results in the known limiting cases. We continue in Sec.
with a detailed quantitative comparison of the BetheAnsatz
predictions for various thermodynamic quantities and
corresponding simulation data for the dimer model. To do
the BetheAnsatzequations are solved numerically outsi
the validity range of the previously studied limiting case
We close with a summary and discussion of our results
Sec. V.

II. THE MODELS AND THEIR CONNECTIONS

A. Vortex system

We consider an ensemble of directed vortex lines confi
to a plane at average distancea[1/r. The configurations of
a single directed line are characterized by its positionxi(z)
since overhangs are forbidden. The preferred path of the
results from the competition between elastic energy, m
sured by the line tensiong, the line interaction in form of a
repulsive pair potentialU(x) that does not allow the lines t
cross, and pinning by a random impurity potential. With
contact repulsionU(x)5cd(x), c→`, ensuring the non-
crossing condition, the model remains generic13 and allows
for the mapping to a discrete dimer model. Quenched di
der couples locally to the vortices via a random poten
V(r ), which we assume to have zero mean and short-ra
correlations

V~r !V~r 8!5Ddjd
~r2r 8!. ~1!

Whenever the disorder correlation lengthjd is the smallest
scale in the problem it can safely be set to zero. The t
energy can be written as

H5E dz(
i

H g

2 S dxi

dz D 2

1c (
i , j Þ i

d~xi2xj !1V~xi ,z!J .

~2!

Throughout the paper, the disorder average will be deno
by ••• and the thermal average by^•••&.

B. Dimer model

The dimer model is defined as follows: Choose a sub
~whose elements are called dimers! of the bonds on a squar
lattice with lattice constantb and linear sizeL such that each
of the L25N lattice sites@labeled by (i j )] is touched by
10442
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exactly one of these dimers, see Figs. 1 and 3. A squ
lattice rotated by 45° with lattice constantb/A2 is formed by
the centers of the bonds. Its 2N sites shall for convenience
also be labeled by (i j ) and it will be clear from the contex
if the original lattice or that of the bonds is parametrized. T
reduced energy of one such complete coveringD of N/2
dimers is defined by

Hd5 (
( i j )PD

e i j /Td , ~3!

where the sum is over all dimers ofD. The bond energiese i j
are randomly drawn from a Gaussian distribution with ze
mean and unit variancee i j ekl5d ( i j ),(kl) . Td is the dimer
temperature and measures the strength of disorder.
implementation of the polynomial algorithm14,15 ~with expo-
nent.2) on a 32-processor cluster allows to compute th
modynamic quantities numerically exactly—as opposed
e.g., Monte Carlo sampling—for sizes up toL5512 at typi-
cally 6000 disorder configurations within a CPU time
days. Merely the measurement of the specific heat in S
IV D is not covered by the polynomial algorithm. Therm
fluctuations have to be computed from explicitly sampli
over a representative set out of exp(NG/p) possible dimer
coverings,16 again for up to 6000 disorder configuration
This gives, however, also reliable results for sizes up toL
5256. The typical accuracy of numerical data at the giv
number of disorder samples is.1025. For further details of
the algorithm for the simulation of the dimer model see, e
Ref. 7.

C. Connections

These two apparently diverse models are closely rela
The random bond dimer model can be mapped onto an a
of lines that interact via a hard-core repulsion, prevent
any line crossing. In Fig. 2 this mapping and the connecti
to related models are sketched. From the dimer model~A! on
top, the discrete lattice version of the line model~C! can be
reached directly or via the intermediate random solid-o
solid ~SOS! model (B). Both the SOS model and the discre
lines have their continuous counterparts—in the bottom l
of the sketch—that can be treated analytically: The tw
dimensional random sine-Gordon~RSG! model ~D! ~being
equivalent to the random-fieldXY model without vortices!
and the continuum (111)-dimensional elastic lattice of di
rected lines (E). The parameters and observables of the i
tropic dimer model and its version with a height profi
~SOS! can be expressed in terms of the anisotropic vort
0-2
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line lattice. In the following we describe the relations b
tween the above-mentioned models in detail. We start
tour through the mapping table of Fig. 2 from the dim
model~A! with the dimer temperatureTd as the only control
parameter. The discrete line lattice can be reached easily
the following map.

~AC!. Add a given dimer pattern and a regular referen
dimer covering as given in the middle of Figs. 1 and 3 w
an ‘‘exclusive or’’ ~XOR! operation. Only if a given bond is
covered by either the dimer pattern or the reference patte
shall be covered in the resulting line configuration, whi
will be noncrossing lines at average densityr51/(2b). A
resulting line-lattice configuration is shown in the right pa
of Figs. 1 and 3. For the summed energies of all cove
bonds in the respective configurations it holds

H l~$e i j8 %!5Hd~$e i j %!1H ref~$e i j8 %!. ~4!

Here and in the following, the subscript ‘‘d’’ stands for quan-
tities of the dimer model, while line-lattice quantities a
denoted by the subscript ‘‘l . ’’ $e i j % stands for a given distri-
bution of random energies on all of the bonds of the dim
model while the set of random energies$e i j8 % are defined as
e i j8 52e i j on the occupied bonds of the reference pattern
e i j8 5e i j elsewhere. If the original random bond energies$e i j %

FIG. 2. Overview of the models introduced in the text, showi
their degrees of freedom and parameters.Top, discrete models;bot-
tom, continuous models;left, isotropic models;right, anisotropic
models.
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are distributed symmetrically with zero mean, so are
bond energies$e i j8 % defining the discrete line-lattice model

~AB!. A discrete height profile$hi j % can be assigned to
every plaquette of the square lattice in the following way17

Every bond is given a sign61 such that when going throug
rows or columns of plaquettes the sign of the crossed bo
alternates. Starting at a given plaquette with arbitrary heig
one moves to the neighboring plaquettes and adds to
height13 times the bond sign if the crossed bond is cove
by a dimer, or21 times the bond sign if it is not. The
resulting numbers define a path-independent height pro
$hi j %, see Fig. 3 for an example.

~BC!. Define a new discrete height profile$Hi j % on each
plaquette by subtracting the height profile$hi j

ref% associated
with the reference dimer covering, cf. the middle part of F
3,

Hi j [hi j 2hi j
ref . ~5!

The profile $Hi j % is then quantized in steps of width 4
Plaquettes of constantH form domains of average width 2b
that may be numbered byk. The domains are separated b
domain walls which can be considered as directed lin
Next, we introduce the displacementsuk( i ) of these domain
walls from their perfectly aligned positions wherei
51, . . . ,L and j 52k. As illustrated in Fig. 4, the line dis-
placements are determined by the height profile, leading

uk~ i !5
hi j

(left)1hi j
(right)21

4
. ~6!

This notation indicates that in each rowi the heightshi j on
the plaquettes left and right to the displaced line have to
used. It is important to keep in mind that the mapping to
displacement field makes sense only for a well-defined ini
configuration of the domain walls implying afixeddensity. In
the grand canonical ensemble induced by the sum over d
configurations,uk( i ) is a good degree of freedom only fo
the configurations corresponding to the mean line densitr
51/(2b), which, however, carry the dominant weight in th
thermodynamic limit where the density distribution
sharply peaked.

