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Crossings

A crossing for the ordered group (Γ,�) is a 5-uple (f , g , u, v ,w)
of elements in Γ such that:

– u ≺ w ≺ v ,

– gnu ≺ v and f nv � u for every n ∈ N,

– there exist M,N in N so that f Nv ≺ w ≺ gMu.
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A characterization

Theorem [N-Rivas]. The ordering � is Conradian if and only
(Γ,�) admits no crossing.

– A crossing is a “dynamically robust property” (Smale horseshoe,
resilient leaf).

– Thus, the property for an ordering of having crossings is “stable”
(open in the space of orderings).

– Hence, the space of Conradian orderings is closed [N].
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The word W (f , g) = g−1fg 2

Recall Conrad’s theorem: given a finitely generated group and a
C -ordering � on it, there exists a unique (up to multiplication by a
positive number) non-trivial group homomorphism τ : Γ → R such
that:

– If τ(h) > 0 then h � id ,
– ker(τ) coincides with the maximal convex subgroup.

Proposition [Conrad ?, Jiménez-N]. If � is Conradian, then
fg2 � g for all positive f , g (that is, g−1fg2 � id).

Proof. W.l.g., Γ = 〈f , g〉. Then τ(f ) ≥ 0 and τ(g) ≥ 0, with at
least one of them strictly positive. Therefore,

τ(g−1fg2) = τ(f ) + τ(g) > 0.

This implies that g−1fg2 is positive. �
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Proposition [Conrad ?, Jiménez-N]. If � is Conradian, then
fg2 � g for all positive f , g (that is, g−1fg2 � id).

Proof. W.l.g., Γ = 〈f , g〉. Then τ(f ) ≥ 0 and τ(g) ≥ 0, with at
least one of them strictly positive. Therefore,

τ(g−1fg2) = τ(f ) + τ(g) > 0.

This implies that g−1fg2 is positive. �



Dynamical characterization Compactness arguments Approximation of orderings

The word W (f , g) = g−1fg 2

Recall Conrad’s theorem: given a finitely generated group and a
C -ordering � on it, there exists a unique (up to multiplication by a
positive number) non-trivial group homomorphism τ : Γ → R such
that:
– If τ(h) > 0 then h � id ,
– ker(τ) coincides with the maximal convex subgroup.
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Proposition [Conrad ?, Jiménez-N]. If � is Conradian, then
fg2 � g for all positive f , g (that is, g−1fg2 � id).

Proof. W.l.g., Γ = 〈f , g〉. Then τ(f ) ≥ 0 and τ(g) ≥ 0, with at
least one of them strictly positive. Therefore,

τ(g−1fg2) = τ(f ) + τ(g) > 0.

This implies that g−1fg2 is positive. �



Dynamical characterization Compactness arguments Approximation of orderings

The word W (f , g) = g−1fg 2

Recall Conrad’s theorem: given a finitely generated group and a
C -ordering � on it, there exists a unique (up to multiplication by a
positive number) non-trivial group homomorphism τ : Γ → R such
that:
– If τ(h) > 0 then h � id ,
– ker(τ) coincides with the maximal convex subgroup.
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A criterium for C -orderability

Theorem [N]. A group Γ admits a Conradian order if and only if
the following condition is satisfied: for every finite family of
elements g1, . . . , gk which are different from the identity, there
exists a family of exponents εi ∈{−1, 1} such that id does not
belong to the smallest semigroup 〈〈g ε1

1 , . . . , g εk
k 〉〉 which

simultaneously satisfies the following two properties:
– it contains all the elements g εi

i ;
– for all f , g in the semigroup, the element g−1fg2 also belongs
to it.

Remark. The condition above is easy to test on locally indicable
groups. Hence, these groups are C -orderable [Broskii,
Rhemtulla-Rolfsen].
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A question

Question. Is there any other “relevant” property which is closed
and invariant under conjugacy ?

Ideas:

– Choose a word W on two letters and impose the condition
W (f , g) � id for all positive f , g .

– Think on a dynamical robust property and take its complement.
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Approximation by conjugacy

Γ acts on its space of orderings by conjugacy (equivalently, by right
multiplication): given an ordering � its image under f is the
ordering �f defined by

g ≺f h ⇐⇒ fgf −1 ≺ fhf −1 ⇐⇒ gf −1 ≺ hf −1.

In particular,
g ≺f −1 id iff g(f ) ≺ f .



