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1. Proofs

Proof of Theorem 1. Suppose that wE,α,V exists. First, assume Vα,wE ≤ V . The desired

result follows from Eq. (1). This completes the first part of our proof.

Second, assume Vα,wE > V . We begin by showing that

Vα,wE,α,V = V. (14)

Suppose by way of a contradiction that Vα,wE,α,V
< V. Let w

∗
≡ εwE + (1− ε)wE,α,V , where

ε > 0 is arbitrarily small. Since RwE
= RwE,α,V

= E,

Rw∗
= E. (15)

Using the fact that the portfolio on the unconstrained boundary with expected return E

is unique, we have σ2

wE
< σ2

w
for any portfolio w with an expected return of E and w 
=wE.

Thus, since RwE,α,V
= E and wE,α,V 
=wE, we have σ2

wE
< σ2

wE,α,V
. Let g : RJ→R be defined
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by g(w) = σ2

w
. Since V is positive definite, g(·) is strictly convex. Thus,

σ2

w∗

< εσ2

wE
+ (1− ε)σ2

wE,α,V

< σ2

wE,α,V
, (16)

where the last inequality follows from the fact that σ2

wE
< σ2

wE,α,V
.

Next, we show that

Vα,w∗
< V. (17)

For any portfolio w , let Ω(w) ≡ {s ∈Ω : w�
Rs < −Vα,w}, Ω(w) ≡ {s ∈Ω : w�

Rs = −Vα,w},

and Ω(w) ≡ {s ∈Ω : w�
Rs > −Vα,w}. Since ε is arbitrarily small, w�

∗
Rs is arbitrarily close

to w
�

E,α,VRs for any s ∈ Ω. Hence,

w
�

∗
Rs < w

�

∗
Rs < w

�

∗
Rs ∀(s, s, s) ∈ Ω(wE,α,V )× Ω(wE,α,V )×Ω(wE,α,V ). (18)

Note that

P [R̃w∗
> w

�

∗
Rs] ≥ P [R̃wE,α,V ≥ −Vα,wE,α,V

] ≥ α ∀s ∈ Ω(wE,α,V ), (19)

where the first and second inequalities follow from, respectively, Eqs. (18) and (4). Also,

P [R̃w∗
≥ w

�

∗
Rs] ≤ P [R̃wE,α,V

> −Vα,wE,α,V
] < α ∀s ∈ Ω(wE,α,V ), (20)

where the first and second inequalities follow from, respectively, Eqs. (18) and (5). Eqs.

(4), (5), (19), and (20) imply that Vα,w∗
= −w

�

∗
Rs for some s∈Ω(wE,α,V ). Since −w

�

∗
Rs is

arbitrarily close to −w
�

E,α,VRs = Vα,wE,α,V
for any s∈Ω(wE,α,V ), Vα,w∗

is arbitrarily close to

Vα,wE,α,V
. Thus, Eq. (17) holds since Vα,wE,α,V

< V . Eqs. (15)—(17) contradict the fact that

wE,α,V is on the VaR-constrained boundary.
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It follows from Eq. (14) that wE,α,V solves

min
w∈RJ

1

2
w
�
Vw (21)

s.t. w
�1 = 1 (22)

w
�
R = E (23)

w
�
Rs = −V ∀s ∈ Ω(wE,α,V ) (24)

w
�
Rs ≤ −V ∀s ∈ Ω(wE,α,V ) (25)

w
�
Rs ≥ −V ∀s ∈ Ω(wE,α,V ). (26)

Using the definition of Ω(wE,α,V ) and Ω(wE,α,V ), constraints (25) and (26) do not bind. First-

order conditions for wE,α,V to solve problem (21) subject to constraints (22)—(24) are

VwE,α,V − λ11− λ2R−
K+2∑
k=3

λkRsk = 0 (27)

w
�

E,α,V 1 = 1 (28)

w
�

E,α,VR = E (29)

w
�

E,α,VRsk = −V, k = 3, ..., K + 2, (30)

where λ1, ..., λK+2 are Lagrange multipliers associated with these constraints and {s3, ..., sK+2} =

