Online Appendix for
“Portfolio Selection with Mental Accounts and Background Risk”
Alexandre M. Baptista

The George Washington University

This Appendix contains proofs of the theoretical results in the paper “Portfolio Selection with
Mental Accounts and Background Risk” published in the Journal of Banking and Finance 36,

968-980, April 2012.
The following three results are useful in our proof of Theorem 1.

Lemma 1. Fiz an account m € {1,...,M} and a level of expected return E € R for it. The
portfolio that minimizes account m’s variance subject to the restriction that the account has an

expected return of E is given by:

wp = w,, + ¢p (w1 — w) (16)

E-E
where ¢ = BIA—AIC" Furthermore, we have:

U[TwE,m] — \/Ugn‘f‘ (E[TwEgl)gEm)Q_ (17)

Proof. Fix an account m € {1,..., M} and a level of expected return E € R for it. The portfolio
that minimizes account m’s variance subject to the restriction that the account has an expected

return of E solves:

. ]‘ / !/
wnel]%\’ 3 (w Yw + Qm + 2w \Ilm) (18)
st. w1l = 1 (19)
wpy = E—vpy. (20)

A first-order condition for wg to solve problem (18) subject to constraints (19) and (20) is:

Swg+ ¥, — 11 — oou =0, (21)



where 0 is the N x1 vector [0 --- 0], and ¢; and ¢, are multipliers associated to these constraints.
Using Eq. (21), we have:

wp =X 114+, p -2 1w, (22)

Premultiplying Eq. (21) by 1’ and using Eq. (19), we obtain:
1=¢C+ pA— Ay, (23)

Premultiplying Eq. (21) by g’ and using Eq. (20), we obtain:
E—vp =90 A+ pyB — B, (24)

where B,, = p/S71W,,. Egs. (23) and (24) imply that:

=G (25)
and
E - (1+Am)A/C—um+Bm. (26)

A B— A2)C
Noting that E,, = (1 + A;,) % + vy — B, Eq. (16) follows from Eqgs. (22), (25), and (26), and

the definitions of w,,, wo, and w;. Using Eq. (22), we have:

o[rwgm] = \/w%C + 201924 + 93 B + Qn — Cim, (27)

where C,,, = ¥/ 271, Egs. (25) and (27) imply that:

1+ A, —p,A\2 1+ A, —p,A
O[rwpm] = \/<+C“02> C+2 <+c¢2> 02 A+ Q2B+ Qm — Con. (28)

Using Eq. (28) and elementary algebra, we have:

1+ Ap)? A2
U{TwE,m] = \/(_‘_C,) + Qo — Ciy + 803 <B — C> (29)
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Noting that o2, = % + Qm — C, Eq. (17) follows from Egs. (26) and (29).00

Lemma 2. If a;, < ®(—/D/C), then V|1 — au, Tw,,,m] = —Ha,,-
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Proof. Suppose that a,, < ®(—+/D/C). Using Eq. (4), w,, minimizes account m’s variance
subject to the restriction that the account has an expected return of E[ry,, m]. Lemma 1 implies

that E[ruw,,m] solves:

E—E,)?
i I et Y 30
i Z%\/%+ : (30)

A first-order condition for E[ry,, m] to solve problem (30) is:

(Elrw,m] — En)/(D/C)

Zoum, —1=0. (31)
V@t (Blruw,m] — E,)?/(D/C)
It follows from Eq. (31) that:
_ | (D/C)* a2,
E[Tgmam] - ng o D/C +Em (32)
Using Eqgs. (17) and (32), we have:
ZamTin
O[rw,,,m] = 2 - DJC (33)

Egs. (4), (32), and (33) imply the desired result.C]

Lemma 3. Fiz any account m € {1, ..., M} with a,,, < ®(—+/D/C) and Hy, < H,,,. The optimal
portfolio within account m is given by w,, = wg for same E € R with £ > E,,. Furthermore, we

have V|1 = aum, T,y .m) = —Hm.

Proof. Fix any account m € {1,..., M} with o, < ®(—y/D/C) and H,, < H,,,. First, we
show that w,, = wg for some E € R. Suppose by way of a contradiction that w,, # wg, where
E = Elry,, m). It follows from Lemma 1 that o[ry,m] < 0[rw,, m]. Since E[ry,m] = E[Tw,, m]

and o[y ,.m] < 0[Tw,,,m], Eq. (4) implies that:
VL = &, Twgm] < VL — o, Ty ml)- (34)

Fix any Ey € R with Ey > E[ry,,m|. Let ¢ > 0 be arbitrarily small. Consider portfolio w,
=cwp, + (1 — ¢)wg. Note that:

Elrw.m) > Erwgm]- (35)



Since ¢ is arbitrarily small, Eq. (34) implies that:

VII = am, Twem] < V[ —am,Tw,m
< —H,, (36)
where the second inequality follows from the definition of w,,. Egs. (35) and (36) contradict the

fact that w,, is the optimal portfolio within account m. This completes the first part of our proof.

