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8. Theory of Electron Scattering

Or: Our Analysis Tool

References: [HM 4, 6.1/3-6/9/11/13, 8]



http://home.gwu.edu/~hgrie/lectures/nupa-script+slides/nupa-I.electronscattering-notes.djvu

Preview: Electron Scattering on Hadronic Systems

[Martin fig. 2.4]
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Figure 2.4 Radial charge distributions pq, of various nuclei, in units of e fm~>; the thickness Q

of the curves near r = 0 is a measure of the uncertaintity in p, (adapted from Fr83)
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Helicity Conservation: “Massless” Spin-% on Spin-0 Target

Coulomb interaction of spin-% projectile (m, < E) on infinitely-heavy, extended spin-0 target:

2
do 7o 2 0
el = ——= x |F (21’2) X cos?—
10 .20 2
lab 2F sin 5 —_ ~——
charge helicity
Rutherford form factor  conservation
Xa

L=rxp

y

Fig. 5.3. Helicity, h = s - p/(|s| - |p|), is conserved in the § — 1 limit. This means
that the spin projection on the z-axis would have to change its sign in scattering
through 180°. This is impossible if the target is spinless, because of conservation of
angular momentum. [PRSZR]



Helicity Conservation: Massless Spin-% on Massive Spin-% Target

*Of the 16 possible helicity combinations only 4 are non-zero:

e-

-1 cos0 +1= -1 cos6 ; colsO l+; -;
S, =0 S, =+1
do
d—Gocl —’—°<—(1+COSG)
dQ dQ [cf. Tho 8.6]

i.e. no preferred polar angle

spin 1 rotation again

HW: Electromagnetic interaction of spin-— projectile (me < E) on massive, point-like spln-— target:

= Sl (M) (M) = 2

—e"V(p-p' —M?)]: like Lyyy but M # 0

Mott cross section

-~

E' , 0
= — X cos*—
dQ lab  \ 2E sin 7 \E,_, \,_2/
~———~—"—" recoil helicity
Rutherford conservation

2
q_tan —

;)
2M? 2

————
backscattering
on target spin

(-




Reminder: Spinor-Vector Interaction in the Chiral Basis

LoED = v [i ($ +iqA) — m} R Y with ¥ := <(pR> :

oL
E+qA0+6-ﬁ—q6-Z m Or
— ‘C’QED = ((p);7 q){) Lo -
m E+qAo—6-p—qG-A) \@L
Or . . 1 +1 _ parallel .
EFunctions to Helicity Operators /4 := — [1 + }/5} , EValues for spin
oL 2 —1 anti-parallel

(1) Any interaction y“Au (spinor-vector/spin-%-spin1) does not mix Q.
— Conserves helicity (esp. QED and any gauge theory!).

m
(2) Mass mixes helicities o< —.

(3) = Processes }/”Au with ultra-relativistic fermions, (approximately) conserve helicity.

(4) Only A couples to spin G. One Can Show Magnetic field couples to spin: G - (V X K) —§G-B.

= Can change spin but not helicity!



(g) e on Proton: Spin-% Target With Structure [HM 8.2]

Electromagnetic current of point particle: Jé'fs, = —iZe ity (k') " ug(k) from Lipt = —AyJ* (1.7.4C)
Proton has structure = What is most general form for Jproton
Must-Have: Lorentz-invariant, current conserved q“J roton — O, parity invariant (elmag. interaction!)
Build it from combinations of p*, g*, g"V, Dirac matrices y* but not 5 (parity) [details [HM ex. 8.5/6.1]]

S p'=p+q Bohr magneton

w,g— u . 2\ — / n 2 - AP IAY
: J&S, =—ieF(q°) g (p') ¥ us(p ) + m F2(q7%) qy ag(p') ic* us(p)  (1.7.5C)
S.p Dirac: modify point-form Pauli: anomalous mag. term g
with oV := [y“ "] combination of Dirac matrices, current conserved since g, gy o*" =0

F1 > are dimension-less Form Factors (FFs): functions of qz to be determined by experiment/theory.