Ω(wE,α,V ). Since rank(V ) = J , Eq. (27) implies that

wE,α,V = λ1(V
−11) + λ2(V

−1
R) +

K+2∑
k=3

λk(V
−1
Rsk). (31)

Eq. (31) implies that Eq. (6) holds with (β1, ..., βK+2) = (λ1c, λ2a, λ3cs3, ..., λK+2csK+2). We

now find LE,V ≡ [λ1 · · · λK+2]
�. Premultiplying Eq. (31) by 1� and using Eq. (28), we have

λ1(1
�
V
−11) + λ2(1

�
V
−1
R) +

K+2∑
k=3

λk(1
�
V
−1
Rsk) = 1. (32)

Premultiplying Eq. (31) by R
�

and using Eq. (29), we obtain

λ1(R
�

V
−11) + λ2(R

�

V
−1
R) +

K+2∑
k=3

λk(R
�

V
−1
Rsk) = E. (33)
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Premultiplying Eq. (31) by R
�

s and using Eq. (30), we have

λ1(R
�

s V
−11) + λ2(R

�

s V
−1
R) +

K+2∑
k=3

λk(R
�

s V
−1
Rsk) = −V, s = s3, ..., sK+2. (34)

LetKE,V ≡ [1 E −V · · · −V ]�,ME,V ≡ [1 R Rs3 · · · RsK+2], andNE,V ≡M
�

E,VV
−1
ME,V .

Using Eqs. (32)—(34), NE,VLE,V =KE,V . Since rank(V ) = J and rank(ME,V ) = K + 2,

rank(NE,V ) = K + 2. Hence, LE,V =N
−1

E,VKE,V . This completes the second part of our

proof.

Proof of Theorem 2. Suppose that wE,α,C exists. First, assume Cα,wE ≤ C. The desired

result follows from Eq. (1). This completes the first part of our proof.

Second, assume Cα,wE > C. We begin by showing that

Cα,wE,α,C = C. (35)

Suppose by way of a contradiction that Cα,wE,α,C < C. Let w
∗
≡ εwE + (1− ε)wE,α,C, where

ε > 0 is arbitrarily small. Using arguments similar to those in the proof of Theorem 1,

Rw∗
= E, (36)

σ2

w∗

< σ2

wE,α,C
. (37)

Next, we show that

Cα,w∗
< C. (38)

Using Eq. (7), we have

Cα,wE,α,C =
1

1− α

{[
1−

S(wE,α,C)

S
− α

]
Vα,wE,α,C −

∑
s∈Ω(wE,α,C)

w
�
E,α,CRs

S

}
. (39)

Using the same arguments as in the proof of Theorem 1, w�
∗
Rs is arbitrarily close to w�

E,α,CRs

for any s ∈ Ω, Vα,w∗
is arbitrarily close to Vα,wE,α,C , and

w
�

∗
Rs < w

�

∗
Rs < w

�

∗
Rs ∀(s, s, s) ∈ Ω(wE,α,C)×Ω(wE,α,C)×Ω(wE,α,C). (40)
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Since Vα,w∗
is arbitrarily close to Vα,wE,α,C , it follows from Eq. (40) that

Ω(w∗) = [Ω(w∗) ∩Ω(wE,α,C)] ∪Ω(wE,α,C). (41)

Using Eqs. (7) and (41), we have

Cα,w∗
=

1

1− α

{[
1−

S(w∗)

S
− α

]
Vα,w∗

−
∑

s∈Ω(w∗)∩Ω(wE,α,C)

w
�
∗
Rs

S
−

∑
s∈Ω(wE,α,C)

w
�
∗
Rs

S

}
.

(42)

Since (a) Vα,w∗
is arbitrarily close to Vα,wE,α,C , (b) −w

�
∗Rs is arbitrarily close to Vα,wE,α,C for

any s ∈Ω(w∗)∩Ω(wE,α,C), (c) S(w∗) is equal to the number of states in Ω(w∗)∩Ω(wE,α,C)

plus S(wE,α,C), and (d) w
�
∗Rs is arbitrarily close to w

�
E,α,CRs for any s ∈Ω(wE,α,C), Eqs.