~CE!. In a continuum formulation each individual line ca
be considered as a directed polymer with ene
(g/2)*dz$]zxi(z)%2 and line tensiong. If one includes the
noncrossing condition imposed by the underlying dimer c
figurations and the coupling to disorder the continuum mo
is that introduced in Eq.~2!. In a second step this system ca
be cast into the form of a two-dimensional elastic system.
define a continuous displacement fieldu(r ) so that the line
FIG. 3. Dimer covering~left!, reference state
~middle!, and line configuration~right!, with
height profileshi j ~left!, hi j

ref ~middle!, and Hi j

~right!.
0-3



a

tio

ro
es

ac
y

is

m
he
o
th
e

e
s

ion
he
f

n
nce

we
ers,

r
the
s

ine

c-
ng,
der
. For
r-

line
e
ree
t.

ntal
ied

l

SIMON BOGNER, THORSTEN EMIG, AHMED TAHA, AND CHEN ZENG PHYSICAL REVIEW B69, 104420 ~2004!
positions arexi(z)5 ia1u( ia,z). If we include the line in-
teraction in the elastic energy, the Hamiltonian for fluctu
tions on sufficiently large length scales can be written as

Hel5E d2r H c11

2
~]xu!21

c44

2
~]zu!21r~r !V~r !J ~7!

with compression modulusc115aU9(a), tilt modulus c44
5g/a, and line densityr(r )5( jd„x2xj (z)…. The correla-
tions of the random potentialV(r ) are given by Eq.~1!. The
compression modulus is obtained in elastic approxima
from the line interaction potentialU(x),

c115a
]2

]a2
U~a!.

For the special contact repulsionU(x)5cd(x), c→`, im-
posed by the equivalence to the dimer model, the mic
scopic~short scale! c11 vanishes. However, on larger scal
~or for more general microscopic interactions! c11 assumes a
finite value due to entropic contributions. The resulting m
roscopicc11 can be obtained from the free-energy densitf
of the model of Eq.~2! by18

c115a
]2

]a2
@a f~a!#. ~8!

~BD!. The continuum limit of the random SOS model
the RSG model with the reduced Hamiltonian8

HRSG5E d2r H K

2
~“h!21

V8

T
cos@Qh~r !1a~r !#J , ~9!

whereK is the reduced surface stiffness,a(r ) is a spatially
uncorrelated and uniformly distributed random phase,V8 the
coupling strength of disorder, andQ52p/4. The proper pe-
riodicity Q of the disorder coupling can be understood fro
the periodicity of the related discrete line lattice, i.e., via t
pathACED in the diagram of Fig. 2. The latter sequence
mappings also allows to conclude about the value of
stiffnessK in terms of the parameters of the discrete mod
see below.

FIG. 4. Illustration of displacementsuk( i ) in the discrete model.
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~ED!. The two continuum modelsD andE differ by their
form of elasticity~isotropic vs anisotropic! and the disorder
coupling. If we seth(r )54u(r )/a and rescale thez axis in
model E according toz→z85zAc11/c44 we obtain the iso-
tropic elasticity of modelD, cf. Eq. ~9!, with the stiffness
given by

K5
a2Ac11c44

16T
. ~10!

The disorder energy of Eq.~7! can be transformed to th
form of Eq. ~9! by expanding the local density of the line
r(r ) in terms of the line displacementu(r ) by use of Pois-
son’s summation formula, for details see Ref. 2. The relat
h(r )54u(r )/a between the line displacement field and t
~dimensionless! height profile is the continuum version o
Eq. ~6! which can be seen with the use of Eq.~5! and the
observation thathi j

ref.2 j upon coarse graining. This relatio
is in hindsight, knowing that the lines have a mean dista
of a52b, the reason for the choice ofQ52p/4 in modelD,
Eq. ~9!. Due to the coordinate rescaling, the system sizeA
5LxLz is changed when going from modelE to D. If we
denote the system sizes byAel and ARSG, respectively, we
obtain the ratio

ARSG

Ael
5Ac11

c44
5K

8T

bg
. ~11!

Having explained the relations between the models,
have to specify how the three continuum model paramet
~i! line stiffnessg5ac44, ~ii ! disorder strengthD defined by
Eq. ~1!, and ~iii ! temperatureT, are related to the dime
model. First, we observe that only the relative strength of
parametersg and D with respect to thermal fluctuations i
important, i.e., the ratiosg/T and D/T2 have to be deter-
mined. Out of these we start with the reduced single-l
stiffnessg/T. In the dimer model, out of the 2L2 bonds on
average likewiseL2/4 horizontal and vertical bonds are o
cupied. This holds both with respect to thermal sampli
i.e., summing over dimer configurations, and the disor
average as long as the mean random energy is isotropic
the discrete lines after the ‘‘XOR’’ addition with the refe
ence state, an average number ofL2/4 horizontal andL2/2
vertical segments is implied, corresponding to a mean
density ofr51/(2b). We now consider a given discrete lin
as performing a one-dimensional random walk with the th
possibilities of moving to the left or to the right, or to res
The probabilities for the possible stepsxi521,0,1 can be
deduced from the average number of occupied horizo
and vertical bonds. From the above analysis of occup
bonds we find the corresponding probabilitieswi
51/4,1/2,1/4 for the stepsxi . For the fluctuations of the tota
horizontal wanderingX[( ixi this leads afterz/b steps to

^X2&5(
i 51

z/b

^xi
2&5zb/2.
0-4
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TABLE I. Relation between parameters of the continuum line lattice and the dimer model with ra
vertical and horizontal bond energies~isotropic! or only random vertical bond energies~anisotropic!.

Model Line density Line tension Disorder System size

Continuum line lattice r[1/a g/T D/T2 Lx3Lz

Isotropic dimer model 1/(2b) 2/b .2jd /(bTd
2) bL3

16KT

ag
bL

Anisotropic dimer model 1/(2b) 2/b .jd /(bTd
2) bL3

16KT
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A continuum Hamiltonian for a random walkH
5(g/2)*dz(]zX)2 in comparison yieldŝ X2&5(T/g)z and
allows to read off

gb

T
52. ~12!

The strength of disorder is measured in the continuum the
by the varianceD of the disorder potential. Noting that 1/Td

2

is the variance of the~reduced! random bond energies in th
dimer model we are led to identifyAD/T with the dimen-
sionless inverse dimer temperature 1/Td . Allowing for the
finite disorder correlation lengthjd , cf. Eq. ~1!, which acts
as a cutoff in the continuum model, to differ slightly from th
lattice constantb of the dimer model, we have

D

T2
5

jd

b

1

Td
2

. ~13!

A closer look at the models, however, suggests that this
lation is valid only if the energiese i j of the horizontal bonds
of the dimer model are set to zero, i.e., if there is no disor
on these bonds. This is because in the continuum mode
Eq. ~7! the disorder energy is written as the coupling of t
local line densityr(r ) to the disorder potentialV(r ),

Hdis5E dx dzV~x,z!r~x,z!5(
i
E dzV„xi~z!,z….