Dirac FF F (qz): modifies ordinary “point-structure” of spin-% (i.e. mag. moment with g = 2)
Normalisation to charge: F}(q> =0) =ZP =1, F}(¢* =0) =Z" =0

Pauli FF Fz(qz): extended structure produces anomalous magnetic moment K

Normalisation Fb(g> = 0) = k, = +1.79, F3(g*> = 0) = k, = —1.91 (in Bohr magnetons)

Common theory trick: parametrisation of ignorance by most general structure...




Helicity Conservation and Magnetic Effects

4 6 2 56
— & Ly WHY = 16M°EE’ { (F% q F2> cos? > — (P +F,)*sin? ~
q

4M? 2 2M? 2
charge & spin spin flip (heli(?,i?y): magnetic!
do do 5 ) 2, 20 q .
ol = tal x| (FETEd) 20 (R Fo)? tan? S | with 7= — L > 0L
dQ liab ~ % Mot [< e ) 2T By i e~
spin flip:‘r%agnetic!
2
Sachs FFs also often used: Gz(g°) 1= F| + 4;]‘42F2 . Gul(g®):=F +F,
Gep(¢>=0)=1 ,  Gu(¢*> =0)=Z+ Kk = u magnetic moment of target
do|  do G:+1Gy, Y.
— - 27 Gy tan” —
dQliab ~ dQ Mot { 1+7 i M0

el. & mag.: no spin flip mag.: spin flip
Experimentalists like Sachs FFs: separate by tan’ g (practical).
Can be interpreted as Fourier trafos of charge/current distribution (in Breit frame).
Theorists like Dirac/Pauli FFs: modification of point-like structure (concept).

We will explore them more next week. . .



3

(h) Preview of Inclusive Inelastic Scattering p(e,e’)X
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l Fig. 7.1. Spectrum of scattered electrons from electron-proton scattering at an
1 i 1 i it 1 I 1 L A electron energy of E =4.9GeV and a scattering angle of 6 = 10° (from [Ba68]).
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[PRSZR 7.1]
scattered electron loses energy to target excitation/breakup

E' 1
— In lab frame: — <

H—A%(l —c0s O1ap)

= New independent kinematic variable [, or Invariant mass-squared of all fragments

2
W2:plzz(p+q)2:M2+2pC]+q2:M2+2pQ( - qu) >M2
— x € [0;1], elastic: x =1 Bjorken—x




Preview of Inelastic Scattering: Most General Structure

Common theory trick: parametrisation of ignorance by most general structure. ..

Most general structure for hadron tensor WHY: WHY = WY symmetric (since L,y is)
Must-Have: Lorentz-invariant, current conserved g, WHY = 0, parity invariant (elmag. interaction!)
Build it from combinations of p, g, g"V — but not yY*’s since we do (here) not prepare/detect spin.

Fi(4% ) {q“qv_guv} +m [pu P4 4 ] [p _P4q v]

WHY = —q q
M q° p-qM q° q°

Structure functions F172(Q2,x) have nothing to do with Pauli/Dirac FFs

2
New variables: momentum-transfer Q° := —g> > 0, Bjorken-x := _261_
P q
— inelastic cross section with independent variable E’:
do 20 0 MF>(0%*x) 2F (Q%x 0
= (2% o 8 g 200°x) | 2R(Q%)) 20
dQdE | |5p q 2 P-q M 2
like Mott, but no recoil spin-flip: magnetic
-4 Pa,q
Recover elastic result for x :== —— — 1 = set 6(—— + —— ) and /dE of cross section.
2p-q M 2M



i) Summary: Electron Scattering Cross Section

Link to handout on website here (p. 3 of “Essentials”).

