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•• ConclusionConclusion

Knot TheoryKnot Theory

3SPlacement Problem: Placement Problem: Knot TheoryKnot Theory

•• Ambient space Ambient space 3S
•• Group Group  3G AutoHomeo S

Placement#2Placement#2

DefDef.. 1 2K ∼K
1 2if s.t  .g G gK K 

ProblemProblem. When are two placements the same . When are two placements the same ??

1 2K ∼ K ??

1S

OrientationOrientation
PreservingPreserving
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Equivalent DefinitionEquivalent Definition

DefDef. . K1 ~ K2 provided there exists a 
continuous family of auto-homeomorphisms

 3 3: 0 1th S S t  

i.e., an isotopy, that continuously deforms 
K1 into K2.

Various Placement ProblemsVarious Placement Problems

1 3:k S S
•• 33--D Knot TheoryD Knot Theory

•• 44--D Knot TheoryD Knot Theory
2 4:k S S

•• 55--D Knot TheoryD Knot Theory
3 5:k S S

11--KnotKnot  3 1,S kS

22--KnotKnot  4 2,S kS

33--KnotKnot  5 3,S kS

33--D Knot TheoryD Knot Theory

11--KnotsKnots

Knot ProjectionsKnot Projections

Knot DiagramKnot Diagram

•• Planar four valent graph withPlanar four valent graph with

•• Labeled verticesLabeled vertices

LabeledLabeled
VertexVertex

LabeledLabeled
VertexVertex

LabeledLabeled
VertexVertex

Reidemeister MovesReidemeister Moves

R1R1

R2R2

R3R3

These are These are locallocal moves !moves !

R0R0
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When do two Knot diagrams represent the When do two Knot diagrams represent the 
same or different knots ?same or different knots ?

TheoremTheorem ((ReidemeisterReidemeister).). Two knot Two knot 
diagrams represent the same knot diagrams represent the same knot iffiff
one can be transformed into the other one can be transformed into the other 
by a finite sequence of by a finite sequence of ReidemesterReidemester
moves.moves.

What is a knot invariant ?What is a knot invariant ?

DefDef.. A A knotknot invariantinvariant II is a mapis a map
:I Knots Mathematical Domain

that takes each knot that takes each knot KK to a mathematical to a mathematical 
object object I(K)I(K) such thatsuch that

   I I 1 2 1 2K ∼ K K K
Consequently, Consequently, 

   I I 1 2 1 2K K K ∼K

Knot ExteriorKnot Exterior

The Fundamental Group The Fundamental Group  1 X

•• Fundamental Group            Knot Invariant Fundamental Group            Knot Invariant  1 X 

•• AsphericityAsphericity of Knots (of Knots (PapakyriakopoulosPapakyriakopoulos))

 1 ,1 . 0 1nX K X X for n     

 3 1X S SmallOpenTubularNbd kS 

The The WirtingerWirtinger PresentationPresentation

 1 2 3, , : , ,a b c r r r
GeneratorsGenerators RelatorsRelators

Group PresentationsGroup Presentations

QuestionQuestion:  :  When do two presentations When do two presentations 
represent the same group ?represent the same group ?

TietzeTietze Transformations:Transformations:
TietzeTietze 1:                            , where1:                            , where   1

: :
T

x r x y r s  

•• is a new symbol, and is a new symbol, and y

•• , with   , with   1s y   F x 

TietzeTietze 2:                         , where2:                         , where   2

: :
T

x r x r s 

•• , i.e.,              , with, i.e.,              , with s Cons r
( )

1

m
w
js r 





•• ,             , and     ,             , and      w F x  0 m 

11

1 2
, TT



•• ,     ,     
1

( ) ( )

w

j jw wr r
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Group PresentationsGroup Presentations

QuestionQuestion:  :  When do two presentations When do two presentations 
represent the same group ?represent the same group ?

Theorem (Theorem (TietzeTietze)):  :  Two group presentations Two group presentations 
represent the same group represent the same group iffiff there exists a there exists a 
finite sequence of finite sequence of TietzeTietze transformations transformations 
which transforms one into the other. which transforms one into the other. 

