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Abstract

One of the main areas of study in computable model theory is examining how certain aspects

of a computable structure may change under an isomorphism to another computable struc-

ture. Let A be a computable structure, and let R be an additional relation on the domain

of A, so it is not named in the language of A. Harizanov defined the Turing degree spectrum

of R on A to be the set of all Turing degrees of the images of R under all isomorphisms

from A onto computable structures. Similarly, we define this notion for strong degrees such

as weak truth-table degrees and truth-table degrees.

We show that the conditions necessary for the Turing degree spectrum to contain all

Turing degrees, found by Harizanov, are also enough to have the truth-table degree spectrum

to contain all truth-table degrees.

We further study the degree-theoretic complexity of initial segments of computable linear

orderings. In particular, let L be a computable linear ordering of order type ω+ω∗. Harizanov

showed that the Turing degree spectrum of the ω-part of L is all of the limit computable

Turing degrees. We describe the technique of interval trees to show that this result does

not adapt to strong degrees. We can use interval trees to translate properties of trees

onto equivalent ones on linear orderings. Branches of an interval tree correspond to initial
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segments of the corresponding linear ordering. We define the notion of limit branch, and

show that if an interval tree has a unique noncomputable limit branch, then its corresponding

linear ordering must have order type ω + ω∗.

Using interval trees, we show the best possible positive result for strong degrees motivated

by Harizanov’s theorem: for every limit computable set A, there is a computable linear

ordering L of order type ω + ω∗ such that A is Turing reducible to the ω-part of L which

is truth-table reducible to A. In the above result, our second application of interval trees

shows that we cannot replace Turing reducibility with a stronger reducibility.
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Chapter 1

Introduction

Computable model theory combines computability theory with model theory to study the

algorithmic content of mathematical constructions and theorems. In particular, one goal is

to find algorithmic versions of classical results in model theory. If an algorithmic version does

not exist, then an algorithmic counterexample shall be found. For example, consider König’s

Lemma, that every infinite binary tree has an infinite branch. An algorithmic approach to

this theorem is to see whether every computable infinite binary tree has a computable infinite

branch. Kleene in [22] found a counterexample to this algorithmic version of König’s Lemma.

There is even a computable infinite binary tree without a computably enumerable infinite

branch. Jockusch and Soare in [21] found the best possible positive result by showing that

every infinite computable binary tree has an infinite branch of low Turing degree.

Another goal of computable model theory is examining how the degree-theoretic proper-

ties of structures change under isomorphisms. In computable mathematics, two structures

may be isomorphic but have different algorithmic properties. For example, Tennenbaum

showed that there is a computable linear ordering of order type ω + ω∗ with no computable
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ascending or descending sequence. Therefore, instead of studying structures up to isomor-

phism, we study structures up to computable isomorphism.

Ash and Nerode in [2] began studying algorithmic properties of additional relations on

structures such as being computably enumerable (abbreviated by c.e.) in all computable

isomorphic copies. Harizanov in [14] defined the Turing degree spectrum of a relation on a

computable structure to be the collection of Turing degrees of the images of the relation in

the structure’s computable copies. We will be examining this notion for strong degrees such

as weak truth-table degrees and truth-table degrees. In particular, we will find the syntactic

conditions equivalent for the truth-table degree spectrum to contain all truth-table degrees.

We will also look at the strong degree spectrum of the ω-part of a computable linear ordering

of order type ω + ω∗.

The syntactic conditions sufficient and necessary for the Turing degree spectrum to be

as large as possible were found by Harizanov in [16]. The same conditions also obtain all of

the truth-table degrees in the degree spectrum.

Degree spectra of specific linear orderings are also studied, and in particular we examine

a computable linear ordering L of order type ω+ω∗. Harizanov in [16] shows that the Turing

degree spectrum of the ω-part of L, ωL, is all of the ∆0
2 degrees. We show that this is not

the case for the weak truth-table degree spectrum (and therefore for the truth-table degree

spectrum also). We show that there exists a c.e. set D that is not weak truth-table reducible

to ωL. In fact, we can show that D is not weak truth-table reducible to any initial segment

of any computable linear ordering that does not contain a copy of Q. We establish these

results by proving the corresponding theorems about so-called interval trees and transferring

the theorems to linear orderings. We describe interval trees in detail.
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Interval trees are used to translate properties of trees into corresponding ones on linear

orderings. Branches of an interval tree correspond to initial segments of the associated linear

ordering. We define the notion of limit branch and show that if an interval tree has a unique

noncomputable limit branch, then its corresponding linear ordering must have order type

ω+ω∗. We show that there exists a c.e. set D such that whenever T is a computable binary

tree with no terminal nodes having a unique limit branch, then D is not weak truth-table

reducible to any branch of T . This theorem gives us the above mentioned result.

Our best possible positive result for strong degrees motivated by Harizanov’s theorem is

that for every ∆0
2 set A, there is a computable linear ordering L of order type ω + ω∗ such

that A is Turing reducible to ωL which is truth-table reducible to A. We obtain this result

using interval trees.

1.1 Computable Structures

We are considering only countable structures for computable languages. We will denote

structures by script letters, and their domains by the corresponding Latin letters. The

theory of a structure A, denoted by Th(A), is the collection of all sentences true in A. Two

structures A and B are elementarily equivalent, denoted by A ≡ B, if Th(A) = Th(B).

Let LA be the language L expanded by adding extra constant symbols for each element

in the universe. So, LA = L∪{a : a ∈ A}. The structure AA is A expanded to the language

LA so that for every a ∈ A, a is interpreted by a. So, AA = (A, a)a∈A. We use ∆A to denote

the set of all quantifier-free sentences of LA which are true in AA. This set of sentences, ∆A,

is decidable, or computable, if the set of Gödel numbers of its sentences is computable.
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A structure A is computable if its domain A is computable and the atomic diagram

of A, ∆A, is decidable. In other words, A is computable if its domain A is computable,

there is a computable enumeration {ai}i∈ω of its domain A, and there is an algorithm which

determines for all sentences Θ(x0, . . . , xn−1) and sequences (ai0 , . . . , ain−1) ∈ An, whether

AA |= Θ(ai0 , . . . , ain−1).

We will be considering two kinds of computable structures that are commonly studied in

computable model theory, computable trees and computable linear orderings.

Definition 1.1.1. A computable tree T = (T,⊆) is a computable set T closed under initial

segments and with a root, together with a computable binary relation ⊆ which satisfies the

axioms for a partial ordering. Therefore, ⊆ is reflexive, antisymmetric, and transitive.

The root of a tree is denoted by <> (the empty sequence). We join sequences of numbers

together using concatenation, denoted by ∧. Elements of a tree are called nodes, and a

maximal linearly ordered subset of sequences under ⊆ is called a branch. Branches may or

may not have terminal nodes, and in the case when a branch has no terminal nodes, it is

infinite. We will be considering trees that are subtrees of ω<ω or 2<ω. The collection of infinite

branches through a tree T is denoted by [T ]. More specifically, [T ] = {β : (∀n)[β � n ∈ T ]}.

Definition 1.1.2. A Π0
1 class is the set of all infinite branches of a computable tree.

Definition 1.1.3. A computable linear ordering L = (L,≤) is a computable set L ⊆ ω

together with a computable binary relation ≤ which satisfies the axioms for a linear ordering.

Therefore, ≤ is reflexive, antisymmetric, transitive, and total.

Two linear orderings L′ and L have the same order type if L ∼= L′. Having the same

order type is an equivalence relation on the class of all linear orderings. Therefore, we say
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that a linear ordering has order type τ if τ is the order type of its equivalence class. For

more on linear orderings, see [30].

1.2 The Arithmetical Hierarchy

We now introduce the arithmetical hierarchy of sets for the convenience of the reader. In

the arithmetical hierarchy, the number of alternations of quantifiers in front of a computable

relation measures how uncomputable a set is.

Definition 1.2.1. 1. A set B is such that B ∈ Σ0
0 if B is computable (similarly for

B ∈ Π0
0).

2. A set B is such that B ∈ Σ0
n if there exists a computable (n + 1)-ary relation R such

that

x ∈ B ⇐⇒ (∃y1)(∀y2)(∃y3) . . . (Qyn)[R(x, y1, y2, . . . , yn)]

where Q is ∃ if n is odd, and Q is ∀ if n is even.

3. A set B is such that B ∈ Π0
n if the alternations of quantifiers start with ∀. If

B ∈ Σ0
n ∩ Π0

n, then B ∈ ∆0
n.

Some important levels of the hierarchy that we will examine are as follows: the Σ0
0 =

Π0
0 = ∆0

0 sets are the computable sets; the Σ0
1 sets are the c.e. sets; and the ∆0

2 sets are the

sets that the halting set computes and are also called limit computable sets. Equivalently,

a set B is limit computable if and only if there exists a computable binary function g such

that χB(x) = lims→∞g(x, s) where χB is the characteristic function of B.
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1.3 The Ash-Nerode Program

Ash and Nerode in [2] began studying relations on computable structures. For a computable

structure A, and an additional computable relation R on its domain, they were interested

in when there is a computable structure B ∼= A where the isomorphism takes R to a non-

computable (or non-c.e.) relation on B. This led to the following definition from [2].

Definition 1.3.1. Let A be a computable structure, and let R be an additional computable

relation on the domain of A. The relation R is intrinsically computable (intrinsically c.e.)

on A if every isomorphism of A to a computable structure B takes R to a computable (c.e.)

relation.

For computable relations R it is easy to see that R is intrinsically computable if for

all computable structures B ∼= A, every isomorphism from B to A is computable (so A is

computably stable). Theorem 1.3.2 below gives a computable syntactic condition for A to be

computable stable, provided A satisfies an additional decidability condition.

Theorem 1.3.2 (Ash and Nerode [2]). Let A be a computable structure such that there is a

computable procedure for determining, given an existential formula ψ and −→a ∈ A<ω, whether

A |= ψ(−→a ) (A is called 1-decidable in this case). Then, A is computably stable if and only

if there exists −→c ∈ A<ω and a computable sequence {ψn} of existential formulas such that

the sets {a ∈ A : AA |= ψn(a,−→c )} form a family of singletons whose union is A.

A relation R is formally c.e. on A if it is equivalent to an infinite disjunction of a

computable sequence of existential (Σ0
1) formulas with finitely many parameters.

The following theorem of Ash and Nerode shows the equivalence of a semantic condition

on A and R (R being intrinsically c.e. on A), and a syntactic condition (R being formally
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c.e. on A), under an extra decidability condition D on A. The Ash-Nerode decidability

condition D is:

(D) There is a computable procedure for determining, given an existential formula ψ(x,−→y )

and a tuple −→c ∈ A<ω of the same length as −→y , whether the following implication is

true in AA for every a ∈ A: ψ(a,−→c ) =⇒ R(a).

Theorem 1.3.3 (Ash and Nerode [2]). Let A be a computable structure, and let R be an

additional relation on the domain of A such that (D) holds. Then, R is intrinsically c.e. on

A if and only if R is formally c.e. on A.

Now, we will look at an example of an additional relation on a linear ordering which is

not intrinsically c.e. A natural example of a computable linear ordering is the natural num-

bers, with the usual computable ordering ≤. The (binary) successor relation S is obviously

computable since we can tell for all x, y ∈ ω, whether x is the successor of y. Ash and Nerode

in [2] showed that S is not formally c.e. and that a linear ordering of order type ω can be

chosen so that S satisfies condition (D). Therefore, by Thereom 1.3.3, S is not intrinsically

c.e. This also gives an example of two computable structures which are isomorphic but not

computably isomorphic (i.e. not computably categorical), since a computable isomorphism

would preserve the successor relation being computable. It has also been shown (refer to

[15]) that for every c.e. Turing degree d, we can construct a computable linear ordering

where the successor has degree d.

We can generalize this notion of being intrinsically c.e. as follows.

Definition 1.3.4. Let A be a computable structure, and let R be an additional relation on

A which is in P (where P is a class of relations in the arithmetical or hyperarithmetical
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hierarchy) on the domain of A. The relation R is intrinsically P if every isomorphism of A

to a computable structure B takes R to a relation in P.

Barker in [3] studied the syntactic conditions necessary and sufficient for a relation to

be intrinsically Σ0
α, for a computable ordinal α. Barker extended Theorem 1.3.3 for these

relations.

1.4 Turing Degrees

The Turing degree of a set measures its relative computability theoretic complexity. Two sets

have the same degree if they are equally as difficult to compute. In the following definition,

we use ϕi to denote the ith partial computable function. For other notation not described

here, please refer to [31].

Definition 1.4.1. A set A is Turing reducible (T-reducible) to a set B, A ≤T B, if there

exists an e ∈ ω such that A(n) = ϕBe (n) for all n ∈ ω.

Therefore, A ≤T B if there is an algorithm for computing A that can ask membership

questions of B of the form,“Is y ∈ B?” We let A <T B if and only if A ≤T B and B �T A.

A ≡T B if and only if A ≤T B and B ≤T A. Notice that ≤T is reflexive and transitive

and therefore ≡T is an equivalence relation. The equivalence classes with respect to ≡T

are called Turing degrees (T-degrees). We denote the T-degree of a set A as a = deg(A) =

{B : B ≡T A}.

The collection of all T-degrees is denoted by D, and there is a partial ordering ≤ in-

duced on the T-degrees by ≤T . We will denote the structure (D,≤) with just D. It is
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an upper semmilattice with supremum deg(A) ∨ deg(B) = deg(A ⊕ B) where A ⊕ B =

{2x : x ∈ A} ∪ {2x+ 1 : x ∈ B}.

The T-degree of the computable sets is 0, and 0′ is the T-degree of the halting set K.

Both of these T-degrees are c.e. T-degrees, since they contain c.e. sets. 0 is the least c.e.

T-degree, and 0′ is the greatest c.e. T-degree. Define KA = {x : ϕAx (x) ↓}. KA is the jump

of A, denoted by A′, and deg(A′) = a′. A(n) is the nth jump of A, obtained by iterating the

jump n times.

A set A has low degree if A′ ≡T ∅′. A set A has high degree if A′ ≡T ∅′′. A set of low

degree is close to being computable, while a set of high degree is close to being as complicated

as the halting set.

1.5 Turing Degree Spectra of Relations

Harizanov examines the additional computable relations on a computable structure using

a finer hierarchy than Ash and Nerode. In the following definition, we look at the T-

degrees of these relations in the computable isomorphic copies of these computable structures.

Definitions 1.5.1 and 1.5.2 were introduced by Harizanov in her doctoral dissertation [13],

and in [14]. The definitions were subsequently examined for both wtt-degrees and tt-degrees

in [5].

Definition 1.5.1. Let A be a computable structure, and let R be an additional relation on

the domain of A. The Turing degree spectrum of R on A, DgSpA(R), is the set of all

Turing degrees of the images of R under all isomorphisms from A to computable structures.
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In other words,

DgSpA(R) = {deg(X) : (∃B)[B is computable & (∃f)[f : (A, R) ∼= (B, X)]]}.

Let B be a computable structure such that B ∼= A. We can also look at the T-degrees of

the relation in this specific copy of A under all isomorphisms from A to B.

Definition 1.5.2. Let A be a computable structure, and let R be an additional relation on

the domain of A. Let B be a computable structure such that B ∼= A. The Turing degree

spectrum of R on A with respect to B, DgSpA,B(R), is the set of all Turing degrees of the

images of R under all isomorphisms f from A to B. In other words,

DgSpA,B(R) = {deg(X) : (∃f)[f : (A, R) ∼= (B, X)]}.

Harizanov in [16] found a sufficient and necessary condition for the Turing degree spec-

trum to contain all Turing degrees. For a linear ordering L of order type ω+ω∗, we denote the

ω-part of L by ωL. Harizanov examined the Turing degree spectrum of ωL for a computable

linear ordering ω + ω∗ and found that DgSpL(ωL) is all of the ∆0
2 degrees.

In Section 3.2 we will show that when the Turing degree spectrum is as large as possible,

we also get the truth-table degree spectrum to be as large as possible. We find in Chapter

5 that we cannot get the weak truth-table degree spectrum of ωL on L to be all of the ∆0
2

wtt-degrees, and we also show the best possible positive result for weak truth-table degrees.
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Chapter 2

Strong Degrees

2.1 Weak Truth-Table and Truth-Table Degrees

Post’s problem is to find a c.e. T-degree between 0 and 0′. Post first solved this problem for

many-one degrees (m-degrees) by constructing a simple set. Note that for a set A, both A

and χA are used to denote the characteristic function of A.

Definition 2.1.1. A set A is many-one reducible (m-reducible) to a set B, A ≤m B, if

there exists a computable function f , such that A(n) = B(f(n)).

In cases where A ≤m B via the function f and f is one-to-one, we say that A ≤1 B.