The random part of the energy is thus not an integral over
arc length of the lines but over theirz coordinate. Therefore
the disorder energy of a line is proportional to its leng
projected onto thez axis and not to its overall length. In th
original isotropic dimer model, random energy is collect
on both vertical and horizontal bonds and will thus be p
portional to the overall length of a fluctuating line. As
consequence, a given disorder in the dimer model co
sponds to larger disorder in the continuum line model th
assumed by Eq.~13!. A possible method to gauge the diso
der strength is to consider the annealed disorder ave
2T ln Z̄ of the free energy. This quantity can be obtain
analytically in both models. The calculation for the co
tinuum model is straightforward whereas in the dimer mo
the means of Ref. 16 together with the relation of Eq.~4! can
be used. One finds by comparison between the two mo
the relation
10442
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D

T2
5

jd

b

2

Td
2 H 12

2GTd
2

p
1

2Td
2

p E
0

e21/(2Td
2)

dx
arctanx

x J
~14!

with Catalan’s constantG50.915 966. The contribution
from the latter two terms in the curly brackets crosses ove
Td.1 from zero at smallTd to 21/4 at largeTd . Thus the
overall factor of 2 as compared to the naive estimate of
~13! confirms the conjecture about the contribution of t
horizontal random bond energies for strong disorder~small
Td). For weak disorder~large Td) the gauging by the an
nealed free energy yields a factor of 3/2 compared to
~13!. However, in most expressions below, the latter tw
terms will only act as corrections at intermediateTd.1 and
are in those cases frequently neglected.~At largeTd constant
additional terms which are not related to the gauging pro
dure dominate.! It should be noted that the exact relation, E
~14!, has been derived for one special observable, the
nealed free energy, and it cannot be expected to hold uni
sally for all observables with the same value for the regu
ization lengthjd . Rather, to different observables the sho
scale modes around the UV cutoff can contribute with
different weight. The one free parameterjd /b relating the
continuum model to the discrete model will therefore be co
sidered a fitting parameter, which should, however, not t
out to vary dramatically around its expected value of ord
unity from observable to observable.

Below, results from numerical simulations of both the is
tropic dimer model with random energies on vertical a
horizontal bonds and the dimer model with vanishing en
gies on the horizontal bonds will be compared to theory. F
the former, Eq.~14! will be used as disorder strength ma
ping ~sometimes without the correction terms! while for the
latter Eq.~13! will prove to fit very well. Table I summarizes
the relations between the dimer parameters and the
tinuum model parameters.

III. REPLICA BETHE ANSATZ

The classical statistics of fluctuating elastic lines ind di-
mensions can be described by the quantum statistics
(d21)-dimensional system of interacting bosons.19 In the
thermodynamic limit, the free energy and its disorder flu
tuations are determined by the ground-state energy of
Bose gas. An important simplification arises f
(111)-dimensional systems of self-avoiding lines for tw
reasons. First, in the absence of quenched disorder the i
acting Bose gas is replaced by a one-dimensional free Fe
0-5
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gas since the noncrossing condition for the lines is then
tomatically fulfilled by the Pauli exclusion principle.20,21

Second, one-dimensional quantum systems with sufficie
simple interactions~generated here by quenched disord!
can be often treated exactly by BetheAnsatz. Indeed, Kardar
used the replica method to show that the self-avoiding
lattice in a random potential maps to a gas of fermions w
n spin components with SU(n) symmetry interacting via an
attractived-function potential.10 The ground-state energy o
this system can be calculated exactly by BetheAnsatz. The
analogy between the replicated line lattice and SU(n) fermi-
ons was examined further in Ref. 11. In the following w
will summarize the main results of the RBA.

Upon replication of the system of Eq.~2! and disorder
averaging with the aid of Eq.~1!, the equivalent quantum
system is described by the Hamiltonian

Ĥ52
T2

2g (
a51

n

(
j 51

N
]2

]xj ,a
2

2
D

T (
a,b

(
j ,k

d~xj ,a2xk,b!,

~15!

whereN is the number of lines andn the number of replicas
In the quantum system the line stiffnessg corresponds to the
fermion mass, the temperatureT is mapped onto\, and the
system size inz direction,Lz , onto \b whereb is the in-
verse quantum temperature. We are interested in the gro
state with SU(n) symmetry and the corresponding ener
E0(n). As a function of the replica indexn, the ground-state
energyE0 carries information on the statistics~cumulants! of
the line-lattice free energy. The disorder averaged mom
of the line-lattice partition function are given by

ln Z̄n5(
j 51

`
~2n! j

j !

Fc
j

Tj
52

E0~n!Lz

T
1n

Lx

a
ln Z0 . ~16!

Here,Fc
j are the cumulants of the disorder distributed lin

lattice free energy andZ0 is the partition function of a single
line with no disorder contributions. The above expansion
the number of replicasn relies on the assumption of analy
icity of the replica free energy~or ground-state energy!
aroundn50. That this assumption is indeed justified will b
demonstrated below.

The model of Eq.~15! is integrable and its ground-sta
energy can be obtained in terms ofn nested BetheAnsatzas
demonstrated by Sutherland22 for the repulsive case, and b
Takahashi23 and Kardar10 for the attractive case of interes
here. For the BetheAnsatzcalculationn is assumed an inte
ger number. In order to extract information from the groun
state energy about the thermodynamics of the line latt
E0(n) has to be analytically continued to real valuedn.
E0(n) in the limit n→0 has been obtained in Ref. 10. Usin
a different method for the analytical continuation, an expr
sion for E0(n) at arbitraryn was derived in Ref. 11. The
result of the latter reference can be summarized as follo
The BetheAnsatzequations can be analytically continue
and thus yield the allowed wave numbers of the ground-s
wave function for generaln. The ground-state energy ca
then be expressed in terms of the density function%(k)
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which yields the numberLx%(k)dk of allowed wave num-
bers in the interval@k,k1dk#. One finds

E0~n!5
grD2Lx

24T4
n~12n2!1n

T2Lx

2g E
2K

K

dk k2%~k!.

~17!

The (n-dependent! density function%(k) is determined by
the integral equation

nk5E
2K

K

dk8gn@~k2k8!l d#%~k8! ~18a!

with the kernel

gn~x!52 (
m50

`

arctanF nx

m21nm1x2G . ~18b!

The lengthl d5T3/(gD) is the characteristic length scale o
the interaction in the quantum problem. This length sets
crossover scale beyond which the line fluctuations are do
nated by disorder. In the above equations, the integral bou
ary K is fixed by the mean line density via

r5E
2K

K

dk %~k!. ~18c!

In the limit n→0, the integral equation~18a! assumes the
form10,11

E
2K

K

dk8H 1

l d~k2k8!
1p coth@p l d~k2k8!#J %~k8!5k.

~19!