Department of Physics, The George Washington University H.W. GRIESSHAMMER 3

Summary Electron Scattering Cross Sections

Lowe

of. [HM §]

-order Feynman graph do

r . spin <
cjectile to detector

- = elastic, unpolarised, cm-frame
ppin S A0y

elastic, unpolarised, lab-frame
lab

ot omzy Lo N
[F* = (&) L g W matrix element: avg. initial, sum final spins

N

STk K)2L(k ) lepton tensor: scatter off virtual y

I (e Ky = (K S')5 k, s)

Mandelstam: 5= (k425 £= (K ~ B u=('=R"" g, LK) 7 (k) for electron

k= (EE), K = (E'F). ¢ =-Q* <0 R K" + Kk — g k-] for electron (m = 0,5 = L); cf. (LT.4W)
My =p-q=M(E - B,

scatt. angle 0: k- F' = [k| - [F'| cos0

. spin s, mass m < £ p.spin S, mass M
projectile (beam), charge ¢ target, charge

lepton current (clectromagnetic)

= T o (p.0) 5L (p.#') hadron tensor: scatter off virt. 5
for elastic E 1

J% o (p.p) = (.S [p. S) hadron current (clectromagnetic)
inlab frame B 1+ % (1 - cos0)

Gl = gL = 0= g, W

95" elmag. current conservation

Relativistic Rutherford: Coulomb of massless, spin-0 on infinitely heavy, spin-0 poini-target (s = 0; M = 0o, S = 0)
2

do Za

do| (2o J"

Ay, <z sin? )

Coulomb scattering on

—iZes"", i.e. point charge at rest

(17.1)
(L7.1C)

infinitely heavy, composite spin-0 target:

helicity forbids back-scattering; isotropic charge density p(r)

< F@ Fourler form factor F(¢°) z: /dr L sin(qr) p(r) (172)
normalisation: F(0) = 1; charge tadius: (%) = —6 SLU)
W |,
* full & on massive ite spin-0 target: (5= % M finite, § = 0)
B PR ‘_, adds target recoil; ¢° — ¢°: 4-momentum transfer (1.7.3)
= x |F(¢Y) 2 e N
7 < P J' = —iZe F(¢®) (o + p™) (most general for S = 0) (L7.3C)
> W = 22+ p) (0 +0)” [F@)| (L7.3W)
p* —+ e*ut scattering on massive spin-1 target without structure: (s=4:M.8
.0 back-scattering by helicity transfer N

Massive § = 1 hadr. tensor, no structure: W =22° [pp" + pp”

9" (p-p = M) (1.7.4W)

on composite, massive spin-} target: form factors Fy (¢%): Dirac; Fa(¢®): Pauli

o T a0 E 22 202 , 2 202 20
<727:~m‘ ) cos’ 5 g ¢ @)+ TF @] + 27 [File") + Falg”)] tan® 5

iant: Rosenbluth/Sachs formula uses Sachs form factors Gr = Fi — 7, Gar

(s=4:M.8

- Lo v ¢*) + 7 Ghila®)
1+7

+ 27 Gii(q") tan® K,] (1.7.5)

S = —ie Fi(@) a ) u) + 5o FBald?) 4o alp)io™ u(p)

737 (most general for § =

Fi(0) = Z = Gz(0

m(uli{» point form anomalous mag. term, F5(0;

) & anomalous mag. moment. sz

Gu(0) - 2
Z + K mag. moment

inelastic, inclusive scattering

independent variable, p not detected

any [sicl])

do 2a\* 2 B(x)  2R(Px) 0 _
A0 dE b (q ) E"™ cos 3 x ['7, t ———— tan’ 2 (L7.6)
inelasticity measure: Bjorken-z := — =1 — = —*_ ¢ [0;1]; elastic: x = 1, i.e. Fya(q x) o §(v +
Most general elmag. hadronic ME (symmetric 1 ¢ v, charge conservation; any spin [sic!]
wo _ B@ o) (¢ ] L B@ ) [ . pa ). pa, W
W 7 7 g P = | | el (L7.6W)

Structure functions Fy, F are not the Dirac, Pauli FFs of Eq. (17.5)!


