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Abstract

We study computability theoretic properties of 3¢ and I1{ equiv-
alence structures and how they differ from computable equivalence
structures or equivalence structures that belong to the Ershov differ-
ence hierarchy. Our investigation includes the complexity of isomor-
phisms between E(l) equivalence structures and between H(l) equivalence
structures.
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1 Introduction

Computable model theory deals with the algorithmic properties of effective
mathematical structures and the relationships between such structures. Per-
haps the most basic kind of relationship between two structures is that of
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isomorphism. It is natural to study the isomorphism problem in the context
of computable mathematics by investigating the following question.

Given two effective structures which are isomorphic, what is the least
complex isomorphism between them?

In what follows, we restrict our attention to countable structures for com-
putable languages. Hence, if a structure is infinite, we can assume that its
universe is the set of natural numbers, w. We recall some basic definitions.
If A is a structure with universe A for a language £, then £4 is the language
obtained by expanding £ by constants for all elements of A. The atomic
diagram of A is the set of all quantifier-free sentences of £4 true in A. The
elementary diagram of A is the set of all first-order sentences of £ true in
A. A structure A is computable if its atomic diagram is computable, and
a structure A is decidable if its elementary diagram is computable. We call
two structures computably isomorphic if there is a computable function that
is an isomorphism between them. A computable structure A is relatively
computably isomorphic to a possibly noncomputable structure B if there is
an isomorphism between them that is computable in the atomic diagram of
B. A computable structure A is computably categorical if every computable
structure that is isomorphic to A is computably isomorphic to A. A com-
putable structure A is relatively computably categorical if every structure
that is isomorphic to A is relatively computably isomorphic to A. Similar
definitions arise for other naturally definable classes of structures and their
isomorphisms. For example, for any n € w, a structure is AY if its atomic
diagram is AY; two structures are A isomorphic if there is a A isomor-
phism between them; and a computable structure A is A® categorical if
every computable structure that is isomorphic to A is A? isomorphic to A.

Among the simplest nontrivial structures are equivalence structures, i.e.,
structures of the form A = (w, E') where F is an equivalence relation. The
study of the complexity of isomorphisms between computable equivalence
structures was recently carried out by Calvert, Cenzer, Harizanov, and Mo-
rozov in [2]. Similarly, the study of structures and functions within the
Ershov difference hierarchy has been recently carried out by Khoussainov,
Stephan, and Yang in [9], and by Cenzer, LaForte, and Remmel in [3] where
they investigated equivalence structures in particular. In this paper, we study
Y9 and IIY equivalence structures. Here, we say that an equivalence struc-
ture A = (w, E) is ¢ (or c.e.) if E is a c.e. set, and, similarly, A is I1%
(or co-c.e.) if E is a I19 set. It is also the case that 3¢ and II9 structures
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have been studied since the beginning of modern computable model theory.
For example, in [11], Metakides and Nerode studied c.e. vector spaces, which
consist of a structure V' over the natural numbers such that the operations
of vector addition and scalar multiplication are computable but where there
is a c.e. equivalence relation = the equivalences classes of which form a vec-
tor space under the vector addition and scalar multiplication. Similarly, in
[13], Remmel studied co-c.e. structures where the underlying operations are
computable.

Equivalence relations play an important role in mathematical logic and
many other areas of mathematics. For example, isomorphism and elementary
equivalence, as well as their effective versions such as computable isomor-
phism or 3Y-equivalence, are equivalence relations. Similarly, a number of
interesting applications of equivalence arise from the so-called classification
problems where two structures are termed equivalent if they possess certain
1mvariant properties.

We shall see that the complexity of isomorphisms between X{ equiva-
lence structures and between I1{ equivalence structures is different from the
complexity of isomorphisms between computable equivalence structures or
between equivalence structures that lie in the Ershov difference hierarchy.
Before we can state our results, we need some notation and definitions. For
an equivalence structure A = (A, E) where A = w, we let [a]* denote the
equivalence class of a, i.e., [a]* = {b € A : aEb}. In computability theory,
it is useful to split A into two parts, Inf* and Fin?, where Inf* consists
of elements with infinite equivalence classes, and Fin? consists of elements
with finite equivalence classes. It is natural to consider different sizes of the
equivalence classes of the elements in Fin? since these sizes code information
into the equivalence relation. The character of an equivalence structure A is
the set

X(A) ={(k,n):n,k >0 and A has at least n equivalence classes of size k}.

This set provides a kind of skeleton for Fin*. Any set K C (w — {0}) x
(w — {0}) such that for all n > 0 and k, (k,n + 1) € K implies (k,n) € K,
is called a character. We say a character K is bounded if there is some finite
ko such that for all (k,n) € K, we have k < ko. Khisamiev [8] introduced
the concepts of an s-function and an s;-function as a means of computably
approximating the characters of equivalence relations.

Definition 1.1. Let f : w? — w. The function f is an s-function if the
following hold:
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1. for every i,s € w, f(i,s) < f(i,s + 1), and
2. for every i € w, the limit m; = limsf(i,s) exists.

We say that f is an si-function if, in addition:
3. for every i € w, m; < myyq.

Calvert, Cenzer, Harizanov and Morozov [2] gave conditions under which
a given character K can be the character of a computable equivalence struc-
ture. In particular, they observed that if K is a bounded character and o < w,
then there is a computable equivalence structure with character K and ex-
actly « infinite equivalence classes. To prove the existence of computable
equivalence structures for unbounded characters K, they needed additional
information given by s- or si-functions. They showed that if K is a 39
character, r < w, and either

(a) there is a computable s-function f such that

(k,n) € K < card({i: k= Slirglo f(i,8)}) >n, or

(b) there is a computable s;-function f such that for every i € w,
(lim, f(i,s),1) € K, then there is a computable equivalence structure with
character K and exactly r infinite equivalence classes. In addition to these
positive results, in [2], the authors also constructed an infinite A9 set D such
that for any computable equivalence structure 4 with unbounded character
and no infinite equivalence classes, {k : (k,1) € K} is not a subset of D.

Y9 equivalence structures were first considered by Ershov [5] where they
are called positive equivalence relations. Bernardi and Sorbi [1] referred to
¥ equivalence structures as ceers (computably enumerable equivalence rela-
tions) and they developed a notion of reducibility between ceers. Computably
isomorphic structures are equivalent under this reducibility but the converse
does not hold. This notion was developed further by Gao and Gerdes [6].
C.e. equivalence relations have also been studied by Lachlan [10] and Nies
[12].

Definition 1.2. Let o« < w.

1. We say the structure A is weakly a-c.e. isomorphic to the structure
B if there are a-c.e. functions f and g such that f is an isomorphism
from A to B and g is an isomorphism from B to A.
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2. We say the structure A is a-c.e. isomorphic to the structure B if there
is an a-c.e. function f such that f~1 is a-c.e. and f is an isomorphism
from A to B.

3. We say the structure A is graph-a-c.e. isomorphic to the structure B if
there is a graph-a-c.e. function f such that f is an isomorphism from
A to B, where a function f is graph-a-c.e. if the graph of f is an a-c.e.
set.

In [3], Cenzer, LaForte, and Remmel obtained the following results. First
they proved the following basic properties of a-c.e. and graph-a-c.e. func-
tions.

a) Any nonem set is the range of a 2-c.e. function.

Any pty X9 set is th ge of a 2 functi

(b) For every n € w, there is an (n+ 1)-c.e. function that is not graph-n-c.e.
(c) There is a graph-2-c.e. function that is not w-c.e.

(d) There is a 2-c.e. bijection f such that f~! is not w-c.e.

Cenzer, LaForte, and Remmel established the following results about
characters in the Ershov hierarchy.

(i) For any n-c.e. character K, there is a computable equivalence structure
with character K and without infinite equivalence classes.

(ii) There is an w-c.e. character K such that any equivalence structure with
character K must have infinite equivalence classes.

(iii) For any AJ character K, there exists a d.c.e. equivalence structure with
no infinite equivalence classes and with character K.

Cenzer, LaForte, and Remmel proved the following results about isomor-
phisms between equivalence structures in the Ershov hierarchy.

(I) For every n € w, there exist two computable equivalence structures that
are (n + 1)-c.e. isomorphic, but not weakly n-c.e. isomorphic.