This equation can be solved perturbatively inKl d , yielding

%~k!5A12~k/K !2F 1

2p
Kl d2

p

24
~Kl d!3

1
p3

144S 11
2

5
~kld!2D ~Kl d!51•••G . ~20!

In the opposite limit of vanishing disorder orl d→`, the
exact solution is%(k)51/(2p). Using Eqs.~17! and ~18c!
the ground-state energy can be calculated from Eq.~20! per-
turbatively in Kl d . Interestingly, it can be shown order b
order inKl d that theexactresult for the ground-state energ
is obtained from the first two terms in the square brackets
Eq. ~20!. Indeed one finds that13

E
2K

K

dk k2%~k!5
p2

3
r31r2l d

21 ~21!

to any order inr l d . Using f̄ 5 limn→0E0(n)/(nLx) this leads
to the mean free energy density of the line system,

f̄ 5 f 0̄r1
p2

6

T2

g
r31

D

2T
r2, ~22!

where the contribution from single noninteracting lines
given by
0-6
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f 0̄5C~g!T2
D

2jdT
1

gD2

24T4
, ~23!

with C(g) a disorder-independent contribution that cannot
obtained from BetheAnsatz. The result for interacting lines
@Eq. ~22!# was first derived in Ref. 13 while the latter resu
for a single line was first given in Refs.@10,24#. In the latter
works then→0 limit was taken after the thermodynam
limit which results for asingle line ~or directed polymer! in
vanishing second, fourth, and higher free-energy cumula
which was found to be not consistent with numeric
results25 and motivated further research for this problem26

However, very recent work by Brunet and Derrida27 gave
strong evidence for the applicability of the replica BetheAn-
satzeven for finite-size systems where it yields finite seco
and fourth-order free-energy cumulants. For the present
tem with a finite density of lines we will see below that a
free-energy cumulants are finite and scale linear with
system size. It should be noted that in the interaction ene
of Eq. ~22! the entropic thermal contribution—secon
term—and steric disorder contribution—third term—are si
ply additive with no interference between the two effec
They agree in their dependency on the system parame
with the respective expressions based on sca
arguments.20,24

So far we have only used the integral equation~18a! in
the limit n→0. However, this equation taken at smalln con-
tains information about the cumulants of the free ener
Therefore, we would like to compute the ground-state ene
E0(n) perturbatively inn!1. In general, this is not feasibl
by analytical means. Therefore, below we will solve E
~18a! numerically in order to extract the behavior ofE0 for
small n. There is, however, one important limiting ca
where analytical progress is possible. For strong disorde
low line density with l d!1/r, the integral, Eq.~18a!, has
been shown to assume a particular interesting form
reduces11 after a rescaling to the BetheAnsatzequation for
the one-dimensional Bose gas with arepulsived-function
interaction.28 The effective interaction strength of the Bo
gas is proportional ton2/ l d . Therefore, in the interesting
limit of small n one can either use the numerical solution
the BetheAnsatzequations for the Bose gas11 or Bogoli-
ubov’s perturbation theory29 to calculate the ground-state e
ergy E0(n) of the SU(n) fermions as a polynomial inn to
lowest order inr l d . From E0(n) the quenched average
moments of the partition function of the line system can
evaluated using Eq.~16!. For the disorder-dependent contr
butions one finds the result11

ln Zn̄52
LxLz

2 S D

T2D 3S g

TD 2H n

12
~12n2!l dr1n~ l dr!2

2
4

3p
n2~ l dr!3/21S 1

6
2

1

p2D n3l dr1O~n4!J .

~24!

The first term;(12n2)r in the curly brackets describes th
disorder contribution to the single-line free-energy cumula
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while the following terms stem from line interactions in th
presence of disorder. As can be seen from Eq.~16! the above
result provides the free-energy cumulants in the dilute lim
r l d!1. At higher densities, the mapping to the Bose gas
no longer valid and the ground-state energy has to be ca
lated by direct numerical solution of the integral, Eq.~18a!.
This will be done in Sec. IV C.

A natural limit to the validity of the RBA results is set b
the mapping of the line system with short-ranged correla
disorder to the quantum problem with a singulard-function
interaction arising from the disorder average. The charac
istic length scale in the quantum problem isl d which is in-
versely proportional to the disorder strengthD. If l d becomes
of the order of the cutoff lengthjd of the short-ranged dis
order correlator of Eq.~1!, the assumption of ultralocally
interacting fermions is no longer justified. Thed-function
interaction, however, is essential for the Fermi gas to
solvable by BetheAnsatz. The RBA results therefore ar
valid only for temperatures

T*T* 5~gjdD!1/3, ~25!

or, respectively, at sufficiently weak disorder. For lower te
peratures a modified replica symmetry-breaking solution
been suggested in Ref. 30 for the single line, the predicti
of which, however, could not be tested to date by oth
means. For the interacting line system the modifications
low temperatures implied by the replica symmetry-break
solution can be adapted.11 However, when the RBA results
are translated to the random bond dimer model it turns
that the low-temperature limitT,T* can be never realized
in the latter model.

IV. THERMODYNAMICS

A. Large-scale equivalence

Before studying thermodynamics, we will demonstra
that the statistics of the random bond dimer model and
associated discrete height profile on large length scales
well described by the continuum model for elastic lin
which can be treated analytically by the RBA. From t
simulation of the random bond dimer model, the correlatio
of the height profile$hi j % of modelB can be determined very
accurately. The quantitydh(r )5h(r )2^h(r )& measures the
thermal fluctuations of the height around its state pinned
disorder. A renormalization-group calculation predicts for t
disorder averaged correlation function2

C~r !5^@dh~r !2dh~0!#2&5
1

pK
ln~ ur u/b!, ~26!

i.e., logarithmic growth on large scales, irrespective of
value of ^h(0)&. A possible transition from a glassy low
temperature phase witĥh(0)&.0 to a free thermal phas
with ^h(0)&50 therefore is not reflected directly in this co
relation function. However, the coefficient 1/(pK) will be of
interest. The stiffnessK obtained from a measurement of th
correlation function for largeur u is the large-scaleeffective
stiffness, renormalized by contributions from thermal a
disorder fluctuations on smaller scales. It can be calcula
0-7
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exactly from the RBA free energy, Eq.~22!. First one can use
the thermodynamic definition of the compression modulus
Eq. ~8!,

c115a]a
2@a f~a!#,

and then gets via the relation of Eq.~10! the effective stiff-
ness

K5
p

16S 11
agD

p2T3D 1/2

. ~27!