Second, we show that F > E,,. Using Egs. (4) and (17), we have:

VIL = s Pagn] = 20\ 02+ (Elrwpn] = E)? ] (DJC) = Elrupml. (37)

It follows from Eq. (37) that:

OV — aum, Twgm] =2, (Elrwg,m] — Ey) [/ (D/C)
OElrusm) V224 (Elrwgm] — ) /(D))

1 (38)

m

Since z,,, > 0, Eq. (38) implies that if E[ry,m] < E,,, then OV[1 — o, Tw gy .m]/OE[Twym] < 0.
Hence, we have E > E, .. This completes the second part of our proof.

Third, we show that V(1 — o, 7w, m] = —Hm. Suppose by way of a contradiction that V1 —
Qs Twpm) < —Hp. Fix any Eo € R with Ey > E[ry,, m]. Let £ > 0 be arbitrarily small. Consider

portfolio we = Ewpg, + (1 — {)w,,. Note that:
Elrwem] > Elrw,, m] (39)

and

V1 = amy Twem] < —Hm. (40)

Egs. (39) and (40) contradict the fact that w,, is the optimal portfolio within account m. This

completes the third part of our proof.l]

Proof of Theorem 1. Fix any account m € {1,..., M }. First, we show part (i). Suppose that
am > ®(—+/D/C). Then:
0< 24, <v/DJC. (41)



Fix any E € R. Note that:

(Elrwpml = E,)/(D/C) 1 (42)

\/g?n + (Elrwpm) — E,)*/ (D/C) D/C

It follows from Egs. (38), (41), and (42) that:

OVl — am, Twpg,m)
OE[rw.m)

<0. (43)

Eq. (43) implies that the optimal portfolio within account m does not exist.

Suppose that a,, < @(—\/W) and H,, > H,,,. Note that —H,,, < —H,,, = V[l—am,rgm,m].
Hence, there exists no portfolio w that meets constraint (5). Therefore, the optimal portfolio within
account m does not exist. This completes our proof of part (i).

Second, we show part (ii). Suppose that a,, < ®(—/D/C) and H,, < H,,,. Using Lemma 3,

we have E[ry,, m] > E,,. Hence, it follows from Lemma 3 and Eq. (17) that:

Elrwnm] = B +1/D/C (02[rw,.m] — 02). (44)

Using Egs. (4), (44) and Lemma 3, we have:

2am [P m) — B~ \/D/C (02w m] — 03) = —Ha. (45)
It follows from Eq. (45) that:
ClUQ [Tw,,m] + C20[Tw,,m] + (3 =0, (46)

where (; = zim - D/C, (4 = —224,, (E

m

— Hy,), and (3 = (E,, — Hp)® + (D/C) 02,. Using Eq.

(46), we have:

s (= H) £\ [(D/C) [(By — Ho)? = (33, — DIC),
22 —D/C

(47)

o-[rwm»m] =

Egs. (8)—(11) follow from Lemmas 1 and 3, and Eqgs. (44) and (47). This completes our proof of

part (ii).OJ



The following result is used in our proof of Corollary 1.

Lemma 4. Consider an investor with a single account who faces account m’s background risk and

has an objective function given by Eq. (12). The investor’s optimal portfolio is:

(48)

Proof. Consider an investor with a single account who faces account m’s background risk and has

an objective function given by Eq. (12). The investor’s optimal portfolio solves:

max w'p + I/m—%” (w’Ew 4+ Qo + 2w’\Ilm)

weRN

s.t. w'l=1.

A first-order condition for w, to solve problem (49) subject to constraint (50) is:

n—"Ym (Ewym + \I!m) +Anl =0,

where A, is the multiplier associated with this constraint. Eq. (51) implies that:

Aml
w, =¥ (’” - \Ilm> .
Tm

Premultiplying Eq. (52) by 1’ and using Eq. (50), we have:

US T 1E
Tm

1 1>y,

Eq. (53) implies that:
__7m(1+*Am)__A

Am =
C
It follows from Egs. (53) and (54) that:
> Slp-4311
W, ::(1+_an) C -3 gpm'+ ~

The desired result follows from Eq. (55) and the definitions of w,,, wo, and w;.0]

Wm»

(49)

(50)

(52)



Proof of Corollary 1. Fix any account m € {1, ..., M} with a,, < ®(—+/D/C) and H,,, < H,,,.