The Geometry of Group PresentationsThe Geometry of Group Presentations

DefDef.  .  An An abstractabstract GroupGroup presentationpresentation
consists of two setsconsists of two sets

•• , the set of , the set of generatorsgenerators,,
•• , the set of , the set of relatorsrelators, , 

x
r

together with an evaluation map together with an evaluation map 

 ^ : r F x
from the set of from the set of relatorsrelators into the free into the free 
group           on the set of symbols     .group           on the set of symbols     .

r
 F x x

The Geometry of Group PresentationsThe Geometry of Group Presentations

Example:                        , whereExample:                        , where 1 2 3, , : , ,a b c r r r

 1 1
1

1 1
2

1 1
3

r cbc a

r aca b

r bab c

 

 

 











The Geometry of Group PresentationsThe Geometry of Group Presentations

DefDef.  A CW.  A CW--complex is said to be complex is said to be 
monopointedmonopointed it it itit has only one has only one 00--cell.  cell.  

PropositionProposition.  .  Up to renaming and Up to renaming and 
reordering, there exists a onereordering, there exists a one--toto--one one 
correspondence between the set of correspondence between the set of 
abstract group presentations and a set abstract group presentations and a set 
of of monopointedmonopointed 22--D CWD CW--complexes.complexes.

   : :x r K x r

The Geometry of Group PresentationsThe Geometry of Group Presentations

The CWThe CW--complex              is constructed complex              is constructed 
with an initial with an initial 00--cell, denoted by     , and cell, denoted by     , and 
then iteratively attaching cells as follows:then iteratively attaching cells as follows:

11--cells:cells:


 :K x y

For each generator           , adjoin For each generator           , adjoin 
an oriented an oriented 11--cell     by attaching cell     by attaching 
both endpoints to the sole both endpoints to the sole 00--cell     .cell     .

jx x
jX



22--cells:cells: For each For each relatorrelator , adjoin an , adjoin an 
oriented oriented 22--cell      with attaching cell      with attaching 
map      .map      .

kr r
kR

kr

ExamplesExamples

ExampleExample: :  , : ,Torus a b r r abab 

ExampleExample: :  2 , : ,P a b r r abab 

ExampleExample: :  1 2 , : ,S D a b r r b  

ExampleExample: :  1 1 2 , : , 1S S S a b r r   

ExampleExample: :    2 2
1 2 1 2: , , 1, 1S S r r r r    
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The Geometry of the The Geometry of the TietzeTietze MovesMoves

     1
1 : : : , ,T x r x y r s s y F x    

•• TietzeTietze 1 attaches a 21 attaches a 2--cell cell SS and a freeand a free
edge edge YY ..

Thus,      is a simple Thus,      is a simple homotopyhomotopy operation; operation; 
and therefore preserves and therefore preserves homotopyhomotopy type. type. 1T

     2 : : : ,T x r x r s s Cons r 
•• TietzeTietze 2 attaches a 22 attaches a 2--cell cell SS..

Thus,      does Thus,      does NOTNOT necessarily preserve necessarily preserve 
homotopyhomotopy type ! type ! 

2T

The Geometry of the The Geometry of the WirtingerWirtinger PresentationPresentation

A Paradox ?A Paradox ?
ParadoxParadox:  :  The The WirtingerWirtinger presentation actually points presentation actually points 
to a 3to a 3--D CW decomposition of the D CW decomposition of the exterorexteror XX.  But it .  But it 
only represents a 2only represents a 2--D CWD CW--subcomplexsubcomplex !!

TheThe usualusual ““fixfix”:  ”:  The The WirtingerWirtinger presentation has presentation has 
one too many generators.  So toss out an one too many generators.  So toss out an 
unnecessary unnecessary relatorrelator by applying a by applying a TietzeTietze 2 move.2 move.

Fortunately, in this particular case, the Fortunately, in this particular case, the TietzeTietze 2 2 
move preserves the move preserves the homotopyhomotopy type because there is type because there is 
a a simpesimpe homotopyhomotopy type move on the 3type move on the 3--D complex D complex 
collapsing the 3collapsing the 3--D complex to the same D complex to the same resutingresuting 22--D D 
complexcomplex

ObservationObservation

The 3The 3--cell in cell in XX corresponds to an corresponds to an identityidentity
II among the among the relatorsrelators, namely:, namely:

^ ^
1 2 3 1I I r r r cbca acab babc     

Where does this identity “live” ?Where does this identity “live” ?