(II) There are two computable equivalence structures that are graph-2-c.e.
isomorphic, but not weakly w-c.e. isomorphic.
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Cenzer, LaForte, and Remmel [3] also proved that a computable equiva-
lence structure is computably categorical if and only if it is weakly w-c.e. cat-
egorical. Furthermore, they showed that any computable equivalence struc-
ture with bounded character is relatively graph-2-c.e. categorical, and that
any computable equivalence structure with a finite number of infinite equiv-
alence classes is relatively graph-w-c.e. categorical. It then follows that a
computable equivalence structure is AJ categorical if and only if it is graph-
w-c.e. categorical.

We will prove a number of results about the complexity of isomorphisms
of X9 and of TI? equivalence structures. For example, in Section 2, we show
that any X9 equivalence structure A with infinitely many infinite equivalence
classes is isomorphic to a computable structure. On the other hand, there
are Y equivalence structures with finitely many infinite equivalence classes,
which are not isomorphic to any computable structure. We show that if 39
equivalence structures 4; and As are isomorphic to a computable structure A
that is computably categorical or even relatively AJ categorical, then A; and
Ay are AY isomorphic. In Section 3, we first observe that if B is a computably
categorical computable equivalence structure any A is a I1{ equivalence struc-
ture which is isomorphic to B, then A and B are AY isomorphic. If B is a
computable equivalence structure which is not computably categorical, then
in several cases we construct a I structure A which is isomorphic to B but
is not AY isomorphic to B. The simplest case is when B consists of infinitely
many equivalence classes of sizes 1 or 2, and no other classes; if B is A
categorical, then we show that the I structure A is not even AY isomorphic
to any X9 structure. In Section 4, we consider the spectrum question, which
is to determine the possible sets (or degrees of sets) that can be the sets of
elements in equivalence classes of size k, for some fixed k, in a computable
equivalence structure of a given isomorphism type. For example, we show
that for any infinite c.e. set B, there is a computable equivalence structure
with infinitely many equivalence classes of size 1, infinitely many classes of
size 2, and no other equivalence classes, such that B = {x : card([z]) = 2}.
In Section 5, we consider the complexity of the theory T'h(.A) of a computable
equivalence structure A, as well as the complexity of its elementary diagram
FTh(A). We explore the connection between the complexity of the character
X(A) and the theory Th(A). We show that if Th(.A) is decidable, then the
character x(A) is computable. We show that if an equivalence structure B
has a computable character, then there is a decidable structure A isomorphic
to B.
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A preliminary version [4] of this paper appeared in the Proceedings of the
5th Conference on Computability in Europe.

2 Y equivalence structures

In this section, we consider properties of 3! equivalence structures and their
existence and categoricity. It is easy to show that the complexity of the
character for XY equivalence structures is at the same level of the arithmetical
hierarchy as for computable equivalence structures.

Lemma 2.1. For any X9 equivalence structure A, we have:
(a) {(k,a) : card([a]?) > k} is a XV set;

(b) Inf* is a 119 set;

(c) xX(A) is a X9 set.

Thus, if A is a X9 equivalence structure with infinitely many infinite
equivalence classes, then it follows from Lemma 2.1 above and Lemma 2.3 of
[2] that A is isomorphic to a computable equivalence structure. However, it
was shown in [2] that there is a Ay character K such that any computable
equivalence structure with character K must have infinitely many infinite
equivalence classes. It was shown in [3] that for any AY character K, there
is a d.c.e. equivalence structure A with character K and with no infinite
equivalence classes. Hence there is a d.c.e. A that is not isomorphic to any
computable equivalence structure. Now, for 3} equivalence structures we
have the following existence result.

Theorem 2.2. For any XY character K and any finite m > 1, there is
a XY equivalence structure A with character K and with exactly m infinite
equivalence classes.

Proof. Let K be a 33 character. Let B be the equivalence structure given by
Lemma 2.3 in [2] such that B has character K and infinitely many infinite
equivalence classes, and, in addition, Fiin® is a II? set. Simply define A =
(w, E4) by BA = EBU(InfB x InfP). Then the structure A is X since In f?
is a ¥ set. Furthermore, A has the same character Kas B, and the infinitely
many infinite equivalence classes of B collapse into a single equivalence class
Inf# in A. For m > 1, we can then append (m — 1) computable infinite
equivalence classes. O
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Corollary 2.3. There exists a XY equivalence structure A that is not iso-
morphic to any computable equivalence structure.

Proof. Let K be a X)) character that does not have a computable s;-function.
Then, by Lemma 2.6 of [2], there is no computable structure with character
K and with finitely many infinite equivalence classes. O

We will next consider the effective categoricity of 39 equivalence struc-
tures. It was shown in [2] that a computable equivalence structure A is
computably categorical if and only if A is relatively computably categorical,
and that a computable equivalence structure A is computably categorical if
and only if one of the following conditions is satisfied:

1. A has only finitely many finite equivalence classes, or

2. A has finitely many infinite equivalence classes and bounded charac-
ter, and there is at most one finite k& such that A has infinitely many
equivalence classes of size k.

It is also shown in [2] that a computable equivalence structure A is rel-
atively A9 categorical if and only if A has finitely many infinite equivalence
classes or A has a bounded character.

Clearly, a noncomputable ¢ structure cannot be computably isomorphic
to a computable structure, but we have the following best possible result.

Theorem 2.4. Let A be a XV equivalence structure. Let B be a computable
equivalence structure isomorphic to A such that B is computably categorical
or even relatively AY categorical. Then A and B are AY isomorphic.

Proof. As a warm-up, suppose first that B is computably categorical. It
follows from Theorem 3.16 of [2] that B is relatively computably categorical.
Hence there is an isomorphism f from B to A, which is computable in A.
Since A is 39, it follows that f is AJ.

Now, suppose that B is relatively AJ categorical. Then:
(i) B has finitely many infinite equivalence classes, or
(ii) B has bounded character.

First, consider the computable structure B. In Case (i), it is immediate
that both Inf? and Fin® are computable. In Case (ii), it follows from
Lemma 2.4 of [2] that there is a computable structure B’ isomorphic to B such
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that Inf? is computable. Thus, we may assume, without loss of generality,
that Inf? and Fin® are computable.

Next, consider the X9 structure A. In Case (i), Inf* is X9 since there
is a finite set of representatives {cy,..., ¢, } for the infinite classes, so a €
InfA <= aE%; V---VaE%c,. In Case (ii), Inf* is also X9. That
is, if n» is an upper bound for the size of a finite equivalence class, then
a € InfA < card(la)) > n.

Thus, both Fin and Inf4, and Fin® and InfB are computable in (.
Moreover, it is easy to see that if € FinA, then we can find the equiva-
lence class [z]* computably in (. That is, we simply search until we find
an n such that {y : yE*z & y > n} is empty, which we can decide from an
('-oracle. Then we know that [z]* = {z : 2Bz & z < n}, which can also be
computed from an (Y-oracle. Similarly, we can find the equivalence class [y]®
computably in (/' for any y € Fiin®. Then we can use a simple back-and-forth
argument to define an isomorphism f : Fin — Fin® that is computable in
(Y. That is, computably in (', we can obtain enumerations ag < a; < --- of
FinA, and by < by < --- of Fin®. We then define f in stages, and let f,
denote the finite function defined at the end of stage s.

Stage 0. Search for the least b; such that card([ag]*) = card([b;]®) and
define fy so that it maps [ag]* onto [b;]® in an increasing fashion. If i > 0,
then we search for the least a; such that card([a;]*) = card([by]?), and then
define fy so that it maps [a;]* onto [bo]? in an increasing fashion.

Stage s+1. Assume we have defined f; so that its domain and range are finite
unions of equivalence classes in A and B, respectively, and that [ J;_,[a;]* is
contained in the domain of f, and [ J;_,[b:]® is contained in the range of f;.
Then, to extend f; to fs11, we search for the least 7 such that a; is not in the
domain of f,. We then search for the least b; not in the range of f such that
card([a;]) = card([b;]?), and define f,,; so that it maps [a;]* onto [b]? in
an increasing fashion. Next, we search for the least n such that b, is not in
the range of f; and n # k. We then search for the least m such that a,, is
not in the domain of f,, and m # 4, and card([a,,]*) = card([b,]?). Then
define f,;; so that it maps [a,,]** onto [b,]® in an increasing fashion.