The desired result follows from Eqgs. (8) and (48).0

Proof of Corollary 2. Fix any account m € {1, ..., M} with a,,, < ®(—+/D/C) and H,, < H,,,.
First, we show the ‘if’ part. Suppose that W¥,, = d11 + dop for some constants §; and do. Using

the definition of w,, and the assumption that ¥,, = d;1 + dap, we have:
w,, = [1+ 1S (511 + dop)] wo — =71 (611 + Gope) . (56)

It follows from Eq. (56) that:

w,, = wy — Aday (w1 — wy) . (57)
Egs. (8) and (57) imply that:
Wy, = wo + (1, — Ad2) (w1 — wo) . (58)
Merton (1972) shows that a portfolio w is on the mean-variance frontier if and only if:
w = 0wy + (1 —0)w; (59)

for some 0§ € R. It follows from Egs. (58) and (59) that portfolio w,, is on the mean-variance
frontier. This completes the first part of our proof.
Second, we show the ‘only if’ part. Suppose that w,, is on the mean-variance frontier. Using

Egs. (8) and (59), w,, is also on this frontier. Hence, Eq. (59) implies that:
w,, = 0, wo + (1 —0,,)w1 (60)
for some 6,, € R. Using the definition of w,, in the left-hand side of Eq. (60), we obtain:
(1+127',,) wo — ='W, = 0, wo + (1 — 0,,)w, (61)

or equivalently:
2, = (141271, —0,,) wo — (1 — 6,,)w1. (62)
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Premultiplying Eq. (62) by X, we have:

1+1'2"'w,, — 0 1-6
‘I’m — mqo_ Mo,
C a P (63)

It follows from Eq. (63) that ¥,, = §11 + Ja2pu for some constants §; and dz. This completes the

second part of our proof.[]
The following result is used in our proof of Corollary 3.

Lemma 5. Consider an investor with a single account who does not face background risk and has

an objective function given by Eq. (13). The investor’s optimal portfolio is:

A
w~y = wo + ; ('w1 — ’wo) . (64)

Proof. Consider an investor with a single account who does not face background risk and has an

objective function given by Eq. (13). The investor’s optimal portfolio solves:

/ Yo
ma; wp — —wXw 65
nas m= g (65)
s.t. w'l = 1. (66)

A first-order condition for w, to solve problem (65) subject to constraint (66) is:

p—yXw, —A1=0, (67)

where )\ is the multiplier associated with this constraint. Eq. (67) implies that:

S lp—-Ax 11
e ) )
Y
Premultiplying Eq. (68) by 1’ and using Eq. (66), we have:
IS lp-A1Us'1
1= H . (69)

7y



Eq. (69) implies that:

L (70)

The desired result follows from Eq. (71).0

Proof of Corollary 3. Fix any given account m € {1, ..., M} with a,, < ®(—+/D/C), H,,, < Hg,,,,
and W, = 011 + dop for some constants §; and d2. It follows that Eq. (58) holds. Egs. (58) and

(64) imply the desired result.]

Proof of Theorem 2. Suppose that a,, < ®(—+/D/C) and H,, < H,,, for any account m €

{1,...,M}. Using Eq. (8), we have:

Wq = Zn]\le Ym Wy, + 2%21 YmMNm (wl - wo) : (72)

Noting that w, = Z%zl YmW,,, the desired result follows from Eq. (72).00

The following result is used in our proof of Corollary 4.

Lemma 6. Consider an investor with a single account who faces the aggregate background risk

and has an objective function given by Eq. (15). The investor’s optimal portfolio is:

wy, =w, +— (w; — wo). (73)

¢ a
Proof of Lemma 6. Similar to the proof of Lemma 4 and thus omitted.[J

Proof of Corollary 4. Suppose that a,, < @(—\/W) and H,, < H,,, for any account m €

{1,..., M}. The desired result follows from Egs. (14) and (73).00



Proof of Corollary 5. Suppose that a,, < ®(—+/D/C) and H,, < H,,, for any account m €
{1,..., M}. First, we show the ‘if’ part. Suppose that ¥, = 611 + dap for some constants §; and

02. Using arguments similar to those in the proof of Corollary 2, we have:
w, = Wo + (’I’]a — ACSQ) ('w1 — 'wo) . (74)

It follows from Eqgs. (59) and (74) that portfolio w, is on the mean-variance frontier. This completes
the first part of our proof.
Second, we show the ‘only if’ part. Suppose that w, is on the mean-variance frontier. Using

Egs. (14) and (59), w, is also on this frontier. Hence, Eq. (59) implies that:
w, = O,wo + (1 — 0,)w: (75)

for some @, € R. Using arguments similar to those used in the proof of Corollary 2, we have:

1411w, -0 1—46
\I] — 7(11_ =—a
“ C A

(76)

It follows from Eq. (76) that ¥, = 011 + dop for some constants §; and d2. This completes the

second part of our proof.[]

Proof of Corollary 6. Suppose that o, < ®(—/D/C) and H,, < H,,, for any account m €
{1,..., M}, and ¥, = 611 + dop for some constants 1 and do. It follows that Eq. (74) holds. Egs.

(64) and (74) imply the desired result.]
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