Note that due to its linear dependence on density, the sin
line free energy of Eq.~22! does not contribute toK. The
result of Eq.~27! is compared in Fig. 5 to the numerica
result as obtained from the dimer model with isotropic d
order ~see also Ref. 8! and from the dimer model with no
random energies on the horizontal bonds, i.e.,e i j Ph50. The
disorder strengthD has been mapped here toTd according to
Eq. ~14! and Eq.~13!, respectively. The agreement is ve
good over orders of magnitude while theD-Td relation from
the comparison of annealed free-energy averages seems
better than the naive estimate. The validity of the repl
Bethe Ansatzcalculation including its sometimes debat
analytical continuation inn is nicely confirmed by our com
parison. Interestingly, no deviation from the RBA result
Eq. ~27! is found in the large disorder, i.e., low-Td limit. In
terms of the line-lattice temperatureT modifications of the
result of Eq.~22! must occur atT&T* , cf. Eq. ~25!, since
otherwise the free energy would not converge to a fin
ground-state energy forT→0. However, this problem no
longer exists after the mapping to the dimer model since
ratio AD/T of disorder and thermal energy is controlled

FIG. 5. Large-scale stiffnessK as a function of the inverse dis
order strengthTd . Shown are the simulation results for the dim
model with isotropic random energies and for the model with r
dom energies only on the vertical bonds together with the R
result of Eq.~27!. In the isotropic caseTd andD are related by Eq.
~14! with jd51.15 while in the anisotropic case Eq.~13! with jd

50.83 has been used.
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the single parameterTd
21 in the dimer model. Thus the pin

ning strength and thermal fluctuations cannot be varied in
pendently, and the crossover temperatureT* can vanish.

In the pure limitTd→` the stiffness approaches the valu
K5p/16 in agreement with both the exact calculation
terms of the nonrandom dimer model17 and the mapping of
the line lattice without disorder to free fermions. Hence t
most accurate simulation of a system of noncrossing lines
the dimer model is demonstrated. The precise valueK
5p/16 is of physical significance as shown by the RG sc
ing dimension of disorder in RSG model Eq.~9!,

lD52~12p/16K21!, ~28!

see also Ref. 13. The limiting value ofK5p/16 indicates
that infinitesimal disorder is marginal and the system is th
on the borderline between a glassy and a thermal free ph
Any finite amount of disorder increasesK which in turn ren-
ders disorder a relevant perturbation, leading to a gla
phase. This is consistent with the finding of Ref. 8 that
correlation function of the height profile, i.e., the one ofh
and not ofdh, always indicates a low-temperature glas
behavior.

B. Free energy, internal energy, and entropy

We now come to a direct comparison of fundamental th
modynamic quantities of the dimer model and of the co
tinuum model for the line lattice. We start with the disord
averaged free energiesF̄52T ln Z. Due to the different
meanings of temperature in the line and dimer context
will focus on the logarithm of the partition functionsln Z.
When relating the systems we remember the energy rela
Eq. ~4!, between dimer and line configurations. Therefo
the partition functionsZd of the dimer model andZl of the
line lattice are related by

ln Zd1Eref /Td5 ln Zl . ~29!

In the disorder averageln Zd1Eref /Td the reference energy
Eref5H ref($e i j8 %), cf. Eq.~4!, does not contribute as the bon
energies are drawn from a Gaussian distribution with z
mean. Higher moments of the free energy, however, con
contributions fromEref . In the simulations of the dime
model the moments of the density ln(Zl)/(bL)2 are measured
by taking into account the reference energyEref . The RBA,
however, provides the statistics of the free-energy densit
the line lattice@Eq. ~22!# which we denote byf l in the fol-
lowing. Both quantities are related by

ln Zl

~bL!2
52

Al

Ad

f l

T
, ~30!

whereAl5LxLz andAd5(bL)2 are the system sizes of th
line lattice and dimer model, respectively. Here we have
pay attention to the fact that the two models are only equi
lent after a rescaling of thez coordinate as explained for th
mapping between the modelsD andE in Sec. II C. Accord-
ing to Eq.~11! we have

-
A

0-8
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Al

Ad
5

a

16K

g

T
5

a

p

g

T S 11
agD

p2T3D 21/2

which has to be used in Eq.~30!. The disorder-independen
part of the single-line mean free energyf̄ 0 cannot be calcu-
lated unambiguously by the RBA. We thus combine t
disorder-independent contributions inf̄ l such that in the pure
limit ( Td→`) the known free energy of the dimer model
matched. In this limit, the partition functions of the dim
model just count the number of complete dimer coverings
the square lattice. This is a complex combinatorial probl
as any flip of one dimer may necessitate a cascade of
throughout the system. Nevertheless, the result is exa
known to be16

ln ZduTd→`5
G

p
L2 ~31!

in the thermodynamic limit with Catalan’s constantG
50.915 966. Next, we translate the line-lattice parameter
the dimer model along Table I and get for the dimer mo
without horizontal energies (e i j Ph50)

ln Zl

L2
5

1

Ap214jd /~bTd
2!

FG1
1

Td
2 S 12

jd

2bD2
1

6

jd
2

b2Td
4G .

~32!

If both vertical and horizontal bonds carry random energ
one should make the approximate replacement 1/Td

2→2/Td
2 ,

which can be improved by the correction terms of Eq.~14!,
as explained above. The second term;Td

22 in the square
brackets of Eq.~32! comes from terms proportional to diso
der in both the single-line free energy and the interact
part. The last term;Td

24 comes from the term;D2 in the
single-line free energy. When comparing the result of E
~32! to the simulation results for the dimer model, at fir
glance we find no agreement at all. However, as we w
discuss shortly, there are indications that one might hav
drop theTd

24 term of Eq.~32!. Doing so, we get the plots o
Fig. 6 for the isotropic and the anisotropic random bo
energies. Only the largeTd limit was fixed by the known
result of Eq.~31!, yet the agreement is excellent over orde
of magnitude down to small dimer temperatures. The o
fitting parameterjd /b arising from the disorder strength re
lation between the discrete and the continuum mode
found, as expected, to be of order 1, cf. the caption of Fig

Why do we have to drop theD2 term of the single-line
free energy@Eq. ~23!# to obtain agreement? One can, in fa
imagine a number of reasons for this discrepancy betw
the RBA result and the simulation data. The validity of t
RBA itself has been critically discussed, especially the in
change of thermodynamic limit and replica numbern→0
limit has been questioned. On the other hand, the simulat
are performed for discrete lattice versions of the continu
model which has been solved by RBA. We were not able
find a conclusive answer to what causes the absence o
D2 term in the simulation data. But in connection to this it
interesting to remind of a numerical analysis of the aver
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free energy of a single directed polymer in a random pot
tial via a transfer-matrix method in Ref. 31. In Fig. 7 th
simulation data of Table II of Ref. 31 are plotted, giving th
average free energy as a function of disorder strength. A
of this kind had not been shown in the cited reference. Ho
ever, it demonstrates that the data obtained in Ref. 31 a
with ours in not finding support for the term;D2 in Eq.
~23!.

Now we compare further thermodynamic quantities
the dimer model and the line lattice. The entropy and
internal energy of the dimer model

FIG. 6. Comparison of the disorder averaged free energy
obtained from the dimer model simulations and Eq.~32!, respec-
tively. ln Zl /L

2 is plotted against dimer temperatureTd;T/AD for
the isotropic dimer model (jd /b50.96) and the one with random
energies only on the vertical bonds (jd /b51.00). The simulation
data are for system sizeL3L52563256.