Groups with OperatorsGroups with Operators

DefDef.. Let  Let  HH and  and  GG be groups.  The group  be groups.  The group  
GG is said to be an is said to be an HH--groupgroup provided there provided there 
exists a exists a morphismmorphism of of HH into into 
the group  the group  AutAut(G)(G) of of automorpismsautomorpisms of  of  GG ..

 H Aut G

Free      Free      --groups groups 

DefDef.. Let    and    be two disjoint sets Let    and    be two disjoint sets 
of symbols, and let         and      of symbols, and let         and      
denote the corresponding free groups, denote the corresponding free groups, 
respectively.   The respectively.   The freefree --groupgroup on on 
the symbols   , written                     the symbols   , written                     

,       ,       
is the smallest normal subgroup of          is the smallest normal subgroup of          
containing    .                            containing    .                            

 F x

x
 F x

t
 F x t

 F x

   F x tF
t

t
 F x t

It immediately follows that            is It immediately follows that            is 
invariant under the conjugation action of       invariant under the conjugation action of       .   .   

   F x tF
 F x
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Thus, the elements of            are of the Thus, the elements of            are of the 
form: form: 

Free      Free      --groups groups  F x

   F x tF

( )

w

jt 





where  where  1
( ) ( )( )

w
j jj w t wt 

  
  

NoteNote.  .  This conjugation action is a This conjugation action is a leftleft
actionaction..

The Geometry of the The Geometry of the WirtingerWirtinger PresentationPresentation

WirtingerWirtinger Generalized PresentationGeneralized Presentation

The The WirtingerWirtinger 33--D CW decomposition of D CW decomposition of 
the exterior the exterior XX is nothing more than the is nothing more than the 
nonnon--abelianabelian free resolution:free resolution:

   ^ ^
1 2 3( , , ) , ,F FG F a b c r r r I  F F

^
1cbca r

^
2acab r

^
3babc r

^
1 2 3r r r I

Please note that          and           .   Please note that          and           .   2^ 1 ^ 1 

We denote the above nonWe denote the above non--abelianabelian free free 
resolution more cryptically asresolution more cryptically as

WirtingerWirtinger Generalized PresentationGeneralized Presentation

 1 2 3, , : , , :a b c r r r I

and call it and call it aa generalizedgeneralized presentationpresentation..

   ^ ^
1 2 3( , , ) , ,F FG F a b c r r r I  F F

WirtingerWirtinger Generalized PresentationGeneralized Presentation WirtingerWirtinger Generalized PresentationGeneralized Presentation

^
1bcba r

^
2cbcd r

^
3daca r

^
1 2 4 3
a c ca car r r r I

 1 2 3 3, , , : , , , :a b c d r r r r I

^
4adbd r
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Terminology for Generalized PresentationsTerminology for Generalized Presentations

The current names The current names identitiesidentities, , identities of identities of 
identitiesidentities, , identities of identities of identities of identities of 
identitiesidentities, etc. are too cumbersome.  So , etc. are too cumbersome.  So 
we instead adopt the following terminology:we instead adopt the following terminology:

 (2) (3) (4): : : :x r r r 

generatorsgenerators
oror

11--st orderst order
relatorsrelators

22--ndnd
orderorder

relatorsrelators

33--rdrd
orderorder

relatorsrelators

44--thth
orderorder

relatorsrelators

Generalized Generalized TietzeTietze MovesMoves

There is only one generalized There is only one generalized TietzeTietze move move 
for each order, namely: for each order, namely: 

nn--thth orderorder generalizedgeneralized TietzeTietze movemove ::nT

   ( ) ( 1) ( ) ( 1): : : : : : :n n n n
nT r r r r       

where                     andwhere                     and1     

 ( )n
F r Fand where and where 

Generalized Presentation EquivalenceGeneralized Presentation Equivalence

The definition of generalized presentation The definition of generalized presentation 
equivalence is a straight forward exercise equivalence is a straight forward exercise 
for the audience.  So is the proof of the for the audience.  So is the proof of the 
following theorem:following theorem:

TheoremTheorem:  :  Two generalized presentations Two generalized presentations 
are equivalent are equivalent iffiff there is a finite sequence there is a finite sequence 
of generalized of generalized TietzeTietze moves that transform moves that transform 
one into the other.  one into the other.  

The Geometry of Generalized PresentationsThe Geometry of Generalized Presentations
PropositionProposition. . Up to renaming and reordering, there Up to renaming and reordering, there 
exists a oneexists a one--toto--one correspondence between the one correspondence between the 
set of finite generalized presentations and a set set of finite generalized presentations and a set 
of of monopointedmonopointed CWCW--complexes.complexes.