(39) and (42) imply that Cα,w∗
is arbitrarily close to Cα,wE,α,C . Thus, Eq. (38) holds since

Cα,wE,α,C < C. Eqs. (36)—(38) contradict the fact that wE,α,C is on the CVaR-constrained

boundary.

For brevity, let V = Vα,wE,α,C and Φ = Ω(wE,α,C). Suppose that P [Φ] = 1− α. It follows

from Eq. (35) that wE,α,C solves

min
w∈RJ

1

2
w
�
Vw (43)

s.t. w
�1 = 1 (44)

w
�
R = E (45)

w
�
RΦ = −C (46)

w
�
Rs ≤ −V ∀s ∈ Φ (47)

w
�
Rs ≥ −V − δ ∀s ∈ Φc, (48)

where Φc is the complement of Φ and δ > 0 is arbitrarily small. Using the definition of V,

δ, and Φ, constraints (47) and (48) do not bind. First-order conditions for wE,α,C to solve
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problem (43) subject to constraints (44)—(46) are

VwE,α,C − λ11− λ2R− λ3RΦ = 0 (49)

w
�

E,α,C1 = 1 (50)

w
�

E,α,CR = E (51)

w
�

E,α,CRΦ = −C, (52)

where λ1, λ2, and λ3 are Lagrange multipliers associated with these constraints. Since

rank(V ) = J , Eq. (49) implies that

wE,α,C = λ1(V
−11) + λ2(V

−1
R) + λ3(V

−1
RΦ). (53)

Eq. (53) implies that Eq. (8) holds with (β
1
, β

2
, β

3
) = (λ1c, λ2a, λ3cΦ). We now find LE,C ≡ [λ1

λ2 λ3]
�. Using arguments similar to those in the proof of Theorem 1, we have LE,C =N

−1

E,CKE,C,

where KE,C ≡ [1 E −C]�, ME,C ≡N
�

E,CV
−1
NE,C , and NE,C ≡ [1 R RΦ].

Suppose now that P [Φ] < 1−α. Let F = [(1−α)S/S(wE,α,C)−1]V −C(1−α)S/S(wE,α,C).

Note that wE,α,C solves

min
w∈RJ

1

2
w
�
Vw (54)

s.t. w
�1 = 1 (55)

w
�
R = E (56)

w
�
RΦ = F (57)

w
�
Rs = −V ∀s ∈ Ω(wE,α,C) (58)

w
�
Rs ≤ −V ∀s ∈ Φ (59)

w
�
Rs ≥ −V ∀s ∈ Φc\Ω(wE,α,C). (60)

Using the definition of Φ and Ω(wE,α,C), constraints (59) and (60) do not bind. First-order
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conditions for wE,α,C to solve problem (54) subject to constraints (55)—(58) are

VwE,α,C − λ11− λ2R− λ3RΦ −
K+3∑
k=4

λkRsk = 0 (61)

w
�

E,α,C1 = 1 (62)

w
�

E,α,CR = E (63)

w
�

E,α,CRΦ = F (64)

w
�

E,α,CRsk = −V, k = 4, ..., K + 3, (65)

where λ1, ..., λK+3 are Lagrange multipliers associated with these constraints, and {s4, ..., sK+3} =

Ω(wE,α,C). Since rank(V ) = J , Eq. (61) implies that

wE,α,C = λ1(V
−11) + λ2(V

−1
R) + λ3(V

−1
RΦ) +

K+3∑
k=4

λk(V
−1
Rsk). (66)

Eq. (66) implies that Eq. (9) holds with (β1, ..., βK+3) = (λ1c, λ2a, λ3cΦ, λ4cs4, ..., λK+3csK+3).

We now find LE,C ≡ [λ1 · · · λK+3]
�. Using arguments similar to those in the proof of

Theorem 1, we have LE,C =N
−1

E,CKE,C, where KE,C ≡ [1 E F − V · · · −V ]�,

ME,C ≡N
�

E,CV
−1
NE,C , and NE,C ≡ [1 R RΦ Rs4 · · · RsK+3]. This completes the

second part of our proof.