FIG. 7. Single-line average free energyf̄ 0 plotted against disor-
der strengthV2;D; data taken from Table II of Ref. 31,G;1/g.
The solid and dashed curves show the analytical result of Eq.~23!
without and with the term;D2, respectively. The reason for th
discrepancy is discussed in the text.
0-9
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Sd̄52
]

]Td
Fd̄5

]

]Td
~Td ln Zd!,

Ud̄5Fd̄1TdSd̄

are easily calculated from the RBA. In the dimer mod
simulations, the quenched averaged internal energyUd̄

5( ( i j )p( i j )e i j with the disorder configuration-depende
dimer occupation probabilityp( i j ) of bond (i j ) can be ob-
tained quite easily since the polynomial algorithm allows
calculate the probabilitiesp( i j ). The entropy is then ob
tained from the free energy by subtraction. A comparison
the data for internal energy and entropy with the RBA p
diction is given in Fig. 8 where we used the result of Eq.~32!

and ln Zd5ln Zl to calculateSd̄ and Ud̄ . We find excellent
agreement withjd /b.1. The slope ofSd̄ at Td50 is calcu-
lated from Eq.~32! to be

1

L2

]

]Td
Sd̄ uTd505GS b

jd
D 1/2

2
p2

8 S b

jd
D 3/2S 12

jd

2bD ~33!

FIG. 8. Comparison between simulation data and RBA result

the quenched average entropy densitySd̄ /L2 (jd /b50.98) and in-

ternal energy densityUd̄ /L2 (jd /b51.00). The data are for system
sizeL5256.
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and matches the simulation data very well.
Summarizing, the quantitative agreement between

RBA results for the line lattice and simulation data for t
dimer model is very satisfying; it is even more surprising f
the thermodynamic potentials than for the large-scale s
ness. The latter is expected to show universality in the se
that it does not depend on microscopic details of the mo
while the former receive contributions from all scales.A pri-
ori, the sensitivity to the contribution from modes close
the UV cutoff might have been expected to be importa
However, our above results indicate that the effect of sm
scales can be simply accounted for by the single-fit para
eter jd /b which was found to be very close to the naive
expected value of 1.

C. Higher moments

Higher cumulants of thermodynamic quantities descr
sample-to-sample fluctuations in experimental setups of
soscopic dimensions while for macroscopic systems th
scaling will give information on the self-averaging behavio
Analytic expressions for higher cumulants of the free ene
are available11 only in the strong disorder or dilute limi
l dr!1, see Eq.~24!. At higher densities we have to resort
a numerical computation of the ground-state energy wh

then yields lnZn̄ via Eq. ~16!, and thus the cumulants of th
free energy. In the following we are interested in a polyn
mial expression forE0(n). Thus we have to expand in Eq
~17! the integral of the kinetic energy with respect ton. We
introduce the dimensionless integral

Ẽkin~n![b3E
2K

K

dk k2%~k!

5~bK!3E
21

1

dy y2%̃~y![(
j >0

« j 11~r l d!nj ,

~34!

defining the expansion coefficients« j (r l d) which depend
only on the dimensionless parameterr l d . With this defini-
tion, explicit formulas for the variance~second cumulant!
and the skewness~third cumulant! of the reduced free energ
can be obtained from the RBA. Using Eqs.~16! and ~17!
together with Eq.~34! and the perturbative result of Eq.~24!
we get

r

~ ln Zl !c
2

L2
55 2

Al

Ad

Tb2

g
«2~r l d! → 2

Al

Ad

1

2
«2~Td! ~exact RBA!

Al

Ad

4

3p S bD

aT2D 3/2S bg

T D 1/2

→ Al

Ad

2

3p

~jd /b!3/2

Td
3

~perturbative,Td!1!,

~35!

~ ln Zl !c
3

L2
55

Al

Ad
H S D

T2D 2
bg

T

b

4a
2

3Tb2

g
«3~r l d!J → Al

Ad
H 1

4

~jd /b!2

Td
4

2
3

2
«3~Td!J ~exact RBA!

Al

Ad
S 3

p2
2

1

4D S D

T2D 2
bg

T

b

a
→ Al

Ad
S 3

p2
2

1

4D ~jd /b!2

Td
4

~perturbative,Td!1!.

~36!
0-10
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Here, the mappinggb/T→2, D/T2→(jd /b)/Td
2 , a→2b,

r l d→(b/jd)Td
2/4 between the line lattice and the dim

model with random energies only on the vertical bonds
been applied. Also the rescaling of the volume according
Eq. ~11! has to be applied for the comparison. In terms of
dimer temperatureTd , the rescaling factor reads

Al

Ad
5

ag

pT S 11
agD

p2T3D 21/2

→ 4

p S 11
4jd /b

p2Td
2 D 21/2

.

In order to compare the above RBA results to simulat
data for the dimer model over the whole range of disor
strength, we solve Eqs.~18a! and~18c! for r(k) numerically.
From r(k) the kinetic energy of Eq.~34! and thus the ex-
pansion coefficients« j are obtained. For a numerical trea
ment it is useful to rewrite Eq.~18a! in the form

y5
1

nE21

1

dy8gn@Kl d~y2y8!#%̃~y8! ~37!

with y5k/K and %̃(y)5%(Ky). At fixed Kl d , the dimen-
sionless function%̃(y) is computed by the inversion of th
discretized integral equation. This inversion is quite delic
since the present kind of inverse problem—a Fredholm in
gral equation of the first kind—is extremely badly cond
tioned. An adequate treatment is, however, possible by
of, e.g., the method of singular-value decomposition of
discretized integral kernel.32 The solution%̃(y) can only be
computed for a given value ofKl d . With the so obtained
solution we can calculate the right-hand side of

r

K
5E

21

1

dy%̃~y!.

The dimer model densityr51/(2b) then fixesK and we thus
obtain the disorder strength 1/l d that had been implied by ou
initially chosen value forKl d . In this approach we cannot—
due to the coupling of the BA equations—modifyn and l d
independently. A modifiedn implies a modifiedK, which
results in a different value ofl d . We hence have to adjust th
parameterKl d in Eq. ~37! upon change ofn such thatl d
remains constant. In practice, this is realized by the sim
method of nested intervals. The necessary number of
cretization points for the integral, Eq.~37!, depends crucially
on considered range of parameters. An increase in the le
scalel d stretches the integral kernelgn(kld)/n along the ab-
scissa, a decreasingn does so along the ordinate. Thus,
order to keep up a given level of accuracy, the number
discretization points has to increase likel d /n. We are unfor-
tunately interested in smalln as we want to extract the coe
ficients« j from the behavior aroundn50 and moreover in
large l d as the result for smalll d is known analytically.
Therefore it is important that the reliability of the numeri
can be checked in limiting cases where analytical results
%(k) are available. The limit of largel d→` or n→1 corre-
sponds to lines without quenched disorder which are
scribed by free fermions with a constant density%(k)
51/(2p). In the inset of Fig. 9, a plot of the numerica
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solution in the latter case is displayed, showing very go
agreement with the analytical expectation. Another lim
which can be compared to analytical results correspond
n→0. Then%(k) can be calculated perturbatively11 in Kl d ,
see Eq.~20!. We compare the numerical solution forn
51023 and Kl d50.1 with the result of Eq.~20! in Fig. 9.
Again the comparison is satisfactory while the mismatch
small k/K is due to the smallness ofn which necessitates a
high discretization level. In practice,n is chosen as not to
require more than 103 discretization points for a relative ac
curacy of 1024 in Ẽkin(n). Checks against the exact resu
for the quenched averaged free energy@Eq. ~22!# and the
strong disorder limit of the cumulants@Eq. ~24!# are also
satisfactory.