Definition 2.1.2 (Post [28]). 1. An infinite set B is immune if it does not contain an

infinite c.e. subset.

2. A set A is simple if it is c.e. and A is immune.

The m-degree of a simple set is strictly between 0m, the m-degree of the computable sets,

and 0′m, the m-degree of the halting set. (For more on m-degrees, see [27].)
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When Post solved the problem for m-degrees, his solution did not solve the problem for

T-degrees, therefore he relaxed m-reducibility and obtained truth-table reducibility. Post

then solved the problem for truth-table degrees in 1944 by the construction of a hypersimple

set, which will be defined below. The existence of a simple set does not immediately solve

Post’s problem for truth-table degrees, since there is a simple set which has truth-table

degree 0′tt.

We let Dy be the finite set with canonical index y. That is, Dy = {x0, x1, . . . , xk} where

x0 < x1 · · · < xk and y = 2x0 +2x1 + · · ·+2xk . {Df(x)}x∈ω, where f is a computable function,

is called a strong array of finite sets. An array is disjoint if its members are pairwise disjoint.

The following definition is due to Post in [28].

Definition 2.1.3. 1. An infinite set B is hyperimmune if there is no disjoint strong array

with all of its members having a nonempty intersection with B.

2. A set A is hypersimple if it is c.e. and A is hyperimmune.

The truth-table degree of a hypersimple set is strictly between 0tt and 0′tt. Post con-

structs a hypersimple set, therefore solving the problem for truth-table degrees. A thorough

discussion of Post’s problem for truth-table degrees can also be found in [27]. Afterward,

Friedberg and Rogers in [12] introduced weak truth-table degrees by relaxing truth-table

degrees, and solved Post’s problem for them in 1959.

Both truth-table and weak truth-table reducibilities are stronger than Turing reducibil-

ity, that is, they imply T-reducibility. We now give formal definitions of weak truth-table

and truth-table reducibility, followed by an informal explanation of how they relate to T-

reducibility.
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Definition 2.1.4. A set A is weak truth-table reducible (wtt-reducible) to a set B,

A ≤wtt B, if there exists an e ∈ ω and a computable function h such that A(n) = ϕ
(B�h(n))
e (n)

for all n ∈ ω.

Definition 2.1.5. A set A is truth-table reducible (tt-reducible) to a set B, A ≤tt B, if

there exists an e ∈ ω and a computable function h such that A(n) = ϕBe (n), and for each

n ∈ ω, ϕσe (n) converges for every σ ∈ 2h(n).

When A ≤wtt B (respectively, A ≤tt B), we say that A ≤wtt B (respectively, A ≤tt B)

via ϕe and h.

Note that in the definition of tt-reducible, we mention the function h just for comparison

with the definition of wtt-reducible, but it can easily be seen that h is not necessary.

For T-reducibility, the questions asked of the oracle B may not be known ahead of time

and there may be no computable bound on the number of questions asked. This type of

questioning is called serial querying. With wtt-reducibility, there is a computable bound on

the amount of the oracle you are allowed to use, and the elements on which the oracle will

be queried can be seen ahead of time. The computable function h in the definition gives the

computable bound. With tt-reducibility, the elements on which the oracle will be queried

can also be seen ahead of time, as well as the outcome of all possible answers. Therefore,

if we are considering A ≤tt B via ϕe and h, then ϕe must halt for all possible oracles. For

wtt-reducibility and T-reducibility, ϕe may not halt for oracles other than B. Both wtt-

reducibility and tt-reducibility use parallel querying when asking questions of the oracle. It

is easy to see that A ≤tt B =⇒ A ≤wtt B =⇒ A ≤T B.

As with T-degrees, we use similar terminology to talk about wtt-degrees and tt-degrees.
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2.2 Bounded Truth-Table Reducibility

Post introduced bounded truth-table reducibility in [28] while trying to solve Post’s problem

for Turing reducibility.

Definition 2.2.1. A set A is bounded truth-table reducible (btt-reducible) to a set B,

A ≤btt B, if there exists an e ∈ ω, and computable functions h and f0, f1, . . . , fk−1, for some

k ∈ ω, such that A = ϕBe , and for each n ∈ ω, ϕ
(σ(f0(n))∪σ(f1(n))∪...∪σ(fk−1(n)))
e (n) converges for

every σ ∈ 2h(n).

We say that A ≤btt(k) B via ϕe, h, and f0, f1, . . . , fk−1. The number k is called the norm

of the btt-reducibility. Notice that m-reducibility is a special case of btt-reducibility where

the norm is 1.

It is easy to see that btt-reducibility is stronger than tt-reducibility, that is,

A ≤btt B =⇒ A ≤tt B. The difference between the two reducibilities is that for tt-

reducibility, to find out if n ∈ A, where A ≤tt B via ϕe0 and h0, we can access B up

to the first h0(n) elements, so B � h0(n). For btt-reducibility, to find out if n ∈ A, where

A ≤btt(k) B via ϕe1 , h1, and f0, f1, . . . , fk−1, we can access only k specific elements of B,

namely, B(f0(n)), B(f1(n)), . . . , B(fk−1(n)).

2.3 Structure of the Strong Degrees

We will now examine the strong degrees more closely. The following proposition (Posner’s

Trick) shows that if A ≤wtt B (A ≤tt B) via ϕe0 and h0 and B ≤wtt A (B ≤tt A) via ϕe1 and

h1, then we can find an e ∈ ω and computable function h such that A ≡wtt B (A ≡tt B) via
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ϕe and h. Therefore, we can find one partial computable function ϕe and one computable

function h which witness both reducibilities.

Proposition 2.3.1 ([31]). A ≡wtt B (A ≡tt B) if and only if there exists an e ∈ ω and

computable function h such that A ≤wtt B (A ≤tt B) via ϕe and h and B ≤wtt A (B ≤tt A)

via ϕe and h.

Proof. We will prove this proposition for truth-table reducibility, however, this same proof

can be used for proving the proposition for weak truth-table reducibility by changing all

instances of “truth-table” to “weak truth-table.”

Assume that A ≡tt B. Suppose that A ≤tt B via ϕe0 and h0 and B ≤tt A via ϕe1 and

h1. If A = B, then the proposition is trivial. Therefore, suppose that A 6= B and that there

exists an a′ ∈ A − B. We want to find a program number e ∈ ω such that A = ϕBe and

B = ϕAe . To find this e, we will use the programs e0 and e1. Let X ⊆ ω. Find e ∈ ω such

that

ϕXe (x) =


ϕXe0(x), if a′ /∈ X,

ϕXe1(x), if a′ ∈ X.

If X = A, then since a′ ∈ A, ϕAe (x) = ϕAe1(x) = B. If X = B, then since a′ /∈ B,

ϕBe (x) = ϕBe0(x) = A. Therefore, when the oracle is A, ϕAe computes B, and when the oracle

is B, ϕBe computes A.

To find a computable function h, let h(x) = max{h0(x), h1(x)}. The function h is clearly

computable since h0 and h1 are both computable. ϕσe (n) converges for all σ ∈ 2h(n) since

both ϕσe0(n) and ϕσe1(n) converge for all σ ∈ 2h(n).

Therefore, we have found an e ∈ ω and computable function h such that ϕe and h witness
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both truth-table reductions A ≤tt B and B ≤tt A, and therefore witness that A ≡tt B.

The following proposition gives a brief outline on why two sets being T-equivalent does

not imply that the sets are wtt-equivalent, which in turn does not imply that the sets are

tt-equivalent.

Proposition 2.3.2. A ≤tt B =⇒ A ≤wtt B =⇒ A ≤T B, and the reverse implications do

not hold.

Proof. It is obvious that A ≤tt B =⇒ A ≤wtt B =⇒ A ≤T B. We will only show that the

reverse implications do not hold.

First, we will show that the second reverse implication does not hold. Dekker showed in [7]

that every T-degree which is noncomputable and c.e. contains a hypersimple set. Therefore,

0′ contains a hypersimple set, say H. Therefore, for the halting set K we have K ≤T H.

However, Friedberg and Rogers in [12] showed that no hypersimple set has wtt-degree 0′wtt.

Therefore, since the degree of a hypersimple set is strictly between 0wtt and 0′wtt, we have

that K �wtt H.

Lachlan showed in [25] that the first implication is not reversible by constructing a c.e.

set A such that K ≤wtt A, and then defining a c.e. set B such that B �tt A. Since B ≤tt K

and B �tt A, we have that K �tt A.

By Dtt we denote the structure of the tt-degrees, and by Dwtt we denote the structure

of the wtt-degrees.

Proposition 2.3.3. Dtt is an uppersemilattice, and has a least element and no greatest

element.
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Proof. Kleene and Post in [23] proved this proposition for T-degrees with a similar proof.

In order to show that Dtt is an uppersemilattice, we need to show that every two tt-

degrees a and b have a least upper bound, denoted by a ∨ b. Let a = degtt(A) and

b = degtt(B). Define A ⊕ B = {2x : x ∈ A} ∪ {2x + 1 : x ∈ B}. We claim that

degtt(A⊕B) = a ∨ b.

First, we will show that degtt(A ⊕ B) is an upper bound of degtt(A) and degtt(B). We

will start by showing that A ≤tt A⊕ B. Define h0(n) = 2n for all n ∈ ω. Then, to find out

if n ∈ A, we only need to access the oracle A ⊕ B up to the first h0(n) elements to see if

h0(n) is an element of A⊕B. If h0(n) ∈ A⊕B, then n ∈ A. Otherwise, n /∈ A. Notice that

no matter what oracle we choose, our reduction will halt.

Similarly, to show that B ≤tt A⊕B, define h1(n) = 2n+ 1 for all n ∈ ω.

Next, we will show that degtt(A⊕B) is the least upper bound of degtt(A) and degtt(B).

Suppose that A ≤tt C via ϕe0 and h0, and B ≤tt C via ϕe1 and h1. Find e ∈ ω such that

ϕCe (z) =


ϕCe0(x), if z = 2x

ϕCe1(x), if z = 2x+ 1.

Then, A⊕B ≤tt C via ϕe and h(n) = max{h0(n), h1(n)} for all n ∈ ω. Since ϕe0 and ϕe1

witness tt-reductions and therefore halt for all possible oracles, ϕe also halts for all possible

oracles.

The tt-degree of the computable sets, 0tt is the least tt-degree. There is no greatest

tt-degree since we can iterate the jump operator, and the tt-degree of the jump of a set is

strictly greater than the tt-degree of the set.
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Proposition 2.3.3 also holds for wtt-degrees (and for T-degrees) with minor proof modi-

fications. A good discussion of the structure of strong degrees can be found in [26], [27], and

[33].

Now we will look at the structure inside degrees. When a degree is stronger than another

degree, then the weaker degree contains the stronger degree. For example, T-degrees contain

tt-degrees. One area of study is examining how many stronger degrees are inside weaker

degrees. For example, Jockusch looked at tt-degrees inside T-degrees.

Theorem 2.3.4 (Jockusch [19]). 1. A T-degree contains either exactly one tt-degree (and

is called an irreducible T-degree) or infinitely many tt-degrees.

2. A T-degree is irreducible if and only if it does not contain a hyperimmune set.

Notice that Jockusch’s result implies that T-degrees and tt-degrees coincide for

hyperimmune-free degrees. Since wtt-reducibility is stronger than T-reducibility, but weaker

than tt-reducibility, we have that wtt-degrees also coincide with T-degrees and tt-degrees

for hyperimmune-free degrees.

We have thus far considered several degrees stronger than tt-degrees including btt-

degrees, m-degrees, and 1-degrees. Next, we will look at these degrees inside tt-degrees.

Theorem 2.3.5 (Stephan [33]). Every noncomputable tt-degree contains infinitely many

btt-degrees.

The above theorem is a more recent result from 2001 and implies the result of Jockusch

in [17] from 1969 that every noncomputable tt-degree contains infinitely many m-degrees

(since m-degrees are contained inside btt-degrees). This is also true for 1-degrees.
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A natural question to ask is whether there is an infinite chain or antichain of stronger

degrees inside a weaker degree. Recall that a set of degrees is called a chain if it is linearly

ordered. A set of degrees is an antichain if it does not contain the computable degree, and

all of its members are pairwise incomparable.

Stephan in [33] showed that every noncomputable tt-degree contains an infinite chain

and an infinite antichain of btt-degrees. Again, Stephan’s result implies Jockusch’s result

contained in [19]. Stephan’s result also implies that every noncomputable tt-degree also

contains an infinite antichain of m-degrees. (The same is true for 1-degrees since they are

stronger than m-degrees.) Looking at tt-degrees inside T-degrees, Jockusch, in his proof of

Theorem 2.3.4, actually showed that T-degrees that are not irreducible contain an infinite

chain of tt-degrees. Degtev in [6] showed that T-degrees that are not irreducible contain an

infinite antichain of tt-degrees.

Another natural question that is examined is whether there is a greatest or least stronger

degree (with respect to the given reducibility) inside the weaker degree. Again, by the proof

of Theorem 2.3.4, it can be shown that a T-degree has a greatest tt-degree if and only if

the T-degree is irreducible. Rogers in [29] showed that every tt-degree contains a greatest

m-degree and a greatest 1-degree, while Stephan in [33] showed that every tt-degree contains

a greatest btt-degree. These results for degrees inside tt-degrees also hold for wtt-degrees.

Regarding least degrees, Jockusch showed that every noncomputable tt-degree does not

contain a least m-degree. (So, every noncomputable tt-degree does not contain a least 1-

degree also.) Stephan showed in [33] that some tt-degrees contain least btt-degrees, and

some do not.
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Chapter 3

Degree Spectra Containing All

Truth-Table Degrees or Limit

Computable Degrees

3.1 Related Results

We examine a computable structure A with an additional computable relation R. An area of

study when examining degree spectra is trying to obtain the sufficient or necessary conditions

to get the Turing degree spectrum to contain or equal certain classes of T-degrees. In [14],

Harizanov asked what conditions are sufficient to have the Turing degree spectrum of R on

A to be all of the T-degrees, D. In order to state this theorem, we start with the following

definition.

Definition 3.1.1. A partial function p is a finite partial isomorphism from A to B if
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1. p is one-to-one,

2. dom(p) is finite, and

3. for all atomic formulas ψ(x0, . . . , xn−1) and every tuple (a0, . . . , an−1) ∈ dom(p), we

have

A |= ψ[a0, . . . , an−1]⇐⇒ B |= ψ[b0, . . . , bn−1],

where b0 = p(a0), . . . , bn−1 = p(an−1).

Let Ifin(A,B) be the set of all finite partial isomorphisms from A to B. Let q, r ∈ Ifin(A,B).

We will define a 2-ary relation ∼R as follows:

q ∼R r ⇐⇒ (∀b ∈ ran(q) ∩ ran(r)) [q−1(b) ∈ R⇔ r−1(b) ∈ R]

⇐⇒ (∀b ∈ ran(q) ∩ ran(r)) [b ∈ q(R)⇔ b ∈ r(R)].

Part (1) of the following theorem gives the conditions for having the Turing degree spec-

trum of R on A be uncountable, so it is unbounded in the T-degrees. In part (2), we get

the sufficient conditions for having the Turing degree spectrum of R on A with respect to

B, where B is a computable copy of A, be all of the T-degrees.

Theorem 3.1.2 (Harizanov [14]). Let A be a computable structure and R an additional

computable relation on A.

1. The following are equivalent:

(a) DgSpA(R) is uncountable.
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(b) For every computable model B isomorphic to A, the degree spectrum DgSpA,B(R)

is uncountable.

(c) For every computable model B isomorphic to A, the degree spectrum DgSpA,B(R)

has cardinality 2ω.

(d) For every computable model B isomorphic to A, there is a nonempty set S ⊆

Ifin(A,B) such that the following two conditions are satisfied:

i. (∀p ∈ S)(∀a ∈ A)(∀b ∈ B)(∃q ∈ S) [q ⊇ p ∧ a ∈ dom(q) ∧ b ∈ ran(q)], and

ii. (∀p ∈ S)(∃q, r ∈ S) [q ⊇ p ∧ r ⊇ p ∧ ¬(q ∼R r)].

2. Let a family S ⊆ Ifin(A,B) satisfy conditions (i) and (ii) of part (d). Then for every

set C ⊆ ω such that C ≥T S, there is an isomorphism f from A to B for which we

have

C ≡T f(R)⊕ S ≡T f ⊕ S.

In particular, if S is computable (or even just c.e.), then we have DgSpA,B(R) = D

and, moreover, for every set C ⊆ ω, there is an isomorphism f from A to B such that

C ≡T f(R) ≡T f .

Independently, Ash, Cholak and Knight, and Harizanov, showed in part (1) of the fol-

lowing theorem that the sufficient conditions equivalent to Theorem 3.1.2 (d) turned out to

also be necessary, provided that the isomorphism f is of the same T-degree as the image of

R. In part (2), they showed that if there is a T-degree not in the Turing degree spectrum
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of R on A with respect to B, where B is a computable copy of A, and provided that the

isomorphism f has the same T-degree as the image of R, then there is a T-degree that is

∆0
3.