Proof of Theorem 3. Suppose that wE,α,V exists. First, assume Vα,wE ≤ V . The desired

result follows from Eq. (10). This completes the first part of our proof.

Second, assume Vα,wE > V . Using arguments similar to those in the proof of Theorem

1, we have Eq. (14). For any portfolio w ∈ R
J+1, let Ωf(w) ≡ {s ∈Ω : w�

Rs + (1 −

w
�1)Rf < −Vα,w}, Ωf(w) ≡ {s ∈Ω : w�

Rs+(1−w
�1)Rf = −Vα,w}, and Ωf(w) ≡ {s ∈Ω :

w
�
Rs+(1−w

�1)Rf > −Vα,w}, where w denotes the J×1 vector given by the first J entries
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of w . It follows from Eq. (14) that wE,α,V solves

min
w∈RJ

1

2
w
�
Vw (67)

s.t. w
�
R+ (1−w

�1)Rf = E (68)

w
�
Rs + (1−w

�1)Rf = −V ∀s ∈ Ωf(wE,α,V ) (69)

w
�
Rs + (1−w

�1)Rf ≤ −V ∀s ∈ Ωf(wE,α,V ) (70)

w
�
Rs + (1−w

�1)Rf ≥ −V ∀s ∈ Ωf(wE,α,V ). (71)

Using the definition of Ωf (wE,α,V ) and Ωf (wE,α,V ), constraints (70) and (71) do not bind.

First-order conditions for wE,α,V to solve problem (67) subject to constraints (68)—(69) are

VwE,α,V − λ2(R− 1Rf )−
K+2∑
k=3

λk(Rsk − 1Rf) = 0 (72)

w
�

E,α,V (R− 1Rf) = E −Rf (73)

w
�

E,α,V (Rsk − 1Rf) = −V −Rf , k = 3, ...,K + 2, (74)

where λ2, ..., λK+2 are Lagrange multipliers associated with these constraints and {s3, ..., sK+2} =

Ωf (wE,α,V ). Since rank(V ) = J , Eq. (72) implies that

wE,α,V = λ2[V
−1(R− 1Rf )] +

K+2∑
k=3

λk[V
−1(Rsk − 1Rf)]. (75)

Eq. (75) implies that Eq. (11) holds with (θ1, ..., θK+2) = (1 − θ2− · · · − θK+2, λ2(a −

cRf ), λ3(cs3 − cRf), ..., λK+2(csK+2 − cRf)). We now find LE,V ≡ [λ2 · · · λK+2]
�. Using

arguments similar to those in the proof of Theorem 1, we have LE,V =N
−1

E,VKE,V , where

KE,V ≡ [E−Rf −V −Rf · · · −V −Rf ]
�,ME,V ≡N

�

E,VV
−1
NE,V , andNE,V ≡ [R−1Rf

Rs3−1Rf · · · RsK+2−1Rf ]. This completes the second part of our proof.

Proof of Theorem 4. Suppose that wE,α,C exists. First, assume Cα,wE ≤ C. The desired

result follows from Eq. (10). This completes the first part of our proof.
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Second, assume Cα,wE > C. Using arguments similar to those in the proof of Theorem

2, we have Eq. (35). For brevity, let V = Vα,wE,α,C and Φ = Ωf (wE,α,C). Suppose that

P [Φ] = 1− α. It follows from Eq. (35) that wE,α,C solves

min
w∈RJ

1

2
w
�
Vw (76)

s.t. w
�
R+ (1−w

�1)Rf = E (77)

w
�
RΦ + (1−w

�1)Rf = −C (78)

w
�
Rs + (1−w

�1)Rf ≤ −V ∀s ∈ Φ (79)

w
�
Rs + (1−w

�1)Rf ≥ −V − δ ∀s ∈ Φc, (80)

where δ > 0 is arbitrarily small. Using the definition of V , δ, and Φ, constraints (79) and (80)

do not bind. First-order conditions for wE,α,C to solve problem (76) subject to constraints