It is easy to see that the construction is computable in (', and that at each
stage we can find the appropriate elements since we are assuming that Fin?
and F'in® are isomorphic. Thus, f will be a AJ function, which is an isomor-
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phism from Fin? to Fin®.
Similarly, it is easy to construct a function g that is computable in (/' and
which is an isomorphism from Inf* to Inf5. Hence A is A isomorphic to

B. O

Corollary 2.5. Let A and B be isomorphic X9 equivalence structures that
satisfy one of the following conditions:

(1) A has bounded character, or

(ii) A has only finitely many infinite equivalence classes.

Then A and B are AY isomorphic.

Next, we briefly discuss the connection with bi-reducibility of equivalence
structures as studied by Bernardi and Sorbi [1], Lachlan [10], and Gao and
Gerdes [6].

We say that one equivalence relation R is strongly reducible to another
equivalence relation S (written R < S) if and only if there exists a com-
putable function f such that for all z,y € w,

©Ry < f(x)Sf(y).

If R< S and S <R, then R and S are bi-reducible. If (w, R) is computably
isomorphic to (w,S), then they are certainly bi-reducible. The converse
does not hold. That is, Gerdes and Gao [6] proved that every computable
equivalence relation is bi-reducible to one of the following types:

1. for some finite n, the equivalence relation = = y mod n, which defines
a computable equivalence structure with n infinite equivalence classes
and without finite classes;

2. the equality relation, which defines a computable equivalence structure
with infinitely many classes of size one, and no other classes.

Thus, the partial ordering (C, <) of the computable equivalence structures
modulo strong reducibility, is isomorphic to w + 1. In fact, it is easy to see
that two computable equivalence structures are bi-reducible if and only if
they have the same number of equivalence classes. Thus, in particular, bi-
reducible structures need not be isomorphic. For example, if A consists of
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infinitely many classes of size 1, and B consists of infinitely many classes
of size 2, then A and B are bi-reducible but not isomorphic. Furthermore,
we have already seen that, even if two computable equivalence structures
are isomorphic, they need not be computably isomorphic. For computable
equivalence structures, the given effective notion of bi-reducibility is identical
to the noneffective version.

A Y9 equivalence relation (or ceer) S is said to be universal if R < S for
any X! equivalence relation R. Bernardi and Sorbi [1] showed that universal
ceers exist.

3 TII{ equivalence structures

In this section, we show that even simple II{ equivalence structures do not
have to be AJ isomorphic to computable structures. Note that if B is a IIY
equivalence structure, and A is an isomorphic computable structure that is
computably categorical, then, since A is also relatively computably categor-
ical, A and B are AY isomorphic. Thus, we have the following result.

Theorem 3.1. Let A and B be isomorphic 119 equivalence structures such
that A satisfies one of the following conditions:

(1) A has only finitely many finite equivalence classes, or

(ii) A has finitely many infinite equivalence classes and bounded character,
and there is at most one finite k such that A has infinitely many equiv-
alence classes of size k.

Then A and B are AY isomorphic.

However, our next two results show that Theorem 3.1 does not extend to
all equivalence structures that are isomorphic to computable, relatively AJ
categorical structures.

Theorem 3.2. Suppose that B is a computable equivalence structure with a
bounded character for which there exist ky < ko < w such that B has infinitely
many equivalence classes of size ki and infinitely many equivalence classes
of size ky. Then there exists an isomorphic 119 structure A that is not A
isomorphic to B and, moreover, A is not AY isomorphic to any X9 structure.
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Proof. We first suppose that B has no other equivalence classes. It suffices
to build a I19 equivalence structure A such that {a : card([a]*) = ky} is not
a A9 set. That is, it follows from Lemma 2.1 that for any X9 structure, the
set of elements that belong to an equivalence class of (finite) size k is a A
set. So if A were AJ isomorphic to a X9 structure, then A would also have
this property.

For simplicity of the construction, we let A have universe w \ {0}. Let
¢ : w® — {0,1} be a computable function such that for every A9 set D, there
is some e for which for all n € w, the limit d.(n) =4 tlinolo o(t,e,n) exists

and 0. is the characteristic function of D. If §.(n) is defined for all n, we let
D, = {n:d.(n) =1}. The function ¢ exists by the Limit Lemma (see [14]).
We will construct the equivalence relation E = E4 so that for each e, if D,
exists, then card([2¢]4) = ky if and only if 2¢ ¢ D..

We construct E4 in stages. That is, at each stage s, we shall define a com-
putable equivalence relation Fy so that Fy,y C F, for all s, and EA = N Es.

S
Let [a]s denote the equivalence class of a in E,. At each stage s, we shall
also define an intended equivalence class I,]2¢], either of size k; or of size ks.
We will ensure that for each e, there is some stage s, such that for all s > s,,
we have [2¢] = I[2¢]. Furthermore, for all s, [2¢],4; C [2°];, and ()[2°]s =

[2¢]. We shall also define a number of permanent classes |a] of size k; at each
stage s.

Construction

Stage 0. We start with the equivalence classes {2°(2k + 1) : k € w} for
e > 0. For each e > 0, we let [p[2¢] = {2°,3-2°,5-2° ..., (2k; — 1) - 2¢}.

Stage s + 1. At the end of stage s, assume that for each e, we have de-
fined the intended equivalence class I[2¢] so that I,[2¢] is an initial subset of
[2¢]s with cardinality either k; or ke. Moreover, assume that if ¢(s,e,2¢) = 1,
then I,[2¢] has cardinality ki, and if ¢(s, e,2¢) = 0, then I[2¢] has cardinality
ko. For each e, we say that the element 2¢ requires attention at stage s+ 1 if
d(s+1,e,2°) # ¢(s,e,2%). We can assume this occurs for exactly one e. Let

[26]8 = {26,6L1,CL2, P }

If 2° requires attention at stage s+ 1, we take the following action according
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to whether I[2¢] has cardinality k; or k.

Case (i). If card(ls]2°]) = ko, then let I,11[2°] = {2° aq,...,ak, 1}, let
[2¢]541 = {2% ay, ..., ak,—1, Q2k;, A2k, 41, - - - }, and create a permanent equiva-
lence class {ag,, ag, 11, - -, a2k, 1} of size k.

Case (ii). If card(Is[2¢]) = ki, then do the following. First suppose that

ko is finite. Then we let I;1[2°] = {2°, a1, ..., a5,-1}, let
2¢]501 = {2% a1, ..., a1, Qpyiky Qkgtkyt1,--- }, and create a permanent
equivalence class {ag,, Gryi1,-- -, Qryiky -1} Of size k. If ks = w, then we

simply let I541[2°] = [2¢]541 = [26]

If 2¢ does not require attention, then, again, there are two cases. If ky = w,

and [,[2¢] = [2°]; is infinite, then we let [;1[2¢] = [2¢]s11 = [2¢]s. If
card([15]2¢]) = ki, is finite, then we let I,11[2¢] = {2°,a4,...,ax,, 1}, let
[2¢]s01 = {2% a1,...,Qk, 1,0k, 1k > Ok, +k 1, - - - }, and create a permanent
equivalence class {ay,, , a, +1,-- -, Gk, +k 1} Of size kj.

Clearly, the equivalence relation F is uniformly computable, and we have
Eq i1 C E; for every s. Thus, E =) E; is a H(l) equivalence relation.

First, we show that every equi\;alence class in F has either & or ks el-
ements. The elements which are (ever) removed from [2¢], form permanent
equivalence classes of size k;. Thus, we only need to check the classes [2¢],
for each e. By our construction, [2¢]; is infinite for every s. There are two
cases.

If Sli_)nolo o(s, e,2°) exists, then there is some stage s such that ¢(s,e,2°) =

o(t,e,2°) for all t > s. Let [2°], = [[2°] U {a1 < as < ---}. If [5[2°] has
cardinality ko and ks = w, then [2¢], = [2°];4 for all ¢ > s so that [2¢] is
infinite. If I4[2°] has cardinality k; or ko, and ks is finite, then [2¢]5y, =
I2°) U {ak,+1 < ag,42 < ---}, so [2¢] = [4]2°] which, by construction, has
cardinality either ky or ks.