   (3) (4) (3) (4): : : : : : : :x r r r K x r r r 
The generalized The generalized tietzetietze moves correspond to moves correspond to 

simple simple homotopyhomotopy moves on the associated CWmoves on the associated CW--
complexes.  complexes.  
Moreover, two generalized presentations define Moreover, two generalized presentations define 
CW complexes of the same simple CW complexes of the same simple homotopyhomotopy type type 
iffiff there is a finite sequence of there is a finite sequence of TiezeTieze moves moves 
which transforms one into the other.which transforms one into the other.

Let                    be the Let                    be the epimorphismepimorphism
associated with associated with 

Let               the fundamental group of    .  Let               the fundamental group of    .  

The Geometry of the Fox Free CalculusThe Geometry of the Fox Free Calculus

Let Let  (2) (3) ( ): : : : nx r r rP 
be a generalized presentation, and let be a generalized presentation, and let 

 K K P
be the corresponding CWbe the corresponding CW--complex.   complex.   

 1G K K

 :F x G 
 (2):x r

Finally, let      be the group ring of     over Finally, let      be the group ring of     over 
the integers      .the integers      .

G


G

The Geometry of the Fox Free CalculusThe Geometry of the Fox Free Calculus

We now use the Fox free derivatives toWe now use the Fox free derivatives to
construct a chain complex                    construct a chain complex                     * *C C K

Hence, Hence,  * * *H K H C

Let     be the universal cover of     , and letLet     be the universal cover of     , and let
be the non be the non pathwisepathwise connected connected 

space above     .          space above     .          

K K
 K K Ker  K

Moreover, Moreover,    * * *FH K H G C 
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•• For For n > 0 n > 0 , the , the nn--thth chain group              chain group              
is defined as the free       is defined as the free       --modulemodule
generated by the set of generated by the set of nn--cells        .          cells        .          

•• The The 00--th chain group                is definedth chain group                is defined
as the free       as the free       --module generated by themodule generated by the
00--cell       .cell       .

The Geometry of the Fox Free CalculusThe Geometry of the Fox Free Calculus

0 0( )C C 
F



 ( )n
n nC C R

F
( )nR

The chain groups are defined as follows:The chain groups are defined as follows: The boundary The boundary morphismsmorphisms are defined as are defined as 
follows: follows: 

The Geometry of the Fox Free CalculusThe Geometry of the Fox Free Calculus

•• For For n = 0 n = 0 ,  ,   
 

0 1( )

1j j

C C X

x X

 

  

•• For For n > 0 n > 0 ,  ,     ( 1) ( )
1

( )

( 1) ( )
( 1)
j

n n
n n

n

n n
k kn

k k

C R C R

r
R R

r

 







   
 
 




Where the Fox Free derivatives   Where the Fox Free derivatives   
are geometrically defined as follows:are geometrically defined as follows:

/ jx 

Cell Decompositions of Cell Decompositions of  , ,K K K





K

K

K




         (3) (4)

i j kX R R R 

         (3) (4)
4i j kg gX gR gR gR

    

         (3) (4)
4i j kw wX wR wR wR

    

CWCW--ComplexComplex

Univ. CoverUniv. Cover

K Ker 

00--cellscells 11--cellscells 22--cellscells 33--cellscells 44--cellscells

  1F x G K  EpimorphismEpimorphism::

g G  w F x

Recall                            and             .Recall                            and             . (2) (3) ( ): : : : nx r r rP   K K P

If, for example,        with              , If, for example,        with              , 
then the corresponding 2then the corresponding 2--cell    in    iscell    in    is

(2)r r 1 31 2r x x x x
R K

R 1x
2x

1x
3x

1X

1 2x X

1 2 1x x X

11 2 3x x x X
  11 2 1 1 2 1 2 31R x x X x X x x x X    

1 2 3
1 2 3

r r rX X X
x x x
    
  

  

If, for example,          with               , then If, for example,          with               , then 
the boundary chain map of the corresponding 3the boundary chain map of the corresponding 3--
cell    in    is:cell    in    is:

(3)u r  1 331 11 2

x xxxu r r r

U K

 1 3 1
1 2 11 1 3 1 3 2

x x x
U x r r x x r R r x R     

 ^ ^

1 2
1 2

u uR R
r r
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For completeness, we give the standard For completeness, we give the standard 
algebraic definition of the Fox freealgebraic definition of the Fox free / jx 

Algebraic Def. of Fox Free Derivative Algebraic Def. of Fox Free Derivative / jx 

DefDef.  .  A A derivativederivative in the group ring        in the group ring        
in the group ring       is defined as a mapin the group ring       is defined as a map

Let     be a group, and let       denote Let     be a group, and let       denote 
the corresponding group ring over the the corresponding group ring over the 
ring of integers      .ring of integers      .