(77) and (78) are

VwE,α,C − λ2(R− 1Rf )− λ3(RΦ − 1Rf) = 0 (81)

w
�

E,α,C(R− 1Rf) = E −Rf (82)

w
�

E,α,C(RΦ − 1Rf) = −C −Rf , (83)

where λ2 and λ3 are Lagrange multipliers associated with these constraints. Since rank(V ) =

J , Eq. (81) implies that

wE,α,C = λ2[V
−1(R− 1Rf )] + λ3[V

−1(RΦ − 1Rf )]. (84)

Eq. (84) implies that Eq. (12) holds with (θ1, θ2, θ3) = (1−θ2−θ3, λ2(a−cRf), λ3(cΦ−cRf)).

We now find LE,C ≡ [λ2 λ3]
�. Using arguments similar to those in the proof of Theorem 1,

we have LE,C =N
−1

E,CKE,C , where KE,C ≡ [E −Rf −C −Rf ]
�, ME,C ≡N

�

E,CV
−1
NE,C,

and NE,C ≡ [R−1Rf RΦ−1Rf ].
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Suppose now that P [Φ] < 1−α. Let F = [(1−α)S/S(wE,α,C)−1]V −C(1−α)S/S(wE,α,C).

Note that wE,α,C solves

min
w∈RJ

1

2
w
�
Vw (85)

s.t. w
�
R+ (1−w

�1)Rf = E (86)

w
�
RΦ + (1−w

�1)Rf = F (87)

w
�
Rs + (1−w

�1)Rf = −V ∀s ∈ Ωf (wE,α,C) (88)

w
�
Rs + (1−w

�1)Rf ≤ −V ∀s ∈ Φ (89)

w
�
Rs + (1−w

�1)Rf ≥ −V ∀s ∈ Φc\Ωf(wE,α,C). (90)

Using the definition of Φ and Ωf(wE,α,C), constraints (89) and (90) do not bind. First-order

conditions for wE,α,C to solve problem (85) subject to constraints (86)—(88) are

VwE,α,C − λ2(R− 1Rf)− λ3(RΦ − 1Rf)−
K+3∑
k=4

λk(Rsk − 1Rf ) = 0 (91)

w
�

E,α,C(R− 1Rf) = E −Rf (92)

w
�

E,α,C(RΦ − 1Rf) = F −Rf (93)

w
�

E,α,C(Rsk − 1Rf) = −V −Rf , k = 4, ...,K + 3, (94)

where λ1, ..., λK+3 are Lagrange multipliers associated with these constraints, and {s4, ..., sK+3} =

Ωf (wE,α,C). Since rank(V ) = J , Eq. (91) implies that

wE,α,C = λ2[V
−1(R− 1Rf)] + λ3[V

−1(RΦ − 1Rf)] +
K+3∑
k=4

λk[V
−1(Rsk − 1Rf )]. (95)

Eq. (95) implies that Eq. (13) holds with (θ1, ..., θK+3) = (1 − θ2 − · · · − θK+3, λ2(a −

cRf ), λ3(cΦ−cRf), λ4(cs4−cRf), ..., λK+3(csK+3−cRf)). We now find LE,C ≡ [λ2 · · · λK+3]
�.

Using arguments similar to those in the proof of Theorem 1, we have LE,C =N
−1

E,CKE,C, where

KE,C ≡ [E −Rf F −Rf −V −Rf · · · −V −Rf ]
�, ME,C ≡N

�

E,CV
−1
NE,C, and
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NE,C ≡ [R−1Rf RΦ−1Rf Rs4−1Rf · · · RsK+3−1Rf ]. This completes the second part

of our proof.