Theorem 3.1.3 (Ash, Cholak, and Knight [1]; Harizanov [16]). Let A be a computable

structure with an additional computable relation R.

1. The following are equivalent:

(a) DgSpA(R) = D and, moreover, for every set C ⊆ ω, there is an isomorphism f

from A onto a computable B such that

C ≡T f(R) ≡T f .

(b) For every set C ⊆ ω, there is an automorphism f of A such that

C ≡T f(R) ≡T f .

(c) There is a nonempty computable (or even c.e.) family S ⊆ Ifin(A,A) such that

the conditions (i) and (ii) from part (d) of Theorem 3.1.2 are satisfied.

2. Let B be a computable structure isomorphic to A. If there is a T-degree d that cannot be

obtained in DgSpA,B(R) via an isomorphism of degree d, then there is such a T-degree

that is ∆0
3.

Harizanov shows in the next theorem that the Ash-Nerode decidability condition (D)

(from Section 1.3) is necessary to have a non-intrinsically c.e. T-degree have an infinite
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Turing degree spectrum.

Theorem 3.1.4 (Harizanov [14]). 1. Let A be a computable structure with an additional

non-intrinsically c.e. relation R such that (D) holds. Then, DgSpA(R) is infinite.

2. There is a computable structure A with an additional non-intrinsically c.e. relation R

such that (D) does not hold and DgSpA(R) contains exactly two T-degrees.

Now, we will consider a particular computable structure L, a linear ordering of order

type ω+ω∗. Let ωL be the ω-part of L. The following illustrates an example of such a linear

ordering.

Example 3.1.5. Let |L0| = ω and ≺ be the ordering relation defined on L0 as follows:

0 ≺ 2 ≺ 4 ≺ · · · ≺ 5 ≺ 3 ≺ 1.

So, L0
∼= ω + ω∗ and ωL0 = {0, 2, 4, . . .}.

Theorem 3.1.9 says that the Turing degree spectrum of ωL on L are all of the ∆0
2 T-

degrees (the T-degrees that are computable in ∅′). In order to prove this theorem, we give

the following definition and lemmas.

Definition 3.1.6 (Jockusch [17]). A set A ⊆ ω is semirecursive if there is a computable

function f(x, y) such that

1. (∀x)(∀y)[f(x, y) = x ∨ f(x, y) = y]; and

2. (∀x)(∀y)[(x ∈ A ∨ y ∈ A)⇒ f(x, y) ∈ A].
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Lemma 3.1.7 (Appel and McLaughlin [17]). The semirecursive sets are precisely the initial

segments of computable linear orderings.

Lemma 3.1.8 (Jockusch [17]). Let A ⊆ ω be a set such that A ≤T ∅′. Then A contains a

semirecursive set which is both immune and coimmune.

Combining the results of Jockusch, and Appel and McLaughlin, we have that every

nonzero T-degree a ≤ 0′ contains an immune, coimmune, initial segment of a computable

linear ordering. We use this fact when proving the next theorem.

Theorem 3.1.9 (Harizanov [16]). Let L be a computable linear ordering of order type ω+ω∗.

Then, DgSpL(ωL) are all of the ∆0
2 degrees.

Proof. First, we will show that DgSpL(ωL) ⊆ {a : a ≤ 0′}. If an element x ∈ L is in ωL,

then x has only finitely many predecessors. Therefore,

x ∈ ωL ⇐⇒
∨
n∈ω(∃x0) . . . (∃xn)[x0 ≺ x1 ≺ · · · ≺ xn ∧ x = xn∧

(∀y)[¬(y ≺ x0) ∧ ¬(x0 ≺ y ≺ x1) ∧ . . . ∧ ¬(xn−1 ≺ y ≺ xn)]].

If an element x ∈ L is not in ωL, then x has only finitely many successors. Therefore,

x /∈ ωL ⇐⇒
∨
n∈ω(∃x0) . . . (∃xn)[x0 � x1 � · · · � xn ∧ x = xn∧

(∀y)[¬(y � x0) ∧ ¬(x0 � y � x1) ∧ . . . ∧ ¬(xn−1 � y � xn)]].

Thus, ωL ≤T ∅′.

Next, we will show that {a : a ≤ 0′} ⊆ DgSpL(ωL). Let 0 < d ≤ 0′. By our observation
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above, d contains an immune, coimmune, initial segment of a computable linear ordering.

Let L0 be this computable linear ordering, and let A be its immune, coimmune, initial

segment. Since A is immune, no element of A can have infinitely many predecessors, and

since it is coimmune, no element of |L0| −A can have infinitely many successors. Therefore,

it must be the case that L0
∼= ω + ω∗ and ωL0 = A.

3.2 Degree Spectra Containing All Truth-Table De-

grees

We extend the notion of Turing degree spectrum to wtt-degrees and tt-degrees, and will

study DgSpwttA (R) and DgSpttA(R), respectively. We will first investigate what conditions

are sufficient to have the truth-table degree spectrum be all of the tt-degrees, Dtt. We found

that the conditions Harizanov and Ash, Cholak, and Knight found in Theorem 3.1.3 are

sufficient to not only get the Turing degree spectrum to be as large as possible, but to also

get the truth-table degree spectrum to be as large as possible. This, of course, implies that

we also get the weak truth-table degree spectrum to be as large as possible. (Notice in the

following theorem that we are assuming condition (1)(c) from Theorem 3.1.3.)

Theorem 3.2.1 (Chisholm et al. [5]). Let A be a computable structure and R an ad-

ditional computable relation on A. Assume that there is a nonempty computable family

S ⊆ Ifin(A,A) such that the following two conditions hold.

1. (∀p ∈ S)(∀a, b ∈ A)(∃q ∈ S) [q ⊇ p ∧ a ∈ dom(q) ∧ b ∈ ran(q)], and

2. (∀p ∈ S)(∃q, r ∈ S) [q ⊇ p ∧ r ⊇ p ∧ ¬(q ∼R r)].
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Then, DgSpttA(R) = Dtt.

Proof. We will show that for all X ∈ 2ω, there exists an automorphism fX : A → A such

that X ≡tt fX(R). If we can show this, since {deg(X) : X ∈ 2ω} = Dtt, we will have

{deg(fX(R)) : X ∈ 2ω} = Dtt and so DgSpttA(R) = Dtt.

First, we will construct two computable maps, T : 2<ω → S and N : 2<ω → ω. We will

define these maps in stages. In stage s > 0, we first define N (σ) for |σ| = s − 1, and then

define T (σ∧0) and T (σ∧1).

Construction:

Stage s = 0: Consider all σ ∈ 2<ω such that |σ| = 0. Therefore, we will only consider

<>, the empty sequence.

Define T (<>) = ∅, where ∅ represents the empty finite partial automorphism.

Stage s + 1: Assume that T is defined for all α ∈ 2<ω where |α| ≤ s, and that N is

defined for all β ∈ 2<ω where |β| < s. Suppose that T (σ) = r for some σ ∈ 2<ω where

|σ| = s.

To define N (σ), search for the least n ∈ ω and first r0, r1 ∈ S such that r0 ⊇ r,

r1 ⊇ r, r−1
1 (n) ∈ R, and r−1

0 (n) /∈ R. We know that we can find r0 and r1 because of

assumption (2) in the statement of the theorem. Define N (σ) = n.

To define T (σ∧i) for i = 0, 1, find the first qi ∈ S such that qi ⊇ ri and dom(qi) contains

the least element of A not in the dom(r), and also the ran(qi) contains the least element of

A not in the ran(r). We know that we can find each qi because of assumption (1) in the

statement of the theorem. Define T (σ∧i) = qi.

End of construction.
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Let X ∈ 2ω. We will define the corresponding automorphism of A as follows:

fX = ∪l∈ωT (X � l). fX is an automorphism by construction. Therefore, each infinite

branch on the full binary tree corresponds to an automorphism of A.

Lemma 3.2.2. For every X ∈ 2ω, fX(R) ≤tt X.

Proof. We need to use the oracle X to decide if n ∈ ω is an element of fX(R). First notice

that because of how we defined T , there will be some level l on the full binary tree where

n ∈ ran(T (σ)) for all σ ∈ 2l. We find this l by going through the construction of T , which

is a computable procedure (since S is computable) that does not depend on X. Therefore,

n ∈ ran(T (X � l)). So,

n ∈ fX(R)⇐⇒ (T (X � l))−1(n) ∈ R.

Notice that this algorithm will halt no matter what oracle we choose. Specifically, define the

computable function h0(n) to be the least level of the full binary tree where n ∈ ran(T (σ))

for all |σ| = h(n). Let the above computable procedure be ϕe0 . Then, fX(R) ≤tt X via ϕe0

and h0 and for all n ∈ ω, ϕσe0(n) ↓ for all σ ∈ 2h0(n).

Lemma 3.2.3. For every X ∈ 2ω, X ≤tt fX(R).

Proof. Suppose we know that X � l = σ for some l ∈ ω. We want to know whether

X � (l + 1) = σ∧1 or X � (l + 1) = σ∧0.

Observe that X � (l + 1) = σ∧1 if and only if T (σ∧1) ⊂ fX , by definition of fX .

After defining T (σ), we search for the least n ∈ ω and first r0, r1 ∈ S such that r0 ⊇ r,

r1 ⊇ r, r−1
1 (n) ∈ R, and r−1

0 (n) /∈ R so that we can define N (σ). Define N (σ) = n.
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T (σ∧1) = q1 where q1 ⊇ r1, and dom(qi) contains the least element of A not in the dom(r),

and the ran(qi) contains the least element of A not in the ran(r). Therefore, r−1
1 (n) ∈ R, so

n ∈ r1(R), and therefore N (σ) ∈ r1(R), and thus N (σ) ∈ fX(R). We have that

X � (l + 1) = σ∧1⇐⇒ T (σ∧1) ⊂ fX ⇐⇒ N (σ) ∈ fX(R).

Similarly, we have that

X � (l + 1) = σ∧0⇐⇒ T (σ∧0) ⊂ fX ⇐⇒ N (σ) /∈ fX(R).

Notice that the above procedure is computable, which we will let be ϕe1 . Also, the

procedure will halt no matter what oracle we choose. We can define the computable function

h1(n) = n (trivially). Then, X ≤tt fX(R) via ϕe1 and h1 and for all n ∈ ω, ϕσe1(n) ↓ for all

σ ∈ 2h1(n).

By the lemmas above, we have that fX(R) ≡tt X, and by our argument above we have

that DgSpttA(R) = Dtt.
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Chapter 4

Interval Trees

4.1 Introduction

Our main results are about the initial segments of computable linear orderings. The tech-

nique of constructing an interval tree of a linear ordering is a way for us to relate initial

segments of the linear ordering to infinite branches of a computable binary tree. An interval

tree is a partial function from a tree T ⊂ ω<ω to intervals of a linear ordering with certain

properties. This function gives us a way to view linear orderings as trees, and therefore

we can translate properties of trees onto equivalent ones on linear orderings. A rigorous

definition of an interval tree is given in Section 4.2. The linear ordering we will be working

with is of order type ω + ω∗. The following illustrates an example of an interval tree of this

linear ordering.

Let L = (ω,≺) be a linear ordering of order type ω + ω∗ with domain ω, and such that

≺ is defined as follows:

0 ≺ 2 ≺ 4 ≺ · · · ≺ 5 ≺ 3 ≺ 1.
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Figure 4.1: An example of an interval tree of order type ω + ω∗.

Figure 4.1 is an example of an interval tree of L generated to the 3rd level (the first level is

the 0th level), and with g(n) = 2n, where g is a function such that g(n) + 1 is the number

of nodes on the nth level of the interval tree. Please refer to the discussion after Definition

4.2.2 for the definition of g and how to generate the tree. It can be clearly seen in the figure

that an interval tree is composed of half open intervals of the linear ordering. As we generate

more of the tree, the interior of all of the intervals is going to be empty (in the limit). A

branch of this tree is a sequence of intervals that corresponds to a maximal linearly ordered

subset of sequences in ω<ω under ⊆. We will show in Section 4.3 that branches of the interval

tree correspond to initial segments of the linear ordering (by picking the right most element

in each of the intervals along the branch). After making this correspondence, we prove a

proposition and a theorem in this section, which will give us some interesting applications.

In Section 4.4 we show that if the interval tree of a countable linear ordering has countably

many branches, then it is equivalent to the linear ordering having countably many initial

segments. We also show that if this linear ordering has countably many initial segments,

then it is equivalent to the linear ordering being scattered (not containing a copy of Q).

Now, notice in the figure that the interval on each level of the tree that contains an even and
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an odd element of L will keep splitting into subsequent intervals. This type of branching is

called a limit branch. In the same section, we show that if a countable linear ordering has a

unique noncomputable limit branch, then it must have order type ω+ω∗. These observations

are used in the subsequent sections to prove our main theorems.

4.2 The Technique of Interval Trees

In this section, we will develop the technique of constructing an interval tree from a given

linear ordering. First, we will introduce some terminology. We will let <lex be the lexico-

graphical order on the sequences of ω<ω. For σ ∈ ω<ω, |σ| is the length of σ. For T ⊂ ω<ω,

T is leftward-closed if whenever ρ∧(i + 1) ∈ T , we have that ρ∧i ∈ T , for all i ∈ ω. A

computable tree is computably bounded if the number of nodes of length n on the tree are

bounded by f(n) where f is a computable function. We say that a tree is finitely branching

if it has a finite number of nodes of length n, for all n ∈ ω.

By the following proposition, we can assume that computable trees that are computably

bounded are leftward-closed. (We want our trees to be leftward-closed so that we can clearly

and rigorously define the technique of interval trees.)

Proposition 4.2.1. Let T ⊂ ω<ω be a computably bounded, computable tree. Then, there

exists a unique leftward-closed, computably bounded, computable tree
←−
T ⊂ ω<ω such that

(T,<lex) ∼= (
←−
T ,<lex) and a unique isomorphism f : (T,<lex)→ (

←−
T ,<lex).

In addition, let β be a branch of T and let f(β) =
←−
β ∈

←−
T . Then, the graph of β is

1-equivalent to the graph of
←−
β .

Proof. We will first define the isomorphism f : (T,<lex) → (
←−
T ,<lex). Let n = |σ| for all
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σ ∈ T .

For n = 0: f(<>) =<>.

For n > 0: Let ρ0, . . . , ρk be all of the elements of T , for some k ∈ ω, such that |ρi| = n−1,

for 0 ≤ i ≤ k, and f(ρi) is defined. Then, f(ρi
∧m) = f(ρi)

∧n if and only if m is the nth

natural number such that ρi
∧m ∈ T .

Now we need to show that f is an isomorphism. To show that f is one-to-one, suppose

that f(ρ) = f(τ), for some ρ, τ ∈ T of length k. We will show that ρ = τ . By definition of

f ,

f(ρ) = f(ρ0
∧m0) = f(ρ0)

∧n0, and

f(τ) = f(τ0
∧m′0) = f(τ0)

∧n′0.

So, f(ρ0)
∧n0 = f(τ0)

∧n′0, by assumption, and therefore n0 = n′0. If we continue in this

manner, we will have that

f(ρ) = f(<> ∧mk−1)
∧nk−2

∧ · · · ∧n0 = f(<>)∧nk−1
∧ · · · ∧n0, and

f(τ) = f(<> ∧m′k−1)
∧nk−2

∧ · · · ∧n0 = f(<>)∧nk−1
∧ · · · ∧n0.

So, mk−1 is the nk−1th natural number such that <> ∧mk−1 ∈ T and m′k−1 is the nk−1th

natural number such that <> ∧m′k−1 ∈ T . Therefore <> ∧mk−1 ∈ T =<> ∧m′k−1 ∈ T , and

mk−1 = m′k−1. Continuing this argument gives us that ρ = τ . Therefore, f is one-to-one.

Next, we will show that f is onto. Let ←−ρ ∈
←−
T of length k. So, ←−ρ =<> ∧nk−1

∧ · · · ∧n0

for some n0, . . . , nk−1 ∈ ω. Let m0 be the nk−1th number such that <> ∧m0 ∈ T . Then
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f(<> ∧m0) = f(<>)∧nk−1 = nk−1. If we continue in this manner, we will let mk−1 be the

n0th natural number such that <> ∧m0
∧ · · · ∧mk−1 ∈ T . Then, f(<> ∧m0

∧ · · · ∧mk−1) =

f(<> ∧m0
∧ · · · ∧mk−2)

∧n0 = ←−ρ . Therefore f is onto, and so is an isomorphism. Since T is

computable and computably bounded, so is
←−
T .