Having determined the solutionr(k), the coefficients« j
of Eq. ~34! can be extracted from the numerically calculat
Ẽkin(n) by repeated extrapolation ton50, subsequent sub
traction of this value from the finite-n result and final divi-
sion by n. This straightforward procedure is the best w
could think of but it is still error prone. While the desire fo
a small extrapolation error requires having data points
close as possible ton50, a simple calculation of erro
propagation shows that the error of a given data point
finite n scales asn2kdẼkin wherek stands for the order of the
coefficient anddẼkin for the original error of the data. How
ever, we were able to achieve sufficient high accuracy
extract reliable values for the second and the third cumul
The above described scheme was implemented with the
of numerical recipe routines.32 The data for the smallest dis
order values needed the highest discretization level and
sumed about 200 h computation time on a 2 GHz processo
for the determination of the cumulants at a given value
l d .

Before we compare the RBA predictions for the cum

FIG. 9. Numerical solution%(k/K) for small l dK, n50 and for
l dK→` ~inset!. The mismatch at smallk/K between the analytica
expression and the numerical solution forl dK50.1 is reduced with
an increasing number of discretization points. For the extraction
cumulants, larger values ofn/ l d have been used where a discretiz
tion level of 103 points suffices.
0-11
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lants to the simulation results for the dimer model we wo
like to make some remarks on the computation of cumula
in the dimer model simulations. In the replica theory t
cumulantsof random thermodynamic quantities appear na
rally, while in the simulations themomentsare immediately
accessible. Both are related as follows. If the genera
functional of the moments$mp% is

M ~n!511nm11n2
m2

2!
1n3

m3

3!
1•••,

then

ln M ~n!5nk11n2
k2

2!
1n3

k3

3!
1•••

generates the cumulants$kp%. The lowest cumulants ex
pressed in terms of moments are

k15m1 , k25m22m1
2 ,

k35m323m1m212m1
3 . ~38!

From the dependence of Eq.~16! on the system sizeAl
5Lx3Lz it follows immediately that all the free-energy cu
mulants scale linearly inAl . Apart from the average free
energy, the reduced cumulantskp /k1

p5Fc
p/F̄p hence vanish

in the thermodynamic limit asFc
p/F̄p;Al

12p as one would
expect from the central limit theorem. The distribution of t
free energy becomes infinitely sharp in the limit of lar
systems. In other words, the vortex-line array is se
averaging which in light of the infinite correlation leng
reflected by logarithmic correlations had not been evidena
priori .

For the determination of the cumulants from the simu
tion data the following problem is entailed. The momentsmp

scale with the system size likemp;Al
p . From Eq.~38! we

see that a cumulant of orderp has to be calculated as a su
of terms that grow by a factorAp21 faster with the system
size than the cumulant itself. Therefore, at a given accur
of the simulation data for themp , which primarily depends
upon the number of disorder samples, a limit is set to
system size up to where cumulants can reliably be obtain
This maximum system size decreases with the order of
cumulant. On the other hand, finite-size effects have to
minimized as well and, as a consequence, at the achie
precision of 1025 for the momentsmp in the dimer model,
the variance can be trusted only for system up to sizeL
564 and the third cumulant up to sizeL516.

In the following, we compare the simulation data for t
cumulants(ln Zl)c

p/L2 for p52,3 with the RBA predictions of
Eqs.~35! and~36!. The variance (p52) as a function ofTd
has been computed for the dimer model of sizeL564 and is
shown in Figs. 10 and 11 together with the RBA result. W
the only fitting parameterjd /b50.8 we find very good
agreement. In addition, the plots show that our numer
solution of the full BetheAnsatzequations nicely confirms
the perturbative solution at smallTd . The deviation at larger
Td shows that the numerical solution is inevitable for a co
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parison with the simulation data. A closer look at the analy
cal result of Eq.~35! and the data points of Figs. 10 and 1
shows that(ln Zl)c

2/L2 doesnot follow strictly a power law in
Td . The third cumulant~skewness,p53) is shown in Fig.
12. For the reasons explained above, the dimer data are
trusted only for the small systemL516 and here only for
Td&1. In this range, no substantial deviations from the p
turbative evaluation of the cumulant, cf. Eq.~36!, are ex-
pected. Indeed, the agreement between theory and simul
is again very good withjd /b50.8. Although the numeri-
cally determined coefficient«3 has an error of only;15%,
the actual uncertainty of the third cumulant is larger. T
reason is the following. In the exact RBA result of Eq.~36!
the magnitude of the second term;«3 amounts throughou
the studied parameter range to about 85% of the first te
Since the terms are subtracted, the original error of 15% g

FIG. 10. Simulation data for the dimer model with random e
ergies on the vertical bonds only~diamonds!, the numerical result of
the RBA equations~full line!, and the perturbative RBA resul
~dashed line! for (ln Zl)c

2 /L2. The fitting parameter isjd50.8, dimer
system size isL564.

FIG. 11. Same as Fig. 10 with a smaller range ofTd .
0-12
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amplified to ;100% in the final expression for the thir
cumulant. However, this does not restrict the compari
since the perturbative RBA solution could not have be
corrected noticeably in the rangeTd&1 which is set by the
simulation data at hand. Note that both the simulation d
and the perturbative RBA result consistently do not obe
power law inTd , see Fig. 12.

It must be noted that there is agreement for the third
mulant only if the term;n3 from the single-line contribu-
tion ;(n/12)(12n2)D2 in Eq. ~24! is taken seriously, oth-
erwise not even the sign of the cumulant would mat
However, the part linear inn stemming from the same con
tribution we had to drop in the comparison of the avera
free energy, being consistent with another independ
study31 of the single-line free energy. Since a single line~or

FIG. 12. Simulation data~diamonds! and perturbative RBA re-
sult ~full line! for the third cumulant~skewness! (ln Zl)c

3 /L2. The
dimer system size isL516. Note that the data do not follow
power law.
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directed polymer! is expected to have an asymmetric diso
der free-energy distribution, we do not argue for a compl
irrelevance of the contributions;D2 in the single-line terms
of Eq. ~24!, consistent with our simulation data for the thir
cumulant, but suggest a reassessment of the free-energy
tribution of a single line in random media.