https://home.gwu.edu/~hgrie/lectures/nupa-script+slides/nupa.feynmanrules.pdf

. . d
Summary: Electron Scattering Cross Section €0 [HM 8.4]

dQ ||
ab
2
rel. Rutherford: Coulomb Za 8.1
(s=0:M=00,5=0) | 2En28 (18.1)
+ 7 : 0 2
e~ Coulomb on composite 104 2 )
(5= 1M=00,5=0) |2p5n78) 2 F@) (162
+ .
e~ full elmag on composite 2 , )
(5= EMinte,s=0) 2% cos? 2 |r@) [ = recoi 183
called Mott for F(g?) =1 \2ESIN"3 2 EJ
ell — ell: no structure [ 7 ,0
(s:%;M,S:%) [...1 X _l—mtan 5 (1.8.4)
eT on composite spin-% r 0
_lys=1 F2 4 TF3) + 27 (F| +F»)? tan® — | (1.85
(s=1ms5=1) L1 x | (FT+7F3) + 20 (Fi + Fy)” tan’ 2| (18.5)

F: Dirac FF; F»: Pauli FF
(moved Z from prefactor to F1(0) = Z = Gg(0), F»(0) = k = Gpy(0) — Z anom. mag. mom.)

2 (G2 +1 Gy 0
q . . ZET "M 2 27
T:—m,GaM. Sachs FFs [..]1x e + 27 G tan 2}
+ . .
e inelastic 2 2 2
do 200 0 F 2F 0
inclusive ———| = (—2) COSZEE’Z{ 2(0°,%) + 155 %) tan’ 2] (1.8.6)
x € [0;1] lab 4 v

Structure functions F 72(Q2,x) have nothing to do with Pauli/Dirac FFs



Summary: Electron Scattering, Hadron Currents & Tensors [Hvs.4
hadr. tensor, current

W 25+1 Y TP SS’<p ) with J§ o (p,p") = (P, S'| I |p,S)

scatter off virtual y 55

electromagnetic current conservation ¢, J" =0 = ¢, W"" =0 = ¢, W*~

rel. Rutherford: Coulomb

L _ i, SHO , :
(s = 0;M = 00,5 = 0) JH = —iZeo i.e. point charge at rest (1.7.1C)
¢ Coulomb on composite J* = —iZeS? F(|g|) with charge form factor Fourier of p(7)
(s=3:M =00,5=0)
I9]) == /dr—smqr p(r)
e* full elmag on composite J* = —iZe F(¢%) (p* +p/”) (1.7.3C)
_ 1. - o 2
(s = 7:M finite, S = 0) = W' =Z*(p+p )" (p+p') F(qz)‘ (1.7.3W)
(most general for S = 0)
elL — efl: no structure Jé‘S, = —iZe g (p') * us(p) (1.7.4C)
(s=5:M,5=13) = WHY =272 [pHp"Y + p'*p¥ — gV (p-p' — M?)](1.7.4W)
+ 1 u : 2 / eFa(q°) 1y; eV
e~ on composite spin-;  Jg o =—ie Fi(q") s (p) V' us(p) + VA g (p )lGﬂ(IL;S g/
(most general elast. S = %) Dirac: modify point-form e —

Pauli: anomalous mag. term
F1(0) =2, F>(0) = k 9

e~ inelastic inclusive WHV =

(most general inel. hadronic) M

Fi(¢*x) [¢"¢" W] P9[0 pa v pay
qz — 8 + MZV p _T(l P zq

{1 =7 ~P\AIN



Preview: Electron Scattering on Hadronic Systems

[Martin fig. 2.4]

0.10 10
0.10
__ 010

.,? 0.08 =
P &)

g 0.06 L
E E
< 004 “He o
) —
£ o02 5
&} -
0 - 1 i 1 i 1 i ] 3
0 2 4 6 8 10 W)
Radial distance (fm) %
Figure 2.4 Radial charge distributions pq, of various nuclei, in units of e fm~>; the thickness Q

of the curves near r = 0 is a measure of the uncertaintity in p, (adapted from Fr83)
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Next: ll. Phenomena
1. Shapes and Masses of Nuclei

Familiarise yourself with: [PRSZR 5.4, 2.3, 3.1/3; HG 6.3/4, (14.5), 16.1; cursorily
PRSZR 18, 19]
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