Let β be a branch of T and let f(β) =
←−
β . To show that the graph of β is 1-equivalent

to the graph of
←−
β , we need to ignore the labels on the nodes of T , and instead label these

nodes with the labels from
←−
T (this is the graph of β). Let σ ∈ ω<ω. σ is in the graph of β

if and only if σ is in the graph of
←−
β . Therefore, the graph of β is 1-equivalent to the graph

of
←−
β .

Definition 4.2.2. Let L be a linear ordering. An interval tree on L is a partial function F

from a leftward-closed, finitely branching, tree T ⊂ ω<ω with no terminal nodes, to the set

of (nonempty) intervals of L such that

1. F(<>) = |L|,

2. F(ρ) is the disjoint union of all intervals F(ρ∧m) such that ρ∧m ∈ T , and

3. for every infinite branch β of T , ∩n∈ωinterior(F(β � n)) = ∅.

We will only define an interval tree for linear orderings with a left endpoint (and possibly

a right endpoint) since we will be mostly concerned with the linear ordering ω + ω∗ in our

results. We could similarly define an interval tree for linear orderings with a right endpoint

(and possibly a left endpoint), or for linear orderings with no endpoints, by varying the

following definition.

For the remainder of the section (unless otherwise stated), we will assume that L is a

linear ordering with a left endpoint a0 such that |L| = {ai}i∈ω. Notice that the left endpoint
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is the first element enumerated into |L|. Also, we will let g : ω → ω be a nondecreasing

computable function where g(0) = 0. We will define the interval tree of L, F = FgL, as

follows. Let n = |σ|, for σ ∈ ω<ω.

For n = 0: Enumerate <> into the dom(F). Let F(<>) = [a0,∞).

For n > 0: Let {b0, b1, . . . , bg(n)} be the first g(n) + 1 elements enumerated into L in

<L-order. So, {b0, b1, . . . , bg(n)} = {a0, a1, . . . , ag(n)} where b0 <L b1 <L · · · <L bg(n). Find

ρ ∈ dom(F) such that |ρ| = n− 1. Since ρ ∈ dom(F), F(ρ) = [bj, bj+m) for some j,m ∈ ω.

(Note that bg(n)+1 = ∞.) Define F(ρ∧i) = [bj+i, bj+i+1) for 0 ≤ i ≤ m − 1. For all i ≥ m,

ρ∧i /∈ dom(F).

Though the rightmost interval at each level n of the interval tree is of the form [bg(n),∞),

if our linear ordering has a right endpoint, then we consider bg(n) as the rightmost element

of the linear ordering so far at level n.

All of the sequences σ ∈ ω<ω that are also in the dom(F) form a leftward-closed, finitely

branching, tree T with no terminal nodes. We think of the interval tree F as a labeling of

the nodes of T with the corresponding intervals. For different functions g(n) we get different

interval trees F . Primarily, g(n) gives us a way to index the elements on each level of the

tree. In fact, we have the following observation:

For all n ∈ ω, g(n) = |ωn ∩ dom(F)| − 1. (4.1)

For convenience of notation, let Lgn = {ai : i ≤ g(n)} for all n ∈ ω. So, Lgn contains

the first g(n) + 1 elements enumerated into L for each n. In addition, the nth level of the

interval tree F contains intervals constructed by the elements in Lgn. Therefore, it is easy to
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see that Lgn is computable in F .

The following proposition shows that interval trees are well-defined. If the domains of

two interval trees are the same, then their corresponding linear orderings are isomorphic. If

these linear orderings are computable and both of the corresponding nondecreasing functions

on ω are computable, then the linear orderings are computably isomorphic. On the other

hand, Proposition 4.2.4 says that every computably bounded, computable, leftward-closed,

tree T ⊂ ω<ω with no terminal nodes, is the domain of some interval tree of some unique

(up to computable isomorphism) computable linear ordering.

Proposition 4.2.3. Let L and L̃ be computable linear orderings with left endpoints, and let

g, g̃ be nondecreasing computable functions on ω such that g(0) = g̃(0) = 0. Assume that

dom(FgL) = dom(F g̃L̃). Then,

1. g = g̃, and

2. L ∼=c L̃.

Proof. To prove 1, we will use observation 4.1. By this observation, g(n) = |ωn∩dom(FgL)|−1

and g̃(n) = |ωn ∩ dom(F g̃L̃)| − 1. Since dom(FgL) = dom(F g̃L̃), we have that g̃(n) = g(n) for

all n ∈ ω.

To prove 2, we will define a computable isomorphism f : L → L̃. For each a ∈ |L|, let n

be such that a ∈ Lgn. Let m be such that a is the mth greatest element of Lgn. Define f(a)

to be the mth greatest element of L̃gn.

Now, we need to show that f is well-defined. Suppose now that a is the (m+k)th greatest

element of Lgn+1. So, Lgn+1 has k new points to the left of a. Since dom(FgL) = dom(FgL̃), it

must be the case that k new points are to the left of f(a). By induction, for all N ≥ n and
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for all K ≤ g(N), a is the Kth greatest element of LgN if and only if f(a) is the Kth greatest

element of L̃gN .

Next, we need to show that f is an order-preserving isomorphism. To show that f is

order-preserving, let a, b ∈ |L| such that a <L b. We need to show that f(a) <L̃ f(b). Let

n be such that a, b ∈ Lgn. Let m be such that a is the mth greatest element of Lgn, and let

m′ be such that b is the m′th greatest element of Lgn. So, f(a) is the mth greatest element

of L̃gn and f(b) is the m′th greatest element of L̃gn. Since a <L b, we have that m < m′. So,

f(a) <L̃ f(b).

In order to show that f is an isomorphism, we will first show that f is one-to-one. Let

a, b ∈ |L|. Suppose that f(a) = f(b). We must show that a = b. Let n be such that

a, b ∈ Lgn. Suppose that f(a) is the mth greatest element of L̃gn. Then, a and b are both the

mth greatest element of Lgn. So, a = b. To show that f is onto, let b ∈ |L̃|. We must show

that there exists an a ∈ |L| such that f(a) = b. Let n be such that b ∈ L̃gn. Let m be such

that b is the mth greatest element of L̃gn. It is also the case that Lgn contains an mth greatest

element, say a. By definition of f , f(a) = b.

Therefore, f is an order-preserving bijection from Lgn to L̃gn. It is a computable iso-

morphism since L, L̃, and g are computable and we have an algorithm which computes

f .

Proposition 4.2.4. Let T ⊂ ω<ω be computably bounded, computable, leftward-closed, and

have no terminal nodes. Let g(n) = |T ∩ ωn| − 1, for all n ∈ ω. Then, there exists a

computable linear ordering L such that dom(FgL) = T . In addition, by Proposition 4.2.3, L

is unique up to computable isomorphism.
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Proof. We will define L and F = FgL simultaneously. Let n = |σ|, for σ ∈ ω<ω.

For n = 0: Let F(<>) = [c0, d0), and enumerate c0 into |L|, the left endpoint of L. Here,

d0 =∞.

For n > 0: Let ρ0, ρ1, . . . , ρg(n−1) be all of the elements of T ∩ωn−1 in <lex-order such that

they are also in dom(F). For 0 ≤ k ≤ g(n−1), let F(ρk) = [ck, dk). (Note that dg(n−1) =∞.

Though F(ρk) is already defined, we will let F(ρk) be the interval [ck, dk) for convenience of

notation.) For all k, we will let mk ∈ ω be greatest such that ρk
∧mk ∈ T . We will divide

[ck, dk) into mk +1 subintervals by inserting mk new elements between ck and dk. So, we will

define F(ρk
∧j) to be the (j + 1)st interval for 0 ≤ j ≤ mk. Enumerate these new elements

into |L|, and keep the induced order on these elements by the dividing of the intervals into

subintervals. This induced order is the order in L.

More rigourously, let Mk = g(n− 1) +
∑

k′<kmk′ for 0 ≤ k ≤ g(n− 1). Mk keeps track

of the index numbers of all of the new elements we are adding to L. We want to make

sure that all of the elements we add to L, as we go through the tree level by level, are

different. Therefore, our numbering continues throughout the levels, which is the reason for

the g(n − 1) in the defintion. We also keep track of all of the elements added on the level

we are currently in, which is the reason for the summation.

Now, let

F(ρk
∧j) =



[aMk+j, aMk+j+1), if 0 < j < mk,

[ck, aMk+1), if 0 = j < mk,

[aMk+mk
, dk), if 0 < j = mk,

[ck, dk), if 0 = j = mk.
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At each level, we enumerate these ai’s into |L|, for Mk + 1 ≤ i ≤Mk +mk. As mentioned

above, the induced ordering on these elements is the ordering in L. So, we have constructed

a computable linear ordering L such that dom(FgL) = T .

4.3 Branches of Interval Trees

We are mostly concerned with initial segments of computable linear orderings, which, as we

show, correspond to branches of the interval tree. Notice that all branches of an interval tree

are infinite. A branch of the interval tree is a sequence of intervals obtained by restricting

the domain of the interval tree to just a branch. We show that both of these branches are tt-

equivalent. Then, in Theorem 4.3.3, we go on to define a bijection from the initial segments

of the linear ordering to branches of the interval tree.

Definition 4.3.1. Let F be an interval tree for some linear ordering L. A branch of F is

the sequence b = {b(0), b(1), . . .} of intervals of F obtained along some branch β ⊂ dom(F),

such that for all n, b(n) = F(β � n).

Proposition 4.3.2. Let L be a linear ordering, and F be a computable interval tree of L.

Let b be a branch of F and let β be the corresponding branch in dom(F). Then, b ≡tt β.

Proof. First, we will show that b ≤tt β.

Case 1: We want to find out if an interval of the form [ak,∞) is in b. First, find the least

n ∈ ω such that ak ∈ Lgn. (So, ak /∈ Lgn−1.) Therefore, if [ak,∞) is in F , it must be on level

n of F . If F(β � n) = [ak,∞), then [ak,∞) ∈ b. Otherwise, [ak,∞) /∈ b.

Case 2: We want to find out if an interval of the form [ak, al) is in b, where al 6= ∞.
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First, find the least n ∈ ω such that ak, al ∈ Lgn. Similarly, if [ak, al) is in F , then it must be

on level n of F . If F(β � n) = [ak, al), then [ak, al) ∈ b. Otherwise, [ak, al) /∈ b.

So, we have shown that b ≤tt β ⊕F , and since F is computable and this algorithm halts

for any oracle β, it is a tt-reduction. Therefore, we have that b ≤tt β.

Next, we will show that β ≤tt b. Let α ∈ ωn. We want to find out if α ∈ β. The sequence

α is of length n, therefore if it is in β, then b(n) = F(α). If F(α) = b(n), then α ∈ β.

Otherwise, α /∈ β.

Similarly, we have shown that β ≤tt b⊕F , and since F is computable and this algorithm

halts for any oracle b, it is a tt-reduction. Therefore, we have that β ≤tt b. Actually, since we

only need to know the nth interval of b, we have that β ≤btt(1) b (and therefore β ≤1 b).

Theorem 4.3.3. Let F = FgL be a computable interval tree of a computable linear ordering

L. Let I be the set of nonempty initial segments of L. Let B : I → [F ] be defined as follows:

(B(I))(n) = [cn, dn), where cn <L dn are adjacent elements of Lgn ∪ {∞} with cn ∈ I and

dn /∈ I.

Then,

1. B is a bijection.

2. Every initial segment I ∈ I is tt-equivalent to its image branch B(I), so I ≡tt B(I).

3. Let I1, I2 ∈ I. For i = 1, 2, let βi be the branch of dom(F) corresponding to B(Ii),

so that if B(I) = {[c0, d0), [c1, d1), . . .} where (B(I))(n) = [cn, dn) for all n ∈ ω, then

β � n = [cn, dn).

Then, I1 ⊂ I2 if and only if β1 <lex β2.
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Proof. To prove 1, we will define a bijection J : [F ]→ I given by:

For 0 ≤ k ≤ g(n), ak ∈ J (b(n)) if and only if ak ≤L cn, where b(n) = [cn, dn).

If J is the inverse of B, then both B and J are bijections. Let I ∈ I, and b = B(I) =

{[c0, d0), [c1, d1), . . .}. Notice that I is the initial segment of L with elements ≤L cn, for all

n ∈ ω. We must show that J (b) = I. Notice that J (b(n)) are all of the elements ak, for

0 ≤ k ≤ g(n), such that ak ≤L cn. As n → ∞, we can see that J (b(n)) = I. So, J is a

bijection and therefore B is also a bijection.

To prove 2, we will first show that I ≤tt B(I). We want to find out if an element a of

the linear ordering L, is in the initial segment I. Find the least n such that a ∈ Lgn. Let

(B(I))(n) = [cn, dn). Then, it is easy to see that if a ≤L cn then a ∈ I. Otherwise, a /∈ I.

We have shown that I ≤tt B(I) ⊕ Lgn⊕ ≤L, and since Lgn and ≤L are computable and

this algorithm halts for any oracle, it is a tt-reduction. Therefore, we have that I ≤tt B(I).

Actually, since we only need to know the nth interval of B(I), we have that I ≤btt(1) B(I).

Next, we will show that B(I) ≤tt I. We want to find out if an interval [c, d) is an element

of B(I). First of all, it must be the case that c ∈ I and d /∈ I. If this is not the case, then

[c, d) /∈ B(I).

Case 1: d =∞. Let n be least such that c ∈ Lgn. If c is the (g(n))th element of Lgn, with

respect to the order in L, then [c, d) ∈ B(I). Otherwise, [c, d) /∈ B(I).

Case 2: d 6= ∞. Let n be least such that c, d ∈ Lgn. If c and d are adjacent elements of

Lgn, then [c, d) ∈ B(I). Otherwise, [c, d) /∈ B(I).

We have shown that B(I) ≤tt I⊕Lgn⊕ ≤L, and since Lgn and ≤L are computable and this
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algorithm halts for any oracle, it is a tt-reduction. Therefore, we have that B(I) ≤tt I.

4.4 Core Propositions

The following proposition is true for all countable linear orderings (regardless if they have

left endpoints or not). In this proposition, we further relate linear orderings with their

corresponding interval trees and notice that if a linear ordering has only countably many

initial segments, then its corresponding interval tree has only countably many branches.

Recall that a linear ordering L is scattered if it does not contain a copy of Q. Therefore, L

contains no subset S ⊆ |L| such that (S,<L) ∼= (Q, <).

Proposition 4.4.1. Let L be a computable linear ordering with |L| = {ai}i∈ω. Then, the

following are equivalent:

1. L is scattered.

2. L has only countably many initial segments.

3. The interval tree F of L has only countably many branches.

Proof. First we will prove 2 ⇒ 1. We will assume that L is not scattered and show that

L has uncountably many initial segments. Since L is not scattered, there exists a subset

S ⊆ |L| such that (S,<L) ∼= (Q, <L). Since Q has uncountably many initial segments, S

also has uncountably many initial segments. Let I be an initial segment of S. Let D(I)

be the downward closure of I in L. In other words, D(I) = {a : a ≤L s, for all s ∈ I}.

Then, D(I) is an initial segment of L. Since all of the downward closures of all of the initial

segments of S are different, D is an injection. So, L has uncountably many initial segments.

42



Next, we will prove 1⇒ 2. We will assume that L has uncountably many initial segments

and show that L is not scattered. Let I be the set of all of the initial segments of L. By

assumption, I is uncountable. Therefore, I is a closed set in Cantor space, 2ω. So, you can

view I on a tree in 2<ω in the following way.

The empty node, <>, is on level 0 of the tree. Now, let I ∈ I. On level n of the tree

(sequences of length n), for n > 0, the tree branches right if an−1 ∈ I, and branches left

if an−1 /∈ I. Therefore, this initial segment I corresponds to a branch on a tree containing

only branches representing each initial segment in I. Since I is a closed set in Cantor space,

it has a perfect subset J ⊆ I. Let T ⊆ 2<ω be a perfect tree such that [T ] = J . We will

define a map U : 2<ω → T by recursion as follows. Let n = |σ|, for σ ∈ 2<ω.

For n = 0: Let U(<>) =<>.

For n > 0: Given σ ∈ dom(U) for some |σ| = n−1, U(σ∧0) and U(σ∧1) are incompatible

extensions in T of U(σ). More explicitly, given U(σ) = ρ,

U(σ∧0) = ρ∧τ where τ ends in 0,

U(σ∧1) = ρ∧γ where γ ends in 1, and where

ρ∧τ * ρ∧γ, ρ∧γ * ρ∧τ, and ρ∧τ, ρ∧γ ∈ T.