Next, suppose that there are infinitely many s such that ¢(s + 1,¢e,2¢) #
o(s,€,2° ) Let sop < s1 < --- be the stages s + 1 such that ¢(s,e,2°) =0
and ¢(s + 1,e,2°) = 1 so that card(I4[2°]) = ko and card(Is1[2 ]) = k.
At each such stage s,, we will remove the second k; elements from [2°¢],.
and make it a permanent equivalence class of size k. Thus, it follows that

Nn[2¢]5, = {2%,3-2°,...,(2k; — 1) - 2¢}, so that card([2¢]) = k;.
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Next, we check that A = {n : card([2"]) = ko} is not a AY set. If it
were, then, for some e, x4(n) = lim ¢(s,e,n) exists for all n. Let tg be

large enough so that y 4(2¢) = ¢(to, €, 2°) for all s > ;. By the construction,
card(I[2¢];,) = ko if and only if ¢(tg,e,2¢) = 0. By the definition of ¢,
X4(29) = ¢(s,e,2°) and the element 2° never requires attention after stage
to, so that card([2¢]) = card([I;[2¢]). Thus, card([2¢]) = ks if and only if
h_{n ¢(S> €, 26) # XA(26)'

’ C><>Finally7 suppose that B is a structure that has bounded character and has
infinitely many classes of size k; and of size ko, but also has other equivalence
classes. Recall that the character x(B) is a ¥ set. Now we may remove
{(k;,n) :n € w & i € {1,2} & k; is finite} from y(B) and still have a X9
character K. We now have two cases.

First, suppose that k; is finite and k9 = w. Then K is a bounded charac-
ter, and hence we can construct a computable equivalence structure C with
character K. Let A be the IT? structure that has infinitely many equivalence
classes of size k1 and ko, but no other equivalence classes, and which is not
AY isomorphic to any Y9 structure. Then the disjoint union A & C will be
isomorphic to B. We may assume that k; is the largest size of an equivalence
class that is finite and such that there are infinitely many equivalence classes
of that size in B. Thus, in any X{ structure B* that is isomorphic to B, the
set S of all elements that belong to finite equivalence classes of sizes bigger
than k; is finite. The set D of elements d in B* such that card([d]®") > ki is
clearly a c.e. set, so that D — S is a c.e. set consisting of all elements of B* the
equivalence classes of which are of sizes k; or ky. Then, clearly, B* | (D —5)
is computably isomorphic to a X? structure. But then A @ C cannot be A
isomorphic to any such ¢ structure B*, since any isomorphism would have
to map A onto B* [ (D — S).

Next, suppose that k; and ko are finite and B has r < w infinite equiv-
alence classes. It is easy to modify the construction to ensure that A has r
infinite equivalence classes, in addition to infinitely many equivalence classes
of size k1 and infinitely many equivalence classes of size ks, so that A is not
AY isomorphic to any X! structure. Since K is a bounded character, it is
easy to construct a computable structure C with character K and no infinite
equivalence classes. Thus, A @ C will be a I1? structure which is isomorphic
to B. We may assume that k; and ko are the two largest sizes of equivalence
classes that are finite and such that there are infinitely many equivalence
classes of those sizes in B. Thus, in any X? structure B* isomorphic to B,
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there are only finitely many elements S that belong to finite equivalence
classes the sizes of which are bigger than ko. The set D of elements d in B*
such that card([d]®") > k; is clearly a c.e. set, so that D — S is a c.e. set
consisting of all elements of B* the equivalence classes of which are of sizes
ky or ko, together with r infinite equivalence classes in B*. Clearly, B* | D
is computably isomorphic to a X9 structure. However, then A @ C cannot
be AY isomorphic to any such X9 structure B*, since such an isomorphism
would have to map A onto B* | (D — 95). O

Corollary 3.3. If B is a computable equivalence structure with bounded char-
acter which is not computably categorical, then there exists an isomorphic 119
structure A that is not AY isomorphic to B, and, moreover, A is not A
isomorphic to any X9 structure.

Proof. Let the computable equivalence structure B have bounded character
such that B is not computably categorical. Suppose first that B has only
finitely many infinite equivalence classes. It was proved in [2] that if B has
finitely many infinite equivalence classes, and at most one finite k such that
there are infinitely many equivalence classes of size k, then B is computably
categorical (see Corollary 3.3 and Theorem 3.16 of [2]). Hence there exist
finite k; < ko such that B has infinitely many equivalence classes of size k;
and infinitely many equivalence classes of size k;. Next, suppose that B has
infinitely many infinite equivalence classes. If B has a finite character, then
B is computably categorical. Thus, x(B) is both bounded and infinite, so
that there must exist a finite k£ such that B has infinitely many equivalence
classes of size k, as well as infinitely many infinite equivalence classes. Thus,
Theorem 3.2 applies in either case. O

Next, we shall consider structures with unbounded characters and with
only finitely many infinite equivalence classes.

Theorem 3.4. Suppose that B is a computable equivalence structure that has
an unbounded character and only finitely many infinite equivalence classes
(and is therefore relatively AY categorical). Then there exists a 119 structure
A that is isomorphic to B, but not AY isomorphic to B, and, moreover, A is
not AY isomorphic to any X9 structure.

Proof. Let ¢ : w® — {0,1} be the computable function defined in Theorem
3.2, for which for every A9 set D, there is some e such that for all n € w,
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the limit 0.(n) =4f tlim ¢(t,e,n) exists and ¢, is the characteristic function

of D.

By Lemma 2.6 of [2], there is a computable s;-function f such that for
each i, there exists finite limf(i, s) = m; and B has an equivalence class of
size m;. Note that M = {m; : i € w} is a A set. Thus, by Lemma 2.8 of
2], there exists a computable equivalence structure which consists of exactly
one equivalence class of size m; for each 1.

First, assume that B has no other equivalence classes, i.e., B consists of ex-
actly one equivalence class of size m; for each i. It suffices to build an isomor-
phic ITY equivalence structure A such that {a : card([a]*) = mq; for some i}
is not a AJ set. That is, we observe that the functions fr and fo, de-
fined by fg(i,s) = f(2i,s) and fo(i,s) = f(2i + 1,s) are also s;-functions
so it follows by Lemma 2.7 of [2] that the sets My = {mg : i € w} and
M; = {mg;1 : i € w} are both Ag, and hence there exist computable struc-
tures By and B;, which consist of precisely one class of size msy; for By and of
size mg;41 for By. Hence in the structure By® By, the set {z : card([z]) € My}
is computable. Since we have assumed that B is relatively A categorical, it
follows from Theorem 2.4 that for any ©9 equivalence structure with charac-
ter {(m,1) : m € My U M}, the set {x : card([x]) € My} is AS.

The construction of E4 is by stages, as usual. That is, at each stage s we
shall define a computable equivalence relation E so that Ey,, C Fj for all s,
and EA = (| E,. As in Theorem 3.2, we let [a], denote the equivalence class

of a in F, and we let I[a] denote the intended equivalence class of a at stage
s. At any given stage s, the intended classes have exactly the sizes f(i, s) for
i € w, and I,[2¢] will be either of size f(2°,s) or of size f(1 + 2°(2j + 1), s)
for some j. The construction will ensure that for each i, there exists ¢ such
that f(i,t) = m; and the class of size m; has become permanent. For each
e, the element 2¢ belongs to the class of size f(2°,s) at stage s if and only if
B(s,e,2¢) = 0. Tt follows that for each e, if D, exists, then card([2¢]4) € M,
if and only 2¢ ¢ D..

Construction

Stage 0. The relation Ey consists of the equivalence classes {2¢(2k+1) : k €
w} for e > 0. For each e > 0, we let [p[2¢] = {2¢,3-2°,5-2¢...,(2f(2°0) —
1) - 2¢}. We then partition the remaining elements of {2¢(2k + 1) : k € w}
consecutively into the intended classes Io[2¢(2k + 1)] of sizes f(2¢(2k +1),0)
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for k£ > 0.

Stage s + 1. There are three tasks to accomplish at stage s + 1. We will
perform them sequentially.

First, we suppose that f(i,s + 1) > f(i,s) for some i. In fact, we can
construct f such that this occurs for exactly one i and that, in fact, f(i, s+
1) = f(i,s) + 1. Now the class I;[a] = Cj intended to have size m; lies in
some infinite class [a]s, where it is followed by intended classes Cy, Cs, . . ..
Here we assume that for any pair 7,7 with 0 < ¢ < j, the elements of Cj
are all smaller than the elements of C;. The required action is to take for
each ¢ > 0, the first element of C;,; and move it to C;. This will make
card(Isy1[a]) = f(i,s + 1), while leaving the other intended classes with the
same cardinalities.