G G


D
G

:D G G 
satisfying the following condition: satisfying the following condition: 

1)  1)   1 2 1 2D D D     
2) 2)    1 2 1 2 1 2

oD D D      
where                  is the where                  is the trivializertrivializer
morphismmorphism which maps each element of     which maps each element of     
to     of      .      to     of      .      

:o G G 
G1 

DefDef.(Cont.)  .(Cont.)  Let     be the free group        .  Let     be the free group        .  
Then to each free generator          ,  there Then to each free generator          ,  there 
corresponds a unique derivative   corresponds a unique derivative   

G  F x
jx x

/j jD x  
in           , called the in           , called the derivativederivative withwith
respectrespect toto , which has the property , which has the property 

 F x
jx

i
ij

j

x
x

 


((KroneckerKronecker deltadelta))

Algebraic Def. of Fox Free Derivative Algebraic Def. of Fox Free Derivative / jx 

22--KnotsKnots

Various Placement ProblemsVarious Placement Problems

1 3:k S S
•• 33--D Knot TheoryD Knot Theory

•• 44--D Knot TheoryD Knot Theory
2 4:k S S

•• 55--D Knot TheoryD Knot Theory
3 5:k S S

11--KnotKnot  3 1,S kS

22--KnotKnot  4 2,S kS

33--KnotKnot  5 3,S kS

44--D Knot Theory (Incomplete) HistoryD Knot Theory (Incomplete) History

2 Different 2 Different 
ApproachesApproaches

E. E. ArtinArtin –– Spun KnotsSpun Knots

D. D. RosemanRoseman -- ProjProj. Moves. Moves R. Fox R. Fox -- Cross SectionsCross Sections

RosemanRoseman SchoolSchool
Knot ProjectionsKnot Projections

Fox SchoolFox School
Knot Cross SectionsKnot Cross Sections

Lomonaco Lomonaco -- Mid SectionMid Section

Yoshikawa Yoshikawa –– YY--MovesMoves

SwentonSwenton//KeartonKearton//KurlinKurlin ––
YY--Moves CompletenessMoves Completeness

Carter & Saito Carter & Saito –– ProjProj. Moves. Moves

Much more Much more ……
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44--D Analog of the D Analog of the ApspericityApspericity of Knots ?of Knots ?

For 1For 1--knots, knots, asphericityasphericity implies the exterior implies the exterior 
XX is an is an EilenbergEilenberg--MacLaneMacLane space, i.e.,  space, i.e.,  

 1 ,1X K X

QuestionQuestion. . Want can be said about analog Want can be said about analog 
of Papa’s of Papa’s ashphericityashphericity theorem for 2theorem for 2--
knots? knots? 

44--D Analog of the D Analog of the ApspericityApspericity of Knots ?of Knots ?

DefDef.  .  A 2A 2--knot               is said to be knot               is said to be quasiquasi--
asphericalaspherical ((QAQA)) if the third homology group of if the third homology group of 
the universal cover of its exterior vanishes.   the universal cover of its exterior vanishes.   

 4 2,S kS

TheoremTheorem. (Lomonaco)  . (Lomonaco)  If               is QA, If               is QA, 
then the then the homotopyhomotopy type of its exterior type of its exterior XX is is 
determined by its algebraic 3determined by its algebraic 3--type, i.e., by type, i.e., by 
the triple consisting of:  the triple consisting of:  

 4 2,S kS

•• 1X
•• as a          as a          --module module 2X

1X
•• The first kThe first k--invariant       lying in  invariant       lying in  kX

 3
1 2;H X X 

The Cross sectional The Cross sectional 
Approach to 2Approach to 2--KnotsKnots

Edwin Abbott’s FlatlandEdwin Abbott’s Flatland

33--D LandD Land

The Midsection The Midsection 
Representation Representation 

22--KnotsKnots
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Edwin Abbott’s FlatlandEdwin Abbott’s Flatland 33--D LandD Land