For each σ ∈ 2<ω, let d(σ) be the element in |L| on which U(σ∧0) and U(σ∧1) are defined

and disagree. Let S = {d(σ) : σ ∈ 2<ω}. We will show that S has the order type of Q under

L. First, we will show that S has no least or greatest element. For every σ, there is a family

of initial segments that contain d(σ). This family contains initial segments that may contain

elements to the right of d(σ) (with respect to the linear ordering L). There is also a family
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of initial segments that do not contain d(σ). This family contains initial segments which

contain elements only to the left of d(σ). Therefore, d(σ) is between d(σ∧0) and d(σ∧1).

Therefore, S has no least or greatest element.

Next, we will show that S is dense. Let ρ, τ ∈ 2<ω with ρ 6= τ . If ρ and τ are incompatible

(so ρ * τ and τ * ρ), then let γ be the longest string such that ρ ⊇ γ and τ ⊇ γ. According

to our previous argument, d(γ) is between d(γ∧0) and d(γ∧1). Suppose that ρ ⊇ γ∧0 (there

is a similar argument if you assume that ρ ⊇ γ∧1). So ρ does not contain d(γ) and τ does

contain d(γ). Now d(ρ) is the element in L on which U(ρ∧0) and U(ρ∧1) are defined and

disagree. Again, according to the above argument, there is a family of initial segments which

contain initial segments which do not contain d(γ) and do not contain d(ρ), so they contain

elements to the left of these two elements. There is also a family of initial segments which

contain initial segments which do not contain d(γ) and do contain d(ρ). So, d(ρ) is to the left

of d(γ). Similarly, d(τ) is to the right of d(γ). So, S is dense since d(γ) is strictly between

d(ρ) and d(τ).

Suppose now that ρ and τ are compatible and that ρ ⊃ τ (there is a similar argument if

you assume that τ ⊃ ρ). Like the above argument, d(ρ) will either be to the left or to the

right of d(τ). d(ρ∧0) will be either to the left or to the right of d(ρ). d(ρ∧1) will be on the

left of d(ρ) if d(ρ∧0) is to the right of d(ρ), and d(ρ∧1) will be on the right of d(ρ) otherwise.

So, we have that either d(ρ∧0) or d(ρ∧1) is in between d(ρ) and d(τ).

Next, we will prove 2 ⇒ 3. We will assume that L has only countably many initial

segments and show that the corresponding interval tree F has only countably many branches.

By Theorem 4.3.3, there is a bijection B : I → [F ], where I is the set of all of the initial

segments of L. Since I is countable, [F ] must also be countable.
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Finally, we will prove 3 ⇒ 2. We will assume that F has only countably many branches,

and show that L has only countably many initial segments. Similarly to the proof of 2 ⇒ 3,

by Theorem 4.3.3, we are done.

Definition 4.4.2. Let T ⊂ ω<ω, and let β ∈ [T ]. The branch β is a limit branch of T if for

all σ ⊂ β, there exist σ0 and σ1 such that σ0 ⊃ σ, σ1 ⊃ σ, σ0 * σ1, and σ1 * σ0.

If β is a limit branch of T , then there are an infinite number of branches which share an

initial segment (in ω<ω) with β. We will let β0 be the branch which shares the shortest initial

segment, say σ0, with β. So, if σ0
∧0 ⊂ β, then σ0

∧1 ⊂ β0, and visa-versa. Similarly, we will

let βn be the branch which shares the nth shortest initial segment with β. So, we have a

collection of branches {βn}n∈ω of T , where βn 6= β for all n, and such that limn→∞ βn = β.

Proposition 4.4.3. Let L be a countable, non-finite, linear ordering, and F the correspond-

ing interval tree. Let T = dom(F). Then, T has a unique limit branch if and only if L is

isomorphic to a non-finite substructure of ω + ω∗. In particular, L ∼= ω + ω∗, or L ∼= ω + n,

or L ∼= n+ ω∗, where n ∈ ω. If the limit branch of T is noncomputable, then L ∼= ω + ω∗.

Proof. Assume that T has a unique limit branch β. We will associate β with its correspond-

ing branch on the interval tree, so β = {[c0, d0), [c1, d1), . . .} where [ci, di) is an interval of

elements from L for every i ∈ ω. Let {βn}n∈ω be a collection of infinite branches of T such

that βn 6= β for all n and limn→∞ βn = β. Let β0 be such that σ ⊂ β0, σ ⊂ β for some

σ ∈ ω<ω where |σ| = l, and there is no γ ∈ ω<ω such that σ ⊂ γ, γ ⊂ β0 and γ ⊂ β (so σ is

the largest initial segment extended by both β0 and β). Then, β0 and β share the interval

[cl, dl) in common, however, at level l+1 a new element is introduced between the elements cl

and dl (with respect to the linear ordering L). Since ∩i∈ωinterior(β0 � i) = ∅ by definition of
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interval tree, since L is countable and β is unique, along β0 there are only a finite number of

elements that are inserted between cl and dl. Similarly, every element βk ∈ {βn}n∈ω inserts

only a finite number of elements in the interval in β which corresponds to the longest initial

segment that βk and β both extend. Since β is a limit branch, we have an infinite number of

different branches in {βn}n∈ω which add at least one new element to the interval in β which

corresponds to the longest initial segment that the branch shares with β. Again, since L is

countable and β is unique, we have that L ∼= ω + ω∗, or L ∼= ω + n, or L ∼= n + ω∗, where

n ∈ ω.

Assume that L is isomorphic to a non-finite substructure of ω+ω∗. We will show that T

has a unique limit branch. Suppose that L ∼= ω + n for some n ∈ ω. On the right side of T ,

there will be a level where there are n infinite branches (and no more than n branches from

that level on), representing each of the n elements of the right side of the linear ordering. The

limit branch of T is the branch immediately to the left of these n branches, which contains

only infinite intervals. This limit branch is unique. Note that since we can find this limit

branch computably, it is computable. We can use a similar argument for when L ∼= n+ ω∗.

Assume that L ∼= ω + ω∗. The limit branch of T must contain the infinite interval on

each level of the tree. An infinite interval has the form that one element is from ωL and one

element is from ω∗L. Therefore, by the definition of an interval tree, each level of T has only

one infinite interval. Therefore, there is only one unique limit branch. By our argument in

the above paragraph, if the limit branch is noncomputable, then L ∼= ω + ω∗.
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Chapter 5

Applications of Interval Trees

5.1 Limit Branch Inside Limit Computable Turing De-

grees

In this section, we are trying to extend Theorem 3.1.9 for tt-degrees. Therefore, we are

trying to show that the truth-table degree spectrum of ωL on L, where L is a linear ordering

of order type ω + ω∗, is all of the ∆0
2 tt-degrees (so all of the tt-degrees computable in ∅′).

This is not the case, and we cannot even extend Theorem 3.1.9 for wtt-degrees.

Corollary 5.1.2 gives us the best possible result, that we can find a computable linear

ordering of order type ω+ω∗ such that for any ∆0
2 set A, ωL ≤tt A, however, we only have that

A ≤T ωL. Corollary 5.3.2 says that we cannot replace T-reducibility with wtt-reducibility

or tt-reducibility in Corollary 5.1.2.

Theorem 5.1.1. For every ∆0
2 set A, there is a computable tree T ⊂ 2<ω with no terminal

nodes such that T has a unique limit branch β, and A ≤T β ≤tt A.

47



By Proposition 4.4.3, we have the following corollary.

Corollary 5.1.2 (Chisholm, et al. [5]). For every ∆0
2 set A, there is a computable linear

ordering L of order type ω + ω∗ such that A ≤T ωL ≤tt A.

Proof of Theorem 5.1.1. Let A be a ∆0
2 set. By definition, A = lims→∞As for uniformly

computable sets As. We will define a set M of natural numbers as follows. Let M = {mk}k∈ω

where m0 = 0 and mk+1 is the least m > mk such that Am � k = A � k, for k ≥ 0. So, for

each k, mk+1 is the least number where Amk+1
and A agree on the first k elements and such

that mk+1 > mk, so that the sequence is strictly increasing.

Lemma 5.1.3. A ≤T M ≤tt A.

Proof. First we will show that M ≤tt A. We want to determine if a number m ∈ ω is an

element of M . Enumerate m0,m1, . . . (we do this just using As and A). If m = mi for some

i ∈ ω, then m ∈M . Since m0 < m1 < · · · once we get to an mk such that mk > m, then we

know that m /∈M . This procedure converges for every oracle A and any m ∈ ω. Therefore,

we have a tt-reduction.

Next, we will show that A ≤T M . We want to determine if a number a ∈ ω is an element

of A. Since Ama+1 � a = A � a, we need to just use M and Ama+1 (which is computable) to

determine if a ∈ A. If a ∈ Ama+1 , then a ∈ A. Otherwise, a /∈ A. Therefore, we have that

A ≤T M .

Now, we will define a binary tree T with no terminal nodes such that β is the unique

limit branch of T and β = χM . In order to do this, we will compute approximations mt
k to

mk as follows. For all t ∈ ω, let mt
0 = 0 and let mt

k+1 be the least m > mt
k such that m ≤ t

and Am � k = At � k, as long as mt
k is defined and such an m exists.
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Before we define T , we will construct a set of binary strings T0 and then have T be an

extension of T0. Let τ ∈ 2<ω.

τ ∈ T0 ⇐⇒ τ = 0∧0∧ · · · ∧0 or

τ(n) = 1 if and only if n = mt
i where t is maximal such that τ(t) = 1, and

0 ≤ i < k where k is the number of 1’s in τ.

Now, we will let T ⊆ 2<ω such that every string σ ∈ T is such that if τ ⊆ σ then τ ∈ T0.

The tree T is computable, since we have an algorithm to find T0 and therefore to find T .

Also, T has no terminal nodes since if τ ∈ T then τ∧0 ∈ T .

Lemma 5.1.4. M is the unique limit branch of T .

Proof. First, we will show that M is a branch of T . We will view M as its characteristic

function χM , and show that χM is a branch of T . To do this we will show that every sequence

τ which is extended by χM is an element of T0 and then it follows that τ is also an element

of T . Let τ ∈ 2<ω such that χM extends τ . The string τ 6= 0∧0∧ · · · ∧0 since χM does not

extend τ because m0 = 0 and therefore χM � 0 = 1. So τ must contain a 1. Let t be greatest

such that τ(t) = 1. So, t = mk for some k ≥ 0, since χM ⊃ τ . If t = m0, then t = m0
0 also,

so τ ∈ T0 and is also an element of T . Otherwise, we have that t = mk = mt
k and therefore

At � (k − 1) = A � (k − 1). Therefore we have that mj = mt
j for all 0 ≤ j ≤ k. So, τ(n) = 1

if and only if n = mj = mt
j for some j. Again, by definition of T0, τ ∈ T0. Therefore, M is

a branch of T .

Second, we will show that M is a limit branch of T . Let σ be a finite initial segment of χM .
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Then, σ∧ 0∧0∧ · · · ∧0︸ ︷︷ ︸
i

∈ T for all i ∈ ω, by definition of T0 (and T ). Also, σ∧ 0∧0∧ · · · ∧0︸ ︷︷ ︸
j

∧1 ∈ T

for some j ∈ ω since χM ⊃ σ. So, M is a limit branch of T .

Finally, we need to show that M is the unique limit branch of T . Let C be another limit

branch of T . We will show that C = M . Let {Cn}n∈ω be the set of all branches of T such

that limn→∞Cn = C and Cn 6= C for all n.

We will first argue that ∪n∈ωCn is infinite. Suppose, by way of contradiction, that ∪n∈ωCn

is finite. Therefore, there are only a finite number of different Cn’s, and so there are infinitely

many of them that are the same. Let B be a collection of these infinitely many sets that are

all the same. So, B = limn→∞Cn = C. So, C = Cn for infinitely many n, which contradicts

our original assumption. Therefore, ∪n∈ωCn is infinite.

Now, we will show that C = M by showing that χM � k is an initial segment of C for

all k ∈ ω. Fix k ∈ ω. Choose N large enough such that mt
i = mi for all i ≤ k and all

t ≥ N . Choose τ such that τ ⊆ Cp for some p such that Cp � (mk + 1) = C � (mk + 1), and

such that t′ is the largest number such that τ(t′) = 1 where t′ ≥ N . We can find such a τ

since ∪n∈ωCn is infinite and limn→∞Cn = C. Then, τ ∈ T since Cp ∈ [T ], by assumption.

So we have that τ ∈ T0, by definition of T , and since τ ⊆ Cp and Cp ∈ [T ]. Therefore, it

must be the case that τ(n) = 1 if and only if n = mt′
i , since τ 6= 0∧0∧ · · · ∧0, by assumption.

By choice of n, we have that {mt′
0 , . . . ,m

t′

k } = {m0, . . . ,mk}. So, {m0, . . . ,mk} is an initial

segment of τ , and is therefore an initial segment of Cp, and therefore also of C. So, C = M

and M is the unique limit branch of T .
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5.2 Extension: Strengthening Limit Computable to

Computably Enumerable

We extend our first application to interval trees in Theorem 5.2.2. We can actually have the

set A from Corollary 5.1.2 be c.e., and we also get that ωL is c.e. Since we trivially have

that A ≡T ωL, we have that every c.e. T-degree contains a c.e. set that is the ω-part of a

computable linear ordering of order type ω + ω∗. Before proving this theorem, recall the

following definition.

Definition 5.2.1 (Dekker [8]). A set A is regressive if there is a one-to-one enumeration

{ai}i∈ω of A and there is a partial computable function ψ such that ψ(a0) = a0 and ψ(ai+1) =

ai, for i ≥ 0. If the enumeration is also in order of magnitude, then A is retraceable.

Note that the enumeration of A does not need to be computable.

Theorem 5.2.2 (Chisholm et al. [5]). For every c.e. set A, there is a computable linear

ordering L of order type ω + ω∗ such that A ≤T ωL ≤tt A and ωL is c.e.

Proof. Let A be a noncomputable, c.e. set, since the theorem trivially holds if A is com-

putable. Since A is c.e., A is the range of some one-to-one computable function f . We will let

B be the Dekker deficiency set of A for the enumeration f , so

B = {s : (∃t > s)[f(t) < f(s)]}. We will first show that A ≤T B (this proof may be

found in [31], Theorem V.2.5). It is clear that B is infinite. Let p(x) be the xth greatest ele-

ment of B. To see if an element x is in A, first enumerate the elements f(0), f(1), . . . , f(p(x)).

Since x ≤ f(p(x)), if x is one of the elements in the enumeration, then x ∈ A. Otherwise,

x /∈ A. So, A ≤T B.

51



Next, we will show that B ≤tt A. Let As = {f(0), . . . , f(s)}. To see if an element s is in

B, find the least t such that At � f(s) = A � f(s). If t > s, then it must be the case that

f(t) < f(s). So, s ∈ B. Otherwise, we have that s /∈ B. This is a tt-reduction since this

algorithm halts for all oracles. Therefore, we have shown that A ≤T B ≤tt A.

We need to show that B = ωL for some computable linear ordering L ∼= ω+ω∗. Note that

B is a Σ1 set, and is therefore c.e. Next, we will show that B is retraceable, and therefore

regressive (this proof may be found in [27], Theorem II.6.16). Let {bk}k∈ω be a one-to-one

enumeration of B such that bk+1 > bk for all k. We must define a partial computable function

ψ such that ψ(b0) = b0 and ψ(bk+1) = bk for all k. Given bk ∈ B, we need to effectively find

bk−1 (where b−1 = b0). Let c < bk. Then,

c ∈ B ⇐⇒ (∀t > c)[f(t) > f(c)].

Since for all t > bk we have that f(t) > f(bk), by assumption, we only need to check values

of f for elements less than bk. So,

c ∈ B ⇐⇒ (∀t)[c < t ≤ bk ⇒ f(t) > f(c)].

Let ψ(bk) be the biggest c < bk such that the above line holds, if a c exists. If not, then

bk = b0 and let ψ(b0) = b0. Therefore, we have shown that B is retraceable, and therefore

regressive. We can now use the following theorem.

By Theorem 3.2 of [17], if B is c.e. and B is regressive, then B is semirecursive. By

Theorem 4.1 of [17], B is semirecursive if and only if B is the initial segment of some
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computable linear ordering on ω. Let L0 be this computable linear ordering on ω.

Now, we will show that B is immune by showing that B is hyperimmune (this proof may

be found in [31], Theorem V.2.5). If B is not hyperimmune, then some computable function,

say g, majorizes p. Therefore, x is an element of A if and only if x ∈ {f(0), f(1), . . . , f(g(x))},

which means that A is computable, which contradicts our original assumption. Therefore,

B is hyperimmune, which implies that B is immune. So, the linear ordering L0 restricted to

the elements in B is isomorphic to ω∗.

We are going to now construct a computable linear ordering L such that B = ωL by

rearranging the elements of B in the linear ordering L0. When doing this we want to make

sure that the elements of B have order type ω, that the elements of B are below the elements

of B, and that B still has order type ω∗. Since B is c.e., we have a c.e. enumeration of B,

namely {Bs}s∈ω such that Bs ⊆ Bs+1 and B = ∪s∈ωBs.