Second, we may have ¢(s + 1, e,2°) # ¢(s,e,2°). Again, we assume this
occurs for exactly one e. Here the class I5[2¢] is an initial subset of the
infinite class [2¢]s, beginning with 2¢, and is followed by intended classes
C1,Cy, ... having cardinalities ¢y, ca, . . ., respectively. Let I;[2¢] U Cy U Cy U
-+ ={ay < ay < ---}. Suppose that the previous requirements have changed
the intended size from f(2°, ) or from f(1+42°(2i+1),r) for each i < n. The
required action now is to change the cardinality of I[2¢] either from f(2¢,s)
to f(1+2°(2n + 1),s) or vice versa. Suppose that intended cardinality
I5+1[2¢] is now going to be ¢y = f(j,s) where j € {2¢,1+ 2°(2n + 1)}. Let
d; = co+---+¢; for each i. Then we let I,1[2°] = {a1, ..., aq} and, for each
i, we convert Ciiq1 into {ag,11,...,0d,1e,.,}, 50 that the classes C,Cs, ...
maintain their cardinality. Next, we declare that [,,1[2°] is intended for m,.
Observe once again that for any ¢ < j, the elements of C; are all smaller
than the elements of C;. Finally, suppose that I[2¢] was previously intended
to have size my and now has size m;. Then we have to work on the class
C which was previously intended to have size m; and change it over to size
f(k,s+1). The intended class C lies in the middle of some infinite class and
we proceed as we did for the class [2¢] above. Again, we observe that the
elements of the class C' are all larger than those of the class I,[2¢].

Third, we have to ensure that the actual classes [a]s will converge to finite
classes with the intended cardinality. We accomplish this as follows. For each
class C' = [a]s, let C' be the union of intended classes C, Cs, . ... We partition
C into new classes D; = UpClg41).2:- In this way we ensure that any two
intended classes will eventually be separated.

This completes the construction.
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We claim that for each a, the class I]a] eventually converges to the class
[a] and is associated with some intended cardinality m;.

First, consider the class [2¢]. Choose ¢ such that f(2¢,t) = mge. Suppose
first that ¢(s + 1,e,2°) # ¢(s, e,2¢) infinitely often. Then infinitely often we
have I5[2°] = C' as the first mgye elements of [2¢]s, and at the other type of
stages we have C' C I[2¢], so that C' C [2¢]. By the third type of action,
all other elements are eventually not equivalent to 2¢, so that [2¢] = C' and
[2¢] has cardinality msqe. Next, suppose that ¢(s + 1,e,2°) # ¢(s, e, 2°) only
finitely many times. Then we may assume that after stage ¢, I[2¢] is never
changed by the second type of action.

There are two possibilities. If [;[2¢] is intended to have size f(2°,t) = mae,
then it cannot be affected by the first type of action (by the assumption
above), and hence it cannot be affected by the third type of action, since it
does not change any of the intended classes. If I;[2¢] is intended to have size
f(1+2%(25+1),t) for some j, then the intended size of this class will not be
changed again by any action of the first type. Hence, once f(142°(25+1),s)
stops changing, it will have a fixed size. Since I[2¢] is always an initial
segment of [2¢] it is never affected by any other type of action. Thus, it will
stabilize to a class of size my, where k = 2¢(2j 4+ 1). Finally, actions of the
third type will eventually remove all other elements from [2¢].

Now, consider elements a which do not end up in [2¢] for any e. It follows
from the construction (by the third type of action) that Is[a] is eventually
an initial segment of [a];. Take ¢ large enough so that:

1. a ¢ [2°]; for any e and any s > t,
2. I]a] is an initial segment of [al, for any s > ¢,

3. f(k,t) = my, where I;[a] is intended to have size my.

Then for any s > ¢, I[a], will be an initial segment of C' = [a]; of size
my, and hence C' C [a]. By the third type of action, no other elements will
belong to [a], and thus [a] = C.

Finally, suppose that D.(z) = lim¢(s,e,x) is a A set. Then by the
construction, [[2¢] will stabilize once ¢(s,e,z) has stabilized and we will
have card([2¢]) € My < 2° ¢ D..
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Thus, in our II{ structure A, {z : card([x]) € My} is not a AY set and
therefore A is not AJ isomorphic to any 3 structure.

Now, suppose that B does not consist only of one equivalence class of size
m; for each 7 > w. Moreover, suppose that B has r infinite equivalence classes
for some r < w. In this case, we will take the corresponding s;-function f
and let Ng = {mg; : 1 € w}, Ny = {ma;11 17 € w}, and Ny = {mg; 4o : i € w}.
Then Ny, Ny, and Ny are A9 sets. The sets Ko = {(k,n) € K : k € Ny},
Kl = {(k?,n) e K : ke Nl}, and K2 = {(k,n) e K : k g NQUNl},
are X9 characters. Each of these sets has an s;-function since go(i) = f(31)
is an s;-function for Ko, ¢1(¢) = f(3¢ + 1) is an s;-function for K5, and
g2(7) = f(3i +2) is an s;-function for K. By Lemma 2.8 of [2], there exist
computable equivalence structure R, S, and 7 such that:

1. R has character Ky an no infinite equivalence classes,
2. S has character K; an no infinite equivalence classes, and

3. 7 has character Ky and r infinite equivalence classes.

Thus, B is isomorphic to B* = R @& (S & 7). Clearly, in B*, {z :
card([x]®") € Ny} is a computable set. Thus, by the relative AJ categoricity
of B, it must be the case that in any X{ structure D isomorphic to B, the set
{x : card([x]P) € No} is AY.

However, we can clearly modify the construction so that we obtain a
19 equivalence structure A such that A has exactly one equivalence class
of size mg; and one equivalence class of size mg;,; for all i € w, and {z €
A @ card([z]?) € Np} is not a AY set. Next, observe that, since B has
a Y9 character K, the set K* = {(k,n) € K : k & No U N;} U{(k,n) :
k€ NgUN; & (k,n+ 1) € K} is also a X9 character, which has an s;-
function witnessed by g. Thus, by Lemma 2.8 of [2], there is a computable
structure C such that C has character K* and r infinite equivalence classes.
Hence A @ C is a IIY structure that is isomorphic to B. Now, if A ® C
were A9 isomorphic to a X{ structure B*, which is isomorphic to B, then,
since in B*, the set {z : card([z]?") € Ny} is a AY set, it would follow
that {x : card([z]A%¢) € Ny} is a AY set. However, if that were the case,
then {27 : card([22]4%¢) € Ny} would also be a A9 set, which it is not
by the construction of A. Thus, A @ C cannot be A isomorphic to a XY
structure. O
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By Corollary 4.8 of [2], a computable structure A is relatively A9 categor-
ical if and only if A has finitely many equivalence classes or .4 has a bounded
character. Thus we can combine the previous two theorems to conclude the
following.

Theorem 3.5. Suppose that B is a computable equivalence structure that s
relatively AY categorical, but not computably categorical. Then there exists
an isomorphic T structure A that is not AY isomorphic to B and, moreover,
A is not AY isomorphic to any X9 structure.

Proof. If B has bounded character, this follows from Corollary 3.3. If B has
unbounded character, then this follows from Theorem 3.4. O

We note that Theorem 3.5 does not cover all A) categorical computable
equivalence structures since Kach and Turetsky [7] showed that there exists
a computable AY categorical equivalence structure B which has infinitely
many infinite equivalence classes and an unbounded character, but has no
computable s;-function, and has only finitely many equivalence classes of size
k for any finite k. The next result will cover this case. In such a case, we
shall show that there exists a IT9 structure A which is isomorphic to B such
that Inf* is a 13 complete set.

Theorem 3.6. Let B be a computable equivalence structure with infinitely
many infinite equivalence classes and with unbounded character such that for
each finite k, there are only finitely many equivalence classes of size k. Then
there is a 119 structure A which is isomorphic to B such that Inf* is 113
complete. Furthermore, if B is AY categorical, then A is not Ay isomorphic
to any computable structure.