2. Numerical Procedure

Suppose that there is no riskfree security. In deriving the portfolios on the VaR-constrained

boundary, we follow an optimization routine written in Matlab using the ‘fmincon’ function,

which allows non-linear constraints. Given an initial guess for a solution to the variance

minimization problem subject to expected return and VaR constraints, the use of this function

may not lead to a global solution to the problem. This occurs when either (i) there exists no

solution to the problem since the VaR constraint is too tight, or (ii) there exists a solution to

the problem, but the use of the ‘fmincon’ function leads to a vector that does not satisfy all

of the constraints in the problem, or (iii) its use leads to a local solution to the problem.1 In

order to arrive at a global solution to the problem, we use several starting values: (1) when

available, a portfolio on the VaR-constrained boundary with an expected return smaller than

but close to that of the portfolio that we are solving for, (2) the equally-weighted portfolio,

(3) the portfolios with a weight of 100% in one of the securities, and (4) twenty randomly

generated portfolios assuming either a normal or uniform distribution for security weights.2

This part of the routine is fast and stable in the range of expected returns for which there are

portfolios on the VaR-constrained boundary.

Our characterization of the VaR-constrained boundary is useful in the second part of our

routine. Using Theorem 1, a portfolio on the VaR-constrained boundary requires K+2 funds,

1 Krokhmal, Palmquist, and Uryasev (2002) recognize difficulties in optimization problems involving VaR when security

returns have discrete distributions. In particular, they note the non-convexity of VaR and the possibility of existence

of multiple local solutions to these problems. As Rockafellar and Uryasev (2000) note, one of the advantages of CVaR

over VaR is that the former is convex.
2 These portfolios are obtained as follows. A 10 × 1 vector is randomly generated by assuming that all of its entries

have either (1) a standard normal distribution, or (2) a uniform distribution on the interval [−0.5, 0.5]. This vector

is then normalized so that its entries sum to one (by dividing them by the sum of all entries). Each of these two

distributional assumptions is used to generate ten portfolios. Our results remain unchanged when using 100 randomly

generated portfolios (each of the two distributional assumptions is used to generate 50 portfolios).
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where K is the number of states for which its return is −V . However, due to small numerical

errors, the routine described above may lead to a portfolio for which the number of states

where its return is −V differs from K. In order to find the exact value of K, we focus on the

set of states where this portfolio has ‘a return close to −V ,’ denoted by Ω≈V .
3 Suppose that

Ω≈V contains K states. For each subset of states {s3, ..., s ̂K+2
} ⊂ Ω≈V where 1 ≤ K̂ ≤ K, we

use Eq. (6) to a obtain a portfolio. Next, we verify whether this portfolio satisfies the VaR

constraint. Of the portfolios that satisfy the constraint, we choose the one with the smallest

variance. Note that K is given by the number of states contained in the subset of states

used to obtain this portfolio. This part of the routine is fast since K̂ is typically small. The

procedure utilized to derive portfolios on the VaR-constrained boundary in the presence of a

riskfree security is similar with the exception that Eq. (11) is used to find K.4

The procedure utilized to derive portfolios on the CVaR-constrained boundary is similar

with two exceptions. First, the appropriate changes are made to set up the CVaR constraint

using the ‘fmincon’ function. Second, Eqs. (9) and (13) are now used to find K in the cases

of, respectively, absence and presence of a riskfree security.5

3 The precise meaning of ‘a return close to −V ’ is ‘a return that belongs to the interval (−V − 0.0005,−V + 0.0005).’
4 We also utilized an alternative approach that can be used when K is relatively small. In this approach, we initially

use Eq. (6) to find the portfolios associated with each subset of K states. Of these portfolios, we then find the set of

those that satisfy the VaR constraint. Finally, we pick the portfolio on this set with the smallest variance, which is on

the VaR-constrained boundary. Our results remain unchanged if this approach is utilized when either K = 3 or K = 4.
5 We also utilized an alternative approach to find the portfolios on the CVaR-constrained boundary that follows a

representation of the CVaR constraint provided by Krokhmal, Palmquist, and Uryasev (2002). Their representation

uses dummy variables to capture the states for which portfolio losses are larger than the portfolio’s VaR. Using this

representation, optimization problems involving a CVaR constraint are convex and thus easier to solve. Our results

remain unchanged when this approach is utilized.
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