Construction:

Suppose that L is defined on all numbers less than n for n ∈ ω. Let I(Bn) = {i < n :

(∃k < n)[k ∈ Bn ∧ i ≤L k]}, the set of all elements of ω less than n and to the left of an

element k of Bn, also less than n.

If i ∈ I(Bn), then put n to the right of i, so i <L n.

If i < n but i /∈ I(Bn), then keep the same ordering of i and n as in L0. So, i <L n if

and only if i <L0 n.

This ends the construction.

Now we need to show that this construction works. First we will show that ≤L defines

a linear ordering on ω. It is easy to see that ≤L is both reflexive and symmetric. We need

to show that ≤L is also transitive. Fix n ∈ ω and assume that ≤L is transitive on the set
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{i : i ≤ n}. We will show that ≤L is transitive on the set {i : i ≤ n + 1}. We will show

that if a ≤L b and b ≤L c then a ≤L c where a, b, c ∈ {i : i ≤ n + 1}. It is clear that ≤L is

transitive when any two or three of these elements are n+ 1.

First, assume that a = n + 1 and b, c < n + 1. Since b < n + 1 and b ≮L n + 1 we have

that b /∈ I(Bn+1). It must be the case that n + 1 <L0 b. Suppose, by way of contradiction,

that c ∈ I(Bn+1), so c <L n + 1. Then, we can find a l < n + 1 such that l ∈ Bn+1 and

c ≤L l, by definition of I(Bn+1). Since b <L c and c ≤L l and ≤L is transitive on {i : i ≤ n},

we have that b ≤L l, so b ∈ I(Bn+1), a contradiction. Therefore, c and n+ 1 are ordered the

same in L as they are in L0.

Suppose that c <L0 n+ 1. Since ≤L0 is transitive and n+ 1 <L0 b, we have that c <L0 b.

Since b <L c, it must be the case that b ∈ I(Bc) ⊆ I(Bn+1), a contradiction. So, n+ 1 <L0 c

and therefore n+1 <L c. We can use a similar strategy to show that transitivity holds when

either b = n+ 1 or c = n+ 1. Therefore, we have shown that ≤L is transitive and that it is

a linear ordering.

Next, we will show that all of the elements of B are to the left of the elements in B with

respect to the ordering L. Let n ∈ ω. Assume that i, j < n for j ∈ B and that if i <L j

then i ∈ B. In other words, we are assuming that if i ∈ I(Bn), then i ∈ B. So, I(Bn) ⊆ B.

We will show that if a, b < n+ 1 for b ∈ B and a <L b, then a ∈ B.

If a, b < n, then we are done by assumption.

If a = n and b < n, we need to show that n ∈ B. Since we are assuming that n <L b,

it must be the case that b /∈ I(Bn). Since b ∈ B, pick s large enough such that b ∈ Bs and

n < s. Since b < s and n <L b, we have that n ∈ I(Bs). So, n ∈ B. We can then conclude

that I(Bk) ⊂ B for all k ∈ ω, so all of the elements of B are to the left of the elements in
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B. A similar argument holds when b = n and a < n.

Next, we will show that B = ω. Let b ∈ B and we will show that b has only finitely

many predecessors in L. By construction, we place b to the right (with respect to the linear

ordering L) of all of the elements in I(Bb). Since I(Bb) is finite, and we never place any

more elements to the left of b, b has only finitely many predecessors. So, B = ω. It is easy

to see that B = ω∗ since if b ∈ B, then b /∈ I(Bn) for any n ∈ ω. So, the ordering stays the

same in L as in L0 and thus B = ω∗.

Therefore, the above construction works and gives us a computable linear ordering L ∼=

ω + ω∗ such that B = ωL.

5.3 Cannot Replace Turing Reducibility with Weak

Truth-Table Reducibility

Theorem 5.1.1 does not hold if we replace T-reducibility with wtt-reducibility. We can use

interval trees to show that there is a c.e. set that is not wtt-reducible to ωL, where L is a

computable linear ordering of order type ω + ω∗. This is a negative conclusion to trying to

extend Theorem 3.1.9 for tt-degrees and for wtt-degrees. We will be able to prove a much

stronger result in Section 5.4 by finding a c.e. set that is not wtt-reducible to any initial

segment of any computable scattered linear ordering.

Theorem 5.3.1. There exists a c.e. set D such that whenever T ⊂ 2<ω is a computable

tree with no terminal nodes having a unique limit branch, then D is not wtt-reducible to any

branch of T .
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By Proposition 4.4.3, we have the following corollary.

Corollary 5.3.2 (Chisholm et al. [5]). There exists a c.e. set D such that D �wtt ωL, where

L is a computable linear ordering of order type ω + ω∗.

To see why we cannot extend Theorem 3.1.9 for the strong degree spectrum, let deg(D) =

d, where D is as in Corollary 5.3.2. Then, d /∈ DgSpwttL (ωL). So, DgSpwttL (ωL) does not

contain all ∆0
2 wtt-degrees, which implies that DgSpttL(ωL) does not contain all ∆0

2 tt-degrees.

To prove Theorem 5.3.1, we first need the following notion of a transversal.

Definition 5.3.3. A sequence A =< σ0, σ1, . . . >⊂ 2<ω is a transversal of a tree T ⊂ 2<ω

if every f ∈ [T ] extends some σk.

Let p ∈ ω. A transversal A of T is an (i, p)-converging transversal of T if |σk| ≥ ϕi(< p, k >)

for every σk ∈ A.

Proof of Theorem 5.3.1. Let {Tj}j∈ω be a fixed enumeration of all partial computable sub-

trees of 2<ω. Our goal is to construct a c.e. set D where D = ∪Deij, where

Deij ⊂ {< e, i, j, k >}k∈ω are uniformly c.e.

Construction:

Given the sth approximation Ds
eij to Deij, construct Ds+1

eij as follows.

First, we want to find a transversal Aeij of Tj. If we have already found a transversal Aeij

of Tj by stage s, then we do not need to look for it. So, move on to enumerating elements into

Deij. Else, we have not found a transversal of Tj yet. Let A =< σ0, σ1 . . . , σM >∈ (2≤s)<ω

with M ≤ s. (A is a string of at most length s. Each σk is a finite binary string.) A is an

(i, < e, i, j >)-converging transversal of Tj if |σk| ≥ ϕσk
i,s(< e, i, j, k >) for every σk ∈ A and

every f ∈ [T sj ] extends some σk. In particular, the branches f ∈ 2L ∩ Tj for L ≤ s.

56



If we can find such an A, let Aeij be the least such (with respect to the code of

< σ0, σ1, . . . , σM >). Enumerate < e, i, j, k > into Ds+1
eij if and only if ϕσk

e,s(< e, i, j, k >) = 0.

Otherwise, Aeij remains undefined, so we do not enumerate any elements into Ds+1
eij .

Therefore, Ds+1
eij = Ds

eij = ∅.

This ends the construction.

Lemma 5.3.4. Assume that Tj is total, and that Tj has a unique limit branch β. Fix i ∈ ω.

Then, for every p ∈ ω, Tj has a finite (i, p)-converging transversal.

Proof. We will define the transversal A = < σ0, σ1, . . . > of Tj by setting σ0 =

(β � ϕi(< p, 0 >)). Let B = {β1, β2, . . .} where βk ∈ [Tj] and σ0 is not a subset of βk for k > 0.

Since Tj has only one limit branch, B is a finite set. Similarly, let σk = (βk � ϕi(< p, k >))

for 1 ≤ k ≤ |B|. So, A is a transversal of Tj since every f ∈ Tj extends some element of

A, by how it was constructed. Since |σk| = ϕi(< p, k >) for every σk ∈ A, A is also a finite

(i, p)-converging transversal of Tj.

Now, fix j such that Tj is total and has a unique limit branch. Therefore we can find

a branch β ∈ [Tj]. Assume that D ≤wtt β via ϕe with use bounded by ϕi. So, D(x) =

ϕ
(β�ϕi(x))
e (x) for all x ∈ ω. Note that ϕi is total since for all x ∈ ω we need to compute ϕi(x).

By Lemma 5.3.4, Tj has a finite (i, < e, i, j >)-converging transversal, which we will call

Aeij. Some σk ∈ Aeij must lie on β, by definition of transversal. Let n =< e, i, j, k >. Then,

ϕβe (n) = ϕ(β�ϕi(n))
e (n) = ϕσk

e (n).
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Therefore, ϕβe (n) = 1⇔ ϕσk
e (n) = 1. Then we have

n ∈ D ⇔ n ∈ Deij ⇔ ϕσk
e,s(n) = 0⇔ ϕσk

e (n) = 0,

which is a contradiction to D ≤wtt β. Therefore, D �wtt β via ϕe with use bounded by

ϕi.

5.4 Extension to Computable Scattered Linear Order-

ings

We can significantly strengthen Theorem 5.3.1 by showing that there exists a c.e. set D that

is not only not wtt-reducible to the ω-part of L, where L is a computable copy of ω+ω∗, but

also that D is not wtt-reducible to any initial segment of any computable scattered linear

ordering. In order to prove this strengthened theorem, we need the following definition.

Definition 5.4.1 (Cenzer et al. [4]). A real f ∈ 2ω is ranked if f ∈ P for some countable

Π0
1 class P .

The following proposition shows that we can view initial segments of computable scattered

linear orderings as ranked sets.

Proposition 5.4.2. Let L be a computable scattered linear ordering. Then, every initial

segment of L is ranked.

Proof. Let L be a computable scattered linear ordering. Since L is scattered, L has only

countably many initial segments by Proposition 4.4.1. Let P be the Π0
1 class of initial
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segments of L. Then, P is countable. Therefore, any initial segment of L, which is an

element of P , is ranked.

Theorem 5.4.3. There exists a c.e. set D such that whenever T ⊂ 2<ω is a computable

tree with countably many infinite branches, then D is not wtt-reducible to any branch of T .

Therefore, there exists a c.e. set D which is not wtt-reducible to any ranked set. So, the

wtt-cone above D is disjoint from every countable Π0
1 class.

We get the following corollary about initial segments of computable scattered linear

orderings using Proposition 5.4.2.

Corollary 5.4.4 (Chisholm et al. [5]). There exists a c.e. set D which is not wtt-reducible

to any initial segment of any computable scattered linear ordering.

Proof. According to Theorem 5.4.3 there exists a c.e. set D which is not wtt-reducible to any

ranked set. Let L be a computable scattered linear ordering. By Proposition 5.4.2, every

initial segment of L is ranked. It follows that D is not wtt-reducible to any initial segment

of any computable scattered linear ordering.

Proof of Theorem 5.4.3. We will prove this theorem using exactly the same technique as

when we proved Theorem 5.3.1. Recall that we let {Tj}j∈ω be a fixed enumeration of all

partial computable subtrees of 2<ω. Define D = ∪Deij where Deij ⊂ {< e, i, j, k >}k∈ω are

uniformly c.e. We need to show, as in Lemma 5.3.4, that every total Tj has a finite (i, p)-

converging transversal. In the proof of Lemma 5.4.5 we do not have a subtree of 2<ω with a

unique limit branch, as we did in the proof of Lemma 5.3.4. Instead, we have a subtree of

2<ω with countably many branches. Therefore, we need to prove the following lemma.
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Lemma 5.4.5. Let Tj be total and suppose that Tj has countably many branches. Fix i ∈ ω

such that ϕi is total. Then, for all p ∈ ω, Tj has a finite (i, p)-converging transversal.

Proof. Fix p ∈ ω. Assume that ϕi is an increasing function. We can assume this, since in

the proof of Theorem 5.4.3 we will assume that D ≤wtt β via ϕe and ϕi where β is a branch

of Tj, and for some e ∈ ω. The function ϕi bounds the use of the oracle β and can therefore

be assumed to be increasing.

Next, we will define a computable function g by recursion. We define this function g,

using ϕi, in order to pick out a subtree of Tj where each node has length g(n) for some n ∈ ω

(this subtree also contains the empty node). Therefore, the length of these nodes can be

expressed in terms of ϕi. A collection of these nodes will eventually be the transversal we are

looking for, and because of how we defined g, it will be easy to see that |σk| ≥ ϕi(< p, k >)

for all σk in the transversal (which is what we need to have an (i, p)-converging transversal).

Here is the definition of g.

• Let g(0) = ϕi(< p, 0 >).

• Let g(l + 1) = ϕi(< p,wl >) where wl is the number of nodes σ ∈ Tj such that either

|σ| = g(l) or σ is a terminal node of Tj with |σ| < g(l).

Now we call σ ∈ Tj a g-node if |σ| = 0 or |σ| = g(n) for some n. This collection of

g-nodes forms a subtree of Tj. Let σ, σ′ ∈ Tj both be g-nodes such that σ ⊂ σ′ and such

that there does not exist β ∈ Tj such that σ ⊂ β ⊂ σ′ and β is a g-node. Then, σ is called a

g-predecessor of σ′ and σ′ is called a g-successor of σ. A g-node with no g-successor is called

a terminal g-node. Otherwise, it is called a nonterminal g-node.
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Next, we define the notion of splitting rank. We show that the empty node, <>, has

some finite splitting rank, say R. Then, we construct the transversal of Tj by finite extension

such that A0 ⊂ A1 ⊂ · · · ⊂ AR+1 and such that AR+1 is the transversal we are looking for.

We define these Al’s by also constructing sets Bl such that Al+1 contains the g-successors of

each element in Bl with the highest splitting rank, if it exists. Constructing Al+1 in this way

gives us an effective procedure for finding the transversal, and also makes it easy to check

that AR+1 is in fact the (i, p)-converging transversal we are looking for.

Let n ∈ ω and σ ∈ Tj. We will define the relation SR(σ) ≥ n, where SR stands for

Splitting Rank, recursively as follows.

• SR(σ) ≥ 0 if and only if σ is a g-node.

• SR(σ) ≥ (n + 1) if and only if SR(τ) ≥ n for at least two distinct τ ∈ Tj that are

g-successors of σ.

Now, we define what the splitting rank of a node in Tj is actually equal to.

• SR(σ) =∞ if and only if SR(σ) ≥ m for all m ∈ ω.

• SR(σ) = n if and only if n is the greatest element of ω such that SR(σ) ≥ n.

According to the definition of splitting rank, it is easy to see that if σ is a g-predecessor

of σ′, then SR(σ) ≥ SR(σ′). In fact, we see by the following lemma that we can get even

more precise than this. (The proof of this lemma is obvious, using the definition of splitting

rank.)

Lemma 5.4.6. Let σ be a nonterminal g-node of Tj. Let σ′ be the g-successor of σ with

greatest splitting rank.
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1. If SR(σ′) =∞, then SR(σ) =∞.

2. If SR(σ′) = n for some n ∈ ω and if σ′ is the only g-successor of σ with splitting rank

n, then SR(σ) = n.

3. If SR(σ′) = n for some n ∈ ω and if σ′ is not the only g-successor of σ with splitting

rank n, then SR(σ) = n+ 1.

We have the following very important corollary to the above lemma. According to this

corollary, it must be the case that no σ ∈ Tj has splitting rank∞. If this is the case then Tj

must contain a perfect subtree, however, this contradicts our assumption that Tj has only

countably many branches.

Corollary 5.4.7. There is no σ ∈ Tj such that SR(σ) =∞.

Proof. Let σ ∈ Tj be such that SR(σ) = ∞. Then, σ must have at least two distinct g-

successors both with splitting rank ∞, and so on. This set of g-nodes generates a perfect

subtree of Tj which must have uncountably many branches, a contradiction. Therefore,

SR(σ) <∞.

By Corollary 5.4.7, we have that SR(<>) = R for some R ∈ ω. We will use this

observation frequently. Now, we will start constructing sets Al and Bl for 0 ≤ l ≤ R + 1

with A0 ⊂ A1 ⊂ · · · ⊂ AR ⊂ AR+1 forming better and better approximations of the (i, p)-

converging transversal of Tj that we are looking for.

Construction:

Let A0 = ∅, and B0 = {<>}.
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Given Al = {σ0, . . . , σm} and Bl = {τ1, . . . , τn}, we define Al+1 and Bl+1 as follows. For

each τ ∈ Bl, let ρτ be the g-successor of τ having maximum splitting rank. If τ has no

g-successor, then ρτ does not exist. Let σm+j, for 1 ≤ j ≤ n, be the jth member of the set

{ρτ : τ ∈ Bl} (where the set is ordered with respect to the numbering of the indices on the

τ ’s). Then, let Al+1 contain Al and the set of all nodes σm+j. Let τ ∈ Bl+1 if and only if

|τ | = g(l) and τ does not extend any element of Al+1. (In the special case where g(0) = 0,

we let B1 = ∅.)