Proof. We fix a computable bijection ¢ : w® — w. For any subset S C
w3, the function ¢ induces a total ordering of type w on S by defining for
(ay,b1,¢1), (ag,ba,ca) €S, (a1,b1,¢1) < (ag, by, c2) if and only if t(((ay, b1, ¢1)) <
t((ag, bg, Cg)).

Let B have character K. Since K is X9, there is a computable relation Q
such that

(k,m) € K < (Jw)(VYs)Q(s,w, k,m).

We may assume, without loss of generality, that for each (k,m), there is at
most one w such that (Vs)Q(s,w, k,m). Let C' = {(w, k,m) : (Vs)Q(s,w,k,m)}.
Then there is a one-to-one correspondence between C' and K given by map-
ping (w, k,m) to (k,m).
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For each s, we have the uniformly computable set
Cs ={(w,k,m) : (Vt <s) C(t,w, k,m)},

which can be enumerated, relative to the order induced by ¢ described above,
as {(w,k,m);s : i € w}. For each s, Cs1; C C5 and N;Cy = C. For each
k and m, we know that (k,m + 1) € K = (k,m) € K, so that we may
assume that if (w, k,m) ¢ Cs, then for all v and all n > m, (v, k,n) ¢ Cs.

We will construct the I1{ equivalence relation F as the intersection N, E,
of uniformly computable equivalence relations defined at stage s. At stage s,
we will have for each (w, k,m) € Cs, some equivalence class that is intended
to have cardinality k. For example, if I[2¢] is the intended equivalence class
associated with (w,k,m) as stage s, then just as we did in the proof of
Theorems 3.2 and 3.4, we will attempt to ensure that [2¢] has the correct
cardinality by gradually removing all but the first & elements in [2e];. That
is, if at stage t > s, [2¢]; = {ap < a1 < ---}, then we remove all elements
of the form ayo; for i > 0 from [2¢]; and have these elements form a new
permanent infinite equivalence class.

Now, let P be a complete I13 set such that for some computable relation
R we have for all n, (n € P <= {x: R(n,x)} is infinite). We may assume,
without loss of generality, that for each x, there is exactly one n such that
R(n,x) and that n < z.

At each stage s of the construction, we will define an ordering ng 5, 71, . . .
of w of type w so that the intended equivalence class I[2n; 4] is associated with
(w, k,m); s, which means that at stage s, we intend [2n; 5] to have cardinality
k.

The construction will ensure that for each i ¢ P, the class [2i] even-
tually becomes associated with a fixed (w,k,m) € C and thus has finite
cardinality &k in A. For each i € P, the construction will ensure that [2i]
is associated with an increasing sequence of triples (w, k, m), of larger and
larger size so that in the limit, [2i] is infinite. Thus, it will follow that
i € P <= 2i € InfA and, hence, Inf* will be a IIJ complete set.

Construction
Stage 0. At stage 0, we have Cyy enumerated as {(w, k,m);o = (w;, ki, m;) :

i € w}. For each i, we let n; o = 2i for all ¢ so that the intended class [[2i] is
to have cardinality k; at stage 0. The odd numbers are partitioned among the
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classes [2i]o in some computable fashion, say [2i]o = {2i} U{1+2""(2n+1) :
n € w}. Thus, (z,y) € Ey if and only if  and y belong to the same class
[2i]y for some 1.

Stage s+1. After stage s, we have an equivalence relation E and an ordering
2n15,2n9, ... of the even numbers, so that 2n; ; is associated with the triple
(w, k,m); s. At stage s+ 1, let i < s+ 1 be the unique number such that
R(s+1,n;s). Let j > s+ 1 be large enough so that no number n, ; with
p > j has been used during the construction. Then we simply move n; s to
location j and let all of the n, s in between move down one position. That is,
we let nj 511 = Mgy Nrsp1 = Npy1,s for all 7 with ¢ <r < j and n, 511 = Ny
for all r such that either » < i or r > j. Finally, for all 7, we define F,,; as
follows. For each class [2n], let n = n; 511, and let (w, k,m) = (w, k,m); 541
Suppose that [2n|s = {2n < a1 < ag < -+- < ag_1 < ax < ---}. Then we let
2n]s11 = {2n,a1, ..., a5 1, k11, Qks3, - .. } and we create a new, permanent,
infinite class {ay, agyo,...}. Previously created permanent, infinite classes
are left untouched.

Claim 1. If n ¢ P, then there exist ¢ and s such that for all ¢ > s,
n="nig.

Proof of Claim 1. Since {x : R(n,z)} is finite, we may choose ¢ to be
large enough so that for all z > ¢, =R(n,z). Let n = n;;. It follows from the
construction that for all s > ¢, if n = n;,, then 7 < i and hence j can only
decrease a finite number of times before becoming fixed at some stage s.

For n ¢ P, let i(n) be the limit of {i : n = n,,}, as shown to exist in
Claim 1. Let I = {i(n) : n ¢ P} and denote n by N; if i = i(n).

Claim 2. [ = w

Proof of Claim 2. Observe that [ is infinite since w — P is infinite. Now
suppose that I # w. Then there must be some ¢ such that ¢ +1 € [ but
i ¢ I. Let t > i be a stage such that N;;1 = n;41, for all s > ¢. Then for any
s > t, it can never happen that R(s + 1,n;,). Otherwise, the construction
would make n; ;11 = N;41, contrary to the choice of ¢.

Claim 3. For each (k,m) € K, there exist at least m classes in A of size
exactly k.

Proof of Claim 3. For each (k,m) € K, we have some (w, k,m) € C. After
some stage s, we will have a fixed ¢ such that (w, k,m) = (w, k, m),, for all
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t > s and a fixed n ¢ P (by Claim 2) such that n = N; = n;, for all ¢ > s.
Suppose that [2n]; = {2n,a1,as,...}. Then, L;[2n] = {2n,a4,...,a;_1} for
all t > s. It is easy to see that in such a situation ag,, ¢ [2n]s;,41 for all
r. Hence [2n] = {2n,a4,...,a,_1} and has size k, as desired. Similarly for
1 < p < m, we will have a class of size k and these classes will all be distinct.

Claim 4. If n € P, then for any r, there exists s such that for all ¢t > s,
n =n;; with i > r.

Proof of Claim 4. Given r, just let s be large enough so that for all « <r
and all ¢ > s, we have n;; = ;. Since each N; ¢ P, it follows that n # n;
for any ¢ < r.

Claim 5. If n € P, then [2n] is infinite.

Proof of Claim 5. Suppose that n € P. We will define an infinite sequence
{a1,as, ...} such that each a; is in [2n]. Since there are only finitely many
classes in B of any fixed finite size, there is only a finite number of elements
in C of the form (w,1,r), say (w',1,1), (w? 1,2),...,(w™,1,m). Let r be
large enough so that each of these elements is among the first r elements of
C. Let s be large enough, by Claim 4, so that for all ¢ > s, n = n,;; with
i > r, and let the intended class be I5[2n] = {2n, by, by, ... }. It follows from
the construction that b; € [2n], for all t > s, so we can define a; = b;.

To determine b;;, we similarly find s; large enough so that the intended
class of [2n] has at least j + 2 elements for all ¢ > s;, and let b;;; be the
(j +2)-nd element of [2n]s.

It follows that A has infinitely many infinite classes.
Claim 6. x(A) = K

Proof of Claim 6. By Claim 3, we have K C x(.A). For the other direction,
we have, by Claim 5, that [2n] is infinite for n € P. By Claim 1, we see that
for n ¢ P, there is some i such that n = N;, and hence some (w, k,m) such
that Is[2n] has size k for all sufficiently large s. So, by the construction, [2n]
is the unique class of size k corresponding to (k,m).

Finally, suppose that B is A categorical. By Lemma 2.3 of [2], there is
a computable equivalence structure D which has character K and infinitely
many infinite equivalence classes such that Fin? is a 119 set. Thus, D is
isomorphic to B and Inf? is AJ. Hence in any computable equivalence
structure C that is isomorphic to B, Inf¢ must be A and, hence, A is not
AY isomorphic to C. O
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There is one final result in order to cover all possible computable equiv-
alence structures.

Theorem 3.7. Suppose that B is a computable equivalence structure with
infinitely many infinite equivalence classes and with unbounded character and
that there is some finite k such that B has infinitely many equivalence classes
of size k. Then there is an isomorphic 119 structure A which is not A
isomorphic to B and, moreover, A is not AY isomorphic to any X9 structure.