D. Specific heat

The specific heat of disordered systems is strongly in
enced by the complex nature of thermal excitations about
pinned ground state. In the context of spin glasses the e
tations are considered as droplets, i.e., connected region
which the thermal activated configurations differ from t
ground-state configuration.6,33 Droplets appear on all length
scales with the lowest-energy ones appearing on lar
length scales. Here we would like to test the RBA predicti
for the mean specific heat by comparing to our simulat
results. The disorder averaged specific heat of the di
model with random energy on horizontal and vertical bon
can be measured via the thermal fluctuations of the dim
energy,

cd̄5L22
^Hd

2&2^Hd&
2

Td
2

, ~39!

whereHd is the Hamiltonian of the dimer model, see Se
II B. From the RBA result for the free energy, Eq.~22! ~again
without theD2 term in the single-line free energy!, the spe-
cific heat is calculated easily using

cd̄5
Td

L2

]2

]Td
2 ~Td ln Zd!, ~40!

where ln Zd5ln Zl is given by Eq.~30!. After the mapping
D/T2→2(jd /b)/Td

2 , bg/T→2, r→1/(2b), the mean spe-
cific heat of the dimer model reads
cd̄5
2p2@2p22~jd /b!~p214G!#Td

328@2p22~jd /b!~p2116G!#~jd /b!Td

@p2Td
218~jd /b!#5/2

. ~41!
t is
by
th

the

c

isor-
e-
In Fig. 13 we compare this RBA result to the simulation da
which we obtained via Eq.~39!. We find rather nice agree
ment over the entire range ofTd with the choicejd /b
50.98 for the only fitting parameter, which is consistent w
our findings above. There are no further adjustable par
eters in the comparison shown in Fig. 13. Also note that
dimer specific heat probes for the agreement of the RBA
simulations predominantly in the region aroundTd.1, the
drop to zero for small and largeTd being generic rather tha
specific. So it can be considered complementary to the m
free energy which tested for amplitude and exponent at sm
Td while the largeTd ~or pure! limit was fixed to the exactly
known result, see Sec. IV B.
a

-
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The linear low-temperature behavior of the specific hea
typical of random systems. It can easily be understood
considering the lowest-lying excitations on a given leng
scale,. On each scale for a given disorder environment
ground state~with zero energy! and the lowest excitation
~with energy E) form a two-level system, whose specifi
heat is

c,,E5
]

]T

Ee2E/T

e2E/T11
.

The excitation energies obey a length scale dependent d
der distributionp,(E) and the contribution to the mean sp
0-13
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cific heat from each scale is

d c̄,5E
0

`

dEp,~E!c,,E;p,~01 !T.

For a finite density of excitations at small energie
limE→01p,(E).0, the specific heat as a superposition
exponential contributions from each scale will belinear at
small temperatures which is a famous insight of Anders
et al.34 Integration over all length scales allows to write t
mean specific heat asc̄5*0

Ld,d c̄, which becomes exact in
the limit T→0. In the droplet theory of spin glasses th
distribution functionp,(E) is a central quantity. From the
finite-size scaling of the mean specific heat one can hop
obtain information on this distribution function as wit
growing system size larger droplets will fit into the syste
However, the droplets in our dimer model simulation seem
be dominated by the system boundaries. The number of
figurations of lowest excitation energy that differ only on t
boundaries from the ground-state configuration scales
the linear system sizeL, yielding a 1/L decayfor the specific
heat ~instead of a growth from bulk droplets! to its
asymptotic value . In fact, this scaling behavior is observ
for the specific-heat data of our dimer model simulation,
Fig. 14. Indeed, low-lying excitations on the boundary c
be easily identified. Consider a bond on the boundary tha
occupied by a dimer in the ground state. A configuration t
does not cover this very bond may remain unchanged on
the other bonds since simulations are done with open bou
ary conditions. The missing energy on the bond is the e
tation energy, whose probability distribution, however,
nontrivial. The knowledge of this distribution would allow t
calculate the finite-size scaling of the slope of the spec
heat atTd50. Due to the simplicity of the boundary drople
the distribution could be computed with the dimer algorith
The conditional probability that a bond is occupied given
random energy is just the probabilityp( i j ) introduced above

FIG. 13. Mean dimer specific heatcd̄ . Shown are the simulation
data~diamonds! and the analytical result of Eq.~41! derived from
the RBA ~full line!. The simulated dimer model has random en
gies on horizontal and vertical bonds, and is of sizeL5256.
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in the calculation of the internal energy, see Sec. IV B. It c
be easily obtained from the dimer algorithm. The distributi
of the boundary droplet energies is then given
p( i j )p(occ)/p(E) with p(occ), p(E) being the probabilities
for the occupation and energye i j 5E of a bond, respectively

The smallest droplet excitation in the bulk is likewise ea
ily identified as the rotation of a plaquette that consists
two opposite dimers. The probability distribution for the e
ergy difference of the two configurations is, however, n
easily obtained. It is complicated by the condition that t
two dimers before the flip must be part of the ground-st
configuration. In the simulations, it should be stressed,
tistics of droplet energies can in principle be measured s
tematically in the following straightforward procedure. For
given disorder configuration the ground-state dimer cover
is determined. Then the energy of one arbitraryoccupied
bond in the bulk is set to infinity and the new ground state
determined. It will not contain the bond with infinite energ
and hence have higher energy than the original ground s
The energy differenceE together with the diameter, of the
nonoverlapping region of the two ground states is measu
The statistics of these pairs of values for many disorder
alizations yield the distributionp,(E). Quantitative support
of the scaling prediction of droplet theory is in reach cons
ering the orders of magnitude over which the dimer mo
can be simulated.

V. SUMMARY AND DISCUSSION

In this paper we have compared recent exact replica Be
Ansatzresults for the planar line lattice with numerical sim
lations of the classical random bond dimer model. We fou
excellent agreement for a large set of disorder averaged t
modynamic quantities, namely the effective disorder ren
malized elastic stiffness, the free energy, the internal ene
entropy, and the specific heat of the dimer model. Charac
istics of the disorder distribution of thermodynamic quan
ties can also be obtained both from the BetheAnsatzand
from simulations and their agreement has explicitly be

-

FIG. 14. Scaling of the slope of the dimer specific heatcd̄ at
Td50 with the system size.
0-14
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shown for the variance and the skewness~third cumulant! of
the free energy. The comparison thus confirms the rep
Bethe Ansatz calculation of Ref. 11 and makes th
(111)-dimensional line lattice one of the few glassy sy
tems for which the validity of a replica approach~without
replica symmetry breaking! can be critically tested in detail
In the comparison, only one free parameter has been u
which is the ratio of the short-scale regularization lengths
the continuous line model and the lattice constant of
discrete dimer model. The ratio is found to be consistently
the order of unity for all studied thermodynamic quantitie
One term in the single-line free energy, first given in Ref. 2
could not be confirmed by the simulations, in consisten
with numerical data of Ref. 31. It would be interesting
.

E.

b

b
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relate the droplet excitations of the dimer or line system
the excitations of the related SU(n) Fermi gas in the limit
n→0. In view of the manifold links of dimer covering mod
els to condensed-matter systems, especially of s
systems35–37 the link to the exactly solved disordered line
lattice model might prove useful in future applications.
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