This ends the construction.

Lemma 5.4.8. For 0 ≤ l ≤ R, we have that:

1. Every ρ ∈ Bl+1 ∪ (Al+1 − Al) is a g-successor of exactly one τ ∈ Bl.

2. Let ρ ∈ Bl+1 extend τ ∈ Bl. Then,

(a) SR(ρ) < SR(τ), and

(b) SR(ρ) ≤ R− (l + 1).

3. Bl+1 ∪ Al+1 is an antichain.

4. |σk| ≥ ϕi(< p, k >) for all σk ∈ Al+1.

Proof. We will prove this lemma by induction on l. First, we will show that this lemma holds

for the case when l = 0. Then, we will assume that this lemma holds for some l − 1 ≥ 0,

and we will show that the lemma holds for l. Let l = 0.

(1) We must show that every ρ ∈ B1 ∪ (A1 −A0) is a g-successor of exactly one τ ∈ B0.

If ρ ∈ B1, then since |ρ| = g(0) and g is increasing, it is easy to see that ρ is a g-successor

63



of <>, and by definition, <>∈ B0. If ρ ∈ (A1−A0), then by definition, ρ is the g-successor

of <> with greatest splitting rank. Therefore, every ρ ∈ B1 ∪ (A1 − A0) is a g-successor of

exactly <>∈ B0

(2a) Let ρ ∈ B1 extend <>∈ B0 (we know that we can find this ρ by (1)). We must

show that SR(ρ) < SR(<>). Let σ0 ∈ A1 be the g-successor of <> with greatest splitting

rank. σ0 /∈ B1, by definition of B1, so σ0 6= ρ. Therefore, we have that SR(ρ) ≤ SR(σ0). If

SR(ρ) = SR(σ0), then by Lemma 5.4.6(2), SR(<>) = SR(ρ) + 1, so SR(ρ) < SR(<>). If

SR(ρ) < SR(σ0), then by Lemma 5.4.6(2), SR(<>) = SR(σ0), so SR(ρ) < SR(<>).

(2b) Using the same ρ and τ as in the proof of (2a) above, we must now show that

SR(ρ) ≤ R − 1. In (2a) we showed that SR(ρ) < SR(<>). Since SR(<>) = R, by

assumption, we have that SR(ρ) < R, so SR(ρ) ≤ R− 1.

(3) We must show that B1 ∪ A1 is an antichain. If g(0) = 0, then B1 = ∅, by definition

of B1. Either A1 = {σ0}, where σ0 is the g-successor of <> with greatest splitting rank, or

A1 = ∅ if no g-successor of <> exists. Therefore, Al is an antichain, and so Bl ∪ Al is an

antichain. If g(0) 6= 0, then B1 contains only elements of length g(0) which do not extend

any elements of A1. If A1 6= ∅, then its only element, σ0, has length g(0), since it is the

g-successor of <> and g is increasing. Therefore, Bl ∪ Al is an antichain.

(4) We must show that |σk| ≥ ϕi(< p, k >) for all σk ∈ A1. According to our argument

in (3), either A1 = {σ0} or A1 = ∅. Suppose A1 = {σ0}. If g(0) = 0, then |σ0| = g(1) =

ϕi(< p,w1 >), where w1 is the number of nodes σ such that |σ| = g(0). Therefore, w1 = 1

(the empty node, <>). So, |σ0| = ϕi(< p, 1 >) ≥ ϕi(< p, 0 >), since ϕi is increasing.

Therefore, |σ0| ≥ ϕi(< p, 0 >). If g(0) 6= 0, then |σ0| = g(0) = ϕi(< p, 0 >), by definition of

g. On the other hand, if A1 = ∅, then (4) trivially holds.
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Now, assume this lemma holds for l − 1 ≥ 0, and we will show that the lemma holds for

l.

(1) By (3), Bl ∪ Al is an antichain. Therefore, no element of Bl+1 ∪ (Al+1 − Al) is a

g-successor to more than one element of Bl. Each σm+j ∈ (Al+1−Al) extends τj ∈ Bl by the

definition of Al. Now, let ρ ∈ Bl+1 and let τ be the g-predecessor of ρ. ρ does not extend any

element of Al, by definition of Bl+1. So, τ does not extend any element of Al. So, τ ∈ Bl.

(2a) Let Bl = {τ1, . . . , τn}, τ ∈ Bl, and Al = {σ0, . . . , σm}. Fix j such that τj = τ . Let

ρ ∈ Bl+1 extend τ ∈ Bl (we know this ρ can be found by (1)). By construction, σm+j ∈ Al+1

has the greatest splitting rank attained by any g-successor of τj. Since σm+j /∈ Bl+1, by

definition of Bl+1, we have that ρ 6= σm+j. Therefore, we have that SR(ρ) ≤ SR(σm+j). If

SR(ρ) = SR(σm+j), then by Lemma 5.4.6(3), SR(τ) = SR(ρ) + 1, so SR(ρ) < SR(τ). If

SR(ρ) < SR(σm+j), then by Lemma 5.4.6(2), SR(τ) = SR(σm+j), so SR(ρ) < SR(τ).

(2b) Assume that ρ ∈ Bl extends τ ∈ Bl−1 and that SR(ρ) ≤ R− l. Let ρ0 ∈ Bl+1 extend

τ0 ∈ Bl. We must now show that SR(ρ0) ≤ R − (l + 1). By (1), τ0 ∈ Bl is a g-successor

of exactly one τ ′ ∈ Bl−1. By assumption, SR(τ0) ≤ R − l. By part (2a), we have that

SR(ρ0) < SR(τ0). Therefore, SR(ρ0) < R− l and so SR(ρ0) ≤ R− l − 1 = R− (l + 1).

(3) Assume that Bl ∪ Al is an antichain. We must show that Bl+1 ∪ Al+1 is an an-

tichain. By construction, no two elements of Bl+1∪(Al+1−Al) are comparable. Assume that

ρ ∈ Bl+1 ∪ (Al+1 − Al) is comparable with σ ∈ Al. By (1), ρ is a g-successor of exactly one

τ ∈ Bl. So, σ and τ are also comparable, which is a contradiction since Bl ∪ Al is an

antichain. Therefore, no two elements in Bl+1 ∪ Al+1 are comparable, so Bl+1 ∪ Al+1 is an

antichain.

(4) Assume that |σk| ≥ ϕi(< p, k >) for all σk ∈ Al. We must show that |σk| ≥
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ϕi(< p, k >) for all σk ∈ Al+1. So, we really only need to show that |σk| ≥ ϕi(< p, k >)

for all σk ∈ (Al+1 − Al). Let σk ∈ (Al+1 − Al). Then, σk is the g-successor of some τ ∈ Bl

with greatest splitting rank, and such |τ | = g(l − 1). |σk| = g(l), since g is increasing.

So, |σk| = g(l) = ϕi(< p,wl−1 >). If we can show that wl−1 ≥ k, in other words that

wl−1 ≥ |Al+1|, then we are done. By (1), each element of Al+1−Al is a g-successor of exactly

one τ ∈ Bl. So, |Al+1 − Al| ≤ |Bl|. Therefore, |Al+1| ≤ |Bl ∪ Al|. By (2), Bl ∪ Al is an

antichain with members at most of length g(l − 1). Therefore, |Bl ∪ Al| ≤ wl−1 and so

|Al+1| ≤ wl−1.

Lemma 5.4.9. BR+1 = ∅.

Proof. Assume that τ ∈ BR+1. By Lemma 5.4.8(1), τ is a g-successor of exactly one τk ∈ BR.

Let σm+k ∈ AR+1 be the g-successor of τk with highest splitting rank. σm+k 6= τ since

τ ∈ BR+1 and τ cannot extend σm+j, by definition of BR+1. So, SR(τk) ≥ 1 since there are

at least two g-successors of τk. By Lemma 5.4.8(2), SR(τk) ≤ R − (R − 1 + 1) = 0. So,

SR(τk) = 0, which contradicts our original findings. Therefore, BR+1 = ∅.

Corollary 5.4.10. AR+1 is a finite (i, p)-converging transversal of Tj.

Proof. It is easy to see that for all l ≥ 0, that Bl+1 ∪Al+1 is a transversal of Tj, since every

node of length g(l) in Tj is comparable with some element of Bl+1∪Al+1. Since BR+1 = ∅ by

the previous lemma, AR+1 is a transversal of Tj, and by construction it is finite. By Lemma

5.4.8(4), |σk| ≥ ϕi(< p, k >) for all σk ∈ AR+1. Therefore, AR+1 is a finite (i, p)-converging

transversal of Tj.
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We have found a finite (i, p)-converging transversal of Tj, so this completes the proof of

Lemma 5.4.5.

We can prove Theorem 5.4.3 by using exactly the same construction as in Theorem 5.3.1

and obtaining the same conclusion. Therefore, we have finished proving the theorem.

The following is a corollary to the proof of Theorem 5.4.3.

Corollary 5.4.11. There exists a c.e. set D such that if D is wtt-reducible to an element of

a Π0
1 class P ⊆ 2<ω, then P has a perfect Π0

1 subclass Q.

Proof. Let Tj ⊆ 2<ω such that [Tj] = P . If SR(<>) is finite, then we have the proof of

Theorem 5.4.3 going through as before, and the hypothesis of this corollary does not hold.

Therefore, let σ ∈ Tj such that SR(σ) = ∞. By Lemma 5.4.6, <> must have two distinct

g-successors with splitting rank ∞, and so on. Let I be the set of all of the nodes of Tj

which have infinite splitting rank. In other words, I = {σ : (∀m)[SR(σ) ≥ m]}. Checking if

SR(σ) ≥ m is computable in g, and since g is defined in terms of hi and hi is computable, we

have that checking if SR(σ) ≥ m is a computable condition. (Recall that hi is an increasing

total computable function used in the proof of Lemma 5.4.5, and consequently in the proof

of Theorem 5.4.3.) Therefore, I is a Π0
1 subset of nodes of Tj.

If we let Q be the set of branches through the tree generated by I, so Q =

{σ : (∃τ)(∀m)[SR(τ) ≥ m ∧ σ ⊆ τ ]}, then Q is a Σ0
2 set of nodes. Therefore, [Q] will

not be the Π0
1 subclass we are looking for.

Therefore, let I0 be the set of g-nodes σ such that every g-node τ extended by σ is in I,

so I0 = {σ : SR(σ) ≥ 0 ∧ (∀τ)[(SR(τ) ≥ 0 ∧ τ ⊆ σ) ⇒ (∀m)(SR(τ) ≥ m)]}. I0 is also a

Π0
1 subset of nodes of Tj. We can see that <>∈ I0, and also all of the g-successors of <>
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which are members of I are in I0. In this manner, we can see that if σ ∈ I0, then all of the

g-successors of σ which are members of I are also members of I0. Similarly, we get that I0

is closed downwards.

Now, we will let σ ∈ Uj if and only if σ has a g-successor in I0. So, Uj =

{α : (∀β)[(β ⊇ α ∧ SR(β) ≥ 0) ⇒ β ∈ I0]}. So, Uj is the tree generated by I0. Uj is

also a Π0
1 subset of nodes of Tj. Notice that Uj 6= ∅ since <>∈ Uj. Let Q = [Uj]. Then, Q

is a Π0
1 subclass of [Tj]. Q is also perfect since every g-node σ in Uj has at least two distinct

g-successors of infinite splitting rank.

We can now translate Corollary 5.4.11 to linear orderings.

Corollary 5.4.12 (Chisholm et al. [5]). There exists a c.e. set D such that if D is wtt-

reducible to an initial segment of a computable linear ordering L, then L is not scattered. In

fact, |L| has a subset S such that (S,<L) ∼= (Q, <) and S ≤T ∅′.

Proof. Let D be as in Corollary 5.4.11, and suppose that D ≤wtt A, where A is an initial

segment of some computable linear ordering L. Let P be the class of all initial segments of

L. We can view these initial segments as a collection of infinite branches through the full

binary tree, as in the proof of Proposition 4.4.1. This set of infinite branches forms a Π0
1

class, so P is a Π0
1 class. Since A ∈ P , P has a perfect Π0

1 subclass Q by Corollary 5.4.11.

Let T ⊆ 2<ω be a perfect tree such that [T ] = Q. Since T is Π0
1 we have that T ≤T ∅′. Since

T is perfect, T does not have countably many branches, so L does not have countably many

initial segments. Therefore, by Proposition 4.4.1, L is not scattered. So, |L| has a subset S

such that (S,<L) ∼= (Q, <). In the proof of Proposition 4.4.1, it is shown that S ≤T T , so

S ≤T ∅′.
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In the other direction, we have the following proposition.

Proposition 5.4.13 (Chisholm et al. [5]). Let L be a computable linear ordering which has

a computable subset S such that (S,<L) ∼= (Q, <). Then, L has initial segments of every

tt-degree.

Proof. We will show that for every set D ⊆ ω, there is an initial segment I of L such that

I ≡tt D. Fix D ⊆ ω. Let the universe of L be ω. Let l, r ∈ ω be such that l <L r. Let

(l, r) denote the set of all x ∈ ω such that l <L x <L r. We will build I in stages, using the

following idea. At each stage n we will choose elements ln, xn, rn ∈ S such that n /∈ (ln, rn).

We will then decide if xn ∈ I depending on whether n ∈ D or not.

Construction:

Stage s = 0: Let l0, x0, r0 ∈ S with l0 <L x0 <L r0 be the least triple of S (with respect

to the coding < l0, x0, r0 >) such that 0 /∈ (l0, r0). Then, we let z ∈ I if and only if z ≤L l0.

Stage s = n+ 1: We have ln <L xn <L rn where ln, xn, rn ∈ S is the least triple of S such

that n /∈ (ln, rn).

Case 1: n ∈ D. Let ln+1, xn+1, rn+1 ∈ S with ln+1 <L xn+1 <L rn+1 be the least triple of

S ∩ (ln, rn) such that n+ 1 /∈ (ln+1, rn+1) and xn <L ln+1.

Case 2: n /∈ D. Let ln+1, xn+1, rn+1 ∈ S with ln+1 <L xn+1 <L rn+1 be the least triple of

S ∩ (ln, rn) such that n+ 1 /∈ (ln+1, rn+1) and rn+1 <L xn.

In either case, we let z ∈ I if and only if z ≤L ln+1. Notice that deciding if n + 1 ∈ I is

decided at stage n+ 1. Also, Case 1 and Case 2 give us that xn ∈ I if and only if n ∈ D.

This ends the construction.

First, we will show that I ≤tt D. We want to find out if an element n + 1 ∈ ω is an
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element of I. In order to do this, we go through the previous construction until we get to

stage n + 1. If n + 1 ≤L ln+1, then n + 1 ∈ I. Otherwise, n + 1 /∈ I. In order to run this

construction, we need to use D, S and <L. Since S and L are both computable, and since

this construction would halt for any oracle D, we have that I ≤tt D.

Now, all we must show is that D ≤tt I. We want to find out if an element k + 1 ∈ ω is

an element of D. By our previous observation, k+ 1 ∈ D if and only if xk+1 ∈ I. Therefore,

we need to find the element xk+1. In order to do this, define a total function ϕ as follows,

using I. Let ϕI(0) = I(x0). Given ϕI(0), . . . , ϕI(k), in order to find ϕI(k + 1), go through

the previous construction with ϕI in place of D. So, instead of asking whether k ∈ D, we

will ask whether ϕI(k) = 1, in stage k + 1, and so on. In stage k + 1, we will define xk+1,

using S and <L, which are both computable. So, ϕI(k + 1) = I(xk+1). If I(xk+1) = 1, then

k + 1 ∈ D. Otherwise, k + 1 /∈ D. Since this algorithm will halt for any oracle I, we have

that this is a tt-reducibility, and that D ≤tt I.

5.5 Extension: Strengthening Computably Enumerable

to Also Be Low

This section is an expanded version of parts of Section 5 from [5]. We would like to extend

Theorem 5.4.3 by showing that there exists a low c.e. set D which is not wtt-reducible to

any ranked set, however, we cannot make D low by adding permitting to the proof, as we

will see in Proposition 5.5.3. In order to use permitting, we let A be any noncomputable

c.e. set. Then, we construct D ≤T A. Since we can let A be low, D can be made low.
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According to Proposition 5.5.3, we cannot do this since there is a noncomputable c.e. set A

such that every D computable in A is also wtt-reducible to a ranked set. In the proof of

the proposition, we will let our noncomputable c.e. set A be of strongly contiguous degree,

which Downey introduced in [9], Observation (2.1)′.

Definition 5.5.1. A c.e. T-degree d is strongly contiguous if all sets of T-degree d have

the same wtt-degree.

Lemma 5.5.2 (Downey [9]). There exists a noncomputable c.e. strongly contiguous T-degree.

