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(0 2, Use the Lucas asset-pricing model outlined in the class lecture notes. Modify that

e model by assuming that there are two trees, type A (for apple) and N (for nectarine).
Each yields fruit according to a Markov process. Let the random variable be s and
assume that the apple tree has output a : § — [0,@] and the nectarine tree is n : S —
[0,72]. The household maximizes

Ey Z ﬁtU(Ct)
£=0

subject to
Za,t[Pay + ) + Zn,t[l?n,t +ne| > e + Sat+1Pa,t F Znt 1Pt (62)

(a) Write down the Bellman equation and derive the first-order conditions and the
envelope condition.
Answer The Bellman equation is
V(Za,ta <ty T, at) = max [U(Q) + ,BEtV(Za,tH, L4+, Nept, at+1)] (63)
CtsZa,b+1:2n,041}

subject to the budget constraint above. Let )\, denote the Lagrange multiplier.
The first-order conditions and envelope conditions are

Ule) = A (64)
/\tpa,t = BEWV (65)
/\tPn,t = [V, (66)
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(d)

"/} = /\t[pa’f/ -+ (1,5] (67)
Voo = Afpnge + ) (68)

Substitute the envelope conditions into first-order conditions to eliminate the
value function derivatives and then eliminate ),. The result is a pair of equations

U’(Cz)l)a,z, = ,SEtU/(Cu 1)[Pa,t+1 + @tﬂl (69)
Ue)pny = BEU (con ) prast + Ner1) (70)

Determine the market clearing conditions and substitute into the first-order con-
ditions.
Answer - The market-clearing conditions are

G = a1y
Lap = 1
It = 1

Substitute into the first-order conditions to obtain

(/"((Jrg -+ nt)pw = ,BEJ]’([I, el -+ nt,H)[pa’pr} -+ CLH1] (71)
U’(dt + nt)?—)n,t = /3Ef,U/(at+1 + T )[pn‘H—l + 71t+1,} (72)
Use the covariance decomposition to find the equity risk premium for each type
of equity. ,
Answer - Let M, = gl—%—ﬁ‘%}*ﬁ%”—ﬁ and define vy = [E;M;y,] ™" as the risk-free
rate of return. Define Ry, , = B “p‘:f"“ and R, = Pﬁ’%]f;ﬂ”— as the rates of
return on the equities. Then
E'tRa,H'l - Tfe = ”T‘f,zCOV(AftH: R?,H)
Eg[?ﬂ,;.u T = "'7'_,‘5360\’(}\'1,,%1 g RZ”)

The intertemporal marginal rate of substitution A is the stochastic discount
factor. The covariance of the assel’s return with the stochastic discount factor is
called the asset’s J-coefficient.

Suppose that when the apple crop is large, the nectarine crop is small, on average.
Hence the dividends on the two equities are negatively correlated. Describe how
the two returns will be related using economic intuition.
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Answer Since the two dividend processes tend to he negatively correlated, cop-
sumption tends to be smoother than it would be if the dividend processes were
positively correlated. A big drop in apples is likely to be offset by 3 bumper
Crop in nectarines so that consumption declines very little. Hence the risk pre-
mium for cach asset would likely he quiite small because, by holding a diversified
portfolio, consumption can he quite smooth over time. Compare this to the case
where apples and nectarines are positively correlated. Then consumption can’t
be smoothed over time by holding a diversified portfolio. When the returns to
apples and nectarines are high, consumption is also high and hence the stochastic
discount factor ig low since utility is strictly concave. Hence the covariance for
each asset is likely to be large in absolute value (remember it’s negative). Hence
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