Midsection Labeling SchemeMidsection Labeling Scheme Midsection Representation of a 2Midsection Representation of a 2--spheresphere

Midsection Rep of a Spun TrefoilMidsection Rep of a Spun Trefoil MidsectionMidsection of     ??? of     ???  4 2,S k P
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Midsection Midsection 
Moves on Moves on 
22--KnotsKnots

ReidemeisterReidemeister MovesMoves

Yoshikawa MovesYoshikawa Moves The Geometry of Group PresentationsThe Geometry of Group Presentations

TheoremTheorem(Yoshikawa).  (Yoshikawa).  The The ReidemeisterReidemeister
and Yoshikawa moves on the midsection and Yoshikawa moves on the midsection 
representation of a 2representation of a 2--knot preserve knot knot preserve knot 
type. type. 

TheoremTheorem((SwentonSwenton//KeartinKeartin//KurlinKurlin).  ).  Two 2Two 2--
knot midsections represent the same 2knot midsections represent the same 2--knot knot 
iffiff there is a finite sequence of there is a finite sequence of ReidemeisterReidemeister
and Yoshikawa moves which transforms one and Yoshikawa moves which transforms one 
into the other.into the other.

The The WirtingerWirtinger
Generalized Presentation Generalized Presentation 

ofof
22--Knots ???Knots ???

The Geometry of Group PresentationsThe Geometry of Group Presentations

UPUP DownDownOutOut
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The Geometry of Group PresentationsThe Geometry of Group Presentations

MidMid DownDownOutOut

The Geometry of Group PresentationsThe Geometry of Group Presentations

MidMid UpUpOutOut

The Geometry of Group PresentationsThe Geometry of Group Presentations

UPUP DownDownOutOut

 4 2,S P

The Geometry of Group PresentationsThe Geometry of Group Presentations

OutOut DownDownMidMid

The Geometry of Group PresentationsThe Geometry of Group Presentations

UPUP OutOutMidMid

WirtingerWirtinger Generalized PresentationGeneralized Presentation

DownSectionDownSection.  .  Adjoin the following:Adjoin the following:

0

0

( , , , , : : )L R

a
L R

a b c d e r r r I

bcda aceb dcec r r r
UpSectionUpSection: : Adjoin the following:Adjoin the following:

MidSectionMidSection..

: : )LU LD RU RD UpL UpR

LD RDLU RU

r r r r I I

da bc ac eb r r r r

: : )LL LR RL RR DownL DownR

LR RRLL RL

r r r r I I
ab cd ce ba r r r r
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Talk OverviewTalk Overview

This talk is a description of a research This talk is a description of a research 
program which is best summarized by program which is best summarized by 
the following two questions:the following two questions:

Open Question 1Open Question 1

How does one piece together the How does one piece together the 
WirtingerWirtinger generalized presentations of all generalized presentations of all 
the exterior cross sections of a 2the exterior cross sections of a 2--knot         knot         

into a generalized presentation into a generalized presentation 
of the exterior of the entire 2of the exterior of the entire 2--knot knot ??????
 4 2,S kS

Open Question 2Open Question 2

Given a generalized presentation of the Given a generalized presentation of the 
exterior      of a 2exterior      of a 2--knot              , how knot              , how 
does one read off from this generalized does one read off from this generalized 
presentation the second presentation the second homotopyhomotopy group        group        

(as           (as           --module), and the kmodule), and the k--
invariant                            invariant                            ??????

X  4 2,S kS

2X 1X
 3

1 2;kx H X X 

Conclusion ???Conclusion ???

The answers are …The answers are …

?????? Upcoming
Special Issue

of
Journal

of 
Quantum Information Processing

on
Topological Quantum Computation

Guest Editors

Kauffman & Lomonaco
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Weird !!!Weird !!!

Lomonaco, S.J., Jr., The second homotopy group of a
spun knot, Topology, Vol. 8 (1969), pp 95 - 98

Lomonaco, Samuel J., Jr., Homology of group systems
with applications to low dimensional topology, Bulletin of 
the American Mathematics Society, Vol. 13, No. 3 (1980), 
pp 1049 - 1052. 

Lomonaco, Samuel J., Jr., The homotopy groups of knots
I. How to compute the algebraic 3-type, Pacific Journal of 
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