Proof. By the proof of Theorem 3.2, there is a I1? structure Ay which consists
of infinitely many infinite equivalence classes and infinitely many equivalence
classes of size k such that Fin(Ay) = {c: card([c]) = k} is not AY. Define
the X9 character K to be x(B) — (kX w), and let C be a computable structure
with character K. Now let A = Ay @ C. Hence the set {a € A : card([a]) =
k} = {a € A : card([a]) = k} x {0} is not a A set. However, in any 39
structure D, the set {d € D : card([d]) = k} is a A set. Thus A is a IIY
equivalence structure which is isomorphic to B, but not AY isomorphic to
any Y% structure. O

Thus we have the following.

Theorem 3.8. Suppose that B is a computable equivalence structure which
is not computably categorical. Then there is a 119 structure A which is iso-
morphic to B but is not AY isomorphic to B.

Proof. There are three possible cases for B.

Case I. Suppose that B has bounded character. Then since B is not com-
putably categorical, B must have infinitely many finite classes. Thus, there
must exist a finite k; such that B has infinitely many classes of size k;. More-
over, it must be the case that either B has infinitely many infinite equivalence
classes or there exists a finite ko # k; such that B also has infinitely many
equivalence classes of size ko. Then the result follows from Theorem 3.2.

Case II. Suppose that B has unbounded character and has finitely many
infinite equivalence classes. Then B is relatively AY categorical and the re-
sult follows from Theorem 3.4.

Case I1I. Suppose that B has unbounded character and infinitely many infi-
nite equivalence classes. There are two possibilities. First, there may exist a
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finite k£ such that B has infinitely many equivalence classes of size k. Then
the result follows from Theorem 3.7. Second, it may be that for each finite
k, there are only finitely many classes of size k. Then the result follows
from Theorem 3.6 if B is AY categorical, and it follows easily if B is not AJ
categorical, since then there is a computable structure A which is not A
isomorphic to B. 0

For AY categorical structures, we have the following immediate corollary.

Corollary 3.9. Suppose that B is a AY categorical, but not computably cat-
egorical. Then there is a I10 structure A that is isomorphic to B such that A
is not AY isomorphic to any computable equivalence structure.

4 Spectra of relations on equivalence struc-
tures

In this section, we begin to examine the spectrum question for relations on
equivalence structures. For a computable (X9, TI9, respectively) equivalence
structure A and any cardinal k£ < w, we consider the possible Turing degrees
of {a : card([a]) = k} and {a : card([a]) > k}. For example, we know that
for any c.e. equivalence structure A, Inf* is Iy and Fin? is XJ. Thus, a
natural question is to ask whether there exists for any 3 Turing degree c,
a computable equivalence structure A with Fin? of degree c. We will not
pursue such question in this paper. Instead, we shall prove two results about
spectra of relations on computable equivalence structures.

We now give an initial result for computable equivalence structures with
infinitely many equivalence classes of size 1, infinitely many equivalence
classes of size 2, and with no other equivalence classes. Clearly, for such
computable equivalence structure, the elements in classes of size 2 form a
c.e. set, and the elements in classes of size 1 form a co-c.e. set. In this case,
we obtain not only every c.e. degree, but also every c.e. set.

Theorem 4.1. For any infinite c.e. set B, there is a computable equivalence
structure A with character {1,2} x (w — {0}) and no infinite equivalence
classes such that {a : card([a]*) = 2} = B.

Proof. Let {bg,b1,...} be a computable 1 — 1 enumeration of B. We will
first give an enumeration {cg,ci,...} of B such that for every n and each
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1< 2n+1, ¢; < copy1. Let ¢g = by and let ¢; be equal to b;, where ¢ is the
least j such that b; > by. Then for n > 1, we inductively define:
(1) co, = by, where i is the least such that b; & {co,c1,...,con-1}, and
(2) cony1 = bi, where k is the least such that ¢; < by for all i < 2n.

Now, consider the equivalence structure A = (w, E), where E = {(n,n) :
n € w}tU{(cam,Cont1) : » € w}. Then for each i, card(|c;]) = 2 and for
a ¢ B, [a] = {a}. Thus, in A, we have B = {a : card([a]) = 2}, as
desired. It remains to show that FE is a computable relation. Observe that
c1 < c3<---,s0forevery n, cony1 > n. Now, given a < b, let n = max{a, b}.
Then it easy to see that

aEb <= (Im < n)la = com AN b = Comi1l,

so F is computable. O

We note that it is easy to modify the proof of Theorem 4.1 to obtain an
analogous result for computable equivalence structures which consist of infi-
nitely many equivalence classes of size 1, infinitely many equivalence classes
of size k > 1, and no other equivalence classes.

The analogue of Theorem 4.1 fails for structures with infinitely many
classes of size k1 and ky where ky > k1 > 1. For example, we can prove the
following.

Theorem 4.2. There is a c.e. set B such that for any c.e. equivalence struc-
ture A with character {2,3} x (w — {0}), {a : card([a]*) = 3} # B.

Proof. Let A, be the e-th equivalence structure. That is, A, has universe w

and equivalence relation E, which is the reflexive and transitive closure of
the e-th c.e. set W,. Thus, aFE.b holds if and only if

a=0bV (3xe,x1,...,x1)[r0 =0 & 2, =0 & (Vi < k)((x;,xi11) € We)].

Here, we let (z,y) = 2771 . 3¥T1. Let [a]. be the equivalence class of a in A,.
Let C. = {a : card([al.) = 3}. Let E., be the transitive closure of W, , for
all e,s > 0 and A, s be the equivalence structure (w, E, ).

We will construct a desired c.e. set B by a finite injury priority argument.
Our construction will meet the following requirements R, for all e > 0.

Re: If x(A) = {2,3} x (w —{0}), then C, # B.
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To satisfy a particular requirement R,., we find a pair a., b, such that a.E.b,,
but a. € B <= b. ¢ B.

At every stage s, we will define a. for each e > 0. We say that the
equivalence structure A, is active at stage s as long as A, ; has no equivalence
classes of size > 3. At stage s, if A, is not active, then we will say that the
requirement R, is inactive, and that R, is permanently satisfied for all stages
t > s. For certain requirements e < s, we will also define b, s such that
e sFe sbe s and one of a. s, bes is in B, while the other is restrained by R,
from entering B. In this case, if A, is active, then we say that the requirement
R, is inactive, and otherwise that R, is active.

We say that requirement R, with e < s requires attention at stage s + 1
if A. and R, are both active at stage s, b. s is undefined, and there exists
b < s+ 1 such that b # a., and a. s E. sb.

Construction
Stage 0. For each e, set a.o = 2e. Let b, be undefined for all e > 0.

Stage s + 1. Let e be the least f < s+ 1 such that R, requires atten-
tion at stage s + 1. If there is no such e, then do nothing. Otherwise, let b
be the least 2 < s 4 1 such that z # a. s and a.sE, ;2. Then we take the
following action.

Case I. Let b = a;s for some ¢ < e. Then reset a.s41 to be the least
x # b such that: (i) z ¢ Bs, and (ii) = # a;, for any j, and = # b; , for any
J for which b; ; is defined. Note that such = always exists since initially each
ay s is even, and only a finite number of odd elements will be used up to any
stage s of the construction. We then let a; 541 = a;s for all i # e, and let
bjs = bjs11 for all j such that b;, is defined. Then go to stage s + 2.

If we are not in Case I, then we know that b # a; s for every i <e.
Case II. Let b ¢ B;. Then put a.s € Bsi1, set be s+1 = b, and let R, restrain
b from entering B. We then let a; .11 = a;, for all 4, and let b; s = b; ;1 for

all j such that b; ; is defined.

Case III. Let b € B,. In this case, we have R, restrain a. , from entering B
and set be 541 = b. We then let a; 41 = a;, for all 7, and let b; ; = b; 541 for
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all j such that b; ; is defined.

In either Case I or Case 1I, if b = a; 441 for some 7 > e, then reset a; 11
to be the least * # b such that: (i) x ¢ B, and (ii) © # a;41 for any
J # i, and x # bj 1y for any j such that b, is defined. Note that such
x always exists since initially each ay s is even, and only a finite number of
odd elements will be used up to any stage s of the construction. Let b; 411
become undefined. This might injure the requirement R;.