Proposition 5.5.3 (Chisholm et al. [5]). There exists a noncomputable c.e. set A such

that every set D ≤T A is wtt-reducible to a ranked set. In fact, D ≤wtt ωL, where L is a

computable linear ordering of order type ω + ω∗.

Proof. Let A be a noncomputable c.e. set of strongly contiguous degree. In Theorem 5.2.2

and in Example 2.4 in [15] it was shown that every c.e. T-degree contains a c.e. set that is

the ω-part of a computable linear ordering L of order type ω + ω∗. Let B be this c.e. set

such that B = ωL and B ≡T A. Let D ≤T A, so D ≤T B = ωL. By Proposition 5.4.2, B is

ranked. Therefore, D is wtt-reducible to a ranked set.

In order to make D low, we will use the same proof techniques as in Theorems 5.3.1

and 5.4.3 by constructing a low d-computable set D for every so-called uniformly array

noncomputable degree d (see Definition 5.5.7 below). Then we will show that D is not wtt-

reducible to any infinite branch of a tree with countably many infinite branches. Therefore,

D is not wtt-reducible to any ranked set. We will now recall some further notions needed

for the proof.
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Definition 5.5.4. 1. Let f be a total function. We call f ω-c.e. if there are computable

functions h and p such that f(n) = lims→∞ h(n, s) for all n ∈ ω and |{s : h(n, s) 6=

h(n, s+ 1)}| ≤ p(n).

2. (Downey, Greenberg, and Weber [10]) A c.e. degree d is totally ω-c.e. if for all d-

computable functions g, g is ω-c.e.

In other words, let f be a total function that can be approximated by a computable

function h. We call f ω-c.e. if the number of mind changes that h(n, s) makes (for its

approximation of f(n)) is computably bounded by p(n), for a computable function p. If all

of the functions computable in some degree are ω-c.e., then the degree is called totally ω-c.e.

It is a well known fact that there exists a uniformly ∆0
2 enumeration {fe}e∈ω of all of the

functions which are wtt-reducible to ∅′. The following lemmas are other known facts relating

ω-c.e. functions and totally ω-c.e. degrees with functions that are wtt-reducible to ∅′.

Lemma 5.5.5 (Downey, Jockusch, and Stob [11]). Let f be a total function. Then, f ≤wtt ∅′

if and only if f is ω-c.e.

Using the definition of totally ω-c.e., along with the previous lemma, we get the following

proposition.

Proposition 5.5.6 (Downey, Greenberg, and Weber [10]). A c.e. degree d is totally ω-c.e.

if and only if for all d-computable functions g, g ≤wtt ∅′.

The following definition is due to Downey, Jockusch, and Stob from [11].

Definition 5.5.7. 1. A degree d is array noncomputable (ANC) if for each f ≤wtt ∅′

there is a d-computable function g such that f does not dominate g, so g(n) > f(n)
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for infinitely many n.

If a degree is not ANC, then it is called array computable.

2. A degree d is uniformly ANC if there is a fixed d-computable function g that is not

dominated by any f ≤wtt ∅′. So, g(n) > f(n) for infinitely many n, and for all

f ≤wtt ∅′.

We want to understand the structure of these degrees, and we will ultimately show that

there exists a low c.e. uniformly ANC degree. First, we will show that there are c.e. ANC

degrees which are not uniformly ANC. It is obvious that every uniformly ANC degree is ANC.

The following lemma says that the c.e. array computable degrees are properly contained in

the totally ω-c.e. degrees.

Lemma 5.5.8 (Downey, Greenberg, and Weber [10]). There are c.e. degrees that are totally

ω-c.e. and are not array computable.

Downey and Greenberg in [5] found a connection between totally ω-c.e. degrees and

uniformly ANC degrees which extends the previous lemma. In this proposition, it is easy to

see that every c.e. array computable degree is totally ω-c.e.

Proposition 5.5.9 (Downey and Greenberg [5]). Let d be a c.e. degree. Then, d is totally

ω-c.e. if and only if d is not uniformly ANC.

Proof. Let us first assume that d is totally ω-c.e and let g be a d-computable function. We

will show that d is not uniformly ANC by showing that g is dominated by some function

which is wtt-reducble to ∅′. Since g is totally ω-c.e., by Proposition 5.5.6, g ≤wtt ∅′. Since g
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dominates itself, d is not uniformly ANC. (Notice that we do not use the fact that d is c.e.

in this direction of the proof.)

Now, we will let d be a c.e. degree which is not uniformly ANC. Let g be a d-computable

function. We will show that d is totally ω-c.e. by showing that g ≤wtt ∅′, and then conclude

by Proposition 5.5.6 that d is totally ω-c.e. Let D ∈ d be a c.e. set. Since g ≤T D, we have

that g = ϕDe for some e ∈ ω. Let h(n) be the least s such that ϕDe,s(n) ↓. The function h is

computable in D (and therefore is computable in d), so h is dominated by some function,

say f , such that f ≤wtt ∅′. Therefore, f(n) ≥ h(n) for infinitely many n. Then, we also have

that g(n) = ϕDe,f(n)(n). Therefore, g ≤wtt f ≤wtt ∅′, which implies that g ≤wtt ∅′.

Using Lemma 5.5.8, along with Proposition 5.5.9, we have the following corollary.

Corollary 5.5.10 (Chisholm et al. [5]). There are c.e. ANC degrees that are not uniformly

ANC.

We will now introduce a class of degrees. We introduce this class since the proof of

Proposition 5.5.14, which says that if a degree is not in this class then it is uniformly ANC,

is similar to the proof that there exists a low c.e. uniformly ANC degree.

Definition 5.5.11 (Jockusch and Posner [20]). A degree d ∈ GL2 if and only if d′′ = (d∪0′)′.

We will use the following equivalence when we talk about the class of degrees GL2.

Lemma 5.5.12 (Jockusch and Posner [20]). For any degree d, d ∈ GL2 if and only if there

exists a function f such that deg(f) ≤ (d∪ 0′) and such that for all d-computable functions

g, f(n) ≥ g(n) for infinitely many n.
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According to this lemma, a degree d is not in GL2, so d ∈ GL2, if and only if for

each function f such that deg(f) ≤ (d ∪ 0′), there is a d-computable function g such that

g(n) > f(n) for infinitely many n. With this observation, we immediately obtain the next

lemma.

Lemma 5.5.13 (Downey, Jockusch, and Stob [11]). If d ∈ GL2, then d is ANC.

Recall that a degree d ≤ 0′ is low2 if d′′ = 0′′. The following proposition holds for all

degrees that are not low2 since low2 and GL2 degrees coincide on degrees d ≤ 0′.

Proposition 5.5.14 (Chisholm et al. [5]). Let d ∈ GL2. Then, d is uniformly ANC. In

fact, every degree d ≤ 0′ that is not low2 is uniformly ANC.

Proof. Let d ∈ GL2. By Lemma 5.5.13, d is ANC, so no 0′-computable function dominates

every d-computable function. Let {fe}e∈ω be a ∆0
2 enumeration of all functions that are

wtt-reducible to ∅′. Let F (n) = maxe≤nfe(n). F ≤wtt ∅′, so F ≤T ∅′. Therefore, F is

0′-computable. So, there exists some d-computable function g such that g(n) > F (n) for

infinitely many n. Fix e such that fe ≤wtt ∅′. It is easy to see that g(n) > fe(n) for infinitely

many n. So, g dominates all 0′-computable functions. Therefore, d is uniformly ANC.

Proposition 5.5.15 (Chisholm et al. [5]). There exists a low c.e. uniformly ANC degree.

Proof. Similarly to the proof of the previous proposition, let {fe}e∈ω be a ∆0
2 enumeration of

all functions that are wtt-reducible to ∅′. Let F (n) = maxe≤nfe(n). Enumerate a co-infinite

c.e. set A in stages s, A = ∪s≥0As and As finite, using the finite injury priority method with

the standard lowness requirement

Ne : (∃∞s)[ϕAs
e (e) ↓=⇒ ϕAe (e) ↓],
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and also satisfying

(∃∞n)[an > F (n)],

where A = {a0 < a1 < · · · }.

Theorem 5.5.16 (Chisholm et al. [5]). 1. For every uniformly ANC degree d, there ex-

ists a d-computable set D such that D is not wtt-reducible to any ranked set. In fact,

every Π0
1 class that contains an element P such that D ≤wtt P has a perfect Π0

1 subclass.

2. Furthermore, when d is a c.e. degree, D is also c.e.

We immediately obtain the next corollary by Proposition 5.5.15 and Proposition 5.4.2.

Corollary 5.5.17. There exists a low c.e. set D such that D is not wtt-reducible to any

initial segment of any computable scattered linear ordering.

Proof of Theorem 5.5.16. Let d be a uniformly ANC degree. We will construct a

d-computable set D where D = ∪Deij and where Deij ⊂ {< e, i, j, r, k >}r,k∈ω. We will

make D d-computable by having D ≤T p where p is the d-computable function that is not

dominated by any function f ≤wtt ∅′ (since d is uniformly ANC). In order to make D ≤T p,

we will only let an element into D when p allows us, as we will see in the conditions below.

We will use a similar technique as when we proved Theorems 5.3.1 and 5.4.3. Recall

that {Tj}j∈ω is a fixed enumeration of all partial computable subtrees of 2<ω. Similarly to

Theorem 5.4.3, we will be finding transversals of Tj, however, in this proof we want to have

infinitely many transversals {Areij}r∈ω to construct Ds+1
eij .

Construction:

Given the sth approximation Ds
eij to Deij, construct Ds+1

eij as follows.
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First, we want to define the transversals {Areij}r∈ω of Tj. If we have already found a

transversal Areij of Tj by stage s, then we do not need to look for it. So, move on to

enumerating elements into Ds+1
eij . Then, we may go on looking for a transversal Ar+1

eij of Tj.

If we have not found a transversal Areij by stage s, let A =< σ0, σ1, . . . , σM >∈ (2≤s)<ω with

M ≤ s. A is an (i, < e, i, j, r >)-converging transversal of Tj if |σk| ≥ ϕσk
i,s(< e, i, j, r, k >)

for every σk ∈ A and every f ∈ [T sj ] extends some σi.

If we can find such an A, let Areij be the least such (with respect to the code of

< σ0, σ1, . . . , σM >). Then, we can go on to enumerating elements into Ds+1
eij .

If we can not find a transversal Areij, we can move on to finding this transversal in stage

s + 1. If by a certain stage t we have that Areij is still not defined by stage t and t > p(r),

then we know that < e, i, j, r, k >/∈ Dt+1
eij and in fact < e, i, j, r, k >/∈ D, as we will see in the

conditions below. In this case, we stop looking for Areij and say that it is undefined by stage

p(r).

Given that < e, i, j, r, k >/∈ Ds
eij, then < e, i, j, r, k >∈ Ds+1

eij if and only if

1. s ≤ p(r),

2. Areij has been defined by stage s, and

3. ϕσk
e (< e, i, j, r, k >) = 0, where Areij =< σ0, σ1, . . . , σk, . . . >.

This ends the construction.

By these above conditions it is easy to see that D ≤T p, so therefore D is d-computable.

Recall that the proof of (1) is very similar to the proof of Theorems 5.3.1 and 5.4.3, and

therefore we must show that < e, i, j, r, k >∈ D if and only if ϕσk
e,s(< e, i, j, r, k >) = 0, for

all k < |Areij|, which is what the proofs of these theorems hinge on.
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Lemma 5.5.18. Assume that Areij exists for every r. Then, there is some r such that:

< e, i, j, r, k >∈ D if and only if ϕσk
e,s(< e, i, j, r, k >) = 0, for all k < |Areij|.

Proof. We will prove this theorem by way of contradiction, so assume otherwise. We will

define the following sequence using ϕe. For all r ∈ ω and all k < |Areij|, define

tr,k =


0, if ϕσk

e,s(< e, i, j, r, k >) ↑,

least s such that ϕσk
e,s(< e, i, j, r, k >) ↓, otherwise.

Let f(r) = supk tr,k. f(r) is the least s′ such that, for every k′ < |Areij| such that

ϕ
σk′
e (< e, i, j, r, k′ >) ↓, we have that ϕ

σk′
e,s′(< e, i, j, r, k′ >) ↓ (so s′ − 1 is the largest number

we need in the evaluation of the computations that converge). We will define a computable

approximation {fs}s∈ω to f . First, we will define the following sequence, which can be found

computably. For all r, s ∈ ω, and for all k < |Areij|, define

tr,k,s =


0, if ϕσk

e,s(< e, i, j, r, k >) ↑,

least u ≤ s such that ϕσk
e,u(< e, i, j, r, k >) ↓, otherwise.

Now, let fs(r) = supk tr,k,s. It is easy to see that {fs}s∈ω is a computable approximation

to f . Also, fs+1(r) 6= fs(r) for at most |Areij| values of s, since for every r, s ∈ ω, fs(r) is

the supremum of |Areij| elements of the sequence {tr,k,s} (since k < |Areij|). Therefore, as we

evaluate f0(r), f1(r), . . ., since each is the supremum of only |Areij| elements of the sequences

{tr,k,0}, {tr,k,1}, . . ., and since the increasing value of s only means that we can use more

numbers in the computation of ϕσk
e,s(< e, i, j, r, k >), fs+1(r) 6= fs(r) for at most |Areij| values
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of s.

Since there are computable functions {fs}s∈ω such that f(r) = lims→∞ fs(r) for all r ∈ ω

and |{s : fs(r) 6= fs+1(r)}| ≤ |Areij|, and we can computably find |Areij| for every r ∈ ω by the

construction and since all Areij exist by assumption, f is ω-c.e. By Lemma 5.5.5, f ≤wtt ∅′.

Since p is not dominated by any function wtt-reducible to ∅′, we have that p(r) > f(r) for

infinitely many r.

According to the three conditions in the construction, p(r) is the maximum stage where

we may define Areij for every r. For a particular r, if Areij is defined at a stage t ≥ f(r), then

ϕσk
e,t(< e, i, j, r, k >) has a large enough t to converge (if it does). If t < f(r), then at stage

f(r), ϕσk

e,f(r)(< e, i, j, r, k >) will have enough numbers to use in its computation to either

converge or diverge. Therefore, we have that ϕσk
e,s(< e, i, j, r, k >) = 0, for all k < |Areij|, by

the construction.

Now we will finish the proof of (1). Fix j ∈ ω such that Tj ⊂ 2<ω and Tj has only

countably many branches. By Lemma 5.4.5, for every r ∈ ω we have an (i, < e, i, j, r >)-

converging transversal. Therefore, Lemma 5.5.18 gives us that < e, i, j, r, k >∈ D if and only

if ϕσk
e,s(< e, i, j, r, k >) = 0, for all k < |Areij|. We can now finish the proof using exactly the

same proof as in Theorem 5.3.1 and obtaining the same conclusion.

Now we will prove (2). Let d be a c.e. degree. We must show that D also has c.e. degree.

Elements can only enter D when allowed to do so by the function p, that is d-computable

and is not dominated by any function f ≤wtt ∅′. In particular, in order for an element

< e, i, j, r, k > to enter Ds+1
eij , the stage s must be such that s ≤ p(r). This condition is

computable in d, however, for D to be c.e., we need all three conditions, including this

79



one in particular, to all be computable. (Note that the second condition is computable,

checking that the transversal Areij has been defined by stage s, since you need to just go

through the construction up to stage s and check if the transversal Areij has been defined

yet. Constructing the transversals is a computable procedure, since Tj is partial computable.

The third condition is also computable, checking if ϕσk
e (< e, i, j, r, k >) = 0, where Areij =

< σ0, σ1, . . . , σk, . . . >. We only need to check if ϕσk
e,s(< e, i, j, r, k >) = 0 where s is the stage.)

Our goal is to change the condition checking that s ≤ p(r) into a computable condition.

Let X ∈ d and e0 ∈ ω be such that the function g = ϕXe0 is not dominated by any function

f ≤wtt ∅′. We know this function g exists since d is ANC. Define ps(r) = maxt≤sϕ
Xt
e0,t(r),

which are computable functions for all s ∈ ω. Notice that ps(r) ≤ ps+1(r) for all r, s ∈ ω.

Define p(r) = lims→∞ps(r). Therefore, p(r) is the limit of uniformly computable functions.

We now have that g(r) ≤ lims→∞ps(r) = p(r), for all r. Since g(r) is not dominated by any

function f ≤wtt ∅′, and g(r) ≤ p(r), p(r) is not dominated by any function f ≤wtt ∅′. It is

also obvious that p(r) is d-computable since it is defined using X. We can now check the

new condition that s ≤ ps(r), which is a computable condition. Since all three conditions

are computable, the D we construct is c.e.

To finish the proof, notice that Lemma 5.5.18 still holds, and therefore we can use exactly

the same proof as in Theorem 5.3.1 and obtain the same conclusion.
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