Dynamical characterization Compactness arguments Approximation of orderings

Approximation by conjugacy

Γ acts on its space of orderings by conjugacy (equivalently, by right
multiplication):

given an ordering � its image under f is the
ordering �f defined by

g ≺f h ⇐⇒ fgf −1 ≺ fhf −1 ⇐⇒ gf −1 ≺ hf −1.

In particular,
g ≺f −1 id iff g(f ) ≺ f .



Dynamical characterization Compactness arguments Approximation of orderings

Approximation by conjugacy

Γ acts on its space of orderings by conjugacy (equivalently, by right
multiplication): given an ordering � its image under f is the
ordering �f defined by

g ≺f h ⇐⇒ fgf −1 ≺ fhf −1 ⇐⇒ gf −1 ≺ hf −1.

In particular,
g ≺f −1 id iff g(f ) ≺ f .



Dynamical characterization Compactness arguments Approximation of orderings

Approximation by conjugacy

Γ acts on its space of orderings by conjugacy (equivalently, by right
multiplication): given an ordering � its image under f is the
ordering �f defined by

g ≺f h ⇐⇒ fgf −1 ≺ fhf −1 ⇐⇒ gf −1 ≺ hf −1.

In particular,
g ≺f −1 id iff g(f ) ≺ f .



Dynamical characterization Compactness arguments Approximation of orderings

Hence, for positive f , g the picture is
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Hence, for positive f , g the picture is
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Thus graphically, changing the ordering under conjugacy
corresponds to look for an element whose graph crosses the
diagonal

(impossible for bi-orderings).

If the points where the diagonal is crossed may be chosen “as near
as we want” to the identity, then this procedure allows
approximating the original ordering by its conjugates:

given finitely many gi � id , there exists f ∈ Γ such that
gi �f −1 id , but g ≺f −1 id for some g � id .
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Proof. Choose a positive f smaller than all of the gi ’s, and take a
g � id whose graph crosses the diagonal between id and g .
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Dynamical characterization Compactness arguments Approximation of orderings

Proof. Choose a positive f smaller than all of the gi ’s, and take a
g � id whose graph crosses the diagonal between id and g .
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Dynamical characterization Compactness arguments Approximation of orderings

Approximation of “purely” non Conradian orderings:
dynamics

The Conradian soul of an ordered group (Γ,�) is the largest
subgroup which is simultaneously Conradian and convex.

Theorem [N, N-Rivas, Clay]. If the Conradian soul of an
ordering is trivial, then this ordering is an accumulation point of its
conjugates.
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Approximation of Conradian orderings: algebra

Theorem [Smirnov, Zenkov, Tararin, Linnell, N].

If a group Γ
has a C -ordering which is isolated in the space of orderings, then Γ
admits finitely many orderings.

Consequence. If a group Γ has an isolated ordering with a convex
Conradian subgroup, then this subgroup has finitely many
orderings.

Proof. Use the convex extension procedure.
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The intermediate case is subtle: two relevant examples

Let (Γ,�) be an ordered group whose Conradian soul is non-trivial
but admits only finitely many orderings.

Question. Is � an accumulation point of its conjugates ?

Answer. NO !

– Dubrovina-Dubrovin’s ordering on B3

– Clay’s ordering on F2

However, at least one of the finitely many “associates” of � is
accumulated by its conjugates [N, N-Rivas]
This leads to an alternative proof of the fact that no space of
group orderings can be countably infinite [Linnell].
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Dubrovina-Dubrovin’s ordering on B3

Let P be the union of the sets of 1-positive braids and 2-negative
braids in B3.

Theorem [Dubrovina-Dubrovin]. The set P is the positive cone
of an isolated point �DD of the (uncountable) space of orderings
of B3.

The Conradian soul of �DD is 〈σ2〉 ∼ Z.

The natural “associate” of �DD is Dehornoy’s ordering �D .

Corollary [N]. Dehornoy’s ordering is an accumulation point of its
conjugates.
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Clay’s ordering on F2

Theorem [Crisp-Paris]. The subgroup 〈σ2
1, σ

2
2〉 ⊂ B3 is free (on

two generators).

Let �C be the restriction of �DD to this copy of F2.

Theorem [Clay]. The ordering �C is not an accumulation point
of its conjugates, and its Conradian soul is 〈σ2

2〉 ∼ Z.

Nevertheless, �C is not isolated (the space of orderings of F2 is a
Cantor set [McCleary, N]).

Problem. Give a concrete sequence of distinct orderings having
�C as a limit point.
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