This completes the construction.

Since each requirement R, can only be injured by the (higher priority)
requirements R; with ¢ < e, it is clear that R, will require attention only
a finite number of times. Thus, the limit a. = limsa. s exists for each e.
Similarly, for each e, there exists a stage s, such that for all t > s, either: (a)
be+ is undefined at stage t, or (b) bet = bes., and aey = aes., and ae ¢ Ee 1be +,
and aey € Bey <= bey ¢ Bey. If A, has characteristic {2,3} x (w — {0}),
then card([a.]) > 2 and, hence, there exists b with a.E.b. Consider any stage
s after which no action for any requirements R; with i < e will take place, and
there is b < s+ 1 such that a.E. ;b. Then either A, is inactive at stage s+ 1,
in which case requirement R, is permanently satisfied, or A, is active at stage
s+1. In the second case, requirement R. must be inactive at stage s+1 so that
be,s+1 1s deﬁned, ae,s+1Ee,s+lbe,s+1> and Qe s4+1 € Be,s+1 < be,erl ¢ Be,s+1'
Since no requirement R; with ¢ < e requires attention after stage s + 1, we
will never add either a.4y1 or be .41 to B after stage s, so that a1 and
be,s+1 will witness that B # C..

Note that the c.e. set B constructed in this proof has the property that
for any c.e. structure A with all equivalence classes of size > 2 and for all
k<w, B# {a:card([a]?) = k}. O

For equivalence structures with equivalence classes of three or more dif-
ferent cardinalities k1 < ko < --- < k,, the elements of an intermediate size
equivalence class form a d.c.e. set. Thus it is natural to ask whether any
d.c.e. set can be represented in this way. Similar questions can be asked for
Y9 and T19 equivalence structures.
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5 Decidability of structures and theories

Recall that for any structure A, Th(A) denotes the first-order theory of
A, and FTh(A) denotes the elementary diagram of A. In this section, we
consider the decidability of equivalence structures and their theories. The
intuitive idea is that the character of an equivalence structure, together with
the number of infinite classes, determines its theory. Similarly, the character,
together with the function mapping any element to the size of its equivalence
class, determines its elementary diagram.

Proposition 5.1. If Th(A) is decidable, then the character x(A) is com-
putable.

Proof. Tt follows from the definition of x(.A) that the character is uniformly
definable by first-order formulas. That is, it is easy to write down first-order
formulas v, . so that

(k,n) € x(A) <= Aty
O

It follows from the argument above that, in fact, x(A) is many-one re-
ducible to Th(A). Define the set K(A) C w x (w—{0}) by

(a,k) € K(A) < card([a]) > k.

Theorem 5.2. For any equivalence structure A, the elementary diagram of
A is Turing reducible to the join of the set K(A) with the atomic diagram of
A.

Proof. First, assume that A has only finitely many equivalence classes. Then,
clearly, F'Th(A) is axiomatizable and hence computable. That is, for sim-
plicity, let aq,...,a, be representatives of the n classes having cardinali-
ties ki, ..., k,, respectively. Then in the expanded language with names for
ai, ..., a,, we have the following axioms.

(i) Every element is equivalent to one of ay, ..., a,:

(Vz)[zEay V - - -V xEay,).
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(ii) For every finite class [a] with the representative a, there is an axiom
giving the size k of the class:

k
(Jxq, . .. ,:L‘k)[/\ riFa A
i=1

/\ v # ;AN (V2)(aEz = (z =21V --- V2 =1xy))].
1<l

(iii) For every infinite class [a], we have an axiom for every n:

(Vor, .. @) By yEa Ny £ o A Ny # 3.

Now, we assume that A has infinitely many equivalence classes. We
proceed by quantifier elimination. We first expand the language by adding
the relation symbols 7, such that A = ~v,(a) if and only if (a, k) € K(A).
Let ¢(z,t1,...,t,) be any conjunction of literals in this expanded language,
where t1,...,t, are either variables or elements of A, and let 6 be (3z).
Without loss of generality, we may assume that ¢ includes either ¢; = ¢; or
—(t; = t;) for all 4, 7 where we set © = ;. Similarly, we may assume that
includes either t;Et; or —(t;Et;) for all 7, j. As usual, it suffices to eliminate
the quantifier from 1. There are three cases.

Case 1. If ¢ has a conjunct x = t; with ¢ > 0, then 6 is logically equivalent
to the quantifier-free formula 1)~ obtained from ) by replacing all occurrences
of x with ;.

In the remaining cases, 1 has the conjuncts —(z = t;) for all i > 0.

Case 2. Suppose that ¢ has the conjunct xEt,, for some m. Let k
be the number of distinct terms (modulo ¢ = t; = t;) out of z,ty,....t,
such that t; Et,,. Then 0 is logically equivalent to the quantifier-free formula
" AYgiq(tm). That is, the desired x will exist if and only if card([t,,]) > k+1,
so that A contains an additional element of [¢,,].

Case 3. Suppose that 1) has the conjuncts —zFEt; for all . Then, again,
0 is equivalent to the formula ¢)~. This is true since A has infinitely many
distinct equivalence classes.

At the end of quantifier elimination, we can determine whether the re-
duced formula 7 holds in A by consulting the diagram of A as well as
K(A). O
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Theorem 5.3. For any equivalence structure B, there is a structure A iso-
morphic to B, such that A and K(A) are computable from x(A).

Proof. We may assume, without loss of generality, that B has no infinite
equivalence classes, since, if needed, we can simply adjoin either infinitely
many or some fixed finite number of infinite equivalence classes. We may also
assume that B has infinitely many classes with at least two elements, since
otherwise B certainly has a decidable copy. The structure A will contain a
distinct equivalence class [(k, n)] for each (k,n) € x(B), where we let (k,n) =
2k+1. 37+l Let x(B) be enumerated numerically as (kg, ng), (k1,n1), ... and
let bo, by, ... enumerate w — x(B). Then E = E* is defined by using the
elements by, by, . . . to fill out the equivalence classes [(ko, no)], [(k1,n1)],... in
order, as needed. It is easy to see that A and K(A) are computable from

X(A). O

Putting these results together, we have the next two theorems along with
some immediate corollaries.

Theorem 5.4. For any equivalence structure A, Th(A) and x(A) have the
same Turing degree.

Proof. Tt follows from the argument in Proposition 5.1 that x(.A) is Turing
reducible to Th(A). Conversely, let B be an equivalence structure and let
A, isomorphic to B, be given by Theorem 5.3, so that A and K(A) are
both computable from x(.A) (which, of course, equals x(B)). It follows from
Theorem 5.2 that F'Th(A) is computable from x(B). Now Th(B) = Th(A) is
computable from FTh(A), and, hence, is computable from x(B) as desired.

]

Corollary 5.5. For any equivalence structure A, Th(.A) is decidable if and
only if x(A) is computable.

Theorem 5.6. For any equivalence structure B with computable character
X(B), there is a decidable structure A isomorphic to B. (Hence Th(B) is
decidable.)

Proof. Again, it suffices to assume that B has no infinite equivalence classes.
By Theorem 5.3, there is a structure A isomorphic to B, which is computable
from x(.A), and hence A and K (.A) are also computable. It now follows from
Theorem 5.2 that F'Th(A) is decidable, and hence Th(A), which equals
Th(B), is decidable. O



REFERENCES 32

Clearly, any bounded character is computable.

Corollary 5.7. If the equivalence structure A has bounded character, then
Th(A) is decidable.

For computably categorical structures, we can say more.

Corollary 5.8. If A is a computably categorical equivalence structure, then
A is decidable.

Proof. Let A be computably categorical. Then A has bounded character, so
X(A) is computable. Hence by Theorem 5.6, there is a structure B isomorphic
to A, which is decidable. Since A is computably categorical, A is computably
isomorphic to B and, therefore, A is also decidable. O

Note that there are equivalence structures that are not computably cat-
egorical, which have decidable theories. For example, fix k1 < ks < w and
let A have infinitely many equivalence classes of size k; and infinitely many
classes of size ko and no other classes. Then y(.A) is computable and, thus,
Th(.A) is decidable. We note that in all considered cases of decidable theories,
one could, in fact, give a complete set of axioms for the theory.
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